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Arrangements in IR2

De�nition (Arrangement)

Given a collection � of curves on a surface, the arrangement A(�) is
the partition of the surface into vertices, edges and faces induced by
the curves of �

An arrangement
of circles in the
plane

An arrangement of lines
in the plane

An arrangement
of great-circle
arcs on a sphere
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Parametric Surfaces in IR3

De�nition (Parametric surface)
An orientable parametric surface S of two parameters is a surface
de�ned by a parametric equations involving two parameters u and v:

fS(u; v) = ( x(u; v); y(u; v); z(u; v)) :

Thus, fS : IP �! IR3 and S = fS(IP), where IP is a continuous and
simply connected two-dimensional parameter space.
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Motivation

Supporting arrangements on continuous two-dimensional parametric
surfaces, which may

be unbounded; e.g., arrangement in the plane

be bounded by curves; e.g., arrangement in a polygon

contain curves of discontinuity; e.g., arrangement on a cylinder

contain singularity points; e.g., arrangement on a sphere

It enables many applications, such as

Computation of Boolean set operations
Computation of envelopes of surfaces in IR3

Computation of Voronoi diagrams

Computation of Minkowski sums of convex polyhedra
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Arrangement on 3D Surfaces

Generalize the Arrangement_2 data structure to construct and
maintain arrangements embeded on parametric surfaces.
Support the sweep line paradigm

Sweep over a modi�ed version of the parameter space IP

Cylinder
S(u; v) = ( r cos u; r sin u; v)

u 2 [� �; � ); v 2 IR

Sphere
S(u; v) = ( r cos u cos v; r sin u cos v; r sin v)

u 2 [� �; � ); v 2 [� �
2 ; �

2 ]
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The Modi�ed Parameter Space

Remove discontinuity curves, singularity points, and points at
in�nity from IP and obtain the modi�ed parameter space eIP

Consider the surface eS : feS = fS(u; v) j (u; v) 2 eIP

Cylinder
S(u; v) = ( r cos u; r sin u; v)

u 2 [� �; � ); v 2 IR

Sphere
S(u; v) = ( r cos u cos v; r sin u cos v; r sin v)

u 2 [� �; � ); v 2 [� �
2 ; �

2 ]
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The CGAL Arrangement_on_surface_2 Package
Constructs, maintains, modi�es, traverses, queries, and prese nts
arrangements on two-dimensional parametric surfaces
Robust and exact

All inputs are handled correctly (including degenerate)
Exact number types are used to achieve exact results

Ef�cient
Generic

Easy to interface, extend, and adapt
Modular

Geometric and topological aspects are separated
Supports among the others:

various point location strategies
zone-construction paradigm
sweep-line paradigm
overlay computation

Part of the CGAL basic library
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Arrangement_on_surface_2 Template

Arrangement on a surface
template <typename GeomTraits , typename TopolTraits >
class Arrangement_on_surface_2

GeomTraits handles the family of curves that induce the arrangement
TopolTraits adapts the DCEL to the embedding surface

Arrangement of bounded curves in the plane
template <typename GeomTraits,

typename Dcel = Arr_default_dcel<GeomTraits> >
class Arrangement_2 :

public Arrangement_on_surface_2
<GeomTraits,

typename Default_planar_topology<GeomTraits, Dcel,
typename GeomTraits::Boundary_category>::

Traits>

DCEL handles the incident relations between the arr. features

Compute the overlay
template <typename GeomTraits, typename TopTraitsA, type name TopTraitsB,

typename TopTraitsRes, typename OverlayTraits>
void overlay (const Arrangement_on_surface_2<GeomTrait s, TopTraitsA> & arr1,

const Arrangement_on_surface_2<GeomTraits, TopTraitsB > & arr2,
Arrangement_on_surface_2<GeomTraits, TopTraitsRes> & a rr_res,
OverlayTraits & overlay_traits)
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Handling Unbounded Curves and Curves that Reach
the Surface Boundaries

Use the term curve end instead of endpoint

Categorize each curve end according to whether it lies in the
interior of the parameter space or on its boundaries
Categories each surface boundary according to whether it is

unbounded
bounded (a simple curve)
identi�ed (a discontinuity curve)
contracted (a singularity point)

De�ne the topology traits concept, and re�ne the geometry traits
concept to support operations on unbounded curves or curves
that reach the surface boundaries
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Arrangement Topology Traits
Categorizes the surface boundaries
Adapts the DCEL

Associates the events that correspond to curve ends at the
parameter-space boundary to DCEL vertices
Determines the DCEL representation of the arrangement

A single vertex at in�nity A bounding rectangle at
in�nity

Different DCEL representations for the same arrangement
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Arrangement Geometry Traits
Is a parameter of the data structures and algorithms

De�nes the family of curves that induce the arrangement
A parameterized data structure or algorithm can be used with any
family of curves for which a traits class is supplied

Aggregates
Geometric types (point, curve)
Operations over types (accessors, predicates, constructors)
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Arrangement Geometry Traits
Is a parameter of the data structures and algorithms

De�nes the family of curves that induce the arrangement
A parameterized data structure or algorithm can be used with any
family of curves for which a traits class is supplied

Aggregates
Geometric types (point, curve)
Operations over types (accessors, predicates, constructors)

Each input curve is subdivided into x-monotone subcurves
Most operations involve points and x-monotone curves
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Arrangement Geometry Traits
Is a parameter of the data structures and algorithms

De�nes the family of curves that induce the arrangement
A parameterized data structure or algorithm can be used with any
family of curves for which a traits class is supplied

Aggregates
Geometric types (point, curve)
Operations over types (accessors, predicates, constructors)

Each input curve is subdivided into x-monotone subcurves
Most operations involve points and x-monotone curves

Categorize each curve-end according to whether it lies in the
interior, the minimum end, or the maximum end of each one of the
two parameters that de�ne the embedding surface
Support operations on unbounded curve-ends or curve ends that
reach the surface boundaries

Obtain an inverse mapping from the surface eS to the modi�ed
parameter space eIP
Perform the operations in the modi�ed parameter space eIP
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Arrangement Geometry Traits Hierarchy

BasicNoBoundaryTraits

XMonNoBoundaryTraits

BasicBoundedBoundaryTraitsBasicUnboundedBoundaryTraits

XMonBoundedBoundaryTraits

BasicAllBoundaryTraits

NoBoundaryTraits

BoundedBoundaryTraits

XMonUnboundedBoundaryTraits

UnboundedBoundaryTraits

XMonAllBoundaryTraits

AllBoundaryTraits
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Basic Geometric Operations

Types: Curve_2 , X_monotone_curve_2 , Point_2
Methods:

1 Compare two points
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Basic Geometric Operations

Types: Curve_2 , X_monotone_curve_2 , Point_2
Methods:

1 Compare two points

2 Determine the relative position of a point and
an x-monotone curve

3
Determine the relative position of two x-monotone
curves to the left (or right) of a point

4 Subdivide a curve into x-monotone curves

5 Find all intersections of two x-
monotone curves
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Sweeping Unbounded Curves

Curves may not have �nite endpoints
Initializing the event queue requires special treatment

Intersection events are associated with �nite points

xy = 1, x = 0, and y = 0
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Comparing Unbounded Curve-ends

c1 : y = 2

c2 : yx = � 2

c3 : yx = � 1

p : (0; 0)

c1 : yx = 1

c2 : y = 1
x� 1

c1 : x = 2

c2 : yx = 2

c3 : yx = 1

Comparing curve-ends
at x = �1

Comparing horizontal
positions of curve-
ends and a point

Comparing curve-ends
at y = + 1

c1 left end is to the
right of C2 left end

c2 left end is to the
right of C3 left end

p is to the right of c1

right end

p is to the left of c2

left end

c1 right end is to the
right of c2 left end

c2 left end is to the
right of c3 left end
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Comparing Curve-ends with Boundary Conditions

Compare curves next to the boundary, not on the boundary

Compare at u and v instead of at x and y respectively

Cylinder
S(u; v) = ( r cos u; r sin u; v)

u 2 [� �; � ); v 2 IR

Sphere
S(u; v) = ( r cos u cos v; r sin u cos v; r sin v)

u 2 [� �; � ); v 2 [� �
2 ; �

2 ]
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Enumerations

Curve_end
ARR_MIN_ENDand ARR_MAX_END

Arr_parameter_space
ARR_LEFT_BOUNDARY = 0
, ARR_RIGHT_BOUNDARY
ARR_BOTTOM_BOUNDARY
ARR_TOP_BOUNDARY
ARR_INTERIOR

Arr_boundary_type
ARR_UNBOUNDED = 0
ARR_BOUNDED
ARR_CONTRACTION
ARR_IDENTIFICATION

Constructing and Maintaining Two-Dimensional Arrangements on Surfaces 23



HasBoundary Additional Traits Requirements

Parameter_space_in_x_2
Arr_parameter_space operator()(const X_monotone_curve _2 & xcv, Curve_end ce);

Parameter_space_in_y_2
Arr_parameter_space operator()(const X_monotone_curve _2 & xcv, Curve_end ce);

Compare_x_near_boundary_2
Comparison_result operator()(const Point_2 & p,

const X_monotone_curve_2 & xcv, Curve_end ce);
Comparison_result operator()(const X_monotone_curve_2 & xcv1, Curve_end ce1,

const X_monotone_curve_2 & xcv2, Curve_end ce2);

Compare_y_near_boundary_2
Comparison_result operator()(const X_monotone_curve_2 & xcv1,

const X_monotone_curve_2 & xcv2,
Curve_end ce);
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BoundedBoundary Additional Traits Requirements

Is_bounded_2
bool operator()(const X_monotone_curve_2 & xcv, Curve_en d ce);

Constructing and Maintaining Two-Dimensional Arrangements on Surfaces 25



UnboundedBoundary Additional Traits Requirements

Parameter_space_in_x_2
Arr_parameter_space operator()(const Point_2 & p);

Parameter_space_in_y_2
Arr_parameter_space operator()(const Point_2 & p);

Compare_x_on_identification_2
Arr_parameter_space operator()(const Point_2 & p1, const Point_2 & p2);

Compare_y_on_identification_2
Arr_parameter_space operator()(const Point_2 & p1, const Point_2 & p2);

Is_x_on_identification_2
bool operator()(const Point_2 & p);
bool operator()(const X_monotone_curve_2 & xcv);

Is_y_on_identification_2
bool operator()(const Point_2 & p);
bool operator()(const X_monotone_curve_2 & xcv);
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Geometry Traits of Arcs of Great Circles on Spheres

The Point_2 type is represented by
a direction in IR3

a location enumeration one of
NO_BOUNDARY, {MIN,MID,MAX}_BOUNDARY

Each Curve_2 or U_monotone_curve_2 type is represented by
the source and target endpoints of type Point_2
the plane that contains the 2 endpoint directions and the origin

F The plane orientation determines which one of the two great arcs
de�ned by the endpoints is considered

a Boolean �ag that indicates whether the arc is u-monotone
a Boolean �ag that indicates whether the arc is vertical
a Boolean �ag that indicates whether the arc is directed left -to-right

This representation enables an exact yet ef�cient implementatio n
of all geometric operations using exact rational arithmetic

Normalizing directions and planes is completely avoided
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Comparing the u-coordinates of 2 Directions

Compare the u-coordinates of 2 non-boundary directions
Comparison_result operator ()( const Point_2 & p1, const Point_2 & p2) const

) x

y
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Comparing the u-coordinates of 2 Directions

Compare the u-coordinates of 2 non-boundary directions
Comparison_result operator ()( const Point_2 & p1, const Point_2 & p2) const

Compare the u-coordinates of a non-boundary and a boundary
directions

Comparison_result operator ()( const Point_2 & p,
const X_monotone_curve_2 & xc, Curve_end ind) const

Compare the u-coordinates of 2 boundary directions
Comparison_result operator ()( const X_monotone_curve_2 & xc1, Curve_end ind1,

const X_monotone_curve_2 & xc2, Curve_end ind2) const

) x

y
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Future Work

Implement a geometry traits class for arcs of arbitrary circles on a
sphere

Use the same topology traits used for arcs of great circles

Implement topology traits classes for arrangements of unbounded
curves in the plane

with one �cticious vertex at in�nity
with two �cticious vertices at x = �1 and x = + 1 respectively

Implement geometry and topology traits classes for other surfaces
with genus (the number of handles) � 1 (e.g., cylinders, torus)

Research arrangements on surfaces with heigher genus
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