Polyhedral Assembly Partitioning with Infinite
Translations or The Importance of Being Exact

Efi Fogel and Dan Halperin

Abstract Assembly partitioning with an infinite translation is thepéipation of
an infinite translation to partition an assembled produtd two complementing
subsets of parts, referred to as a subassemblies, eackdtieesat rigid body. We
present an exact implementation of an efficient algorithnolitain such a mo-
tion and subassemblies given an assembly of polyhedi@&®inWe do not as-
sume general position. Namely, we handle degenerate iapdt,produce exact
results. As often occurs, motions that partition a givereassy or subassem-
bly might be isolated in the infinite space of motions. Anytpdsation of the
input or of intermediate results, caused by, for examplgrauision, might re-
sult with dismissal of valid partitioning-motions. In th&teeme case, where there
is only a finite number of valid partitioning-motions, no noot may be found,
even though such exists. The implementation is based owaaficomponents that
have been developed and introduced only recently. Theydpdneway to a com-
plete, efficient, and concise implementation. Additioméibrmation is available at
http://acg.cs.tau.ac.il/projects/internal-projegssembly-partitioning/project-page.

1 Introduction

Assembly planning is the problem of finding a sequence of onstthat move the
initially separated parts of an assembly to form the assednirloduct. The reversed
order of sequenced motions separates an assembled prodiscparts. Thus, for
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Fig. 1: (a) The Split Star puzzle, and (b),(c), and (d) theitSptlar six parts divided into three
pairs of symmetric parts. The six parts are named accorditigeir colorR(ed), G(reen),B(lue),
P(urple),Y (ellow), andT (urquoise).
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rigid parts, assembly planning and disassembly plannifey te the same prob-
lem, and used interchangeably. In this paper we concerdnatiee case where the
assembly consists of polyhedrali{ and the motions are infinite translations.

The motion space is the space of possible motions that ass@entts may un-
dergo. For each motion in a motion space, a subassembly géa gssembly may
collide with a different subassembly, when transformed &gid body according
to the motion. Pairs of subassemblies that collide coristitanstraints. The motion
space approach dictates the precomputation of a decorigmosfta motion space
into regions, such that the constraints among the parteiaseembly are the same
for all the motions in the same region. All constraints oveegion are represented
by a graph, called thdirectional blocking grapi{DBG) [23]. The collection of all
regions in a motion space together with their associated ©&f& be used to obtain
assembly (or disassembly) sequences.

Degenerate input is commonplace in computational-gegnagiplications, and
numerical errors are inevitable when arithmetic based oohima number-type
(e.g., floating-point) is used to carry out algebraic corapiah. Traditional imple-
mentations, which ignore these observations, may yieldriect results, get into
an infinite loop, or just crash, while running on a degeneratenearly degener-
ate, input (see [15] for examples). The problem intensifieassembly planning,
as motions might be isolated in the infinite space of motiéms. perturbation of
the input or of intermediate results, caused by, for examplprecision, might re-
sult with dismissal of valid partitioning-motions. In theteeme case, where there is
only a finite number of valid partitioning-motions, as oczir the assembly shown
in Figure 1, no motion may be found, even though such exists.

The general framework and some of the techniques preseatechhve already
been described in a series of papers and reports publisliled past mainly during
the late 90's. Halperin, Latombe, and Wilson made the catimebetween previ-
ously presented techniques that had used the motion sppieEaahp, and introduced
a unified general framework [11] at the end of the previousemilium. Only few
publications related to this topic appeared ever sincéhadest of our knowledge,
which creates a long gap in the time line of the respectiveaeh. We certainly
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hope that the tools exposed in this paper will help revivertsearch on algorith-
mic assembly planing, a research subject of consideralgeritance. Moreover, we
believe that the machinery presented here, together wihtbr gecent advances in
the practice of computational-geometry algorithms, caneng@nerally support the
development of new and improved techniquealigorithmic automatior?

Solution to the assembly planning problem enables bettathfeck to design-
ers. It helps them to create products that are more costtefido manufacture and
maintain. This is emphasized in light of the strategy to fpdaywhere, build any-
where” many CAD/CAM companies are trying to adopt. Assengadguences are
also useful for selecting assembly tools and equipment{@rdying out manufac-
turing facilities.

We restrict ourselves to two-handed partitioning stepsnirgy that we partition
the given assembly into two complementing subsets eactettes a rigid body.
Even for two-handed partitioning, if we allow arbitrary tidational motions (and
not restrict ourselves to infinite translations) the prableecomes NP-hard [12].
The assembly-sequencing general problem of planning boiatering of assembly
operations that merge the individual parts into the assethptoduct, is PSPACE-
hard, even when each part is a polygon with a constant nunfilvertices [18].

Notice that the problem that we address in this paper, napagtitioning within-
finite translationsis technically considerably more complex than partitimivith
infinitesimal motionsAlthough the latter may sound more general, as it handles in
finitesimal translations anmtations it is far simpler to implement, since it deals
only with constraints that can be described linearly. Thius,problem can be re-
duced to solving linear programs. Indeed, there are sewepimentations for par-
titioning with infinitesimal motions (see, e.g., [9, 19]ytmone that we are aware
of, dealing robustly with infinite translations. The shorting of using infinites-
imal motions only is that suggested disassembly moves mapaextendible to
practical finite-length separation motions.

Infinite-translation partitioning was not fully robustiypplemented until recently,
in spite of being more useful than infinitesimal partitiagrimost probably due to the
hardship of accurately constructing the underlying geoimgtimitives. What en-
ables the solution that we present here, is the significaatay in the development
of computational-geometry software over the past decheéeavailability of stable
code in the form of the Computational Geometry Algorithmbrary (CGAL)S in
general and code for Minkowski sums of polytope®ifhand arrangements if?
in particular [22].

The implementation presented in this paper is based on aagactf GsAL
called Ar r angenent _on_sur f ace_2 [21]. It supports the robust construction and
maintenance of arrangements of curves embedded on twadiomal parametric
surfaces [2], and robust operations on them, e.g., ovedayatation. The imple-
mentation uses in particular arrangements of geodesiearbedded on the sphere.
It exploits supported operations, and requires additiopafations, e.g., polyhedra

2http://gol dberg. berkel ey. edu/ al gori t hni c- aut omat i on
Shttp://ww. cgal .org
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central projection, which we implemented. We plan to maksé&new components
available as part of a future public release @AT as well. The ability to robustly

construct such arrangements, and carry out exact opesatiothem using only (ex-

act) rational arithmetic is a key property that enables &oiefit implementation.

1.1 Split Star Puzzle

We use the assembly depicted in Figure 1 as a running exahrpleghout the pa-
per. The name “Split Star” was given to this shape by StewaffitCin one of his
Puzzle Craft booklet editions back in 1985. He uses the fmrnzleto refer to any
sort of geometric recreation having pieces that come apattfia back together.
We use it as an assembly. He describes how to produce thd p@taas out of
wood [4], and suggests that they are made very accuratelybbBlerves that finding
the solution requires dexterity and patience, when theesiece accurately made
with a tight fit. Even though the assembly seems relativehpg, this should come
as little surprise, since the first partitioning motion iseasut of only eight possi-
ble translations of four symmetric pairs of motions in opfedirections associated
with two complementing subassemblies of three parts eacideBtly, any auto-
matic process that introduces even the slightest errogalmway, will most likely
fail to compute the correct first motion in the sequence, atskfy claim that the
assembly is interlocked.

; : z The Split Star assembly has the assembled
shape of the first stellation of the rhombic
dodecahedron [17], illustrated atop the right
pedestal in M. C. Escher’s Waterfall wood-
cut [3]. Its orthogonal projection along one
of its fourfold axes of symmetry is a square,
while the Star of David is obtained when it
is projected along one of its threefold axes of
symmetry, as seen on the left; for more details
see [4]. The assembly is a space-filling solid
when assembled. It consists of six identical concave paatsh part can be decom-
posed into eight identical tetrahedra yielding 48 tetrahéul total. As manufactur-
ing the pieces requires extreme precision, it is suggestprbduce the 48 identical
pieces and glue them as necessary. Each part can also beptessmhinto three con-
vex polytopes — two square pyramids and one octahedroriggell8 polytopes

in total. The partitioning described in this paper requitesdecomposition of the
parts into convex pieces. The choice of decomposition mag hadrastic impact
on the time consumption of the entire process, as observadlifierent study in
RR? [1], and shown by experiments in Section 5.
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1.2 Outline

The rest of this paper is organized as follows. The partitigalgorithm is described
in Section 2 along with the necessary terms and definitionSekction 3 we provide
implementation details. Section 4 presents optimizattbas are not discussed in
the preceding sections, some of which we have already imgaiéed, and proved to
be useful. We report on experimental results in Section 5.

2 The Partitioning Algorithm

The main problem we address in this paper, nanpaliyhedral assembly partition-
ing with infinite translationsis formally defined as follows: L&t = {Py, P>, ...,Py}

be a set o pairwise interior disjoint polyhedra iR2. A denotes the assembly that
we aim to partition. We look for a proper sub$at A and a directiord in R3, such
thatS can be moved as a rigid body to infinity alodgwvithout colliding with the
rest of the parts of the assemi#ly; S. (We allow sliding motion of one part over the
other. We disallow the intersection of the interior of twdyeedra.)

We follow the NDBG approach [23], and describe it here ushreggeneral for-
mulation and notation of [11]. Thmotion spacen our case, namely the space of
all possible partitioning directions, is represented leyuhit spher&?. Every point
p on S? defines the direction from the center $ towardsp. Every directiond
is associated with the directed grapBG(d) = (V,E) that encodes the blocking
relations between the parts Jawhen moved alongl as follows: The nodes i
correspond to polyhedra iy we denote a node corresponding to the polyhe@on
byv(R) € V. There is an edge directed fronR ) to v(P;), denoted(R, P;) € E, if
and only if the interior of the polyhedrd® intersects the interior of the polyhedron
P; whenR is moved to infinity along the directiosh, andP; remains stationary.

The key idea behind the NDBG approach is that in problems aaachurs, where
the number of parts is finite, and any allowable partitiommagfion can be described
by a small number of parameters, there is only a relativelisfpolynomial) num-
ber of distinct DBGs that need to be constructed in order teade possible par-
titioning direction. Stated differently, the motion spasan be represented by an
arrangement subdivided into a finite number of cells eaclgasd with a fixed
DBG. Once this arrangement is constructed, we construdDB® over each cell
of the arrangement, and check it for strong connectivity.B@xhat is not strongly
connected is associated with a direction, or a set of doestin case the cell is not a
singular point, that partition the given assembly. The @esimovable subs&c A
is a byproduct of the algorithm that checks for strong cotiviég If all the DBGs
over all the cells of the arrangement are strongly conneetecconclude that the
assembly isnterlocked as a subset of the partsAnthat can be separated from the
rest of the assembly by an infinite translation does not exist

Next we show how to construct the motion-space arrangenmeht@mpute the
DBG over each one of the arrangement cells. Each orderedfaistinct polyhedra
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<PR,Pj > defines a regior®;; on S2, which is the union of all the directions,
such that wherP, is moved alongd its interior will intersect the interior oP;.
How can we effectively compute this region? IMf; denote the Minkowski sum
P,® (—R) ={b—alae R,b e Pj}. We claim that the central projection ;
ontoS? is exactlyQj; .

Lemma 0.1.A directiond is in the interior of the central projection of iI}/IontoS2
if and only if when Pis moved alongl its interior will intersect the interior of P

Proof. Let d be some direction in the central projectionf; onto S2. In other
words, there exists a poimt € Mjj, such thain= s-d, for some positive scala:
As mis in Mjj, there exist two pointg; € B and p; € Pj, such thatm= p; — p;.
Thus,pj = pi +s-d, meaning that the poing; intersectsp; when moved along.
A similar argument can be used to show the other way around. O

Next, we describe how, given two polyhedfaandPj, we compute the region
Qij, using a robust and efficient hierarchy of building blockbjsh we have devel-
oped in recent years. The existing tools that we use are ifipoding the arrange-
ment of spherical polygons [2, 8, 7, 22], and (ii) constroctof Minkowski sums
of convex polytopes [2, 5, 8, 7]. We also need some extra machias explained
below.

AssumeR is given as the union of a collection of (not necessarilyailig) convex
polytopesP}, P, ..., R\, and similarlyP; is given as the collection of convex poly-
topesP],Py,...,Ph,. Itis easily verified thaMij = Uiy, m —1..m P © (—R)-

So we compute the Minkowski sum of each n@,lr@ (fPﬂ(), and centrally project
it ontoS2. Finally, we take the union of all these projections to yiigl

There are several ways to effectively compute the centmgéption of a convex
polyhedrorC (one of the polytopesl,, = P} & (—F})) from the origin ontds2. We
opted for the following. An edge of C is called asilhouette edgeif the planemn
through the origin ane@ is tangent tcC at e. Namely, it intersect€ in e only. We
assume for now that there is no tangent plane that contaateadiC; we relax this
assumption in Section 3.5, where we provide a detailed ge®or of the procedure.
We traverse the edges Gftill we find a silhouette edge;. One can verify that the
silhouette edges from a cycle GnWe start withe;, and search for a silhouette edge
adjacent tae;. We proceed in the same manner, till we end up discovesiragain.
Projecting this cycle of edges orf8 is straightforward.

All the boundaries of the region@;; form an arrangement of geodesic arcs on
the sphere. We traverse the motion-space arrangement atsagadth-first fashion.
For the first face we check which one of the regi@s contain it. We construct
the corresponding DBG and check it for strong connectivftit is not strongly
connected, we stop and announce a solution as describeel. &btherwise we move
to an adjacent feature of the current face. During this mogenay step out from
a set of regiong);j, and may step into a new set of regioQs. We update the
current DBG according to the regions we left or entered theshew DBG for strong
connectivity, and so on till the traversal of all the arramgat cells is complete.
Notice that it is important to visit also vertices and edgethe arrangement, since
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the solution may not lie in the interior of a face. Indeed, im 8plit Star example,
solutions are on vertices of the arrangement. Without aaefact constructions,
such solutions could easily be missed.

3 Implementation Details

The implementation of the assembly-partitioning operationsists of eight phases
listed below. They all exploit arrangements of geodesics ambedded on the
sphere [2, 7] in various ways. Ther angenent _on_sur f ace_2 package of GAL
already supports the construction and maintenance of sughgements, the com-
putation of union of faces of such arrangements, the coctstru of Gaussian
maps of polyhedra represented by such arrangements, andrtiputation of their
Minkowski sums. It provides the ground for efficient implemtegion of the remain-
ing required operations, such as central projection.

. Convex Decomposition

. Sub-part Gaussian map construction

. Sub-part Gaussian map reflection

. Pairwise sub-part Minkowski sum construction
. Pairwise sub-part Minkowski sum projection

. Pairwise Minkowski sum projection

. Motion-space construction

. Motion-space processing

O~NO UL WN P

The partitioning process is implemented as a free (gentnat)ion that accepts
as input an ordered list of polyhedraR?, which are the parts of the assembly.
Each part is represented as a polyhedral me&?PinA polyhedral mesh represen-
tation consists of an array of vertices and a collection oéfs, where each facet is
described by an array of indices into the vertex array. Weged with a detailed
discussion of the implementation of each phase.

We deal below with various details that are typically igrtbie reports on geo-
metric algorithms (for example, under the general-posiissumption). However,
in assembly planning, or more generally in movable-seplsaproblems in tight
scenarios, much of the difficulty shifts exactly to thesédntecal details and in par-
ticular to handling degeneracies. This is especially ersiglkd in Phases 5 and 6
(Subsections 3.5 and 3.6 respectively), but prevails gjinout the entire section.

3.1 Convex Decomposition

We decompose each concave part into convex polyhedraedfesras sub-parts.
The output of this phase is an ordered list of parts, wherk part is an ordered list
of convex sub-parts represented as polyhedral surfaceh. fitdyhedral surface is
maintained as a GAL Pol yhedr on_3 [14] data-structure, which consists of vertices,
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Fig. 2: The six parts of the Split Star decomposed into thoewex sub-parts each.

edges, and facets and incidence relations on them [13]. tAhpatris convex to start
with is simply converted into an object of tyjpel yhedr on_3.

A new package of GAL that supports convex decomposition of polyhedra has
been recently introduced [10], but has not become publighilable yet. As we
aim for a fully automatic process, we intend to exploit suclmponents, once they
become available, and study their impact. For the time beigesorted to a man-
ual procedure. A simple decomposition of the Split Stargased in the running
example is illustrated in Figure 2.

3.2 Sub-part Gaussian Map Construction

TheGaussian Map G= G(P) of a compact convex polyhedr@&in Euclidean three-
dimensional spack? is a set-valued function from to the unit spher&?, which
assigns to each poimt on the boundary oP the set of outward unit normals to
support planes t® at p. A vertexv of P is mapped byG to a spherical polygon
G(v) [6]. Likewise, the inverse Gaussian Map, denoted3y, maps the spherical
features to the polytope boundary.

We convert each sub-part represented as a polyhedral surfacca Gaussian
map, represented as an arrangement of geodesic arcs erdloedtie sphere, where
each face of the arrangement is extended with the coordinates of stsciated pri-
mal vertexv = G~1(f), resulting with a unique representation. The construation
an arrangement from the polytope features and their at@edsicident relations
provided by thePol yhedr on_3 data-structure amounts to the insertion of geodesic
segments that are pairwise disjoint in their interior irite arrangements, an opera-
tion that can be carried out efficiently.

The output of this phase is an ordered list of parts, wherk pad is an ordered
list of the Gaussian maps of the convex sub-parts. Figurep&tdethe Gaussian
maps of six of the 18 polytopes that comprise the set of suts-péour Split Star
assembly.
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Fig. 3: Samples of the Gaussian maps of sub-parts of the Slitassembly. The bottom row
contains the reflections of the Gaussian maps at the top row.

_Rl

3.3 Sub-part Gaussian Map Reflection

We reflect each sub—pa?ﬁ through the origin to obtaiPrPli(. This operation can be
performed directly on of the output of the previous phasiectng the underlying
arrangements of geodesic arcs embedded on the sphere,@prelsent the Gaus-
sian maps, while handling the additional data attacheda@ttangement faces. As
a matter of fact, this phase can be reduced as part of an aption discussed in
Section 4.

The output of this phase is an ordered list of parts, wherk pad is an ordered
list of Gaussian maps of the reflected convex sub-partsr&iguepicts the Gaus-
sian maps of six of the 18 polytopes that comprise the setflefcted sub-parts of
the Split Star example.

3.4 Pairwise Sub-part Minkowski Sum Construction

Construct Pairwise Sub-part Wg compute the Minkowski sums of the
Minkowski Sums pairwise sub-part_s_and reflected s_L_Jb-parts.
for iin {L,2,....n} Amw_mg for an eff|C|ent.output-ser}sm.vg al-
for | in,{i 5 ’... n} gquthm, t_he construction of an !ndlwdual
it i ::’j (,:ont,inue Minkowski sum from two Gaussian maps
for kin {1,2,....m} _represented as two arrangements respectively
for £in ’{1’ 5 ’ m;} is performed by overlaying the two arrange-
il — P’j éB (—’Pi]) ments. When th_e overlay operation pro-
ke — ¢ k gresses, new vertices, edges, and faces of the
resulting arrangement are created based on features ofithegerands. When a
new feature is created its attributes are updated. Thereeareases that must be
handled [5]. For example, a new faéds induced by the overlap of two facds
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andf, of the two summands respectively. The primal vertex assetiaith f is set
to be the sum of the primal vertices associated Vitand f, respectively.

TheArrangenent _on_sur f ace_2 package conveniently supports the overlay op-
eration allowing users to provide their own version of thése operations. The
overlay operation is exploited below on several differemiants of arrangements
of geodesic arcs embedded on the sphere. Each applicagjoinegthe provision of
a different set of those ten operations.

The output of this phase is a map from ordered pairs of disiitices into lists
of Minkowski sums represented as Gaussian maps. Each dnolgirei, j >,i # j is
associated with the list of Minkowski sunﬁML’i lk=1,2,....m,¢{=12,....,mj}.

In case of our Split Star the map consists of 30 entries thaespond to all con-
figurations of ordered distinct pairs of parts. Each entmsists of a list of nine
Minkowski sums, that is, 270 Minkowski sums in total.

3.5 Pairwise Sub-part Minkowski Sum Projection

We centrally project all pairwise sub-part
Minkowski sums computed in the previous
phase onto the sphere. Each projection is rep-
resented as an arrangement of geodesic arcs
on the sphere, where each celbf the ar-
rangement is extended with a Boolean flag
that indicates whether all infinite rays ema-
: nating from the origin in all directiond € ¢
Qg = projectMy) piercg the correspc?nding Minkowski sum. As

the Minkowski sums are convex, their spherical projectiamsspherically convex.

Given a convex Minkowski sur@, we distinguish between four different cases
as follows:

Project Pairwise Sub-part
Minkowski sums
foriin {1,2,...,n}
for jin {1,2,...,n}
if i == j continue
for kin {1,2,...,m}
for £in {1,2,...,m;j}

1. The origin is contained in the interior of a facet@f
2. The origin lies in the interior of an edge ©f

3. The origin coincides with a vertex &f

4. The origin is separated fro@

Computing the projection of a convex polytopean be done efficiently using dedi-
cated procedures that handle the four cases respectiwaglIRhatC is represented
as a Gaussian map, which is internally represented as amgament of geodesic
arcs embedded on the sphere. We traverse the vertices oféimgament. For each
vertexv we extract its associated primal fadet G*(v). We dispatch the appro-
priate computation based on the relative position of thgionvith respect to the
supporting plane td, and the supporting plane to adjacent facets$.of

If the origin is contained in the interior of a facet f of C, the projection of the
silhouette ofC is a great (full) circle that divides the sphere into two hgphieres.
The normal to the plane that contains the great circle istidalto the normal to the
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Fig. 4: Samples of the pairwise Minkowski sums of sub-paith@Split Star assembly. The middle
row contains six Minkowski sums. The top row contains theesponding Gaussian maps. The
bottom row contains the corresponding central projectifriae Minkowski sums o2,

supporting plane td, easily extracted from the arrangement representing ths-Ga
sian map ofC. TheAr r angerment _on_sur f ace_2 package conveniently supports the
insertion of a great circle, provided by the normal to thenpl¢éhat contains it, into
an arrangement of geodesic arcs embedded on the sphere.

We omit the implementation details of the succeeding twesaand proceed to
the general casé#.the origin is separated from C, we traverse all edges &funtil
we find a silhouette edge characterized as followsvi ahdy; be the source and tar-
get vertices of some edg@gn the arrangement representing the Gaussian m@ayp of
and letfs = G 1(vs) and f, = G~1(w) be their associated primal facets respectively.
eis a silhouette edge, if and only if, the origin is not in thgatve side of the sup-
porting plane tdfs and not in the positive side of the supporting pland t&Ve start
with the first silhouette edge we find, and search for an adjagifhouette edge in
a loop, until we rediscover the first one. We project only the
€, ) target vertices of significant silhouette edges, and cdannec
consecutive projections using arcs of great circle. é.and
€ be adjacent silhouette edges. We ki the projections of
e and€ lie on the same great circle. For example, all but the
« last adjacent silhouette edges incident to a facet suppbyte

i a plane that contains the origin are redundant, as illuestriat

the figure on the left. Here we skép, e1, andey, and project
the target vertex ofs.

The output of this phase is a map from ordered pairs of distintices into lists
of arrangements as described above. Each orderedpajr>,i # j is associated
with the list of central projections of the pairwise Minkdwsums ofP;’s sub-parts
and the reflection through the origin Bfs sub-parts.
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3.6 Pairwise Minkowski Sum Projection

For each pair of distinct part3 andP; we
compute the union of projections of the pair-
wise Minkowski sums of all sub-parts of part
P; and reflections of all sub-parts of p&t

The output of this phase is a map from or-
dered pairs of distinct indices into arrange-
for kin {1,2,....m} mer_1ts. Eagh ord(_ared pairi, j >,i #~ j is as-

for ¢in {1,2,....m} somated_Wlth a single arrangement extended
] [
i as described above, that represents the central
Qij = Qij UQy projectionQ;j of Mij = Pj @ (—P).

We exploit the overlay operation in this phase the second timoughout this
process, this time in a loop. Given two distinct paftandP; we traverse all pro-
jections in the se{Q'k’é lk=1,2,....m,¢=1,2,...,m;}, and accumulate the result
in the arrangemer®;;. As mentioned in Section 3.4, when the overlay operation
progresses, new vertices, edges, and faces of the resaltanggement are created.
When a new facé is created as a result of the overlay of a fgée some projection
Q'kjé, and a face in the accumulating arrangement, the Booleaméisaciated with
f, which indicates whether all directiods= f pierceM;j, is turned on, id pierces
M|I<Jz' that is, if the flag associated with the facegaé on.

The intermediate result of this step are arrangements witbnpially redundant
edges and vertices. It is desired, (but not necessary,nove these cells, as this
will reduce the time consumption of the succeeding opematiavhich is directly
related to the complexity of the arrangements. It has evanget impact when the
optimization described in Section 4 is applied, as the optition decreases the
number of preceding operation at the account of slightlyeasing the number of
succeeding operations. We remove all edges and verticearthin the interior of
the projection, that is all marked edges and vertices. We r@@B1ove spherically
collinear vertices on the boundary of the projection, thgrde of which decreased
below three, as a result of the redundant-edge removal.

00000

Fig. 5: Peg-in-the-hole Minkowski sum projections. (a)), (is), (d), and (e) are the sub-part pro-
jection. (f) is the union of all the former.

Unite Pairwise Sub-part
Minkowski sums Projections
foriin {1,2,...,n}
for jin {1,2,...,n}
if i == j continue

Qj=0
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CGAL also supports the union operation among other Boolean tpesaap-
plied to general polygorfsHowever, it consumes and produaegularizedgen-
eral polygons. This regularization operation is harmfuthie realm of assembly
planning. Therefore, we work directly on the cells of
the arrangement3;;. Quite often the projection con-
tains isolated vertices and edges, as occurs in the ex-
ample depicted on the left, referred to as “peg-in-the-
hole”. Here the assembled product is translucently
viewed from two opposite directions. The blue part is staiy and is decomposed
into five sub-parts. Figure 5 illustrates the correspondieypairwise Minkowski
sum projections, and their union. The complement of therunansists of a single
isolated vertex.

Recalling our Split Star assembly, the projection of
the Minkowski sum of the red part and the reflection of
the blue part, and its reflection, that is, the projection of
the Minkowski sum of the blue part and the reflection
of the red part are depicted on the right.

3.7 Motion-Space Construction
We compute a single arrangement that represents e
motion space, where each celbf the arrangement is

extended with a DBG. We use the adjacency- matrlx
storage format provided by®sT to represent each
DBG. Recall that for a graph with vertices such as ours, anx n matrix is used,
where each elemeaf; of a DBG associated with cetlis a Boolean flag that indi-
cates whether paR collides with part?; when moved along any directiahe c.
Handling large assemblies with sparse blocking relatioag raquire different rep-
resentations of DBGs to reduce memory consumption.

We exploit the overlay operation in this phase the third tsmailar to its ap-
plication in Section 3.6. We iterate over all central préjaas in the seQQ;;, and
accumulate the result in the final motion-space arrangemesninentioned above
in Section 3.4, when the overlay operation progresses, eeiicgs, edges, and faces
of the resulting arrangement are created. When a neve celtreated as a result of
the overlay of a facg in some projectiolqQ;j, and a cell in the accumulating arrange-
ment, the DBG associated withis updated. That is, if the flag assomated V\gth
is turned on, we insert an edge between veri@xd vertexj into the
DBG associated witla.

Depicted on the right is the motion-space arrangement ctedp \/
by our program for the Split Star assembly.

4 The code supports point sets bounded by algebraic curvesdztel on parametric surfaces
referred to as general polygons.

5 http://www.boost.org
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3.8 Motion-Space Processing

We traverse all vertices, edges, and faces of the motiocespa -
rangement in this order, and test the DBG associated with eac e
cell for strong connectivity using the &sST global function
strong_conponent s(). This function computes the strongly con-*
nected components of a directed graph using Tarjan’s alhgori
based on DFS [20]. The set of constraints associated withrtexve is a proper
subset of the constraints associated with edges incident$milarly, the set of
constraints associated with an edge a proper subset of the constraints associated
with the two faces incident te. Therefore, if the DBGs Direction |Subset
of all vertices are strongly connected, we terminate with|—1,—1,—1| GBT
the conclusion that the assembly is interlocked. Similarlg.|—1,—1, 1 RBT
if we are interested in finding all solutions, and the DBG3.|—1, 1-1| GPT
of all edges are strongly connected, we terminate, as 40—1, 1, 1 RPT
further solutions on faces exist. 5| 1-1-1f GBY
For the Split Star assembly, our program successfullyy 1,—1, 1| RBY
1, 1-1
1, 1, 1

identifies all the eight partitioning directions depicted. GPY
above along with the corresponding subset of parts listéd RPY
on the right.

4 Additional Optimization

The reflection of the sub-parts through the origin as desdrib Section 3.3 has
been naively implemented. The computation is applied tptighedral-mesh rep-
resentation of each sub-part. An immediate optimizatidis éar an application of
the reflection operation directly on the arrangements tbptesent the Gaussian
map. We are planning to implementat the reflection operatidnich operates on
any applicable arrangement. This operation alters incidealations between the
arrangement features and their geometric embeddings.debr eertex, it reflects
its associated point about the origin, and inverts the oofldre halfedges incident
to it. For each edge, it reflects its associated curve abeubtigin. For each face,
it inverts the order of the halfedges along its outer boupdgimilar to the overlay
operation (see Section 3.4), where the user can provideod gt functions, which
are invoked when new vertices, edges, and faces of the irgsaltrangement are
created, while the overlay operation progresses, the @sepivide a set of three
functions that are invoked when a new vertex, halfedge, aoce &re created, while
the reflection operation progresses. Extended data atsbevith these types, such
as a primal vertex associated with an arrangement face be irase of an arrange-
ment representing a Gaussian map, can easily be updatetheitirovision of an
appropriate function.

The trivial observation thd®® (—Q) = —((—P) @ Q) leads to another optimiza-
tion. Instead of reflecting all sub-parts in the $Ei|i =12....nk=12...,m},
we reflect only the sub-parts in the §& |i =2,...,n,k=1,2,...,m}, and com-
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Table 1: Time consumption (in seconds) of the execution @klilght phases (see Section 3) using
the Split Star assembly as inpét.— number of convex sub-parts per pdt— number of sub-
part vertices per parC — total number of convex sub-part®. — total number of Minkowski
sums.E — total number of arrangements of geodesic arcs embeddelleasphere constructed
throughout the process.

A |B |C |D |E |1 |2 |3|4|5|6|7|8

3 16 18| 270, 607| NA 0.0 0.04 2.38 0.41 2.05
5 22 30| 7500 1591f NA 0.01) 0.05 5.03 1.09 7.07 0.36] 0.01
8 32 48| 1920 3967 NA 0.0 0.06 11.12 2.41 27.99

pute only the pairwise sub-parts Minkowski sums in the(84lf, |1 <i < j <n,k=
1,2,....m,¢=12,...,m;}, their central projection, and the union of the appropri-
ate projections to yield the s¢Q;j |1 <i < j < n}. Then, we apply the reflection
operation described above on each member of this set, aaithobe full set of pro-
jections{Qij|i=1,2,...,n,j=1,2,...,n}. The Boolean flag associated with a face
of an arrangement that represents a central projectioruil égthe flag associated
with its reflection. In other words, a face @fj consists of directions that pierté;,

if and only if, its reflection inQ;i consists of directions that pierda;; .

Phase 8 is purely topological. Thus, we do not expect the tiomsumption of
this phase to dominate the time consumption of the entirega®for any input. Nev-
ertheless, it might be possible to reduce its contributiothe total time consump-
tion through efficient testing for strong connectivity apglto all the DBGs [16],
exploiting the similarity between DBGs associated withidieot cells. Recall, that
the set of arcs in a DBG associated with a vends a subset of the set of arcs
associated with an edge incidentmdSimilarly, the set of arcs in a DBG associated
with an edgee is a subset of the set of arcs associated with a face incidenhe
proposed technique reduces the cost fi©®M?) per DBG to an amortized cost of
O(n'378), wheren is the maximum number of arcs in any blocking graph.

5 Experimental Results

Our program can handle all inputs. However, due to lack oéspae limit ourselves

to a small set of test cases, where we compare the impactfefatit decomposi-
tions on the process time-consumption. The results list&dble 1 were produced
by experiments conducted on a Pentium PC clocked at 1.7 GHall three test

cases we use the Split Star assembly as input. Naturally, timree cases identical
projections are obtained as the intermediate results ofd”Bahence the identi-
cal time consumption of the succeeding last two phases.ebtlg it is desired to

decompose each partinto as few as possible sub-parts vathadkas possible num-
ber of features. However, an automatic decomposition dijp@renay require large

amount of resources to arrive at optimal or near optimal dguasitions. Notice

that Phases 4 and 6 dominate the time complexity. This isatieetlarge number
of geometric predicates that must be evaluated during teeution of the overlay

operation.
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