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Arrangement De�nition

De�nition (Arrangement)

Given a collection � of curves on a surface, the arrangement A(�) is
the partition of the surface into vertices, edges and faces induced by
the curves of �

An arrangement
of circles in the
plane

An arrangement of lines
in the plane

An arrangement
of great-circle
arcs on a sphere
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Motivation

Supporting arrangements on continuous two-dimensional parametric
surfaces, which may

be unbounded

contain curves of discontinuity

contain singularity points

enables many applications, such as

Computation of Boolean set operations
Computation of envelopes of surfaces in IR3

Computation of Voronoi diagrams

Computation of Minkowski sums of convex polyhedra
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The CGAL Arrangement_2 Package

Constructs, maintains, modi�es, traverses, queries, and prese nts
planar arrangements
Robust and exact

All inputs are handled correctly (including degenerate)
Exact number types are used to achieve exact results

Ef�cient
Generic

Easy to interface, extend, and adapt

Modular
Geometric and topological aspects are separated

Supports the sweep-line paradigm

Part of the CGAL basic library
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The Sweep Line paradigm [Bentley-Ottmann]

Initialize an event queue with all endpoints sorted lexicographically
While the queue is not empty, extract and process an event

Remove all x-monotone curves to the left of the current event point
from a sorted container of curves
Insert all x-monotone curves to the right of the current event point
into the curve container
Compute intersections between existing curves and newly inserted
curves, and insert them into the event queue
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Arrangement Geometry Traits

Separates geometric asspects from topological asspects
Arrangement_2< Traits ,Dcel> — main component

Is a parameter of the data structures and algorithms
De�nes the family of curves that induce the arrangement
A parameterized data structure or algorithm can be used with any
family of curves for which a traits class is supplied

Aggregates
Geometric types (point, curve)
Operations over types (accessors, predicates, constructors)
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Arrangement Geometry Traits

Separates geometric asspects from topological asspects
Arrangement_2< Traits ,Dcel> — main component

Is a parameter of the data structures and algorithms
De�nes the family of curves that induce the arrangement
A parameterized data structure or algorithm can be used with any
family of curves for which a traits class is supplied

Aggregates
Geometric types (point, curve)
Operations over types (accessors, predicates, constructors)

Each input curve is subdivided into x-monotone subcurves
Most operations involve points and x-monotone curves
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Geometric Operations

Types: Curve_2 , X_monotone_curve_2 , Point_2
Methods:

1 Compare two points
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Geometric Operations

Types: Curve_2 , X_monotone_curve_2 , Point_2
Methods:

1 Compare two points

2 Determine the relative position of a point and
an x-monotone curve

3
Determine the relative position of two x-monotone
curves to the left (or right) of a point

4 Subdivide a curve into x-monotone curves

5 Find all intersections of two x-
monotone curves
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Sweeping Unbounded Curves

Curves may not have �nite endpoints
Initializing the event queue requires special treatment

Intersection events are associated with �nite points

xy = 1, x = 0, and y = 0

Sweeping and Maintaining Two-Dimensional Arrangements on Surfaces 20



Handling Enpoints at In�nity

Clipping the unbounded curves Using an in�maximal box
[Mehlhorn & Seel, 2003]

Simple, the sweep algorithm is
unchanged

Not simple
May require large bit-lengths
Designed for linear objects

Not online Online (no need for clipping)

The resulting arrangement has
a single unbounded face

The resulting arrangement has
multiple unbounded faces (and
a single �cticious face)
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Augmenting the Arrangement Traits for Unbounded
Curves

Use the term curve end instead of endpoint

Categorize each curve end according to whether it lies at
x = �1 , y = �1 , or neither

Augment the traits concept to support operations on unbounded
curve-ends
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Comparing Unbounded Curve-ends

c1 : y = 2

c2 : yx = � 2

c3 : yx = � 1

p : (0; 0)

c1 : yx = 1

c2 : y = 1
x� 1

c1 : x = 2

c2 : yx = 2

c3 : yx = 1

Comparing curve-ends
at x = �1

Comparing horizontal
positions of curve-
ends and a point

Comparing curve-ends
at y = + 1

c1 left end is to the
right of C2 left end

c2 left end is to the
right of C3 left end

p is to the right of c1

right end

p is to the left of c2

left end

c1 right end is to the
right of c2 left end

c2 left end is to the
right of c3 left end

Sweeping and Maintaining Two-Dimensional Arrangements on Surfaces 23



The Augmented Sweep Line for Unbounded Curves

Categorize all curve ends
Initialize an event queue with all curve ends sorted lex.

Ends of unbounded curves do not coincide
Comparison between events are available through the traits

While the queue is not empty proceed as usual
No need to look for unbounded events in the status line!
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Arrangement Topology Traits
Adapts the DCEL

Arrangement_2<GeomTraits, TopolTraits >
Associates the events that correspond to curve ends at in�nity to
DCEL vertices
Determines the DCEL representation of the arrangement

A single vertex at in�nity A bounding rectangle at
in�nity

Different DCEL representations for the same arrangement
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Parametric Surfaces in IR3

De�nition (Parametric surface)
An orientable parametric surface S of two parameters is a surface
de�ned by a parametric equations involving two parameters u and v:

fS(u; v) = ( x(u; v); y(u; v); z(u; v)) :

Thus, fS : IP �! IR3 and S = fS(IP), where IP is a continuous and
simply connected two-dimensional parameter space.
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Arrangement on 3D Surfaces

Generalize the Arrangement_2 data structure to construct and
maintain arrangements embeded on parametric surfaces.
Support the sweep line paradigm

Sweep over a modi�ed version of the parameter space IP

Cylinder
S(u; v) = ( r cos u; r sin u; v)

u 2 [� �; � ); v 2 IR

Sphere
S(u; v) = ( r cos u cos v; r sin u cos v; r sin v)

u 2 [� �; � ); v 2 [� �
2 ; �

2 ]
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The Modi�ed Parameter Space

Remove discontinuity curves, singularity points, and points at
in�nity from IP and obtain the modi�ed parameter space eIP

Consider the surface eS : feS = fS(u; v) j (u; v) 2 eIP

Cylinder
S(u; v) = ( r cos u; r sin u; v)

u 2 [� �; � ); v 2 IR

Sphere
S(u; v) = ( r cos u cos v; r sin u cos v; r sin v)

u 2 [� �; � ); v 2 [� �
2 ; �

2 ]
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Augmenting the Arrangement Traits for 3D Surafaces

Categorize each curve-end according to its boundary condition
in�nity, discontinuity, singularity at u or at v, or neither

Augment the traits concept to support operations on boundary
curve-ends

Obtain an inverse mapping from the surface eS to the modi�ed
parameter space eIP

Perform the operations in the modi�ed parameter space eIP
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Comparing Curve-ends with Boundary Conditions

Compare curves next to the boundary, not on the boundary

Compare at u and v instead of at x and y respectively

Cylinder
S(u; v) = ( r cos u; r sin u; v)

u 2 [� �; � ); v 2 IR

Sphere
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2 ; �

2 ]
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The Generalized Sweep Line for 3D Surfaces
Split the input curves into u-monotone sweepable subcurves that
are interior disjoint from the boundaries

Create a distinct event for every curve-end

Sort points uv-lexicographically by the inverse mapping
eS� 1(x0; y0; z0) = ( u0; v0), where eS(u0; v0) = ( x0; y0; z0)

Cylinder
S(u; v) = ( r cos u; r sin u; v)

u 2 [� �; � ); v 2 IR

Sphere
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2 ; �

2 ]
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Minkowski Sum De�nitions

P and Q are two convex polyhedra (polytopes) in Rd
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Minkowski Sum De�nitions

P and Q are two convex polyhedra (polytopes) in Rd

M = P � Q = f p + q j p 2 P; q 2 Qg Minkowski sum

Sweeping and Maintaining Two-Dimensional Arrangements on Surfaces 48



Minkowski Sum De�nitions

P and Q are two convex polyhedra (polytopes) in Rd

M = P � Q = f p + q j p 2 P; q 2 Qg Minkowski sum

P \ Q 6= ; , Origin 2 M = P � (� Q) collision detection

,

,
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Gasusian Map of Polytopes

De�nition (Gasusian Map)

The Gaussian map of a polytope is the decomposition of S2 into
maximal connected regions so that the the extremal point is the same
for all directions within one region

Octahedron Icosahedron
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Gasusian Map of Minkowski-Sums of Polytopes
De�nition (Overlay)
The overlay of two planar subdivisions S1 and S2 is a planar
subdivision S such that there is a face f in S if and only if there are
faces f1 and f2 in S1 and S2 respectively such that f is a maximal
connected subset of f1 \ f2

The overlay of the Gaussian maps of two polytopes P and Q is the
Gaussian map of the Minkowski sum of P and Q

It Identi�es all the pairs of features of P and Q respectively that
have common supporting planes

The Minkowski sum M of a tetrahe-
dron and a cube

The Gaussian map of M
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Arrangements of Intersection Curves Between
Ellipsoids on an Ellipsoid

5 ellipsoids

200 ellipsoids

23 ellipsoids in a degenerate con�guration

Sweeping and Maintaining Two-Dimensional Arrangements on Surfaces 52



Voronoi Diagrams of Points in the Plane

Computed as upper envelopes of planes

Represented as planar arrangements of unbounded curves

points along a line segment points on a grid inside a square

points on a circle points on a square boundary
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Geometry Traits of Arcs of Great Circles on Spheres

The Point_2 type is represented by
a direction in IR3

a location enumeration one of
NO_BOUNDARY, {MIN,MID,MAX}_BOUNDARY

Each Curve_2 or U_monotone_curve_2 type is represented by
the source and target endpoints of type Point_2
the plane that contains the 2 endpoint directions and the origin

F The plane orientation determines which one of the two great arcs
de�ned by the endpoints is considered

a Boolean �ag that indicates whether the arc is u-monotone
a Boolean �ag that indicates whether the arc is vertical
a Boolean �ag that indicates whether the arc is directed left -to-right

This representation enables an exact yet ef�cient implementatio n
of all geometric operations using exact rational arithmetic

Normalizing directions and planes is completely avoided
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Comparing the u-coordinates of 2 Directions

Compare the u-coordinates of 2 non-boundary directions
Comparison_result operator ()( const Point_2 & p1, const Point_2 & p2) const

) x

y
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Comparing the u-coordinates of 2 Directions

Compare the u-coordinates of 2 non-boundary directions
Comparison_result operator ()( const Point_2 & p1, const Point_2 & p2) const

Compare the u-coordinates of a non-boundary and a boundary
directions

Comparison_result operator ()( const Point_2 & p,
const X_monotone_curve_2 & xc, Curve_end ind) const

Compare the u-coordinates of 2 boundary directions
Comparison_result operator ()( const X_monotone_curve_2 & xc1, Curve_end ind1,

const X_monotone_curve_2 & xc2, Curve_end ind2) const

) x

y
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Arrangement_on_surface_2 Template

Arrangement on a surface
template <typename GeomTraits , typename TopTraits >
class Arrangement_on_surface_2

GeomTraits handles the family of curves that induce the arrangement
TopTraits handles the incident relations between the arrangement

features

Arrangement of bounded curves in the plane
template <typename GeomTraits,

typename Dcel = Arr_default_dcel<GeomTraits> >
class Arrangement_2 :

public Arrangement_on_surface_2
<GeomTraits,

typename Default_planar_topology<GeomTraits, Dcel,
typename GeomTraits::Has_boundary_category>::

Traits>

Compute the overlay
template <typename GeomTraits, typename TopTraitsA, type name TopTraitsB,

typename TopTraitsRes, typename OverlayTraits>
void overlay (const Arrangement_on_surface_2<GeomTrait s, TopTraitsA> & arr1,

const Arrangement_on_surface_2<GeomTraits, TopTraitsB > & arr2,
Arrangement_on_surface_2<GeomTraits, TopTraitsRes> & a rr_res,
OverlayTraits & overlay_traits)
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Additional Traits Requirements
Enums:

Boundary_type :

NO_BOUNDARY = 0
MINUS_INFINITY = � 1
PLUS_INFINITY = 1
AFTER_DISCONTINUITY = � 2
BEFORE_DISCONTINUITY = 2
AFTER_SINGULARITY = � 3
BEFORE_SINGULARITY = 3

Curve_end : MIN_ENDand MAX_END

Functors:

Infinite_in_x_2
Infinity_type operator()(X_monotone_curve_2 xc, Curve_ end ce);

Infinite_in_y_2
Infinity_type operator()(X_monotone_curve_2 xc, Curve_ end ce);

Compare_y_at_x_2
Comparison_result operator()(X_monotone_curve_2 xc1,

X_monotone_curve_2 xc2, Curve_end ce);

Compare_x_2
Comparison_result operator()(Point_2 p,

X_monotone_curve_2 xc, Curve_end ce);
Comparison_result operator()(X_monotone_curve_2 xc1, C urve_end ce1,

X_monotone_curve_2 xc2, Curve_end ce2);
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Future Work

Implement a geometry traits class for arcs of arbitrary circles on a
sphere

Use the same topology traits used for arcs of great circles

Implement topology traits classes for arrangements of unbounded
curves in the plane

with one �cticious vertex at in�nity
with two �cticious vertices at x = �1 and x = + 1 respectively

Implement geometry and topology traits classes for other surfaces
with genus (the number of handles) � 1 (e.g., cylinders, torus)

Research arrangements on surfaces with heigher genus
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