Comp. Models 04/05 — Lecture 12

o The classesiP.

o Verifiability.

» Poly-TimeReductions
o NP completeness

o SAT is NP Complete

s Slpser, Chapter 7
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Non-Deterministic Time (reminder)

Let V be a non-deterministic TM, and let
fN—N

We say thatV runs in timef(n) if

o Foreveryinputz of lengthn,

o themaximumnumber of steps thal’ uses,
# onany branclof its computation tree on,
9o

is at mostf(n).
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NTime Classes Definition

Let
[N —N

be a function.
Definition:

NTIME(f(n)) = {L | Lisalanguage, decided

by anO(f(n))-timeNTM}
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The ClassV P

Definition: NP Is the set of languages decidable In
polynomial time omondeterministic TMs.

NP = JNTIME(n)

c>0

o TheclassVP is
Invariant for all TMs with any number of tapes.

» Insensitive to choice of reasonable
non-deterministicomputational model.

» Rougly corresponds to problems whagsssitive
solutionscannot be efficientlgenerated
(= Intractable), but can be efficientbhecked
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The Class\V'P

NP is important because it includes many problems
of practical intereste.g

» Hamiltonian path

» Travelling salesman (salesrsonthat is)
o Scheduling (operations research)

» Placement and routing (VLSI design)
o Composites (factoring/cryptography)
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Verifiability
A verifierfor a languaged is an algorithmy where
A ={w |V acceptsw, c) for some string:}
» The verifier uses the additional informatiomo
verify w € A.

o We measure verifier run time by lengthof

» The stringc Is called acertificate(or proof) for w
if YV acceptsw, c).

o A polynomial verifieruns in polynomial time in
wl (sole| < [w]“1).

o AlanguageA is polynomially verifiablef it has
a polynomial verifier.
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NP and Verifiability

Theorem: A language is inV/P if and only if it has a
polynomial time verifier

Proof — Intuition

o NTM simulates verifier by guessing the
certificate.

o Verifier simulates NTM by using accepting
branch as certificate.
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NP

Claim: If A has a poly-time verifier, then it is
decided by some polynomial-time NTM.

Let )V be poly-time verifier fotA.
» single-tape TM
® runsintimen”

N on inputw of lengthn

» Nondeterministically selectring c of lengthn”.
» RunVon(w,c)
o If V accepts; , otherwisereect.
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NP

Claim: If Ais decided by a polynomial-time NTM
N, running in timen”, thenA has a poly-time verifier.

Construct polynomial-time verifigy as follows.

V. on inputw of lengthn, and on a string of length

nk

o SimulateN on inputw, treating each symbol of
as a description of the non-deterministic choice In
each step afV.

o If this branch accepts; , otherwisergect. &
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Examples: Clique
Q Q ®

O O O

A cliguein a graph is a subgraph where every two
nodes are connected by an edge.

A k-cliquels a clique of sizé:.
What is thelargestk-cliguein the figure?
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Examples: Clique

Define the language

CLIQUE = {(G,k)|G is an undirected graph
with a k-clique}
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Examples: Clique

Theorem:
CLIQUE e NP

The clique Is the certificate.
Here is a verifiel: on input((G, k), ¢)

o If cis not ak-clique,rgect
» If G does not contain all vertices of reject

9
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Examples: SUBSET-SUM

An instance of the problem
o A collection of numbers;, ..., z;
o Target numbet
» Question: does some subcollection add ug?to

SUBSET-SUM
3 {1, e}

N
5=
= U
=
2 O
N
- |l
——
] =
| —
SRVEES
™
—

Collections are multisets: repetitions allowed.
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Examples: SUBSET-SUM

We have
({4,11,16,21,27},25) € SUBSET-SUM
becausd + 21 = 25.

({4,11,16,21,27} ,26) ¢ SUBSET-SUM
(why?)
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Examples: SUBSET-SUM

Theorem:

SUBSET-SUMe NP

Thesubsets thecertificate

Here IS a verifier:
V:oninput((S,t),c)

o test whether Is a collection of numbers
summing tot.

o test whether Is a subset ob
o If either fail, regject, otherwise
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Complementary Problems

CLIQUE andSUBSET-SUMseemnotto be members
of NP.

It is harder to efficiently verify that something does
not exist than to efficiently verify that somethimipes
exist..

Definition: The classoNP.
L € coNPif L € N'P.

So far, no one knows foNPIs distinct fromNP.

Slides modified by Benny Chor, based on original slides by fiéauHerlihy, Brown University. - p.16



P vs. NP

NP

The question® = NP7 Is one of the great unsolved
mysteries in contemporary mathematics.

» most computer scientists believe the two classes
are not equal

# most bogus proofs show them eqiahy?)
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Observations

If P differs from\ P, then the distinction betweedh
and N P — P is meaningful and important.

» languages IrP tractable
» languages inV' P — P intractable

Until we can prove thaP # N P, there is no hope of
proving that aspecific languagkes in NP — P.

Nevertheless, weanprove statements of the form “If
P # NPthendec NP — P’
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NP Completeness

NP

@

The class oNP-completdanguages are
» “hardest” languages iV P
o “least likely” to be InP
o Ifany NP-completed € P, thenN' P = P.
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Cook—Levin (1971-1973)

Theorem: There is a languagé € N P such that
SePifandonlyif P = NP.

This theorem establishes the class of NP-complete
languages.

Such language, like Frodo Baggins, “carries on its
back” the burden of all afV' P.
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Poly-Time Computable Functions
Definition: A function
foyr— 3

IS polynomial-time computablé there is a poly-time
deterministicTM that

» starts with inputw, and
» halts with f(w) on tape.
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Poly-Time Reducibllity

Definition: We say that a languag4 is polynomial
time mapping reduciblto 5, written

A<p B,
If there Is a poly-time computable function
foX — 3"
such that, for everyy,

w e A< f(w) € B.

The functionf iIs called apolynomial-time reduction
from A to B.
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Computable Functions

f
o
f
T
() o

Converts guestions about membershipdrnto mem-
bership inj3, and does iefficiently.

Slides modified by Benny Chor, based on original slides by fiéauHerlihy, Brown University. -p.23



Computable Functions
Theorem: If A <p BandB € PthenA € P.

Proof Let
» f the reduction fromA to B, computed by TM
M;.
» On inputz of lengthn, M, takes at most; n™
steps.
o M be the poly-time decider fds.

o On inputy of lengthm, M takes at mostym®?
steps.
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Computable Functions

DefineV: on inputz
1. computef(x)

2. run M on inputf(z) and output whatevei1
outputs.
Analysis:

» On inputz of lengthn, computingy = f(x)
takes at most;n“* steps.

o On inputy of lengthm = ¢;n™, M takes at most
com™ = co(cn™ ) = (coc]? )n™ "2 steps.

» Summing both stages, we got a polynomiahin
o Correctness is clear, s ¢ P. A
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Satisfiability

s A boolean variablassumes values
o true (writtenl), and false (writtem).

s Boolean operations:

o and: A
o 0or.V
® not: —
s Examples:
OAl = 0
Ovl = 1
0 =1

Slides modified by Benny Chor, based on original slides by fiéauHerlihy, Brown University. —p.26



Satisfiability

A boolean formulas an expression involving boolean
variables and operations.

o= (TAy)V(zAZ)

Definition: A formula issatisfiablaf some
assignment ofls andls to the variables makes the
formula evaluate td@.
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Satisfiability

o= (TNy)V(zAZ)
IS satisfiable by

NN g
-
o =

This assignmenrdatisfiesp.
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Satisfiability
Define

SAT = {(¢) | ¢ is satisfiable Boolean formuja
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Satisfiability

It Is useful to consider special version:

» A literalis a variable or negated variableor .
o A clauseas several literals joined bys:
(x1 VT3 VT3)

o A Boolean formula is irconjunctive normal form
(CNF) If it consists ofclausesconnected with\s.

o For example

(x1 VT3 VT3V ay) A(x3VT5Vag) A(x3V Tg)
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Satisfiability

Definition: A Boolean formula is IBCNF formif it
IS aCNF formula, and all clauses haveree literals

(1 VT2 VT3) A (23 VTV ag) A(x3V TV

Define

3SAT = {(¢) | ¢ is satisfiable 3CNF formula

Clearly, If ¢ Is a satisfiable 3CNF formula, then for
any satisfying assignment of every clause must
contain at least one literal assigned 1.
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Reductions

Claim: There Is a poly time reduction froBSAT to
CLIQUE. In other words,

3SAT <p CLIQUE .

We’ll construct a poly time reductioli that maps
3CNF formulaey to graphs and number§;:, k).

The functionf will have the property that Is
satisfiable if and only if has a clique of sizé.
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Examples: Clique
Q Q O

O O O

Reminder: Acliguein a graph is a subgraph where
every two nodes are connected by an edge.

A k-cliguels a cligue of sizé:. For example, the graph
above has a-clique
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3SAT <p CLIQUE

Let » be a 3CNF formula witlt clauses.

(SL‘l \/33_2\/33_3)/\(333\/56_5\/566)/\(333\/33_6\/334)

We define a grapl as follows:
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3SAT <p CLIQUE

We define a graply as follows:
o nodes inG are organized inttriplesty, ..., ;.
» eachtriple corresponds to alauseof ¢
# eachnodein a triple corresponds tolderal.
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3SAT <p CLIQUE

(qV Xg V X3) A(X3 V X5V Xg) A

0
‘‘‘‘
0 .
. o
N R
. .
o Lo
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3SAT vs. CLIQUE

(qV X5 V X3) A(X3 V X5V Xg) A

Add edges between all vertex pairs, except
o within same triple
o Dbetween contradictory literals
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3SAT <p CLIQUE

Claim: If ¢ is satisfiable¢ has ak-clique.

Suppose Is satisfiable.
o atleast one literal is true in every clause
»# In every tuple, select one true literal
» they can be joined by edges
» yielding ak-clique
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3SAT <p CLIQUE
Claim: If ¢ is satisfiable¢ has ak-clique.

(qV X3 V X3) A(Xg V X5V Xg) A
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3SAT <p CLIQUE
Claim: If ¢ has ak-clique, ¢ is satisfiable.

» No two of the cligues nodes are in the same triple

o Havek vertexes and clauses, so

» each triple has exactly one clique node.
» Assignl to each node in clique

# no contradictions.

- p.40
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3SAT <p CLIQUE
o We've constructed a poly time computable
function f.

o We saw that the function has the property that
¢ € 3SATifand only if f(¢) € CLIQUE.

o Thereforef is a reduction fronBSAT to
CLIQUE, so3SAT <p CLIQUE. 3
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Independent Set

)

O O

An independenin a graph is a set of vertexes, no two
of which are linked by an edge.

Theindependent sqiroblem asks whether there
exists an independent set of size
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Independent Set

Define

INDEPENDENT-SET=
{(G, k)|G contains an independent set of siZe

Claim: INDEPENDENT-SETIis polynomial time
reducible toCLIQUE,

INDEPENDENT-SET<p CLIQUE

and vice-versa,

CLIQUE <p INDEPENDENT-SET
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Independent Set

Definition: Thecomplemenbf a graphG = (V, E)
is a graphG® = (V, E°), where
E¢ = {(?}1, ?}2)‘?}1, vy €V and(vl, ?}Q)QE}

Claim: If V is anindependent sen &, thenV Is a
cliquein G*.

'"nuff said.
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Independent Set

O

G O

x/ *
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Hamiltonian Path

/ J)\

< y
O—— /

A Hamiltonian pathn a directed? visits each note
once.
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Hamiltonian Path

HAMPATH = {(G,s,t)|G has Hamiltonian path
fromstot}
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HamiltonianCircuit

: N
e S

HamiltonianCircuit
# VISIts each note once.
» ends upvhere it started
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Hamiltonian Circuit
HAMCIRCUIT = {(G) | G has Hamiltonian circu}t

Theorem: HAMPATH is polynomial-time reducible
to HAMCIRCUIT,

HAMPATH <p HAMCIRCUIT .
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Reduction

Theorem: HAMPATH is polynomial-time reducible
to HAMCIRCUIT.

——
o)
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Reduction

Theorem: HAMCIRCUIT is polynomial-time
reducible toHAMPATH.

Proof: Left as an easy (recommended) exercise.
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Definition
A languageB is NP-completaf it satisfies

s Be NP,and
o EveryAin NP is polynomial time reducible t8
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Compare

A languageB is RE-completaf it satisfies

e B e RE,and
o EveryAin RE ismappingreducible toB
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Theorem

Theorem: If Bis NP-complete an#f € P, then
P = NP.

To showP = NP (and make an instant fortune, see
www.claymath.org/millennium/P_vs_NR/suffices to find a

polynomial-time algorithm for some NP-complete
problem.
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Theorem

Theorem: If Bis NP-completeC € NP, and
B <p C, thenC i1s NP-complete.

9

°

© o o o @

We know thatC € NP,
must show that everyl in NP is poly-time

reducible taC.

Because&s is NP-complete,
every language in NP is poly-time reduciblefio

B Is poly-time rec
Can compose po

ucible t@
y-time reductiofshy?), so

A is poly-time rec

ucible t@'. 3
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Strategy

» Once we have one “structured” NP-complete
problem, we can generate more by poly-time
reduction.

o Getting the first one requires some work.

» This is what Steve Cook (then in Berkeley, now
In Toronto) and Leonid Levin (then in Moscow,
now in Boshton) did in the early seventies.
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Traveling Salesman

Roger Williams
Z00

9

10
State
Capitol
Al Forno Brown University

Restaurant
(not drawn to scale)

Parameters:

o set ofcitiesC

o set of inter-citydistanced)
o goalk
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Traveling Salesman

Define
TRAVELING-SALESMAN = {(C, D, k) | (C, D)

has a TS tour of total distance £}

Remark Can consider two versions —
undirected and directed.

Recall
HAMCIRCUIT = {(G) | G has Hamiltonian circu}t

Theorem: HAMCIRCUIT is polynomial-time
reducible toTRAVELING-SALESMAN,

HAMCIRCUIT <p TRAVELING-SALESMAN .
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HAMCIRCUIT<p TSP

The reductionGiven a directed grapty = (V, E') we
construct alirectedtraveling salesman instance.

o The cities are identical to the nodes of the
original graph( = V.

» The distance of going fromy, to v, IS 1 If
(v1,v9) € E, and2 otherwise.

o The bound on the total distance of a tour Is
k= |V
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HAMCIRCUIT<p TSP

» \alidity of Reduction

s — Suppos&s has a Hamiltonian circuit.
The distance assigned by the reduction to all
edges in this circuitis. Thus in(C, D) there
IS a traveling salesman tour of total distance
V| =k, namely
(C, D, k) € TRAVELING-SALESMAN.

s <= SupposeC, D) has a traveling salesman

tour of total distancel’| = k. Tour cannot
contain any edge of distanée Therefore it
gives a Hamiltonian circuit ird.

o Efficiency: Reduction in guadratic time (filling up
distances for all edges of the complete graph).
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3SAT (reminder)

Definition: A Boolean formula is IBCNF formif it
IS aCNF formula, and all terms havié&ree literals

(1 VT2 VT3) A (23 VTV ag) A(x3V TV

Define

3SAT = {(¢) | ¢ is satisfiable 3CNF formula

Clearly, If ¢ Is a satisfiable 3CNF formula, then for
any satisfying assignment of every clause must
contain at least one literal assigned 1.
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The Language SAT

Definition: A Boolean formula is irconjunctive
normal form(CNF) If it consists oterms connected
with As.

For example
(x1 VI3 VT3V xg) A(23VT5Vag) A (x3V Tp)

Definition:
SAT = {(¢) | ¢ is satisfiable CNF formula
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Strategy

» Once we have onstructured\P-complete

problem, we can generate more [yiy-time
reductions

» Getting the first one requires some work.
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Cook-Levin (early 70s)
Theorem: SAT is NP complete

» Must show thaeveryNP problem reduces to
SAT In poly-time.

o Proof Idea: SupposeC € NP, andM is an
NTM that acceptd.

o On inputw of lengthn, M runs in time
t(n) = n-.

o We consider the“-by-n* tableauthat describes
the computation of\/ on inputuw.
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The Tableau
t(n)

O (W

2
— Foto
cell[1,1]

cell[ 1,t(n)]
N
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The Tableau

1 2 3 t(n)

~—kololo |1 [0 [ L
cell[1,1]
cell[ 1,t(n)]

N

» Rowl1 In tableau represenisitial configuration
of M on inputw.

o Row: In tableau represenisth configurationn a
computation of\/ on inputuw.
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A Formula Simulating the Tableau

» We construct a Boolean CNF formulg, that
“mimics” the tableau.

» Given the stringw, it takesO(n*‘) steps to
constructy,,,.

o The following property holds:
O, € SAT Iff M acceptsw.

» So the mappingy — ¢,, is a poly time reduction
from £ to SAT, establishingC <p SAT.

o We still got a few small detalls to take care off...
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Detalils of Formula (Partial List)

» We construct a Boolean CNF formulg, that
“mimics” the tableau:
® ¢, uses Boolean variables of three types.
s b; i 1S true iff thej-th cell in:-th
configuration contains thettero € I'.
s s;, IS true Iff Ini-th configuration M Is in
stateq € ().
s h; ;s true Iff in :-th configuration}/, has Is
headin cell 5 on tape.

o The formulay,, consists of four parts:
v = Puniquean /N Pstartw) /N Pacceptar) A

dcomputenr)
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Details of Formula (cont.)

I ¢uniqueM) guarantees that the variables encode

legal configurations. For example, at most one of
bi,j,O andbi,ﬂ IS true.
® Ostartw) guarantees that the variables

corresponding to the first row & 1) encode the
Initial configurationof A/ onw.

® o¢acceptr) guarantees that/ reached an
accepting configuratian

® ¢computer) guarantees that the configuration

described by the + 1-st rowis a legal succession
of the configuration described by thé¢h row.
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Details of Formula (cont.)

® ¢dcomputenr) IS the “heart” ofo,,. To construct
It, employlocality of computations

» To determine contents of tableau entty;) (cell
7 In configuration:), only the contents ahree
tableau entries (from configuration- 1),

(Z o 17] o 1)7 (Z o 17j)7 (Z o 17] T 1)’ andM'’s
table, are needed.

o If head not in areajothing changesAnd and if it
IS, changes are local and determined usihg
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The Tableau in Perspective

2 3 t(n)
r—»|g_go 0

cell[1,1]

cell[ 1,t(n)]
N
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Correctness of Reduction

9

9

9

9

All four components ofy,, can be put in CNF, so
o, Itself (A of the four) is also in CNF.

The transformatiomw — ¢,, is computable in
time O(n*°).

An assignment satisfying

Puniquenn /N Pstartw)/\ Pcomputenr)
corresponds to aalid computatiorof M onw.

An assignment satisfying, in additieicceptr),

corresponds to aaccepting computatioof M
onw.
ThereforeM acceptsv iff ¢, € SAT.

For complete detalls, consult Sipser or take the
Complexity course .
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Strategy

°

We have seen th&AT is NP-complete.
We now reducé&AT to 3SAT.

And then will reduce8SAT to a bunch of other
problems in NP.

In class and recitation will give in detail just a
few examples.

Full list contains hundreds or thousands of known
NP-complete problems (from combinatorics,
operation research, VLSI design, computational
geometry, bioinformatics, ...).

NP-completeness of new and of old problems is
still established these days.
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SAT and 3SAT

Recall
SAT = {(¢) | ¢ is a satisfiabl€€NF formula}

3SAT = {(¢) | ¢ is satisfiableBCNFformula}

The reduction maps CNF formulae to 3CNF ones
“clause by clause”. A clause withliterals is mapped
to / clauses, built on the original literals together with
¢ — 1 new ones.

For example:
(x1 VT3 VT3V ayV Ts)

—
($1\/y1)/\(E\/f_z\/yz)/\(ﬁ\/f_g\/yg)/\
(U3 V x4Vys) A (g V xg)
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SAT <p 3SAT

Consider mapping — ¢s,e0. (r1 VT3 VI3 Vg Vrg) —
(1 Vy ) AN VTV ) A2 VT3V ys) AUz V 24Vys) A (s V xs)
Claim: ¢ has a satisfying assignment iff does.
Proof sketch< An assignment satisfying; cannot

“rely”

on new literals alone — at least one original

literal must be satisfied.
< An assighment satisfying makes at least one

litera
litera
enab

per clause happy. In thes clause” of this
the new veriable is under no constraints. This
es propagation to a satisfying assignment that

“relies” on new vars alone in rest of, clauses.

This establishes validity of the reduction. Since it is In
polynomial time(why?), we getSAT <p 3SAT. &.
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3SAT — Cousins and Cambrians

We now know thaBAT <p 3SAT. SInceSAT Is
NP-complete an@SATe NP, this proves thaBSAT is
itself NP-complete.

What about th&sSAT <p SAT direction?

We now want to examine what happens if we further
reducethe number of literals per clause in CNF
formulae.

Definition: A Boolean formula is rRCNFifitis a
CNFformula, and all terms have at madsto literals
For example

(x1 VT2) N (T5 V x6) N (Tg V Ty)
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3SAT — Cousins and Cambrians
Definition:
2SAT = {(¢) | ¢ is satisfiable 2CNF formula

o Betting time: IS2SAT NP-complet@ Is it in P?
Or maybe we do not know? ...

o Well, turns out2SAT Is In P. For detalls, though,
you’ll have to refer to the algorithms, ahhhm,
efficiency of computations, course.
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Chains of Reductions: NPC Problems

SAT
N
IntegerProg |3SAT
——
Clique| |3Color] |HamPath
AN
IndepSet  |Scheduling  [HamCircuit
VertexCoveqL TRAVELING-SALESMAN
SetCoverl
3ExactCovef

Knapsack
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