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Lecture Notes 13: Picking the Winner

Professor: Yossi Azar Scribe:Ronnie Barequet

1 Problem Definition

• n cells

• Balls arrive one after another, each falling into some cell

• One opportunity to choose a cell at some time

• Profit: future balls falling into this cell

Assumption: In some cell the total number of balls will be m.

2 Deterministic Algorithms

If the strategy is deterministic, then the worst-case profit is 0 !

3 Randomized Algorithms

Randomized approaches:

1. Select a random cell at the start. If all the balls fall into one cell, then OPT = m and
ON = (1/n) ·m = m/n. So the competitive ratio is ≥ n !

2. Select a threshold according to some distribution, and select the first cell arriving at
the threshold—problematic (??)

Theorem 1 There exists an algorithm obtaining competitive ratio O(log n) w.p. 0.99 (1−
ε), that is, w.p. 0.99 (1− ε) we win Ω(m/ log n) balls.

Proof: We first prove that w.p. 1/3 we can get m/(2 log n) balls. Divide the range [0,m]
into 2 log n pieces:
0, m/(2 log n), . . . (m/(2 log n)) ∗ (2 log n− 1),m
1/n2, 2/n2, . . . 1/2

The ith threshold m/(2 log n)) ∗ i is chosen w.p. 2i/n2, for 0 ≤ i ≤ 2 log n− 1. For each
cell a threshold is chosen independently according to the above distribution. We choose the
cell which first attains its threshold.

Suppose that the series of thresholds is (x1, x2, . . . , xn), for xi ∈ {0, 1, .., 2 log n}. Sup-
pose also that in some instance we choose the jth cell. If the number of balls which fall
in into this cell is eventually more than the threshold xj + 1, then we calls this threshold
choice good (i.e., we gain at least m/(2 log n) balls).
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If we choose instead the thresholds (x1, x2, . . . , xj − 1, xj , xj + 1, . . . , xn), then in this
new vector surely the jth cell is still chosen. And, by definition, this is a good choice.
Furthermore, If the probability of choosing some bad point is p, then the probability of
choosing its matching good point is p/2 (since the thresholds are chosen independently,
and the probability of choosing xj is twice as of xj − 1). Thus, w.p. at least 1/3 we gain
m/(2 log n) balls.

Actually, we made two “deceptions” which we neglected.

1. 1-1 matching: For each good point with an origin bad point, this point can only be
(x1, x2, . . . , xj + 1, . . . , xn), where cell j is chosen in the good point.

2. Zeroes: Points in which xj = 0 don’t have a matching point. Such points are chosen
w.p. > n/n2 = 1/n.

Summing up, the probability of success is really at least
1/3 ∗ (1− 1/n - 1/n).

unmatched the probability we don’t
points chose anything, i.e., some
(zeroes) coordinate wasn’t chosen.

In order to improve to 0.99(1 − ε), we need to divide the range into more thresholds,
and then we can match almost every bad point to 100 good ones with essentialy the same
probability (except low ones, which are chosen w.p. O(1/n)).
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Next lesson: We’ll show that the 1/ log n ratio is tight.
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