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Abstract Assembly partitioning with an infinite translation is the application of
an infinite translation to partition an assembled product into two complementing
subsets of parts, referred to as a subassemblies, each treated as a rigid body. We
present an exact implementation of an efficient algorithm toobtain such a mo-
tion and subassemblies given an assembly of polyhedra inR

3. We do not as-
sume general position. Namely, we handle degenerate input,and produce exact
results. As often occurs, motions that partition a given assembly or subassem-
bly might be isolated in the infinite space of motions. Any perturbation of the
input or of intermediate results, caused by, for example, imprecision, might re-
sult with dismissal of valid partitioning-motions. In the extreme case, where there
is only a finite number of valid partitioning-motions, no motion may be found,
even though such exists. The implementation is based on software components that
have been developed and introduced only recently. They paved the way to a com-
plete, efficient, and concise implementation. Additional information is available at
http://acg.cs.tau.ac.il/projects/internal-projects/assembly-partitioning/project-page.

1 Introduction

Assembly planning is the problem of finding a sequence of motions that move the
initially separated parts of an assembly to form the assembled product. The reversed
order of sequenced motions separates an assembled product to its parts. Thus, for
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(a) (b) (c) (d)

Fig. 1: (a) The Split Star puzzle, and (b),(c), and (d) the Split Star six parts divided into three
pairs of symmetric parts. The six parts are named according to their colorR(ed),G(reen),B(lue),
P(urple),Y(ellow), andT(urquoise).

rigid parts, assembly planning and disassembly planning refer to the same prob-
lem, and used interchangeably. In this paper we concentrateon the case where the
assembly consists of polyhedra inR

3 and the motions are infinite translations.
The motion space is the space of possible motions that assembly parts may un-

dergo. For each motion in a motion space, a subassembly of a given assembly may
collide with a different subassembly, when transformed as arigid body according
to the motion. Pairs of subassemblies that collide constitute constraints. The motion
space approach dictates the precomputation of a decomposition of a motion space
into regions, such that the constraints among the parts in the assembly are the same
for all the motions in the same region. All constraints over aregion are represented
by a graph, called thedirectional blocking graph(DBG) [23]. The collection of all
regions in a motion space together with their associated DBGs can be used to obtain
assembly (or disassembly) sequences.

Degenerate input is commonplace in computational-geometry applications, and
numerical errors are inevitable when arithmetic based on machine number-type
(e.g., floating-point) is used to carry out algebraic computation. Traditional imple-
mentations, which ignore these observations, may yield incorrect results, get into
an infinite loop, or just crash, while running on a degenerate, or nearly degener-
ate, input (see [15] for examples). The problem intensifies in assembly planning,
as motions might be isolated in the infinite space of motions.Any perturbation of
the input or of intermediate results, caused by, for example, imprecision, might re-
sult with dismissal of valid partitioning-motions. In the extreme case, where there is
only a finite number of valid partitioning-motions, as occurs in the assembly shown
in Figure 1, no motion may be found, even though such exists.

The general framework and some of the techniques presented here have already
been described in a series of papers and reports published inthe past mainly during
the late 90’s. Halperin, Latombe, and Wilson made the connection between previ-
ously presented techniques that had used the motion space approach, and introduced
a unified general framework [11] at the end of the previous millennium. Only few
publications related to this topic appeared ever since, to the best of our knowledge,
which creates a long gap in the time line of the respective research. We certainly
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hope that the tools exposed in this paper will help revive theresearch on algorith-
mic assembly planing, a research subject of considerable importance. Moreover, we
believe that the machinery presented here, together with other recent advances in
the practice of computational-geometry algorithms, can more generally support the
development of new and improved techniques inalgorithmic automation.2

Solution to the assembly planning problem enables better feedback to design-
ers. It helps them to create products that are more cost-effective to manufacture and
maintain. This is emphasized in light of the strategy to “plan anywhere, build any-
where” many CAD/CAM companies are trying to adopt. Assemblysequences are
also useful for selecting assembly tools and equipment, andfor laying out manufac-
turing facilities.

We restrict ourselves to two-handed partitioning steps, meaning that we partition
the given assembly into two complementing subsets each treated as a rigid body.
Even for two-handed partitioning, if we allow arbitrary translational motions (and
not restrict ourselves to infinite translations) the problem becomes NP-hard [12].
The assembly-sequencing general problem of planning a total ordering of assembly
operations that merge the individual parts into the assembled product, is PSPACE-
hard, even when each part is a polygon with a constant number of vertices [18].

Notice that the problem that we address in this paper, namelypartitioning within-
finite translations, is technically considerably more complex than partitioning with
infinitesimal motions. Although the latter may sound more general, as it handles in-
finitesimal translations androtations, it is far simpler to implement, since it deals
only with constraints that can be described linearly. Thus,the problem can be re-
duced to solving linear programs. Indeed, there are severalimplementations for par-
titioning with infinitesimal motions (see, e.g., [9, 19]), but none that we are aware
of, dealing robustly with infinite translations. The shortcoming of using infinites-
imal motions only is that suggested disassembly moves may not be extendible to
practical finite-length separation motions.

Infinite-translation partitioning was not fully robustly implemented until recently,
in spite of being more useful than infinitesimal partitioning, most probably due to the
hardship of accurately constructing the underlying geometric primitives. What en-
ables the solution that we present here, is the significant headway in the development
of computational-geometry software over the past decade, the availability of stable
code in the form of the Computational Geometry Algorithms Library (CGAL)3 in
general and code for Minkowski sums of polytopes inR

3 and arrangements inR2

in particular [22].
The implementation presented in this paper is based on a package of CGAL

called Arrangement on surface 2 [21]. It supports the robust construction and
maintenance of arrangements of curves embedded on two-dimensional parametric
surfaces [2], and robust operations on them, e.g., overlay computation. The imple-
mentation uses in particular arrangements of geodesic arcsembedded on the sphere.
It exploits supported operations, and requires additionaloperations, e.g., polyhedra

2 http://goldberg.berkeley.edu/algorithmic-automation
3 http://www.cgal.org



4 Efi Fogel and Dan Halperin

central projection, which we implemented. We plan to make these new components
available as part of a future public release of CGAL as well. The ability to robustly
construct such arrangements, and carry out exact operations on them using only (ex-
act) rational arithmetic is a key property that enables an efficient implementation.

1.1 Split Star Puzzle

We use the assembly depicted in Figure 1 as a running example throughout the pa-
per. The name “Split Star” was given to this shape by Stewart Coffin in one of his
Puzzle Craft booklet editions back in 1985. He uses the termpuzzleto refer to any
sort of geometric recreation having pieces that come apart and fit back together.
We use it as an assembly. He describes how to produce the actual pieces out of
wood [4], and suggests that they are made very accurately. Heobserves that finding
the solution requires dexterity and patience, when the pieces are accurately made
with a tight fit. Even though the assembly seems relatively simple, this should come
as little surprise, since the first partitioning motion is one out of only eight possi-
ble translations of four symmetric pairs of motions in opposite directions associated
with two complementing subassemblies of three parts each. Evidently, any auto-
matic process that introduces even the slightest error along the way, will most likely
fail to compute the correct first motion in the sequence, and falsely claim that the
assembly is interlocked.

The Split Star assembly has the assembled
shape of the first stellation of the rhombic
dodecahedron [17], illustrated atop the right
pedestal in M. C. Escher’s Waterfall wood-
cut [3]. Its orthogonal projection along one
of its fourfold axes of symmetry is a square,
while the Star of David is obtained when it
is projected along one of its threefold axes of
symmetry, as seen on the left; for more details
see [4]. The assembly is a space-filling solid

when assembled. It consists of six identical concave parts.Each part can be decom-
posed into eight identical tetrahedra yielding 48 tetrahedra in total. As manufactur-
ing the pieces requires extreme precision, it is suggested to produce the 48 identical
pieces and glue them as necessary. Each part can also be decomposed into three con-
vex polytopes — two square pyramids and one octahedron, yielding 18 polytopes
in total. The partitioning described in this paper requiresthe decomposition of the
parts into convex pieces. The choice of decomposition may have a drastic impact
on the time consumption of the entire process, as observed ina different study in
R

2 [1], and shown by experiments in Section 5.
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1.2 Outline

The rest of this paper is organized as follows. The partitioning algorithm is described
in Section 2 along with the necessary terms and definitions. In Section 3 we provide
implementation details. Section 4 presents optimizationsthat are not discussed in
the preceding sections, some of which we have already implemented, and proved to
be useful. We report on experimental results in Section 5.

2 The Partitioning Algorithm

The main problem we address in this paper, namely,polyhedral assembly partition-
ing with infinite translations, is formally defined as follows: LetA= {P1,P2, . . . ,Pn}
be a set ofn pairwise interior disjoint polyhedra inR3. A denotes the assembly that
we aim to partition. We look for a proper subsetS⊂ A and a directiond in R

3, such
that S can be moved as a rigid body to infinity alongd without colliding with the
rest of the parts of the assemblyA\S. (We allow sliding motion of one part over the
other. We disallow the intersection of the interior of two polyhedra.)

We follow the NDBG approach [23], and describe it here using the general for-
mulation and notation of [11]. Themotion spacein our case, namely the space of
all possible partitioning directions, is represented by the unit sphereS2. Every point
p on S

2 defines the direction from the center ofS
2 towardsp. Every directiond

is associated with the directed graphDBG(d) = (V,E) that encodes the blocking
relations between the parts inA when moved alongd as follows: The nodes inV
correspond to polyhedra inA; we denote a node corresponding to the polyhedronPi

by v(Pi) ∈V. There is an edge directed fromv(Pi) to v(Pj), denotede(Pi ,Pj) ∈ E, if
and only if the interior of the polyhedronPi intersects the interior of the polyhedron
Pj whenPi is moved to infinity along the directiond, andPj remains stationary.

The key idea behind the NDBG approach is that in problems suchas ours, where
the number of parts is finite, and any allowable partitioningmotion can be described
by a small number of parameters, there is only a relatively small (polynomial) num-
ber of distinct DBGs that need to be constructed in order to detect a possible par-
titioning direction. Stated differently, the motion spacecan be represented by an
arrangement subdivided into a finite number of cells each assigned with a fixed
DBG. Once this arrangement is constructed, we construct theDBG over each cell
of the arrangement, and check it for strong connectivity. A DBG that is not strongly
connected is associated with a direction, or a set of directions in case the cell is not a
singular point, that partition the given assembly. The desired movable subsetS⊂ A
is a byproduct of the algorithm that checks for strong connectivity. If all the DBGs
over all the cells of the arrangement are strongly connected, we conclude that the
assembly isinterlocked, as a subset of the parts inA that can be separated from the
rest of the assembly by an infinite translation does not exist.

Next we show how to construct the motion-space arrangement and compute the
DBG over each one of the arrangement cells. Each ordered pairof distinct polyhedra
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< Pi ,Pj > defines a regionQi j on S
2, which is the union of all the directionsd,

such that whenPi is moved alongd its interior will intersect the interior ofPj .
How can we effectively compute this region? LetMi j denote the Minkowski sum
Pj ⊕ (−Pi) = {b− a|a ∈ Pi, b ∈ Pj}. We claim that the central projection ofMi j

ontoS
2 is exactlyQi j .

Lemma 0.1.A directiond is in the interior of the central projection of Mi j ontoS
2

if and only if when Pi is moved alongd its interior will intersect the interior of Pj .

Proof. Let d be some direction in the central projection ofMi j onto S
2. In other

words, there exists a pointm∈ Mi j , such thatm= s·d, for some positive scalars.
As m is in Mi j , there exist two pointspi ∈ Pi and p j ∈ Pj , such thatm = p j − pi .
Thus,p j = pi + s·d, meaning that the pointpi intersectsp j when moved alongd.
A similar argument can be used to show the other way around. ⊓⊔

Next, we describe how, given two polyhedraPi andPj , we compute the region
Qi j , using a robust and efficient hierarchy of building blocks, which we have devel-
oped in recent years. The existing tools that we use are (i) computing the arrange-
ment of spherical polygons [2, 8, 7, 22], and (ii) construction of Minkowski sums
of convex polytopes [2, 5, 8, 7]. We also need some extra machinery, as explained
below.

AssumePi is given as the union of a collection of (not necessarily disjoint) convex
polytopesPi

1,P
i
2, . . . ,P

i
mi

, and similarlyPj is given as the collection of convex poly-

topesP j
1 ,P j

2 , . . . ,P j
mj . It is easily verified thatMi j =

⋃
k=1,...,mi ,ℓ=1,...,mj

P j
ℓ ⊕ (−Pi

k).

So we compute the Minkowski sum of each pairP j
ℓ ⊕ (−Pi

k), and centrally project
it ontoS

2. Finally, we take the union of all these projections to yieldQi j .
There are several ways to effectively compute the central projection of a convex

polyhedronC (one of the polytopesMi j
kℓ = P j

ℓ ⊕ (−Pi
k)) from the origin ontoS2. We

opted for the following. An edgee of C is called asilhouette edge, if the planeπ
through the origin ande is tangent toC at e. Namely, it intersectsC in e only. We
assume for now that there is no tangent plane that contains a facet ofC; we relax this
assumption in Section 3.5, where we provide a detailed description of the procedure.
We traverse the edges ofC till we find a silhouette edgee1. One can verify that the
silhouette edges from a cycle onC. We start withe1, and search for a silhouette edge
adjacent toe1. We proceed in the same manner, till we end up discoveringe1 again.
Projecting this cycle of edges ontoS2 is straightforward.

All the boundaries of the regionsQi j form an arrangement of geodesic arcs on
the sphere. We traverse the motion-space arrangement in saya breadth-first fashion.
For the first face we check which one of the regionsQi j contain it. We construct
the corresponding DBG and check it for strong connectivity.If it is not strongly
connected, we stop and announce a solution as described above. Otherwise we move
to an adjacent feature of the current face. During this move we may step out from
a set of regionsQi j , and may step into a new set of regionsQi j . We update the
current DBG according to the regions we left or entered, testthe new DBG for strong
connectivity, and so on till the traversal of all the arrangement cells is complete.
Notice that it is important to visit also vertices and edges of the arrangement, since
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the solution may not lie in the interior of a face. Indeed, in our Split Star example,
solutions are on vertices of the arrangement. Without careful exact constructions,
such solutions could easily be missed.

3 Implementation Details

The implementation of the assembly-partitioning operation consists of eight phases
listed below. They all exploit arrangements of geodesic arcs embedded on the
sphere [2, 7] in various ways. TheArrangement on surface 2 package of CGAL

already supports the construction and maintenance of such arrangements, the com-
putation of union of faces of such arrangements, the construction of Gaussian
maps of polyhedra represented by such arrangements, and thecomputation of their
Minkowski sums. It provides the ground for efficient implementation of the remain-
ing required operations, such as central projection.

1. Convex Decomposition
2. Sub-part Gaussian map construction
3. Sub-part Gaussian map reflection
4. Pairwise sub-part Minkowski sum construction
5. Pairwise sub-part Minkowski sum projection
6. Pairwise Minkowski sum projection
7. Motion-space construction
8. Motion-space processing

The partitioning process is implemented as a free (general)function that accepts
as input an ordered list of polyhedra inR3, which are the parts of the assembly.
Each part is represented as a polyhedral mesh inR

3. A polyhedral mesh represen-
tation consists of an array of vertices and a collection of facets, where each facet is
described by an array of indices into the vertex array. We proceed with a detailed
discussion of the implementation of each phase.

We deal below with various details that are typically ignored in reports on geo-
metric algorithms (for example, under the general-position assumption). However,
in assembly planning, or more generally in movable-separability problems in tight
scenarios, much of the difficulty shifts exactly to these technical details and in par-
ticular to handling degeneracies. This is especially emphasized in Phases 5 and 6
(Subsections 3.5 and 3.6 respectively), but prevails throughout the entire section.

3.1 Convex Decomposition

We decompose each concave part into convex polyhedra referred to as sub-parts.
The output of this phase is an ordered list of parts, where each part is an ordered list
of convex sub-parts represented as polyhedral surfaces. Each polyhedral surface is
maintained as a CGAL Polyhedron 3 [14] data-structure, which consists of vertices,
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Fig. 2: The six parts of the Split Star decomposed into three convex sub-parts each.

edges, and facets and incidence relations on them [13]. A part that is convex to start
with is simply converted into an object of typePolyhedron 3.

A new package of CGAL that supports convex decomposition of polyhedra has
been recently introduced [10], but has not become publicly available yet. As we
aim for a fully automatic process, we intend to exploit such components, once they
become available, and study their impact. For the time beingwe resorted to a man-
ual procedure. A simple decomposition of the Split Star parts used in the running
example is illustrated in Figure 2.

3.2 Sub-part Gaussian Map Construction

TheGaussian Map G= G(P) of a compact convex polyhedronP in Euclidean three-
dimensional spaceR3 is a set-valued function fromP to the unit sphereS2, which
assigns to each pointp on the boundary ofP the set of outward unit normals to
support planes toP at p. A vertexv of P is mapped byG to a spherical polygon
G(v) [6]. Likewise, the inverse Gaussian Map, denoted byG−1, maps the spherical
features to the polytope boundary.

We convert each sub-part represented as a polyhedral surface into a Gaussian
map, represented as an arrangement of geodesic arcs embedded on the sphere, where
each facef of the arrangement is extended with the coordinates of its associated pri-
mal vertexv = G−1( f ), resulting with a unique representation. The constructionof
an arrangement from the polytope features and their accessible incident relations
provided by thePolyhedron 3 data-structure amounts to the insertion of geodesic
segments that are pairwise disjoint in their interior into the arrangements, an opera-
tion that can be carried out efficiently.

The output of this phase is an ordered list of parts, where each part is an ordered
list of the Gaussian maps of the convex sub-parts. Figure 3 depicts the Gaussian
maps of six of the 18 polytopes that comprise the set of sub-parts of our Split Star
assembly.
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R1 R2 R3 B1 B2 B3

−R1 −R2 −R3 −B1 −B2 −B3

Fig. 3: Samples of the Gaussian maps of sub-parts of the SplitStar assembly. The bottom row
contains the reflections of the Gaussian maps at the top row.

3.3 Sub-part Gaussian Map Reflection

We reflect each sub-partPi
k through the origin to obtain−Pi

k. This operation can be
performed directly on of the output of the previous phase, reflecting the underlying
arrangements of geodesic arcs embedded on the sphere, whichrepresent the Gaus-
sian maps, while handling the additional data attached to the arrangement faces. As
a matter of fact, this phase can be reduced as part of an optimization discussed in
Section 4.

The output of this phase is an ordered list of parts, where each part is an ordered
list of Gaussian maps of the reflected convex sub-parts. Figure 3 depicts the Gaus-
sian maps of six of the 18 polytopes that comprise the set of reflected sub-parts of
the Split Star example.

3.4 Pairwise Sub-part Minkowski Sum Construction

Construct Pairwise Sub-part
Minkowski Sums

for i in {1,2, . . . ,n}
for j in {1,2, . . . ,n}

if i == j continue
for k in {1,2, . . . ,mi}

for ℓ in {1,2, . . . ,mj}

Mi j
kℓ = P j

ℓ ⊕ (−Pi
k)

We compute the Minkowski sums of the
pairwise sub-parts and reflected sub-parts.
Aiming for an efficient output-sensitive al-
gorithm, the construction of an individual
Minkowski sum from two Gaussian maps
represented as two arrangements respectively
is performed by overlaying the two arrange-
ments. When the overlay operation pro-
gresses, new vertices, edges, and faces of the

resulting arrangement are created based on features of the two operands. When a
new feature is created its attributes are updated. There areten cases that must be
handled [5]. For example, a new facef is induced by the overlap of two facesf1
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and f2 of the two summands respectively. The primal vertex associated with f is set
to be the sum of the primal vertices associated withf1 and f2 respectively.

TheArrangement on surface 2 package conveniently supports the overlay op-
eration allowing users to provide their own version of theseten operations. The
overlay operation is exploited below on several different variants of arrangements
of geodesic arcs embedded on the sphere. Each application requires the provision of
a different set of those ten operations.

The output of this phase is a map from ordered pairs of distinct indices into lists
of Minkowski sums represented as Gaussian maps. Each ordered pair<i, j>, i 6= j is
associated with the list of Minkowski sums{Mi j

kℓ |k = 1,2, . . . ,mi , ℓ = 1,2, . . . ,mj}.
In case of our Split Star the map consists of 30 entries that correspond to all con-
figurations of ordered distinct pairs of parts. Each entry consists of a list of nine
Minkowski sums, that is, 270 Minkowski sums in total.

3.5 Pairwise Sub-part Minkowski Sum Projection

Project Pairwise Sub-part
Minkowski sums

for i in {1,2, . . . ,n}
for j in {1,2, . . . ,n}

if i == j continue
for k in {1,2, . . . ,mi}

for ℓ in {1,2, . . . ,mj}

Qi j
kℓ = project(Mi j

kℓ)

We centrally project all pairwise sub-part
Minkowski sums computed in the previous
phase onto the sphere. Each projection is rep-
resented as an arrangement of geodesic arcs
on the sphere, where each cellc of the ar-
rangement is extended with a Boolean flag
that indicates whether all infinite rays ema-
nating from the origin in all directionsd ∈ c
pierce the corresponding Minkowski sum. As

the Minkowski sums are convex, their spherical projectionsare spherically convex.
Given a convex Minkowski sumC, we distinguish between four different cases

as follows:

1. The origin is contained in the interior of a facet ofC.
2. The origin lies in the interior of an edge ofC.
3. The origin coincides with a vertex ofC.
4. The origin is separated fromC.

Computing the projection of a convex polytopeC can be done efficiently using dedi-
cated procedures that handle the four cases respectively. Recall thatC is represented
as a Gaussian map, which is internally represented as an arrangement of geodesic
arcs embedded on the sphere. We traverse the vertices of the arrangement. For each
vertexv we extract its associated primal facetf = G−1(v). We dispatch the appro-
priate computation based on the relative position of the origin with respect to the
supporting plane tof , and the supporting plane to adjacent facets off .

If the origin is contained in the interior of a facet f of C, the projection of the
silhouette ofC is a great (full) circle that divides the sphere into two hemispheres.
The normal to the plane that contains the great circle is identical to the normal to the
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R1⊕ (−G1) R1⊕ (−B1) G1⊕ (−R1) G1⊕ (−B1) B1⊕ (−R1) B1⊕ (−G1)

Fig. 4: Samples of the pairwise Minkowski sums of sub-parts of the Split Star assembly. The middle
row contains six Minkowski sums. The top row contains the corresponding Gaussian maps. The
bottom row contains the corresponding central projectionsof the Minkowski sums onS2.

supporting plane tof , easily extracted from the arrangement representing the Gaus-
sian map ofC. TheArrangement on surface 2 package conveniently supports the
insertion of a great circle, provided by the normal to the plane that contains it, into
an arrangement of geodesic arcs embedded on the sphere.

We omit the implementation details of the succeeding two cases, and proceed to
the general case.If the origin is separated from C, we traverse all edges ofC until
we find a silhouette edge characterized as follows: Letvs andvt be the source and tar-
get vertices of some edgee in the arrangement representing the Gaussian map ofC,
and let fs = G−1(vs) and ft = G−1(vt) be their associated primal facets respectively.
e is a silhouette edge, if and only if, the origin is not in the negative side of the sup-
porting plane tofs and not in the positive side of the supporting plane toft . We start
with the first silhouette edge we find, and search for an adjacent silhouette edge in

a loop, until we rediscover the first one. We project only the
target vertices of significant silhouette edges, and connect
consecutive projections using arcs of great circle. Lete and
e′ be adjacent silhouette edges. We skipe, if the projections of
e ande′ lie on the same great circle. For example, all but the
last adjacent silhouette edges incident to a facet supported by
a plane that contains the origin are redundant, as illustrated in
the figure on the left. Here we skipe0, e1, ande2, and project
the target vertex ofe3.

The output of this phase is a map from ordered pairs of distinct indices into lists
of arrangements as described above. Each ordered pair< i, j >, i 6= j is associated
with the list of central projections of the pairwise Minkowski sums ofPj ’s sub-parts
and the reflection through the origin ofPi ’s sub-parts.
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3.6 Pairwise Minkowski Sum Projection

Unite Pairwise Sub-part
Minkowski sums Projections

for i in {1,2, . . . ,n}
for j in {1,2, . . . ,n}

if i == j continue
Qi j = /0
for k in {1,2, . . . ,mi}

for ℓ in {1,2, . . . ,mj}

Qi j = Qi j ∪Qi j
kℓ

For each pair of distinct partsPi and Pj we
compute the union of projections of the pair-
wise Minkowski sums of all sub-parts of part
Pj and reflections of all sub-parts of partPi .

The output of this phase is a map from or-
dered pairs of distinct indices into arrange-
ments. Each ordered pair< i, j >, i 6= j is as-
sociated with a single arrangement extended
as described above, that represents the central
projectionQi j of Mi j = Pj ⊕ (−Pi).

We exploit the overlay operation in this phase the second time throughout this
process, this time in a loop. Given two distinct partsPi andPj we traverse all pro-
jections in the set{Qi j

kℓ |k = 1,2, . . . ,mi , ℓ = 1,2, . . . ,mj}, and accumulate the result
in the arrangementQi j . As mentioned in Section 3.4, when the overlay operation
progresses, new vertices, edges, and faces of the resultingarrangement are created.
When a new facef is created as a result of the overlay of a faceg in some projection
Qi j

kℓ, and a face in the accumulating arrangement, the Boolean flagassociated with
f , which indicates whether all directionsd ∈ f pierceMi j , is turned on, ifd pierces
Mi j

kℓ, that is, if the flag associated with the face ofg is on.
The intermediate result of this step are arrangements with potentially redundant

edges and vertices. It is desired, (but not necessary,) to remove these cells, as this
will reduce the time consumption of the succeeding operations, which is directly
related to the complexity of the arrangements. It has even a larger impact when the
optimization described in Section 4 is applied, as the optimization decreases the
number of preceding operation at the account of slightly increasing the number of
succeeding operations. We remove all edges and vertices that are in the interior of
the projection, that is all marked edges and vertices. We also remove spherically
collinear vertices on the boundary of the projection, the degree of which decreased
below three, as a result of the redundant-edge removal.

Fig. 5: Peg-in-the-hole Minkowski sum projections. (a), (b), (c), (d), and (e) are the sub-part pro-
jection. (f) is the union of all the former.
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CGAL also supports the union operation among other Boolean operations ap-
plied to general polygons.4 However, it consumes and producesregularizedgen-
eral polygons. This regularization operation is harmful inthe realm of assembly

planning. Therefore, we work directly on the cells of
the arrangementsQi j . Quite often the projection con-
tains isolated vertices and edges, as occurs in the ex-
ample depicted on the left, referred to as “peg-in-the-
hole”. Here the assembled product is translucently

viewed from two opposite directions. The blue part is stationary and is decomposed
into five sub-parts. Figure 5 illustrates the correspondingfive pairwise Minkowski
sum projections, and their union. The complement of the union consists of a single
isolated vertex.

B⊕ (−R) R⊕ (−B)

Recalling our Split Star assembly, the projection of
the Minkowski sum of the red part and the reflection of
the blue part, and its reflection, that is, the projection of
the Minkowski sum of the blue part and the reflection
of the red part are depicted on the right.

3.7 Motion-Space Construction

We compute a single arrangement that represents the
motion space, where each cellc of the arrangement is
extended with a DBG. We use the adjacency-matrix
storage format provided by BOOST5 to represent each
DBG. Recall that for a graph withn vertices such as ours, ann×n matrix is used,
where each elementac

i j of a DBG associated with cellc is a Boolean flag that indi-
cates whether partPi collides with partPj when moved along any directiond ∈ c.
Handling large assemblies with sparse blocking relations may require different rep-
resentations of DBGs to reduce memory consumption.

We exploit the overlay operation in this phase the third timesimilar to its ap-
plication in Section 3.6. We iterate over all central projections in the setQi j , and
accumulate the result in the final motion-space arrangement. As mentioned above
in Section 3.4, when the overlay operation progresses, new vertices, edges, and faces
of the resulting arrangement are created. When a new cellc is created as a result of
the overlay of a faceg in some projectionQi j , and a cell in the accumulating arrange-
ment, the DBG associated withc is updated. That is, if the flag associated withg
is turned on, we insert an edge between vertexi and vertexj into the
DBG associated withc.

Depicted on the right is the motion-space arrangement computed
by our program for the Split Star assembly.

4 The code supports point sets bounded by algebraic curves embedded on parametric surfaces
referred to as general polygons.
5 http://www.boost.org



14 Efi Fogel and Dan Halperin

3.8 Motion-Space Processing

We traverse all vertices, edges, and faces of the motion-space ar-
rangement in this order, and test the DBG associated with each
cell for strong connectivity using the BOOST global function
strong components(). This function computes the strongly con-
nected components of a directed graph using Tarjan’s algorithm
based on DFS [20]. The set of constraints associated with a vertex v is a proper
subset of the constraints associated with edges incident tov. Similarly, the set of
constraints associated with an edgee is a proper subset of the constraints associated

Direction Subset
1. −1,−1,−1 GBT
2. −1,−1, 1 RBT
3. −1, 1,−1 GPT
4. −1, 1, 1 RPT
5. 1,−1,−1 GBY
6. 1,−1, 1 RBY
7. 1, 1,−1 GPY
8. 1, 1, 1 RPY

with the two faces incident toe. Therefore, if the DBGs
of all vertices are strongly connected, we terminate with
the conclusion that the assembly is interlocked. Similarly,
if we are interested in finding all solutions, and the DBGs
of all edges are strongly connected, we terminate, as no
further solutions on faces exist.

For the Split Star assembly, our program successfully
identifies all the eight partitioning directions depicted
above along with the corresponding subset of parts listed
on the right.

4 Additional Optimization

The reflection of the sub-parts through the origin as described in Section 3.3 has
been naively implemented. The computation is applied to thepolyhedral-mesh rep-
resentation of each sub-part. An immediate optimization calls for an application of
the reflection operation directly on the arrangements that represent the Gaussian
map. We are planning to implementat the reflection operation, which operates on
any applicable arrangement. This operation alters incidence relations between the
arrangement features and their geometric embeddings. For each vertex, it reflects
its associated point about the origin, and inverts the orderof the halfedges incident
to it. For each edge, it reflects its associated curve about the origin. For each face,
it inverts the order of the halfedges along its outer boundary. Similar to the overlay
operation (see Section 3.4), where the user can provide a setof ten functions, which
are invoked when new vertices, edges, and faces of the resulting arrangement are
created, while the overlay operation progresses, the user can provide a set of three
functions that are invoked when a new vertex, halfedge, and face are created, while
the reflection operation progresses. Extended data associated with these types, such
as a primal vertex associated with an arrangement face as in the case of an arrange-
ment representing a Gaussian map, can easily be updated withthe provision of an
appropriate function.

The trivial observation thatP⊕ (−Q) = −((−P)⊕Q) leads to another optimiza-
tion. Instead of reflecting all sub-parts in the set{Pi

k | i = 1,2, . . . ,n,k= 1,2, . . . ,mi},
we reflect only the sub-parts in the set{Pi

k | i = 2, . . . ,n,k = 1,2, . . . ,mi}, and com-
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Table 1: Time consumption (in seconds) of the execution of the eight phases (see Section 3) using
the Split Star assembly as input.A — number of convex sub-parts per part.B — number of sub-
part vertices per part.C — total number of convex sub-parts.D — total number of Minkowski
sums.E — total number of arrangements of geodesic arcs embedded on the sphere constructed
throughout the process.
A B C D E 1 2 3 4 5 6 7 8

3 16 18 270 607 NA 0.01 0.04 2.38 0.41 2.05
0.36 0.015 22 30 750 1591 NA 0.01 0.05 5.03 1.09 7.07

8 32 48 1920 3967 NA 0.01 0.06 11.12 2.41 27.99

pute only the pairwise sub-parts Minkowski sums in the set{Mi j
kℓ |1≤ i < j ≤ n,k=

1,2, . . . ,mi , ℓ = 1,2, . . . ,mj}, their central projection, and the union of the appropri-
ate projections to yield the set{Qi j |1≤ i < j ≤ n}. Then, we apply the reflection
operation described above on each member of this set, and obtain the full set of pro-
jections{Qi j | i = 1,2, . . . ,n, j = 1,2, . . . ,n}. The Boolean flag associated with a face
of an arrangement that represents a central projection is equal to the flag associated
with its reflection. In other words, a face ofQi j consists of directions that pierceMi j ,
if and only if, its reflection inQ ji consists of directions that pierceM ji .

Phase 8 is purely topological. Thus, we do not expect the timeconsumption of
this phase to dominate the time consumption of the entire process for any input. Nev-
ertheless, it might be possible to reduce its contribution to the total time consump-
tion through efficient testing for strong connectivity applied to all the DBGs [16],
exploiting the similarity between DBGs associated with incident cells. Recall, that
the set of arcs in a DBG associated with a vertexv is a subset of the set of arcs
associated with an edge incident tov. Similarly, the set of arcs in a DBG associated
with an edgee is a subset of the set of arcs associated with a face incident to e. The
proposed technique reduces the cost fromO(n2) per DBG to an amortized cost of
O(n1.376), wheren is the maximum number of arcs in any blocking graph.

5 Experimental Results

Our program can handle all inputs. However, due to lack of space, we limit ourselves
to a small set of test cases, where we compare the impact of different decomposi-
tions on the process time-consumption. The results listed in Table 1 were produced
by experiments conducted on a Pentium PC clocked at 1.7 GHz. In all three test
cases we use the Split Star assembly as input. Naturally, in all three cases identical
projections are obtained as the intermediate results of Phase 6, hence the identi-
cal time consumption of the succeeding last two phases. Evidently, it is desired to
decompose each part into as few as possible sub-parts with assmall as possible num-
ber of features. However, an automatic decomposition operation may require large
amount of resources to arrive at optimal or near optimal decompositions. Notice
that Phases 4 and 6 dominate the time complexity. This is due to the large number
of geometric predicates that must be evaluated during the execution of the overlay
operation.
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