
On-line and Approximation Algorithms Spring Semester, 2017/18

Final Exam: July 18, 2018

Lecturer: Prof. Yossi Azar

Write short but full and accurate answers. Each question should start on a new page and each of its parts
should not exceed a page. Two pages A4 (both sides each) are allowed.

1. We are given a set of infinite number of identical machines and jobs arrive one after the other. Initially
all machines are closed. Once a machine is open it remains open forever. At any step the algorithm can
possibly open additional machines and then assign the job to one of any of the open machines. The goal
function is to minimize the maximum load over the machines plus the number of opened machines.

(a) Let W =
∑

iwi where wi is the size of job i. Prove that OPT ≥ 2
√
W .

(b) Design a 2.5 (or better) competitive algorithm. Remark:
√
W is not necessary an integer.

(c) Show a deterministic lower bound of 5/4. Remark: partial points for a smaller number.

2. Consider online assigning of jobs to m machines in the restricted assignment model. We additionally
assume that for each job the set M(i) ⊂ M of machines job i may be assigned to contains at least k
machines. Recall that for the greedy algorithm for any i, Ri denotes the total load above height 2iλ
where λ is the optimal offline load.

(a) Show that if Ri+1 > 0 for some i then Ri ≥ kλ.

(b) Conclude that the greedy algorithm is O(log(m/k)) competitive.

(c) Show a lower bound of Ω(log(m/k)) for the competitive ratio any deterministic online algorithm.
Remark: partial points for a lower bound of Ω(logm/ log k).

3. We are given n elements in advance and sets arrive online. Each set covers some subsets of the elements.
You may accept up to k sets. The goal is to hold up to k sets that cover the maximum number of
elements (an element is counted only once even if it is covered by more than one set).

(a) Assume you know the value of OPT in advance. Design a constant competitive algorithm. Hint:
Fixed marginal value. In the analysis separate into two cases depending whether the online algo-
rithm accepted k sets or less.

(b) Design O(log n) competitive randomized algorithm (the value of OPT in unknown in advance).

(c) Now we add the power of preemption. A previously accepted set may be preempted at any time (but
a rejected or preempted set is lost forever). Show for even k a constant deterministic competitive
algorithm (without knowing the value of OPT in advance). Hint: First consider the case that the
value of OPT is known but the online algorithm can hold only k/2 sets.

4. We are given an unknown tree T and a set of k robots at the root r at the tree. We need to have all
vertices of the tree be visited by some robot and have all robots return to r. The goal is to minimize
the largest distance traveled by any robot.

(a) Design a 2− 1/k competitive algorithm on a spider (disjoint paths with common root r).

(b) Show a lower bound of 3/2 for any k ≥ 2 for spiders.

(c) Design a 8 competitive algorithm on arbitrary tree. Hint: Show that OPT ≥ 2m/k where m is the
number of edges of the tree and OPT ≥ 2d where d is the depth of the tree.

The duration of the exam is 3 hours. GOOD LUCK
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