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AdministraTrivia
CourseRequirements:

6-7 problemsets(10-15%of grade).

Homework shouldbesolvedindependently.
Externalsources(books,journalarticles,web
pages)canbeusedbut shouldbeclearly
quoted.
Answersshouldbereadable,concise,and
correct.
Latesubmitionwill notbeaccepted.

Midtermexam(20-25%of grade).
Final exam(60-70%of grade).
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AdministraTrivia II
Prerequisites:

Extendedintroductionto computerscience
(akaSchemecourse).
Studentsfrom otherdisciplineswith some
mathematicalbackgroundareencouragedto
contacttheinstructor.

Textbook(extensively used,highly
recommended):

MichaelSipser, Introductionto thetheoryof
computation.
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Why StudyTheory?
BasicComputerScienceIssues

Whatis acomputation?
Are computersomnipotent?
Whatarethefundementalcapabilitiesand
limitationsof computers?

PragmaticReasons
Avoid intractableor impossibleproblems.
Apply ef�cient algorithmswhenpossible.
Learnto tell thedifference.
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CourseTopics
AutomataTheory:Whatis acomputer?

ComputabilityTheory:Whatcancomputersdo?
Complexity Theory:Whatmakessomeproblems
computationallyhardandotherseasy?
Copingwith intractability:

Approximation.
Randomization.
Fixedparameteralgorithms.
Heuristics.
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AutomataTheory- SimpleModels
Finiteautomata.

Relatedto controllersandhardwaredesign.
Usefulin text processingand�nding patterns
in strings.
Probabilistic(Markov) versionsusefulin
modelingvariousnaturalphenomena(e.g.
speechrecognition).

Pushdown automata.
Titely relatedto a family of languagesknown
ascontext freelanguages.
Playimportantrole in compilers,designof
programminglanguages,andstudiesof
naturallanguages.
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ComputabilityTheory
In the�rst half of the20thcentury, mathematicians
suchasKurt Göedel,Alan Turing,andAlonzo
Churchdiscoveredthatsomefundementalproblems
cannotbesolvedby computers.

Proofvericationof statementscanbeautomated.

It is naturalto expectthatdeterminingvalidity
canalsobedoneby acomputer.
Theorem:A computercannotdetermineif
mathematicalstatementtrueor false.
Resultsneededtheoreticalmodelsfor computers.

Thesetheoreticalmodelshelpedleadto the
constructionof realcomputers.
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ComputabilityTheory

asimplicial complex
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PathsandLoops

apathis a sequenceof verticesconnectedby
edges
a loop is apaththatendsandendsat thesame
vertex
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PathsandLoopscanbeDeformed

(v0; v1) , (v0; v2; v1)

(v0; v0) , (v0)
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Contractibility

contractible

not
contractible

No algorithmcandeterminewhetheranarbitrary
loop in anarbitrary�nite complex is contractible.
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SomeOtherUndecidableProblems
Doesaprogramrun forever?

Is aprogramcorrect?
Are two programsequivalent?
Is aprogramoptimal?
Doesanequationwith oneor morevariablesand
integercoef�cients (5x + 15y = 12) havean
integersolution(Hilbert's10thproblem).
Is a �nitely-presentedgrouptrivial?

Slidesmodi�ed by Benny Chor, basedonoriginal slidesby MauriceHerlihy, Brown University. – p.12



SomeOtherUndecidableProblems
Doesaprogramrun forever?
Is aprogramcorrect?

Are two programsequivalent?
Is aprogramoptimal?
Doesanequationwith oneor morevariablesand
integercoef�cients (5x + 15y = 12) havean
integersolution(Hilbert's10thproblem).
Is a �nitely-presentedgrouptrivial?

Slidesmodi�ed by Benny Chor, basedonoriginal slidesby MauriceHerlihy, Brown University. – p.12



SomeOtherUndecidableProblems
Doesaprogramrun forever?
Is aprogramcorrect?
Are two programsequivalent?

Is aprogramoptimal?
Doesanequationwith oneor morevariablesand
integercoef�cients (5x + 15y = 12) havean
integersolution(Hilbert's10thproblem).
Is a �nitely-presentedgrouptrivial?

Slidesmodi�ed by Benny Chor, basedonoriginal slidesby MauriceHerlihy, Brown University. – p.12



SomeOtherUndecidableProblems
Doesaprogramrun forever?
Is aprogramcorrect?
Are two programsequivalent?
Is aprogramoptimal?

Doesanequationwith oneor morevariablesand
integercoef�cients (5x + 15y = 12) havean
integersolution(Hilbert's10thproblem).
Is a �nitely-presentedgrouptrivial?

Slidesmodi�ed by Benny Chor, basedonoriginal slidesby MauriceHerlihy, Brown University. – p.12



SomeOtherUndecidableProblems
Doesaprogramrun forever?
Is aprogramcorrect?
Are two programsequivalent?
Is aprogramoptimal?
Doesanequationwith oneor morevariablesand
integercoef�cients (5x + 15y = 12) havean
integersolution(Hilbert's10thproblem).

Is a �nitely-presentedgrouptrivial?

Slidesmodi�ed by Benny Chor, basedonoriginal slidesby MauriceHerlihy, Brown University. – p.12



SomeOtherUndecidableProblems
Doesaprogramrun forever?
Is aprogramcorrect?
Are two programsequivalent?
Is aprogramoptimal?
Doesanequationwith oneor morevariablesand
integercoef�cients (5x + 15y = 12) havean
integersolution(Hilbert's10thproblem).
Is a �nitely-presentedgrouptrivial?

Slidesmodi�ed by Benny Chor, basedonoriginal slidesby MauriceHerlihy, Brown University. – p.12



Complexity Theory
Key notion: tractablevs. intractableproblems.

A problemis ageneralcomputationalquestion:

descriptionof parameters
descriptionof solution

An algorithmis astep-by-stepprocedure
a recipe
acomputerprogram
amathematicalobject

Wewantthemostef�cient algorithms
fastest(usually)
mosteconomicalwith memory(sometimes)
expressedasa functionof problemsize
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Example:TravelingSalesmanProblem

10 9

36

9

a

b

c

d

5

Roger Williams
Zoo

Brown UniversityAl Forno
Restaurant

State
Capitol

(not drawn to scale)

Parameters:
setof cities

setof inter-city distances

Slidesmodi�ed by Benny Chor, basedonoriginal slidesby MauriceHerlihy, Brown University. – p.14



Example:TravelingSalesmanProblem

10 9

36

9

a

b

c

d

5

Roger Williams
Zoo

Brown UniversityAl Forno
Restaurant

State
Capitol

(not drawn to scale)

Parameters:
setof cities
setof inter-city distances

Slidesmodi�ed by Benny Chor, basedonoriginal slidesby MauriceHerlihy, Brown University. – p.14



Example:TravelingSalesmanProblem

10 9

36

9

a

b

c

d

5

Roger Williams
Zoo

Brown UniversityAl Forno
Restaurant

State
Capitol

(not drawn to scale)

Solution:
wanttheshortesttour throughthecities

example:a; b; d; c; a haslength27.

Slidesmodi�ed by Benny Chor, basedonoriginal slidesby MauriceHerlihy, Brown University. – p.15



Example:TravelingSalesmanProblem

10 9

36

9

a

b

c

d

5

Roger Williams
Zoo

Brown UniversityAl Forno
Restaurant

State
Capitol

(not drawn to scale)

Solution:
wanttheshortesttour throughthecities
example:a; b; d; c; a haslength27.

Slidesmodi�ed by Benny Chor, basedonoriginal slidesby MauriceHerlihy, Brown University. – p.15



ProblemSize
Whatis anappropriatemeasureof problemsize?

mnodes?
m(m+ 1)=2 distances?

Useanencodingof theproblem
alphabetof symbols
strings:a=b=c=d==10=5=9==6=9==3.

Measures
ProblemSize:lengthof encoding(here:23
asciicharacters).
Time Complexity: how longanalgorithm
runs,asfunctionof problemsize?
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TimeComplexity - Whatis tractable?

A functionf (n) is O(g(n)) whenever
jf (n)j � c � jg(n)j for largeenoughn.

A polynomial-timealgorithmis onewhosetime
complexity is O(p(n)) for somepolynomialp(n).

An exponential-timealgorithmis onewhosetime
complexity cannotbeboundedby apolynomial
(e.g.,nlogn).
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Tractability– Basicdistinction:
Polynomialtime= tractable.
Exponentialtime= intractable.

10 20 30 40 50 60

n :00001 :00002 :00003 :00004 :00005 :00006

second second second second second second

n2 :00001 :00004 :00009 :00016 :00025 :00036

second second second second second second

n3 :00001 :00008 :027 :064 :125 :216

second second second second second second

n5 :1 3:2 24:3 1:7 5:2 13:0

second seconds seconds minute minutes minutes

2n :001 1:0 17:9 12:7 35:7 366

second second minutes days years centuries

3n :059 58 6:5 3855 2 � 108 1:3 � 1013

second minutes years centuries centuries centuries
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Effectof Speed-Ups
Let's wait for fasterhardware!Considermaximum
problemsizeyoucansolve in anhour.

present 100timesfaster 1000timesfaster
n N1 100N1 1000N1

n2 N2 10N2 31:6N2

n3 N3 4:64N3 10N3

n5 N4 2:5N4 3:98N4

2n N5 N5 + 6:64 N5 + 9:97
3n N6 N6 + 4:19 N6 + 6:29
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NP-Completeness
Yourbosssays:

“Get meanef�cient traveling-salesman
algorithm,or else.”

Whatareyougoingto do?
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Response
“YesMa'am,expectit thisafternoon!”

Problemis
All known algorithms(essentially)checkall
possiblepaths.

Exhaustive checkingis exponential.
Goodluck!
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Response
“Hah!, I will prove thatnosuchalgorithmis possible”

Problemis, proving intractabilityis veryhard.

Many importantproblemshave
noknown tractablealgorithms

noknown proofof intractability.
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Response
“I can't �nd anef�cient algorithm.
I guessI'm just apatheticloser. ”

Badfor job security.
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Response
“The problemis NP-complete.I can't �nd
anef�cient algorithm,but neithercanany
of thesefamouspeople. . . ”

Advantageis:
Theproblemis “just ashard”asotherproblems
smartpeoplecan't solve ef�ciently .

Soit woulddoyour bossnogoodto �re youand
hireaTechnion/Hebrew Univ./MIT graduate.
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Response
“Wouldyousettlefor aprettygood,but not thebest,
algorithm?”

Intractabilityisn't everything.
Findanapproximatesolution(is asolutionwithin
10%of optimumgoodenough,ma'am?).

Userandomization.
Fixedparameteralgorithmsmaybeapplicable.
Heuristicscanalsohelp.

Approximation,randomization,etc.areamong
thehottestareasin complexity theoryand
algorithmicresearchtoday.
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