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13-0: Language Hierar chy

Regular Regular Expressions
Finite Automata
Languaes

Context Free Context-Free Grammars
Push-Down Automata
Languages

Recusively Enumerable
Languages %

Turing Machines

13-1: CFG Review
G=(V,%,R,S)

e V = Set of symbols, both terminals & non-terminals

e ¥ C V set of terminals (alphabet for the language being descyibed
e RC ((V—-X)x V*) Setofrules

e S e (V—1X) Start symbol

13-2:Unrestricted Grammars
G = (V7 E? R7 S)

e V = Set of symbols, both terminals & non-terminals

e ¥ C V set of terminals (alphabet for the language being described
e RC (V¥(V =X)V* x V*) Set of rules

e S e (V-1X) Start symbol

13-3: Unrestricted Grammars

e RC (V*(V —%)V* x V*) Set of rules

¢ Inan Unrestricted Grammar, the left-hand side of a rule@iosta string of terminals and non-terminals (at least
one of which must be a non-terminal)

e Rules are applied just like CFGs:

e Find a substring that matches the LHS of some rule
e Replace with the RHS of the rule

13-4: Unrestricted Grammars
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Unrestricted Grammars

e To generate a string with an Unrestricted Grammar:

e Start with the initial symbol

e While the string contains at least one non-terminal:

e Find a substring that matches the LHS of some rule
e Replace that substring with the RHS of the rule

13-5:Unrestricted Grammars

e Example: Grammar fof = {a"b"c" : n > 0}

e First, generatéABC)*

e Next, non-deterministically rearrange string
e Finally, convert to terminals{ — a, B — b, etc.), ensuring that string was reordered to farib c*

13-6: Unrestricted Grammars

e Example: Grammar fof = {a"b"c" : n > 0} CTe — Tec

13-7:Unrestricted Grammars
S = ABCS

= ABCABCS
= ABACBCS
= AABCBCS
= AABBCCS
= AABBCCT¢
= AABBCT¢c
= AABBTccc
= AABBTgcc
= AABTgbcc
= AATgbbcc

S = ABCS

= ABCABCS

= ABCABCABCS
= ABACBCABCS
= AABCBCABCS
= AABCBACBCS
= AABCABCBCS
= AABACBCBCS
= AAABCBCBCS
= AAABBCCBCS
= AAABBCBCCS
= AAABBBCCCS

S — ABCS
S — TC
CA — AC
BA — AB
CB — BC
TC — TB
BTg — Tgb
TB — TA
ATA — TAa
Ty —€
= AAT zbbce
= AT qabbce
= Traabbce
= aabbcc

13-8: Unrestricted Grammars

= AAABBBBCCCTg
= AAABBBCCTcc
= AAABBBCTccc

= AAABBBTccce

= AAABBBTEgcce

= AAABBTRbcce

= AAABTgbbcce

= AAATgbbbcce

= AAAT 4bbbcce

= AAT sabbbecee

= AT paabbbece

= Tsaaabbbcce = aaabbbece

13-9: Unrestricted Grammars
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e Example: Grammar fof, = {ww : w € a,b*}
13-10:Unrestricted Grammars
e Example: Grammar fof, = {ww : w € a,b*}
e Hints:
e What if we created a string, and then rearranged it (like))* — a™b™c™)
13-11:Unrestricted Grammars
e Example: Grammar fof = {ww : w € a,b"}

e Hints:

e What if we created a string, and then rearranged it (like:)* — a™b™c™)
e What about tryingow® ...

13-12:Unrestricted Grammars

o L={ww:w€Ea,b"}

S —SZ

S —aS'A

S —bS'B

S —e
AZ — X7 BZ —=YZ
AX — XA AY —YA
BX — XB BY —YB
aX —aa aY —ab
bX —ba bY —bb

13-13:Unrestricted Grammars
e Ly is the set of languages that can be described by an UnrestGrammar:
e Lyc = {L: 3 Unrestricted Grammat, L[G] = L}
e Claim: Lyg = L.
e To Prove:

e ProveLyg C Ly,
e Provel,. C Lyg

13-14:Lyg C L.

e Given any Unrestricted Grammaét, we can create a Turing Machirdé that semi-decideg|[G]
13-15:Lyg C L.

e Given any Unrestricted Grammaét, we can create a Turing Machidé that semi-decideg|G]

e Two tape machine:
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e One tape stores the input, unchanged
e Second tape implements the derivation
e Check to see if the derived string matches the input, if sejicdf not run forever

13-16: Lyg C L.

e To implement the derivation on the second tape:

o Write the initial symbol on the second tape

e Non-deterministically move the read/write head to somewioa the tape

e Non-deterministically decide which rule to apply

e Scan the current position of the read/write head, to makethierLHS of the rule is at that location
Remove the LHS of the rule from the tape, and splice in the RHS

13-17:Lyg C L.

Input Tape

>l |alalb|blc|c cee
A

Work Tape

D[S
A

13-18: LUG - Lre

Input Tape

>l |alalb|blc|c cee
A

Work Tape

D[S
A

13-19: LUG - Lre
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Input Tape

>l |alalb|blc|c

A
Work Tape

> IABIC[S

A

13-20: Ly C Ly

Input Tape

>l |alalb|blc|c

A

Work Tape

> ABIC[S

A

13-21: Lyg € L.

Input Tape

>l |alalb|blc|c

A

Work Tape

> IAB|CAB(C[S

A
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13-22: LUG - Lre

Input Tape

>l |alalb|blc|c

A
Work Tape

> |AB|CAB(C|S

A

13-23: Ly C Lye

Input Tape

>l |alalb|blc|c

A

Work Tape

> IABIACB(C|S

A

13-24:Lyg C L.
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Input Tape

Dl |alalblb

A
Work Tape

> ABIAC

A

13-25:Lyg C L.

Input Tape

>l |alalblb

A

Work Tape

> IAABC

A

13-26: Ly C Ly

Input Tape

>l |alalblb

A

Work Tape

> IAABC

A

Unrestricted Grammars
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13-27: LUG - Lre

Input Tape

>l |alalb|blc|c

A
Work Tape

> IAIABB(C[C|S

A

13-28: Ly C Lye

Input Tape

>l |alalb|blc|c

A

Work Tape

> AABB(CIC

| _gll0))

13-29: Ly C Ly
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Input Tape

>l |alalb|blc|c

A
Work Tape

> IAABBICICT,

A

13-30: Lyg C Lye

Input Tape

>l |alalb|blc|c

A

Work Tape

> AABBCCIT.

13-31: Lyg € L.

Input Tape

>l |alalb|blc|c

A

Work Tape

> IAJABBIC[T}c

A
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Unrestricted Grammars

13-32: LUG - Lre

Input Tape

>l |alalb|blc|c

A
Work Tape

> IAIABBICIT}/c

13-33: Ly C Lye

Input Tape

>l |alalb|blc|c

A

Work Tape

>l AABB[Tc|c

A

13-34: Lyg C L.
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11

Input Tape

Dl |alalb|bl|c

A
Work Tape

b IAIABB

L
13-35: Ly C Lye

Input Tape

>l |alalb|bl|c

A

Work Tape

Dl AIABBIT,

A

13-36: Lyg C Lye

Input Tape

>l |alalb|bl|c

A

Work Tape

Dl AIAIBBIT,

A
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Unrestricted Grammars

13-37: LUG - Lre

Input Tape

>l |alalb|blc|c

A

Work Tape

Dl IAJAB[Tb|c|c

A

13-38: Ly C Lye

Input Tape

>l |alalb|blc|c

A

Work Tape

>l AJAB[T,b|c|c

A

13-39: Ly C Ly
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Unrestricted Grammars

Input Tape

Dl |alalblb

A
Work Tape

Dl AJAIT b

A

13-40: Lyg C L.

Input Tape

>l |alalblb

A

Work Tape

DI AIA[T Db

A

13-41: Lyg C L.

Input Tape

>l |alalblb

A

Work Tape

DI JAIA[T b

A
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Unrestricted Grammars

13-42: LUG - Lre

Input Tape

>l |alalb|blc|c

A
Work Tape

Dl IAJAIT b|b|c|c

A

13-43: Lyg C L.

Input Tape

>l |alalb|blc|c

A

Work Tape

Dl JA[Ta|b|b|c|c

A

13-44:Lyg C L.
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Unrestricted Grammars

Input Tape

Dl |alalblb

A
Work Tape

>l AT alb

A

13-45:Lyg C L.

Input Tape

>l |alalblb

A

Work Tape

Dl [Ljalalb

A

13-46: Lyg C L.

Input Tape

>l |alalblb

A

Work Tape

Dl [Ljalalb

A



C$411-2004F-13 Unrestricted Grammars 16

13-47: LUG - Lre

Input Tape

>l |alalb|blc|c cee
A

Work Tape

>l |alalb|blc|c cee
A

13-48: Lyg C L.

Input Tape
>l |alalb|b|c|c coe

Work Tape

>l |alalb|blc|c cee
A

e Given any Turing Machiné/ that semi-decides the languagewe can create an Unrestricted Gramrgar
suchthatl,[G] = L

13-49: L, C Lyg

13-50: Lre - LUG

e Given any Turing Machiné/ that semi-decides the langua§ewe can create an Unrestricted Gramrgar
suchthatL[G] = L

¢ Will assume that all Turing Machines accept in the same cardigpn: (h, >L)
e Not a major restriction —why?

13-51: Lre - LUG

e Given any Turing Machiné/ that semi-decides the langua§e we can create an Unrestricted Gramrngar
suchthatL[G] = L
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¢ Will assume that all Turing Machines accept in the same cardigpn: (h, >L)
e Not a major restriction —why?

e Add a “tape erasing” machine right before the acceptingsthat erases the tape, leaving the read/write
head at the beginning of the tape

13-52: Lre - LUG

e Given any Turing Machiné/ that semi-decides the langua§e we can create an Unrestricted Gramrngar
suchthatl,[G] = L

e Grammar:; Generates a string
e Turing Machine: Works from string to accept state

e Two formalisms work in different directions
e Simulating Turing Machine with a Grammar can be difficult ..

13-53: Lre - LUG

e Two formalisms work in different directions

e Simulate a Turing Machine —in reverse!
e Each partial derivation represents a configuration
e Each rule representsackwards step in Turing Machine computation

13-54: L,.. C Ly
e Given a TMM, we create a Grammat:

e Language foGG:

Everything inX
Everything inK 5,
Start symbolS
Symbols> and«

13-55: Lre - LUG

e Configuration @, >uaw) represented by the string:

>uaQQw<

For example,Q, > Ll abc LI a) is represented by the string | abe@ U a<
13-56:Lre - LUG

e For each element ifyy; of the form:
o ((Q1,0a),(Q2,0))

e Add the rule:
e bQ)2 — a@Qy

e Remember, simulatingackwards computation
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13-57: L. C Lyc
e For each element ifyy; of the form:
e ((Q1,0),(Q2,<))
e Add the rule:
e (Q2a — aly
13-58: L, C Lyc
e For each element ity of the form:
o ((Q1,1),(Q2, )
e Add the rule
o (o< — LUQ1<
e (undoing erasing extra blanks)
13-59: L, C Lyg
e For each element ity of the form:
e ((Q1,a),(Q2,—))
e Add the rule
e abQs — aQ1b
e Forallbe X
13-60: L, C Lyg
e For each element ifyy; of the form:
e ((Q1,a),(Q2,—))
e Add the rule
e allQad— a1
e (undoing moving to the right onto unused tape)
13-61: L, C Lyc
e Finally, add the rules:

o S —p>Uh«
e p>LIQs —¢€

e Jd—¢€
13-62: L, C Lyg

e If the Turing machine can move from
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e >LIwto>hl
e Then the Grammar can transform
o >LIQpator L Qsw<
e Then, remove L ), and< to leavew
13-63: L. C Lyc
e Example:

e Create a Turing Machine that accefi$)*, halting in the configuratioth, >L)
e (assume tape starts outrasw)

13-64: L, C Lyg
e Example:
e Create a Turing Machine that accefi$)*, halting in the configuratioth, >L)
L— yes
U
a b L [
—R—R—R—L—"yes

-
a b

13-65: Lre - LUG

K [ b [ U |
g || (¢1,—) | (g1,—) | (q1,—)
q1 ((J2, —>) (Qh, <—)
q2 (q3,—)
q3 ((J2, —>) (Q4, <—)
ga || (g5:1) | (g5:1) | (gn,1)
qs (Q4,<—)

13-66: Lre - LUG

e ((q0,a),(q1,—))

e aaQ1 — aQoa
abQ1 — aQob
all @1 — aQol
a Q1< — aQo<

13-67: L, C Lyg

i ((qu b)7 (q17 _>))

e baQ)1 — bQoa
e bbQ1 — bQob
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e HUQ1 — bQoU
° b|_|Q1<l—>bQ0<1

13-68: Lre - LUG

e ((q0,U),(q1,—))

o La@Q, — UQpa
o LbQ1 — UQd
o LILQ — LIQoU
e LILIQ1<— Qo<

13-69: Lre - LUG

b ((qla a)? (q27 _>))

e aa@2 — aQia
e abQs — a@Q1b
e allQy — a@ U
e allQa<q— a1«

13-70: L. C Lyg
b ((QIa |—|)a (qha (_))
e hll— UQ,

13-71: Lre - LUG

e ((q2,0),(q3,—))

e baQ3 — bQsa
e bbQ3 — bQ2b
e bLIQ3 — bQolU
e blLQ319— bQo<

13-72: L, C Lyg

b ((q3a a)? (q47 _>))

e aaQ)y — aQlsa
e abQ)y — aQsb
e all@Qy4 — aQsll
e all@Q4<q— aQs<

].3-73ZL7«e - LUG
i ((Q47 a)7 (Q57 ‘—l))
o UQs — aQq

b ((q4a b)? (q57 I—l))



C$411-2004F-13

Unrestricted Grammars

21

* UQRs — bQ4
b ((Q4a I—l)? (qha I—l))

e LIh — LQy

e ((g5,1), (ga, <))

e QiU — LQs

13-74:L,. C Lyg
S — > Uh
>UQp — €
q4— e
aaQq — aQqa
abQq — aQqb
alUQp — aQqoU
al Q14— aQqpd

UaQq — UQgpa
ubQq — UQpb
UuUQp — UQou
UL Q1< — UQqp<
aaQg — aQia
abQo — aQ1b
alQo — aQqU

bU Q3 — bQoU
bU Q34 — bQod
aaQy — aQsza
abQy — aQszb
al Qg — aQsU
alUQu4q — aQgzd
UQs — aQy

baQ1 — bQgpa alQod — aQ14 UQs — bQy
bbQ1 — bQgb hU — UQq Uh — UQy
buQp — bQou baQgz — bQga QqU — UQs
bl Q14 — bQpd bbQ3 — bQob
13-75: L, C Lyg
e Generatingibab
S = plUh<
pUA<d = pLQu<
PUQu< = p>UUQRs<
PULQRse = pUa@y<
>pUa@Qs<q = pUald@s<
= -76: Lye C
pUalQsa = U abQy< 18-76:Lre € Lug
>UabQsa = p>UabU@s<
>UablQs< = U abaQqy<
>Uaba@s<d = >Uabal@s<
>Uabal@s<a = > LU ababQy<

e Generatingibab

>UababQu<q = > UababliQs<
blUababliQsa = LU ababQad

>UababQe< = > UabaQsb<

>Uaba@sbd = >UabQ2ab<

>UabQoabd = >UaQbaba

pUa@1baba = pUQabab<
> U Qoababs = abab>
ababd = abab



