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ABSTRACT

We present a tight bound on the exact maximum complex-
ity of Minkowski sums of convex polyhedra in RS. In par-
ticular, we prove that the maximum number of facets of

the Minkowski sum of two convex polyhedra with m and
n facets respectively is bounded from above byf (m;n) =
4dmn  9m 9n+26. Given two positive integers m and n, we
describe how to construct two convex polyhedra with m and
n facets respectively, such that the number of facets of their
Minkowski sum is exactly f (m;n). We generalize the con-
struction to yield a lower bound on the maximum complexity

of Minkowski sums of many convex polyhedra in R®. That

to construct k convex polyhedra with corresponding number
of facetg, such that the number of facets of theirgVlinkowski
sumis | (@mi 5)@m; 5+ [+  mi
We also provide a conservative upper bound for the gen-
eral case. Snapshots of several pre-constructed convex pgt
hedra, the Minkowski sum of which is maximal, are avail-
able at http://www.cs.tau.ac.il/ _efif/Mink . The poly-
hedra models and an interactive program that computes
their Minkowski sums and visualizes them can be down-
loaded as well.

Categories and Subject Descriptors

G.2.1 [Discrete Mathematics
ing problems

]: Combinatorics]| Count-

General Terms
Theory

This work has been supported in part by the IST Programme of th e
EU as Shared-cost RTD (FET Open) Project under Contract No IS T-
006413 (ACS - Algorithms for Complex Shapes), by the Israel S cience
Foundation (grant no. 236/06), and by the Hermann Minkowski {
Minerva Center for Geometry at Tel Aviv University.

Permission to make digital or hard copies of all or part o§ thvwork for

personal or classroom use is granted without fee providatidbpies are
not made or distributed for pro t or commercial advantage #mat copies
bear this notice and the full citation on the rst page. Togaotherwise, to
republish, to post on servers or to redistribute to listgyiees prior speci ¢

permission and/or a fee.

SCG'07,June 6-8, 2007, Gyeongju, South Korea.

Copyright 2007 ACM 978-1-59593-705-6/07/000655..00.

Dan Halperin
School of Computer Science,
Tel-Aviv University, Israel

danha@post.tau.ac.il

Christophe Weibel
Mathematics Institute, EPFL,
Laussane, Switzerland
christophe.weibel@ep .ch

Keywords

Polyhedra, Minkowski Sum, Convex, Complexity

1. INTRODUCTION

Let P and Q be two compact convex polyhedra in RY.
The Minkowski sum of P and Q is the convex polyhedron,
polytope for short, M = P Q= 1fp+ qgjp2 P;q2 Qg.

Minkowski-sum computation constitutes a fundamental
task in computational geometry. Minkowski sums are fre-
quently used in areas such as robotics and motion plan-
ing [13, 17] and many additional domains, like solid model-
ing, design automation, manufacturing, assembly planning,
virtual prototyping, etc., as Minkowski sums are closely re -
lated to proximity queries [16]. For example, the minimum
translation separation-distance between two objects P and
Q is equal to the minimum distance between the origin and
the boundary of P Q, where Q is the re ection of Q
through the origin [5]. Minkowski sums are also primary op-
erations in some techniques that morph three-dimensional
objects [15]. They are used in many other domains; see,
e.g., [4].

The combinatorial complexity of the Minkowski sum of
two polygons of m and n vertices respectively is ( m?n?)
(see, e.g., [1]). The corresponding tight bound on the com-
plexity of Minkowski sum of two polyhedra in R® with m
and n vertices respectively is ( m®n®). Various methods to
compute the Minkowski sum of two polyhedra in R® have
been proposed. One common approach is to decompose each
polyhedron into convex pieces, compute pairwise Minkowski
sums of pieces of the two, and nally the union of the pair-
wise sums. Computing the Minkowski sum of two convex
polyhedra remains a key operation. The combinatorial com-
plexity of the sum can be as high as ( mn) when both poly-
hedra are convex. For the complexity of the intermediate
case, where only one polyhedron is convex, cf. [17].

1.1 Minkowski Sums of Polytopes inr®

One method to compute the Minkowski sum of two poly-
topes is to compute the convex hull of the pairwise sum of
the vertices of the two polytopes. While being simple and
easy to implement, the time complexity of this method is
( mn) regardless of the size of the resulting sum, which can
be as low as fm + n) for degenerate cases. Many output
sensitive algorithms to compute Minkowski sums of poly-
topes in R® have been proposed. Basch et al. [2] extended

L1t can be as low as m(= n) in the extremely-degenerate
case of two identical polytopes variant under scaling.



the concept of convolution introduced by Guibas et al. [12]
and presented an algorithm to compute the convolution in
three dimensions. Gritzmann and Sturmfels [11] obtained
a polynomial-time algorithm in the input and output sizes

for computing Minkowski sums of k polytopes in RY for
a xed dimension d, and Fukuda [7] provided an output-
sensitive polynomial-time algorithm for variables d and k.
Ghosh [9] presented a uni ed algorithm for computing 2D
and 3D Minkowski sums of both convex and non-convex
polyhedra based on aslope diagram representation. Bekker
and Roerdink [3] provided a few variations on the same idea.

Recently a few complete implementations of methods for
computing exact Minkowski sums (beyond the nasve method
mentioned above) have need introduced: (i) a method based
on Nef polyhedra embedded on the sphere [10], (ii) an im-
plementation of Fukuda's algorithm by Weibel [18], and (iii )
a method based on the cubical Gaussian-map data struc-
ture [6]. These methods exploit e cient innovative tech-
niques in the area of exact geometric-computing to minimize
the time it takes to ensure exact results. However, even with
the use of these techniques, the amortized time of a single
arithmetic operation is larger than the time it takes to carr 'y
out a single arithmetic operation on native nhumber types,
such as oating point. Thus, the constant that scales the
dominant element in the expression of the time complexity
of these algorithms increases, which makes the question ths
paper attempts to answer, \What is the exact maximum
complexity of Minkowski sums of polytopes in R3?", even
more relevant.

Gritzmann and Sturmfels [11] also formulated an upper
bound on the number of features f¢ of any given dimen-
sion i of the Minkowski sum of many polytopes in d di-

d 1

; d j R i1
mensions: f7(P1 P2 i Py) 24 p - for
h=0
i=0;1:::d 1, wherej denotes the number of non-parallel

number of facets f3 of the Minkowski sum of two poly-
topes in R® is bounded from above by j(j 1). Fukuda
and Weibel [8] obtained upper bounds on the number of
edges and facets of the Minkowski sum of two polytopes
in R® in terms of the number of vertices of the summands:
f3(P1 P2) f§(PfS(P2) + f5(P1) + f5(P2) 6. They
also studied the properties of Minkowski sums of perfectly
centered polytopes and their polars, and provided a tight
bound on the number of vertices of the sum of polytopes in
any given dimension.

The main result of our paper concerning two polytopes
follows.

Theorem 1. (i) Let P and Q be two polytopes inR® with
m and n facets respectively. Then, the number of facets
of the Minkowski sum P Q cannot exceed4mn  9m
9n + 26. (ii) Given two integers m 4 and n 4, it
is possible to construct two polytopes in R® with m and n
facets respectively, such that the number of facets of their
Minkowski sum is exactly 4mn  9m  9n +26.

1.2 Outline

The rest of this paper is organized as follows. The up-
per bound on the exact complexity of Minkowski sums of
two polytopes in R® is derived in Section 2. In Section 3
we describe how to construct two polytopes, the number of
facets of which is given, such that the exact complexity of
their Minkowski sum is identical to the bound derived in

Section 2. Generalizations of the bounds on the exact com-
plexity of Minkowski sums for many polytopes are drawn
in Section 4. Information about the software and data les
used to verify the results and generate the gures in this
paper are provided in the appendix.

2. THE UPPER BOUND
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Figure 1: (a) A tetrahedron, (b) the translucent Gaussian map of
the tetrahedron, (c) a cube, and (d) the translucent Gaussian map
of the cube.

The Gaussian Map G = G(P) of a compact convex poly-
hedron P in Euclidean three-dimensional space R® is a set-
valued function from P to the unit sphere S?, which assigns
to each point p the set of outward unit normals to support
planes to P at p. Thus, the whole of a facet f of P is
mapped under G to a single point, representing the outward
unit normal to f. An edge e of P is mapped to a (geodesic)
segment G(e) on S?, whose length is easily seen to be the
exterior-dihedral angle at e. A vertex v of P is mapped by
G to a spherical polygon G(v), whose sides are the images
under G of edges incident to v, and whose angles are the
angles supplementary to the planar angles of the facets in-
cident to v; that is, G(e1) and G(e2) meet at angle
whenever e; and e; meet at angle [14]. The above implies
that G(P) is combinatorially dual to P, and metrically it is
the unit sphere S2.

The overlay of two planar subdivisions S; and S; is a
planar subdivision S, such that there is a facef in S if and
only if there are faces f; and f, in S; and S; respectively
such that f is a maximal connected subset off; \ f,. The
overlay of two (two-dimensional) subdivisions embedded on
a sphere is de ned similarly. The overlay of the Gaussian
maps of two polytopes P and Q respectively identi es all
pairs of features of P and Q respectively that have common
supporting planes, as they occupy the same space on the
unit sphere, thus, identifying all the pairwise features th at
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Figure 2: (a) The Minkowski sum of a tetrahedron and a cube
and (b) the Gaussian map of the Minkowski sum.

contribute to the boundary of the Minkowski sum of P and
Q. A facet of the Minkowski sum is either a facet f of Q
translated by a vertex of P supported by a plane parallel to
f, or vice versa, or it is a facet parallel to two parallel plane s
supporting an edge of P and an edge ofQ respectively. A
vertex of the Minkowski sum is the sum of two vertices of P
and Q respectively supported by parallel planes.

The number of facets of the Minkowski sum M of two
polytopes P and Q with m and n facets respectively is equal
to the number of vertices of the Gaussian map dualto M. A
vertex in the Gaussian map of M is either due to a vertex in
the Gaussian map of P, or due to a vertex in the Gaussian
map of Q, or due to an intersection of exactly two edges, one
of the Gaussian map of P and the other of the Gaussian map
of Q. Thus, the exact complexity f (m;n) of M can be upper
bounded by the expressiong(m;n)+ m + n, where g(m;n)
is the number of intersections of edges in the Gaussian map
dual to M .2

Obsenation 2. The maximum exact number of edges in
a Gaussian mapG(P) of a polytope P with m facets is 3m
6. The exact number of faces in such a Gaussian map is
2m 4.

The above can be obtained by a simple application of Euler's
formula for planar graphs to the Gaussian maps G(P). It
can be trivially used to bound the exact number of facets
of the Minkowski sum of two polytopes. First, we can use
the bound on the number of edges to obtain: f(m;n)
m+n+@Bm 6) 3 6)=9mn 17m 17n+36. Better
yet, we can plug the bound on the number of dual faces,
which is the number of primal vertices, in the expression
introduced by Fukuda and Weibel, see Section 1.1, to obtain:
f(min) @m 4) 2n 4H+2m 4)+(2n 4) 6=
4dmn 6m 6n + 2. Still, we can improve the bound even
further, but rst we need to bound the number of faces in
G(M).

Lemma 3. Let G; and G, be two Gaussian maps, and let
G be their overlay. Let fq, f2, and f denote the number of
faces of G1, G2, and G respectively. Then, the number of
facesf of G cannot exceedf; f,.

This lemma is similar to the one where convex planar maps
replace the Gaussian maps, the proof which appears in sev-
eral avors in the literature.

We are ready to tackle the upper bound, that is, prove
the rst part of Theorem 1.

2The exact complexity is strictly equal to the given expres-
sion, only when no degeneracies occur.

Proof. Let vi;e:1;f1 and v2;ey;f, denote the number of
vertices, edges, and faces ofG(P) and G(Q) respectively.
Recall that the number of facets of a polytope is equal to
the number of vertices of its Gaussian map. Thus, we have
vi = m, V2 = n,and v = f (m;n), where v denotes the num-
ber of vertices of G(M ). The number of edges and faces of
G(M) is similarly denoted as e and f respectively. Assume
that P and Q are two polytopes, such that the number of
facetsf (m;n) of their Minkowski sum is maximal. First, we
need to show that vertices of G(P), vertices of G(Q), and
intersections between edges ofG(P) and edges of G(Q) do
not coincide. Assume to the contrary that some do. Then,
one of the polytopes P or Q or both can be slightly ro-
tated to escape this degeneracy, but this would increase the
number of vertices v = f (m;n), contradicting the fact that
f (m;n) is maximal. Therefore, the number of vertices v is
exactly equal to vi + v2 + vy, where vy denotes the number of
intersections of edges ofG(P) and edges of G(Q) in G(M).

The total count of degrees of all vertices of G(M ) is twice
the number of edgese of G(M) on one hand, as each edge
contributes two to this count. On the other hand, it is equal
to the sum of degrees of all vertices of G(P), vertices of
G(Q), and intersection vertices. Each edge of G(P) and
each edge ofG(Q) contributes exactly two to the count of
degrees of the original vertices, and the degree of each new
intersection is exactly four. Thus, we have:

280 +2e +4vy =2¢€
et e+2vww=~Ff+v 2
ettt e+2v=f + v+ vo+ vy

counting degrees
Euler's formula
2 V=V + Vot vy

vw=Ff+vi+v, 2 e e

vy fifo+vi+tve 2 e e Lemma 3

observation 2 sets an upper bound on the number of edges
e1. Thus, e; can be expressed in terms of 1, a non-negative
integer, as follows: e1 = 3vi 6 1. Applying Euler's
formula, the number of facets can be expressed in terms of
‘raswell: fi= e 2 vi=2vi 4 1. Similarly, we have

e=3v; 6 ‘andf;=2v, 4 7, for some non-negative
integer "».
Vi« (2vi 4 T1)@2v2 4 )+ wvit vy 2
(3V1 6 \1) (3V2 6 \2)
4viva  10vi  10v2 +26+ h('1;2) ; @

where h("1;72)= "172+571+572 2vi2  2v2 1.

G(P) consists of a single connected component. There-
fore, the number of edgese; must be at least vi 1. This
is used to obtain an upper bound on *; as follows: v; 1
e1=3vi 6 "1, which implies "1 2vi 5, and similarly
5 2v» 5. Thus, we have:

h(1;72) = 1724571457

2vity  2v21

=4 @e 5+ k5 (u 5) 0

From Equation (1) we getthat vy  4vive 10v;  10v2 +
26, and sincef (m;n) = vi + Vo + Vx, we conclude that
f(m;n) 4vivo 9vi 9vp +26. The maximum complexity
can be reached whenh("1; "2) diminishes. This occurs when
"1 = 2 = 0. That is, when the number of edges of G(P)
and G(Q) is maximal. [



Corollary 4. The maximum complexity can be attained
only when the number of edges of each oP and Q is maxi-
mal for the given number of facets.

3. THE LOWER BOUND

Given two integers m 4 andn 4, we describe how to
construct two polytopes in R® with m and n facets respec-
tively, such that the number of facets of their Minkowski
sum is exactly 4mn  9m  9n + 26, establishing the sec-

ond part of Theorem 1. More precisely, given i, we describe
how to construct a skeleton of a polytope P; with i facets,
3i 6 edges, and 2 4 vertices, and prove that the num-
ber of facets of the Minkowski sum of Py, and P, properly
9n + 26.

adjusted and oriented is exactly 4mn  9m

We defer the treatment of
the special case ofi = 4 to
the sequel, and start with
the general case ofi 5.
The gure to the right de-
picts the Gaussian map of
Ps. We use the subscript
letter i in all notations X;
to identify some object X
with the polytope P;. For
example, we give the Gaus-
sian map G(P;) of P; a shorter notation G;, but in this para-
graph we omit the subscript letter in all notations for clari ty.
First, we examine the structure of the Gaussian map G of
P to understand better the structure of P. Let V denote
the set of vertices of G. Recall that the number of vertices,
edges, and faces ofG is i, 3i 6, and 2i 4 respectively.
The unit sphere, where G is embedded on, is divided by the
plane y = 0 into two hemispheres H f (x;y;2)jy Og
and H* f (x;y;z)jy > Og. Three vertices, namely u, v,
and w, lie in the plane x = 0. u is located very close to the
pole (0;0; 1). Itis the only vertex (out of the i vertices)
that lies in H*. v is located exactly at the opposite pole
(0;0;1), and w lies in H very close to v. None of the re-
maining i 3 vertices in V nfu;v;wg lie in the plane x =0;
they are all concentrated near the pole (0;0; 1) and lie in
H . The edge uv, which is contained in the plane x = 0,
is the only edge whose interior is entirely contained in H™ .
Every vertex in V nfu;v;wg is connected by two edges to
v and w respectively. These edges together with the edge
Uw, contained in the plane x = 0, form a set of 2i 5 edges,
denoted as E® The length of all edges in E° is almost |,
due to the near proximity of u, v, and w to the respective
poles.

It is easy to verify that if
the polytope P is not degen-
erate, namely, its a ne hull
is 3-space, then any edge of
G(P) is strictly less than
long. Bearing this in mind,
the main di culty in arriving
at a tight-bound construc-
tion is to force all edges but
one of the Gaussian map of
one polytope to intersect all
edges but one of the Gaus-
Gs and G2, where G{ is sian map of the other poly-
Gs rotated 90 about the Y tope, and on top of that force
axis. the pair of excluded edges,

Figure 3: The overlay of

one from each Gaussian map, to intersect as well. As shown
below, this is the best one can do in terms of intersections.

The number of facets of the Minkowski sum of Py, and
P, is maximal, when the number of vertices in the overlay
of Gm and G, is maximal. This occurs, for example, when
Gm and G, are orthogonal, and one of them is rotated 90
about the Y axis, as depicted above on the left for the case
of m = n = 5. In this con guration, all the 2 m 5 edges
in EY intersect all the 2n 5 edges inEQ. All intersections
occur in H . In addition, the edge UVy, intersects the edge
UV,. The intersection point lies in H* exactly at the pole
(0;1; 0). Counting all these intersections results with (2 m
5)(2n 5)+1=4mn 10m 10n+26. Adding the original
vertices of G(Pm) and G(Pn), yields the desired result.

Next, we explain how Pi;i 5 is constructed to match the
description of G; above. The construction of P; is guided
by a cylinder. All the vertices of P; lie on the boundary of
a cylinder the axis of which coincides with the Z axis. We
start with the case of i =5, and show how to generalize the
construction for i > 5. The special case ofi = 4 is explained
last.

3.1 Constructingps
Figure 4 shows various views of Ps. Recall that Ps has

the subscript digit 5 in all the notations through the rest
of this subsection for clarity. The projection of all vertic es
onto the plane z = 0 lie on the unit circle. As a matter of
fact, the entire face f Y = Vgviv2vs lies in the plane z = 0. It
is mapped under G to the vertex v = G(f"). Similarly, the
facesf" = vsvavzvr and f ¥ = V3vzVsvg are mapped under
G to the vertices u = G(f") and w = G(f %) respectively.
Consider the projection of the vertices onto the plane z=0
best seen in Figure 4(b). Once the projection v of vs is
determined as explained below, vo is placed exactly on the
bisector of the arc \ vgovl. The vertices v4, v3, and v; are the
re ection of the vertices vs, vo, and vy respectively through
the plane x = 0.

Two parameters govern the exact placement of vs (and
vs). One is the size of the exterior-dihedral angle at the
edgeVpVz, denoted as , that is, the length of the geodesic-
segment that is the mapping of the edge vw of G. This angle
is best seen in Figure 4(c). Notice, that the Z axis is scaled
up for clarity, and the angle in practice is much smaller. The
other parameter is the size of the angle = \ vJovd, where
v§ and v¢ are the projections of v4 and vs respectively onto
the plane z = 0. This is best seen in Figure 4(b) and (e).
Given m and n, these angles for each ofP,, and P, depend
on both m and n. For large values of m and n the values of

and should be small. For example, setting = =10
is su cient for the case m = n = 5 depicted in Figure 3.
The exact setting is discussed below after the description of
the general casei > 5.

3.2 Constructingp;;i 5

We construct a polytope, such that when looked at from
z = 1, two facets are visible, and when looked at from
z= 1 ,i 2 facets are visible. First, we place the pro-
jection of all vertices onto the plane z = 0 along the unit
circle, and denote the projection of a vertex v as v%. The
projection of the vertices Vj,, Vi,, Vi,, Vis, Vj,, and vjg,
where jo = 0, j1 = b(i 2)=2c, j» = bi 2)=2c+ 1,
jz =1 2,ja = DbBi 7)=2c, and j5 = b3i 7)=2c +
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Figure 4:
is scaled up.

1, are placed at the same locations as those of the cor-
responding vertices of Ps, as depicted below on the right.
The projection of the remaining vertices are placed on the
arcs W_ivi,, WoiViy, W,iVis, and W,;v0 in cyclic order.
The angle =
\vj,0v, 1 Iis

another param- Y
eter that gov-

erns  the -

nal con gura- 2

tion of P;. Once
the placement
of the projec-
tion of v, 1
is determined,
the projections Vi, Vjs
of the vertices

are arbitrarily spread along the open arc v;;vj, 1. The
vertex placement along the arc ‘)105?"10 must be a symmet-
ric re ection of the vertex placement along the arc W,;Vv;, .
This guarantees that all the quadrilateral facets are planar.
Similarly, the vertex placement along the arc W,;vj, is a
symmetric re ection of the vertex placement along the arc

v\s;ijA. For large values of m and n the angle should be
small as explained below, implying that the projection of th e
vertices are concentrated nearv;, and vj,, (which lie on the
bisectors of \ vj, o, and \ vj,0v’, respectively). Figure 5

Y
VZ‘\—./X"W " \ V2

Vo V3

®

Di erent views of Ps. (a) and (d) are perspective views, while (b), (c), (e), and (f) are orthogonal views. Notice that the Z axis

depicts the casesi = 10, and i = 11. In these examples we
force a regular placement, which is su cient in many cases.
As in the case ofi =5, the face f;' = Vo;vi; 77 Vi 2, repre-
sented by the vertex v; of Gj, lies in the plane z = 0. The
exterior-dihedral angle  at the edge Vj,Vj; is made small,
so that the vertex w; of G; representing the adjacent face
f¥ = V37Vi+1, -7V 5,Vo, is kept in close proximity to
Vi.

Given m and n, three parameters per polytope listed be-
low govern the nal con gurations of P, and Py.

1. the exterior-dihedral angle  at the edge Vi, Vi3,

2. the angle =\ v’ 0V, and

3. theangle =\vj,0v, 1.

The settings of these angles must satisfy certain conditions,
which in turn enable all the necessary intersections of edges
in the Gaussian map of the Minkowski sum. We denote
the face Vj,+1 Vj,Vj, Vj; 1 adjacentto f" by f*. The vertex
x = G(f*) is the nearest vertex to u. The y-coordinate of
the vertex w, must be greater than the y-coordinate of the
edgexXvy at z = 0 in Pn's coordinate system. Similarly,
the y-coordinate of the vertex wm must be greater than the
y-coordinate of the edge Xv, at z = 0 in P,'s coordinate
system? This is best seen in Figure 6 (c). The values of
the y-coordinates of the w, and wn, are simply sin( ) and

3The rotation of, say Pn, is performed about the Y axis.
Thus, it has no bearing on y-coordinates.
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Figure 5:

sin( m) respectively. The value of the y-coordinate of the
edgexvy, at z = 0 however depends on all the three parame-
ters m, m,and m. Similarly, the y-coordinate of the edge
XV, at z = 0in the respective coordinate system depends on

n, n,and q. Instead of deriving an expression that di-
rectly evaluates these y-coordinates, we suggest an iterative
procedure that decreases the angles at every iteration until
the conditions above are met, and argue that this procedure
eventually terminates, because at the limit, we are back at
the case wherem = n =5, for which valid settings exist.

3.3 Constructingp,

Recall that P4 has 4 facets,
6 edges,
Therefore, it cannot be con-
structed according to the
prescription provided in the
previous section. Applying
the same principles though,
we place two vertices of G4
near the pole (0;0; 1), and
two vertices near the oppo-
site pole (0;0;1). One edge,
which connects a vertex near one pole to a vertex near the
other, lightly shaded in the gure on the left, is entirely co n-
tained in H* . The other three edges that connect vertices
near opposite poles mostly lie in H . They form a set of
2i 5 =3 edges, denoted asE?. The length of every edge
in E2 is almost . In contrast to the case i 5, two out of
the three edges inEJ cross the planey = 0. Namely, small
sections of them lie in H*. As in the casei> 4, one edge,
the lightly shaded one, is entirely contained in H™" .

We construct
P4, such that the
two facets f! =
Vovivz and f2 =
VoV2Vz are Visi-
ble when looked
at from z = 1,
and when looked
at from z =
1 , the remain-
ing two facets

and 4 vertices.

(0]
Vs \7
Ve V3
V7 Va2

Vi1 :
V12 Vi3

(b)

(a) An orthogonal view of P1p. (b) An orthogonal view of P11.

f% = W3vive and f* = VsV are visible. as depicted on
the right, the projection of all four vertices onto the plane
z = 0 lie on the unit circle. The vertices vo and v, lie on
the plane z = 0, and the vertices vi and vs lie in a paral-
lel plane. The distance between the planes is small to form
small exterior-dihedral angles at the edges VoVz and Vivs.

As in the general case, two parameters govern the exact
placement of v1, vz, and vs. One is the size of the exterior-
dihedral angle at the edge Vovz. The other parameter is the
size of the angle\ vo0V4, where V] is the projection of vz onto
the plane z = 0. The sizes of these angles are determined
by the same rationale as in the general case.

This concludes the proof of Theorem 1.

4. MAXIMUM COMPLEXITY OF MIN-
KOWSKI SUMS OF MANY POLYTOPES

the number of facets of P; is m; for i =1;2;:::;k. In this
section we discuss the bounds on the exact complexity of
the Minkowski sum M = P1  P; Py generalizing
some of the arguments presented above.

Py is @2mi  5)(@2m; 5)+

sum P|5 P> 1 i
k k

2 P i M

In the following sections we establish the lower bound, but
provide only a conservative upper bound, which leaves a gap
between the two bounds.

4.1 The Lower Bound

4, we describe how to construct k polytopes in R® with cor-
responding number of facets, suclpthat the number of facets
of their Minkowski sum is exactly i< «2m;i  5)(2m;
5)+ ; + ikzl m;. More precisely, given i, we describe how
to construct a skeleton of a polytope P; with i facets, 3 6
edges, and 2 4 vertices, and prove that the number of
facets of the Minkowski sum M = P1 P, Py of the
k polytopes properly adjusted and oriented is exactly the



(@) (b)

Figure 6: (a) The Minkowski sum M11:11 = P11

© (d)

PY, where P2 is P11 rotated 90 about the Y axis. (b) The Gaussian map ofM11:11

looked at from z = 1 . (c) A scaled up view of the Gaussian map ofM 11,11 looked at from z = 1 . (d) The Gaussian map of M 11:11 looked

atfromy= 1

expression above. We use the same construction described
in Section 3.
The number of facets in
the Minkowski sum of Pj;i =

the number of vertices in the
overlay of Gij;i = 1;2;:::;k
is maximal. This occurs, for
example, when G; is rotated
180 i=k about the Y axis for
i =1;2:::;k, as depicted
on the left for the case of
mi = my = m3 = 4. In this
con guration, allthe2 m; 5
edges in E? intersect all the

Figure 7: The overlay of
the Gaussian maps of three

tetrahedra rotated about the 2m; 5 edges inEp, for 1
Y axisO , 60 , and 120 re- i< k. All intersec-
spectively. tions occur in H In ad-

dition, the edge UV, intersects the edge Uvm; for 1

i<j k. These intersection points lie in H* near the
pole (0;1;0). Counting all these intersections results with
2mi  5)(2m; 5)+ Adding the original

1 i< 2"

in Conjecture 4.

4.2 An Upper Bound
We can apply Theorem 1(i) to obtain

f(ml,my;::imy) = f(mg;f (m2;ms;::imy))
=4mif (mz;mz;:::my)  9ma 9f (m2;m3z;:::imyg) +26

However, we can apply a similar technique to the one used
in Section 2 and improve the upper bound as follows, but
rst we must extend Lemma 3.

and let G be their overlay. Let f; denote the number of faces
of Gj, and let f denote the number of rfaces ofG. Then, the
number of facesf of G cannot exceed ; o fi fj.

The proof of the lemma above is a simple generalization of
the proof of lemma 3. We believe that the bound estab-
lished by the lemma is conseryative, and can be improved

to ;g (i D D+ W (fi 1)+1+ kzl_

facets respectively. Let G(P;) denote the Gaussian map of
Pi, and let vi, e, and f; denote the number of vertices, edges,
and faces of G(P;) respectively. Let vy denote the number
of intersections of edges ofG(P;) and edges of G(P;), i 6 |

in G(M). Applying the same technique as in Section 2, that

is, counting the total degrees of vertices in G(M ) we get:

X( .

e +2vw = e reducing
i=1

g +2vw=Ff+v 2 Euler's formula
i=1

Xk

& +2vw =1+ Vitv 2 v= Vi + Vx

i=1 i=1 i=1

Shu ing, applying Lemma 6, and then applying Corollary 4
we derive the following:

X«
v = f + vi &) 2
i=1

X X«
Vyx fifj + (Vi ei) 2
1 iq  k i=1
X X«
Vx @vi 42vy 4+ (vi 3vi+6) 2
1 i€k i=1
X
Vx 2vi 4R2v; 4 2 vit6k 2: (2
1 iq  k i=1

For example, thepcomplexity of the Minkowski sum of k
tetrahedra is vy + ikzl vi, and by Equation (2) it is bounded
from above by 8k? 6k 2. The construction described in
the previous section yields a con guration of k tetrahedra,
the Minkowski sum of which is 5k> k. For k = 2 both
expressions evaluate to 18.
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APPENDIX
A. SOFTWARE AVAILABILITY

We have developed an interactive program called player
that visualizes three-dimensional scenes and objects. It parses
les in extended Vrml format.* The format was extended,
among the other, with a geometry node that represents poly-
topes using Nef polyhedra embedded on the sphere. With
this program it is possible to examine the polytopes and
their Gaussian maps, obtain their complexities, and com-
pute Minkowski sums. It is based on Cgal ,° the Compu-
tational Geometry Algorithm Library, and uses the Nef_S2
package developed by Hachenberger, Kettner, and Seel [10].
The program executable, the Vrml data les including those
used to generate the gures included in this paper, and in-
structions can be downloaded from http://www.cs.tau.ac.
il _efif/Mink

4http:/iwww.web3d.org/
Shttp:/iwww.cgal.org/



