Computational Models - Lecture 6

o Turing Machines

Slides modi ed by Benny Chor, based on original slides by iD&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv.

-p.1



Computational Models - Lecture 6

o Turing Machines
o Turing Machines

Slides modi ed by Benny Chor, based on original slides by iD&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv.

-p.1



Computational Models - Lecture 6

» Turing Machines
» Turing Machines
» Turing Machines

Slides modi ed by Benny Chor, based on original slides by iD&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv.

-p.1



Computational Models - Lecture 6

» Turing Machines
» Turing Machines
» Turing Machines

Slides modi ed by Benny Chor, based on original slides by iD&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv.

-p.1



Computational Models - Lecture 6

» Turing Machines
» Turing Machines
» Turing Machines

o Alternative Models of Computers

Slides modi ed by Benny Chor, based on original slides by iD&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv.

-p.1



Computational Models - Lecture 6

o Turing Machines
» Turing Machines
» Turing Machines

o Alternative Models of Computers
o Multitape TMs, RAMs,Non DeterministicTMs

Slides modi ed by Benny Chor, based on original slides by iD&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv.



Computational Models - Lecture 6

o Turing Machines
» Turing Machines
» Turing Machines

o Alternative Models of Computers
o Multitape TMs, RAMs,Non DeterministicTMs
» TheChurch-Turing Thesis

Slides modi ed by Benny Chor, based on original slides by iD&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv.
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o Turing Machines
» Turing Machines
» Turing Machines

Alternative Models of Computers

Multitape TMs, RAMs,Non DeterministicTMs
The Church-Turing Thesis

David Hilbert's Tenth Problem
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A Pushdown Automaton
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A Turing Machine

o

O

1 fafo ] 1

Slides modi ed by Benny Chor, based on original slides by iD&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv.

—-p4



Turing Machines

o Machines so far@FA, PDA) read input only
once
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Turing Machines

o Machines so far@FA, PDA) read input only
once

» Turing Machines
« Can back up over the input
s« Can overwrite the input

« Can write information on tape and come back
to it later
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Turing Machines

# |nput string is written on a tape:

input string infinite blank tape

e e
cape sywo PMalblblelal [ [ [ [ | [[[[] -

‘ Read/write head
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Turing Machines

# |nput string is written on a tape:

input string infinite blank tape

e e
cape sywo PMalblblelal [ [ [ [ | [[[[] -

‘ Read/write head

o At each step, machine reads a symbol, and then
s writes a new symbol, and
s either moves read/write head to right,
s Or moves read/write head to left
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TM vs. DFA: Differences

» A Turing machine can both write on the tape and
read from it.
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TM vs. DFA: Differences

» A Turing machine can both write on the tape and
read from it.

o The read-write head can move both to the left anc
to the right

» the tape is in nite

» special accepting/rejecting states take immediate
effect
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Con gurations (reminder)

One step of computation changes
® current state,

Slides modi ed by Benny Chor, based on original slides by iD&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv.

-p.8



Con gurations (reminder)

One step of computation changes
® current state,
# current head position,

Slides modi ed by Benny Chor, based on original slides by iD&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv.

-p.8



Con gurations (reminder)

One step of computation changes
® current state,
# current head position,
# and tape contents.

Slides modi ed by Benny Chor, based on original slides by iD&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv.

-p.8



Con gurations (reminder)

One step of computation changes
® current state,
# current head position,
# and tape contents.

s For example, con guratiod0113;0111means:

Slides modi ed by Benny Chor, based on original slides by iD&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv.

-p.8



Con gurations (reminder)

One step of computation changes
® current state,
# current head position,
# and tape contents.

s For example, con guratiod0113;0111means:
o Current state Iis,

Slides modi ed by Benny Chor, based on original slides by iD&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv.

-p.8



Con gurations (reminder)

One step of computation changes
® current state,
# current head position,
# and tape contents.

s For example, con guratiod0113;0111means:
o Current state Iis,
o left hand side of tape 15011,
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Con gurations (reminder)

One step of computation changes
® current state,
# current head position,
# and tape contents.

For example, con guratioi011y;0111means:
Current state isp,

left hand side of tape 15011,

right hand side of tape 8111,

e

e o @
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Con gurations (reminder)

One step of computation changes
® current state,
# current head position,
# and tape contents.

e

For example, con guratioi011y;0111means:
Current state isp,

left hand side of tape 15011,

right hand side of tape 8111,

and head is on right hand sife

© o o o
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Con gurations (2)

s If (g;b=(q;c;L) then con guration
uaqbvyieldscon gurationug acv.
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s If (g;b=(q;c;L) then con guration
uaqbvyieldscon gurationug acv.

s If (g;b)=(q;c;R),then con guration
uaqbvyieldscon gurationuacqVv .

o Special case (1): When head is at left end and
tries to move left, it changes state and writes on

tape butdoes not moveso if (g;b) =(¢q;c;L),
con gurationgbvyieldsg cv.
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Con gurations (2)

s If (g;b=(q;c;L) then con guration
uaqbvyieldscon gurationug acv.

s If (g;b)=(q;c;R),then con guration
uaqbvyieldscon gurationuacqVv .

o Special case (1): When head is at left end and
tries to move left, it changes state and writes on
tape butdoes not moveso if (g;b) =(¢q;c;L),
con gurationgbvyieldsg cv.

o Special case (2): What happens when head is at
right end? We letvg andwqg .. denotes the same
con guration, somoves to the rightan now be
accomodated.
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More Con gurations

We have
# starting con gurationgpw
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More Con gurations

We have
# starting con gurationgpw
# accepting con gurationvpt,w;
® rejecting con gurationngc Wy
» halting con gurationswygawi andwgg Wi
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Accepting a Language

A Turing machineM acceptsnput anw if there is a

o (C;Is start con guration ofM onw,
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Accepting a Language

A Turing machineM acceptsnput anw if there is a

o (C;Is start con guration ofM onw,
o eachC; yieldsC;.1,
o Cy Is an accepting con guration.

The collection of stringsccepted by Is called the
languageof M , and is denoted (M ).
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Enumerable Languages

De nition: A language is (recursively) enumerable if
some Turing machine accepts it.
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Enumerable Languages (2)

On an inputw, a TM may

» accept
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Enumerable Languages (2)

On an inputw, a TM may

® accept
® reject
» loop (run forever)
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Enumerable Languages (2)

On an inputw, a TM may

® accept
® reject
» loop (run forever)

Major concern: In general, we never know if TMl|
halt.
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Decidable Languages

De nition: A TM decidesa language if for every
inputw 2 |, the TM halts.
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Decidable Languages

De nition: A TM decidesa language if for every
inputw 2 |, the TM halts.

Namely the TM either reaches state(in case
w2 L(M)) or it reaches statg (in casew ZL(M)),
but it does not loop
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Decidable Languages

De nition: A TM decidesa language if for every
inputw 2 |, the TM halts.

Namely the TM either reaches state(in case

w2 L(M)) or it reaches statg (in casew Z L (M )),
but it does not loop

De nition: A language islecidablaf some Turing
machine decides it.
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Example

Here is a TM that decides
abcji j=kwherei;jjk 1

» scan from left to right to check that input is
abc
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Example
Here is a TM that decides
abcji j=kwherei;jjk 1
o scan from left to right to check that inputasb c

return to start of tape

» cross off onea and scan right untib occurs.
Shuttle betweel's andc's, crossing off one of
each, until allds are gone.

°
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Example
Here is a TM that decides
abcji j=kwherei;jjk 1
o scan from left to right to check that inputasb c

return to start of tape

» cross off onea and scan right untib occurs.
Shuttle betweel's andc's, crossing off one of
each, until allds are gone.

» Restore the crossed-dié and repeat previous
step If morea's exist. If all a's crossed off, check
If all c's crossed off. If yesacceptotherwise
reject

°
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Example (cont.)

Question: To implement algorithm, should be able to
tell when a TM Is at the left end of the tape.
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Example (cont.)

Question: To implement algorithm, should be able to
tell when a TM Is at the left end of the tape.

Answer: Mark it with a special symbol.
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Example

Consider theelement distinctnessroblem

E = f#X#XH L HX]
eachx; 21 0;1g andforeach 6 |;x; 6 X;0:
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Example

Consider theelement distinctnessroblem

E = f#X#XH L HX]
eachx; 21 0;1g andforeach 6 |;x; 6 X;0:

Verbally,

List of strings inf 0; 1g separated by 's.

List Is in language (& machinshouldaccept) if
all strings arealifferent
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Element Distinctness — Solution
On inputw

place a mark on leftmost tape symbol. If symbol
not# , reject.

#011#00#1111
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Element Distinctness — Solution (2)

scan right to nextt and place mark on top. If
none encountered, reject

201140041111
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Element Distinctness — Solution (3)

By zig-zagging, compare the two strings to the
right of the marked 's. If equal, reject.

O
O

#011#00#1111
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Element Distinctness — Solution (4)

Move rightmost mark to next on right, if any.

Otherwise move leftmost mark to nexton right
and rightmost mark t¢ after that.

If not possible, accept.

#011#00£1111
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Element Distinctness — Solution (end)

Question: How do we “mark” a symbol?

Answer: For each tape symbél, add tape symbol

# to the tape alphabet
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TMs Variants
Alternative Turing machine de nitions abound.

For example, suppose the Turing machine head is
allowed tostay put

:Q I Q f L;R; Sg
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TMs Variants
Alternative Turing machine de nitions abound.

For example, suppose the Turing machine head is
allowed tostay put

:Q I Q f L;R; Sg

Question: Does this add any power?

Answer: No. Replace eacB transition with two
transitions:R thenL. (Why not vice-versa?)
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TMs Variants
Alternative Turing machine de nitions abound.

For example, suppose the Turing machine head is
allowed tostay put

:Q I Q f L;R; Sg

Question: Does this add any power?

Answer: No. Replace eacB transition with two
transitions:R thenL. (Why not vice-versa?)

Important notion here: Two-waymulation(modelA
capable of simulating mod&; modelB capable of
simulating modeld).
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Multitape Turing Machines

each tape has its own head
initially, input string on tape 1 and rest blank

For the transition function:
'Q K1 Q K f LRg*;
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Multitape Turing Machines

each tape has its own head
initially, input string on tape 1 and rest blank

For the transition function:
'Q K1 Q K f LRd"; the expression

(q;al;:::;ak):(q;bl;:::;b<;L;R ----- L) means

then machine goes to staie
headsl thoughtk write b;; :::; by,
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Multitape Turing Machines

each tape has its own head
initially, input string on tape 1 and rest blank

For the transition function:
'Q K1 Q K f LRd"; the expression

(q;al;:::;ak)=(q;b1;222;b<;L;R """ ., L) means

then machine goes to staie

headsl thoughtk write b;; :::; by,
and moves each headht or Ieft as speci ed.
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Equivalence

Theorem: A language is enumerable if and only if
there is somenultitapeTuring machine that accepts it.

Slides modi ed by Benny Chor, based on original slides by iB&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv. -p.25



Equivalence

Theorem: A language is enumerable if and only if
there is somenultitapeTuring machine that accepts it.

One direction is trivial.
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Equivalence

Theorem: A language is enumerable if and only if
there is somenultitapeTuring machine that accepts it.

One direction is trivial.

To prove the other direction, we will show how to
convert anultitapeTM, M, into an equivalent
single-tapel'M, S.
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Simulation

LIA T LI [alole] [ I |

Lo alalalz X T+ ] ]
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Simulation

LIA T LI [alele] T B T T 1]

Lo alalalz X T+ ] ]

S simulates tapes ofVl by storing them all on
asingle tapewith delimiter# .

Slides modi ed by Benny Chor, based on original slides by iB&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv. - p.26



Simulation

LIA T LI [alele] T B T T 1]

Lo alalalz X T+ ] ]

S simulates tapes ofVl by storing them all on
asingle tapewith delimiter# .

S marks the current positions of thkeheads by
placing “above” the letters in current positions.
It “knows” which tape the mark belongs to by
counting (up tdk) from the# 's to the left.
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Simulation (2)

LIA T [ [alele L DI T 1 1]

On inputw = Wy W, S:
writes on its tape&t wi Wo Wo# _# _# H#
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On inputw = Wy W, S:
writes on its tape&t wi Wo Wo# _# _# H#

scans its tape from rst# tok + 1-st# to read symbols
under “virtual” heads.
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On inputw = Wy W, S:
writes on its tape&t wi Wo Wo# _# _# H#

scans its tape from rst# tok + 1-st# to read symbols
under “virtual” heads.

rescans to write new symbols and move heads
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Simulation (2)

LIA T [ [alele L DI T 1 1]

On inputw = Wy W, S:
writes on its tape&t wi Wo Wo# _# _# H#

scans its tape from rst# tok + 1-st# to read symbols
under “virtual” heads.

rescans to write new symbols and move heads

S tries to move virtual head onté whenM s trying to
move head onto unused blank squaevrites blank_. on
tape, and shifts rest of the tape one square to the right.
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RAM
CPU
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RAM
CPU

3 Registers (Instruction Register (IR), Program
Counter (PC), Accumulator (ACC)
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RAM
CPU

3 Registers (Instruction Register (IR), Program
Counter (PC), Accumulator (ACC)

Memory
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RAM
CPU

3 Registers (Instruction Register (IR), Program
Counter (PC), Accumulator (ACC)

Memory
Operation:
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RAM
CPU

3 Registers (Instruction Register (IR), Program
Counter (PC), Accumulator (ACC)

Memory

Operation:
Set IR! MEM[PC]
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RAM
CPU

3 Registers (Instruction Register (IR), Program
Counter (PC), Accumulator (ACC)

Memory

Operation:
Set IR! MEM[PC]
Increment PC
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RAM
CPU

3 Registers (Instruction Register (IR), Program
Counter (PC), Accumulator (ACC)

Memory

Operation:
Set IR! MEM[PC]
Increment PC
Execute instruction in IR
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RAM
CPU

3 Registers (Instruction Register (IR), Program
Counter (PC), Accumulator (ACC)

Memory

Operation:
Set IR! MEM[PC]
Increment PC
Execute instruction in IR
Repeat
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RAM
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RAM

Instruction  Meaning
00 HALT Stop Computation
01 LOAD X ACC MEMIx]
02 LOADI X ACC X
03 STORE x MEM[x] AC

04 ADD X ACC ACC + MEM[X]
05 ADDI X ACC ACC +x

06 SUBXx ACC ACC - MEM[X]
07 SUBI X ACC ACC-x

08 JUMP x IP X

09 JZERO x IP xifACC=0

10 JGT x IP xifACC>0
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RAM

Write a program that multiplies two numbers (in
locations 1000 & 1001), and stores the result in 1002
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RAM

Write a program that multiplies two numbers (in
locations 1000 & 1001), and stores the result in 1002

Memory | Machine Code| Assembly
0001 011000 LOAD 1000
0002 031003 STORE 1003
0003 020000 LOADI 0
0004 031002 STORE 1002
0005 021003 LOAD 1003
0006 090012 JZERO 0012
0007 070001 SUBI 1

0008 031003 STORE 1003
0009 011002 LOAD 1002
0010 041001 ADD 1001
0011 080004 STORE 1002
0012 000000 HALT
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Computers & TMs

We can simulate this computer with a multi-tap
Turing machine:

One tape for each register (IR, IP, ACC)

Slides modi ed by Benny Chor, based on original slides by iB&valles, Univ. of San Francisco, and Maurice Herlihy, Bnouniv. -p.32



Computers & TMs
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Computers & TMs

Operation:

Scan through memory until reach an address
that matches the IP
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Computers & TMs
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Computers & TMs

RAM can be modeled by a Turing Machine

Any current machine can be modeled in the same
way by a Turing Machine
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Turing Complete

A computation formalism is “Turing Complete”
If it can simulate a Turing Machine

Turing Completg can compute anything
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Non-DeterministicTuring Machines

Transition function:

:Q I P(Q f L;RQ)
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Non-DeterministicTuring Machines

Transition function:

:Q I P(Q f L;RQ)

Computation is dree
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Non-DeterministicTuring Machines

Transition function:

:Q I P(Q f L;RQ)

Computation Is d@ree
Accepts ifthere 1s(9) an accepting branch.
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Equivalence

Theorem: A language is enumerable if and only if
there is som@on-deterministiduring machine that
accepts it.
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Equivalence

Theorem: A language is enumerable if and only if
there is som@on-deterministiduring machine that
accepts it.

One direction is trivial.
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Equivalence

Theorem: A language is enumerable if and only if
there is som@on-deterministiduring machine that
accepts it.

One direction is trivial.

To prove the other direction, we will show how to
convert anon-deterministidM, N, into an equivalent
deterministicTM, D.
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Simulating Non-Determinism

Basic idea:
D tries all possible branches
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Simulating Non-Determinism

Basic idea:
D tries all possible branches
If D nds any acceptindoranch, itaccepts
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Simulating Non-Determinism

Basic idea:
D tries all possible branches
If D nds any acceptindoranch, itaccepts
If all brancheseject D rejects
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Simulating Non-Determinism

Basic idea:

D tries all possible branches

f D nds any acceptingoranch, itaccepts
f all branchegeject D rejects

f all branchegeject or loop D loops
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Simulating Non-Determinism (2)

N's computation is a tree.

each tree branch is branch/éfs
non-deterministic computation
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Simulating Non-Determinism (2)

N's computation is a tree.

each tree branch is branch/éfs
non-deterministic computation

each tree node is@n gurationof N
root is starting con guration

the number of children of each nodealsmost
the number o\ 's states, denoted hy

<
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Simu

lating Non-Determinism (2)

N's computation is a tree.

each tree branch is branch/éfs
non-deterministic computation

each tree node is@n gurationof N
root is starting con guration

t
t

ne number of children of each nodealsmost
ne number ofN''s states, denoted by

O

epth- rst search doesn't worka(hy?)
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Simulating Non-Determinism (2)

N's computation is a tree.

each tree branch is branch/éfs
non-deterministic computation

each tree node is@n gurationof N
root is starting con guration

the number of children of each nodeassmost
the number ofN''s states, denoted by

depth- rst search doesn't worknny?)
breadth- rst searchioes work as we'll show.
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Simulating Non-Determinism (3)

4 .| [a]b 2]3]3]..
input tape simulation address
(never altered) tape tape

D has three tapes
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input tape simulation address
(never altered) tape tape

D has three tapes

the input tape Is never altered
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Simulating Non-Determinism (3)

4 .| [a]b 2]3]3]..
input tape simulation address
(never altered) tape tape

D has three tapes

the input tape Is never altered
the simulation tape is a copy o6f's tape
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Simulating Non-Determinism (3)

4 .| [a]b 2]3]3]..
input tape simulation address
(never altered) tape tape

D has three tapes

the input tape Is never altered
the simulation tape is a copy o6f's tape

the address tape keeps trackad$ location in
N's computation tree.
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Simulating Non-Determinism (4)

The address tape:
every node In the tree has at mosthildren
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Simulating Non-Determinism (4)

The address tape:
every node In the tree has at mosthildren

every node In the tree Is assigned an address tha
IS a string over the alphabet, = f1;2;:::; 0
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Simulating Non-Determinism (4)

The address tape:
every node In the tree has at mosthildren
every node In the tree Is assigned an address tha
IS a string over the alphabet, = f1;2;:::; 0
to get to node with addregs31
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Simulating Non-Determinism (4)

The address tape:
every node In the tree has at mosthildren
every node In the tree Is assigned an address tha
IS a string over the alphabet, = f1;2;:::; g
to get to node with addregs31
Start at root
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Simulating Non-Determinism (4)

The address tape:
every node In the tree has at mosthildren
every node In the tree Is assigned an address tha
IS a string over the alphabet, = f1;2;:::; 0
to get to node with addregs31

start at root
takeseconcdchild of root
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Simulating Non-Determinism (4)

The address tape:
every node In the tree has at mosthildren

every node In the tree Is assigned an address tha
IS a string over the alphabet, = f1;2;:::; g
to get to node with addregs31

Start at root

takeseconcchild of root

takethird child of current node
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Simulating Non-Determinism (4)

The address tape:
every node in the tree has at mosthildren
every node In the tree Is assigned an address tha
IS a string over the alphabet, = f1;2;:::; 0
to get to node with addregs31
Start at root
takeseconcchild of root

takethird child of current node
take rst child of current node
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Simulating Non-Determinism (4)

The address tape:
every node in the tree has at mosthildren
every node In the tree Is assigned an address tha
IS a string over the alphabet, = f1;2;:::; 0
to get to node with addregs31
Start at root
takeseconcchild of root

takethird child of current node
take rst child of current node

ignore meaningless addresses (choices not
avallable for con guration along branch)
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Simulating Non-Determinism (5)

Initially, the input tape containg, and the other
two tapes are empty.
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Simulating Non-Determinism (5)

Initially, the input tape containg, and the other
two tapes are empty.

Copy input tape to simulation tape.
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Simulating Non-Determinism (5)

Initially, the input tape containg, and the other
two tapes are empty.

Copy input tape to simulation tape.

Use simulation tape to simulalé on inputw on
a nite portion of one non-deterministic branch.
On each choice, consult the next symbol on
address tape. Accept If accepting con guration
reached. Skip to next step if
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Simulating Non-Determinism (5)

Initially, the input tape containg, and the other
two tapes are empty.

Copy input tape to simulation tape.

Use simulation tape to simulalé on inputw on
a nite portion of one non-deterministic branch.
On each choice, consult the next symbol on
address tape. Accept If accepting con guration
reached. Skip to next step if

symbols on address tape exhausted
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Simulating Non-Determinism (5)
Initially, the input tape containg, and the other
two tapes are empty.
Copy input tape to simulation tape.

Use simulation tape to simulalé on inputw on
a nite portion of one non-deterministic branch.
On each choice, consult the next symbol on
address tape. Accept If accepting con guration
reached. Skip to next step if

symbols on address tape exhausted
non-deterministic choice invalid
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Simulating Non-Determinism (5)
Initially, the input tape containg, and the other
two tapes are empty.
Copy input tape to simulation tape.

Use simulation tape to simulalé on inputw on
a nite portion of one non-deterministic branch.
On each choice, consult the next symbol on
address tape. Accept If accepting con guration
reached. Skip to next step if

symbols on address tape exhausted
non-deterministic choice invalid
rejecting con guration reached
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Simulating Non-Determinism (5)

Initially, the input tape containg, and the other
two tapes are empty.

Copy input tape to simulation tape.

Use simulation tape to simulalé on inputw on
a nite portion of one non-deterministic branch.
On each choice, consult the next symbol on
address tape. Accept If accepting con guration
reached. Skip to next step if

symbols on address tape exhausted

non-deterministic choice invalid

rejecting con guration reached
Replace string on address tape with the

lexicographically nexstring. Jump to Step 2 to
simulate thls branch d\ﬁl S computatlon |
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Deciders

De nition: A non-deterministic TM Is alecidenf on
all inputs, all branches halt (in either stageor q ).
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Deciders

De nition: A non-deterministic TM Is alecidenf on
all inputs, all branches halt (in either stageor q ).

Theorem: A language islecidablaf and only if
there Is anon-deterministiduring machine that

decides it.

—p.57
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Deciders

De nition: A non-deterministic TM Is alecidenf on
all inputs, all branches halt (in either stageor q ).
Theorem: A language islecidablaf and only if
there Is anon-deterministiduring machine that
decides it.

De nition (reminder) A language islecidablaf some
deterministicTuring machine decides It.
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Enumerators

A language inumerabléf it is accepted by some
Turing machine.
But why enumerabl@

Llafol T 1 1l
De nition: An enumerators a TM with a printer.
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But why enumerabl@

Llafol T 1 1l
De nition: An enumerators a TM with a printer.

TM sends strings to printer
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Enumerators

A language inumerabléf it is accepted by some
Turing machine.
But why enumerabl@

Llafol T 1 1l
De nition: An enumerators a TM with a printer.

TM sends strings to printer
may create in nite list of strings
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Enumerators

A language inumerabléf it is accepted by some
Turing machine.
But why enumerabl@

Llafol T 1 1l
De nition: An enumerators a TM with a printer.

TM sends strings to printer
may create in nite list of strings
TM enumeratea language all strings produced.
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Theorem

Theorem: A language isacceptedy some Turing
machine if and only if some enumeratarumerates.it
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Theorem

Theorem: A language isacceptedy some Turing
machine if and only if some enumeratarumerates.it

Will show

If E enumerates languadge then some TMV
acceptsh.

If M acceptsh, then some enumeratér
enumerates It.
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Theorem

Claim: If E enumerates languade then some TM
M acceptsh.

On inputw, TM M
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Theorem

Claim: If E enumerates languade then some TM
M acceptsh.

On inputw, TM M

RunskE. Every timeE outputs a string, M
compares it tav.
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Theorem

Claim: If E enumerates languade then some TM
M acceptsh.

On inputw, TM M

RunskE. Every timeE outputs a string, M
compares it tav.

If v=w, M accept.
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Theorem

Claim: If E enumerates languade then some TM
M acceptsh.

On inputw, TM M

RunskE. Every timeE outputs a string, M
compares it tav.

If v=w, M accept.
If v 6 w, M continues runnindg.
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Theorem

Claim: If M acceptsh, then some enumeratar
enumerates It.

Lets;s,;Ss;:::Isalistofall stringsin (e.g.
strings in lexicographic order).
The enumeratok:

repeat the following for =1;2;3;:::
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Lets;s,;Ss;:::Isalistofall stringsin (e.g.
strings in lexicographic order).
The enumeratok:

repeat the following for =1;2;3;:::

If any computation accepts, print out the
corresponding. |
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Claim: If M acceptsh, then some enumeratar
enumerates It.

Lets;s,;Ss;:::Isalistofall stringsin (e.g.
strings in lexicographic order).
The enumeratok:

repeat the following for =1;2;3;:::

If any computation accepts, print out the
corresponding. |

Note that with this procedure, each output is
duplicatedn nitely often.
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Theorem

Claim: If M acceptsh, then some enumeratar
enumerates It.

Lets;s,;Ss;:::Isalistofall stringsin (e.g.
strings in lexicographic order).
The enumeratok:

repeat the following for =1;2;3;:::

If any computation accepts, print out the
corresponding. |

Note that with this procedure, each output is
duplicatedn nitely often.

How can this duplication bavoide®
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What is an Algorithm?

Informally
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a computer program
who cares? | know it when | see it

Historically,

notion has long history in Mathematics
(starting withEuclid's gcd algorithny, but

not precisely de ned until 20th century
iInformal notions rarely questioned,
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What is an Algorithm?

Informally
a recipe
a procedure
a computer program
who cares? | know it when | see it

Historically,

notion has long history in Mathematics
(starting withEuclid's gcd algorithny, but

not precisely de ned until 20th century
iInformal notions rarely questioned,
still, they were insuf cient
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Remarks

Many models have been proposed for
general-purpose computation
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model-independent!
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Remarks

Many models have been proposed for
general-purpose computation

Remarkably, all “reasonable” models are
equivalent to Turing machines

All “reasonable” programming languagesd.
Java, Pascal, GGchemeMathematica, Maple, Cobol,. )

are equivalent.
The notion of aralgorithmis model-independent!

We don't really care about Turing machingsr
se we care about understanding computation.
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Church-Turing Thesis

Formal notionsappeared in 1936:

-calculusof Alonzo Church
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Church-Turing Thesis

Formal notionsappeared in 1936:
-calculusof Alonzo Church
Turing machine®f Alan Turing

Recursiveunctions of Godel and Kleene

Countemachines

Unrestrictecgrammars
Two stackautomata

Random accegmachines (RAMS)

These de nitions look very different, but are provably
equivalent
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Church-Turing Thesis

These de nitions look very different, but are provably
equivalent

The Church-Turing Thesis:

“The intuitive notion of reasonable models of
computation equals Turing machine
algorithms”.
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Wild Models

What about ild” models of computation?

Consider MUntel's@AXP2° processor (to be
released XMAS 2004).

Like a Turing machine, except
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What about ild” models of computation?

Consider MUntel's@AXP2° processor (to be
released XMAS 2004).

Like a Turing machine, except

a

a

a

Kes rst step inl second.
Kes second step 2 second.

kesi-th step in2 ' seconds . ..
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Wild Models

What about ild” models of computation?

Consider MUntel's@AXP2° processor (to be
released XMAS 2004).

Like a Turing machine, except

akes rst step inl second.

akes second step 2 second.

akesi-th step in2 ' seconds ...

After 2 seconds, th&@AXP ¢ decidesany enumerable
language!
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Wild Models

What about ild” models of computation?

Consider MUntel's@AXP2° processor (to be
released XMAS 2004).

Like a Turing machine, except

akes rst step inl second.

akes second step 2 second.

akesi-th step in2 ' seconds ...

After 2 seconds, th&@AXP ¢ decidesany enumerable
language!

Question: Does the®@AXP ¢ invalidate the
Church-Turing Thesis?
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Hilbert's 10th Problem

In 1900, David Hilbert delivered a now-famous
address at the International Congress of
Mathematicians in Paris, France.

Presente@3 central mathematical problems
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In 1900, David Hilbert delivered a now-famous
address at the International Congress of
Mathematicians in Paris, France.

Presente@3 central mathematical problems

challenge for the next (20th) century
the 10th problendirectly concerned algorithms

November 2003signi cant progress on
the 6th problem
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Hilbert's 10th Problem

In 1900, David Hilbert delivered a now-famous
address at the International Congress of
Mathematicians in Paris, France.

Presente@3 central mathematical problems

challenge for the next (20th) century
the 10th problendirectly concerned algorithms

November 2003signi cant progress on
the 6th problem

But for us, start with some background on
the10th ...
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Hilbert's 10th Problems
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Hilbert's 10th Problems

Too much beer last night? We are supposed to talk
aboutD. Hilberts problems, not '‘bouDilbert's
problems, ...
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Polynomials

A termis a product ofvariablesand a constant
coef cient, e.g. 6x3%yz.
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coef cient, e.g. 6x3yz>.
A polynomialis a sum of termsg.g.
6x3yz% + 3xy? x> 10:

A root of a polynomial is an assignment of values
to variables so that the polynomial equaésa

For examplex =5;y = 3, andz = 0 Is a root of
the polynomial above.
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A polynomialis a sum of termsg.g.

6x3yz% + 3xy? x> 10:

A root of a polynomial is an assignment of values
to variables so that the polynomial equaésa

For examplex =5;y = 3, andz = 0 Is a root of
the polynomial above.

Here, we are interested integralroots, namely
an assignment ahtegersto all variables.
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Polynomials

A termis a product ofvariablesand a constant
coef cient, e.g. 6x3%yz.

A polynomialis a sum of termsg.g.

6x3yz% + 3xy? x> 10:

A root of a polynomial is an assignment of values
to variables so that the polynomial equaésa

For examplex =5;y = 3, andz = 0 Is a root of
the polynomial above.

Here, we are interested integralroots, namely
an assignment ahtegersto all variables.

Some polynomials have integral roots, some
don't (e.g.x* 2).
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Hilbert's Tenth Problem

The ProblemDevise an algorithm that tests whether a
polynomial has an integral root.

Actually, what he said (translated from German) was

“to devise a process according to which it
can be determined by a nite number of
operations”.
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Hilbert's Tenth Problem

The ProblemDevise an algorithm that tests whether a
polynomial has an integral root.

Actually, what he said (translated from German) was

“to devise a process according to which it
can be determined by a nite number of
operations”.

Note that

Hilbert explicitly asks that algorithm be
“devised”

apparently Hilbert assumes that such an algorithn
must exist, and someone “only” need nd it.
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Hilbert's Tenth Problem
We now know no algorithm exists for this task.
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We now know no algorithm exists for this task.

Mathematicians of 1900 could not have proved

this, because they didn't havd@mal notionof
an algorithm.
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Intuitive notionswork ne for constructing
algorithms (we know one when we see it).
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Hilbert's Tenth Problem

We now know no algorithm exists for this task.

Mathematicians of 1900 could not have proved
this, because they didn't havd@mal notionof
an algorithm.

Intuitive notionswork ne for constructing
algorithms (we know one when we see it).

Formal notionsare required to show thab
algorithm exists
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Hilbert's Tenth Problem

In 1970,23 years oldvuri Matijasevi, building on
work of Martin Davis, Hilary Putnam, andulia
Robinson proved thanho algorithmexists for testing
whether a polynomial has integral roots

(a survey of the proof)
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Reformulating Hilbert's Tenth Problem

Consider the language:

D = fpj pis apolynomial with an integral rogt
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Reformulating Hilbert's Tenth Problem

Consider the language:

D = fpj pis apolynomial with an integral rogt

Hilbert's tenth problem asks whether this language is
decidable

We now know it isnot decidablebut it Isenumerable
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Univariate Polynomials

Consider thesimplerlanguage:

D= fp] pis apolynomialbverx with an integral roaj
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Univariate Polynomials

Consider thesimplerlanguage:

D= fp] pis apolynomialbverx with an integral roaj

Here is a Turing machine thatceptd ;.
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Univariate Polynomials

Consider thesimplerlanguage:

D= fp] pis apolynomialbverx with an integral roaj

Here is a Turing machine thatceptD ;.
On Inputp,
evaluatep with x set successively to
0,1, 1,2, 2;,:.:...
If p evaluates to zer@ccept
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Univariate Polynomials (2)
D, = fp]J pis apolynomialbverx with an integral roaj

Note that
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Univariate Polynomials (2)
D, = fp]J pis apolynomialbverx with an integral roaj
Note that

If p has an integral root, the machiaecepts
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Univariate Polynomials (2)
D, = fp]J pis apolynomialbverx with an integral roaj
Note that

If p has an integral root, the machiaecepts
If not, M, loops
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Univariate Polynomials (2)
D, = fp]pis apolynomiabverx with an integral roaj
Note that
If p has an integral root, the machiaecepts

If not, M, loops
M1 Is anacceptoybutnot a decider
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Univariate Polynomials (3)
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Univariate Polynomials (4)

In fact, D1 I1s decidable
Can show that all real roots @fx] lie inside interval

( ] kCmax=0;]KCmax=0C1) ) ;

wherek i1s number of terms,,5 1S max coef cient,
andc; Is high-order coef cient.
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Univariate Polynomials (4)

In fact, D1 I1s decidable
Can show that all real roots @fx] lie inside interval

( ] kCmax=0;]KCmax=0C1) ) ;

wherek i1s number of terms,,5 1S max coef cient,
andc; Is high-order coef cient.

By Matijasevt theorem, such effective bounds on
range of real roots cannot be computed for
multivariable polynomials
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