
6 'qn libxz oexzt
.zihphqiqpew T ∪ {A} f` T `HPC A-e zihphqiqpew T m` (`) .1

.T 6`HPCB `gqep zniiw f` .T `HPC A-e zihphqiqpew T iidz :dgked
zeiaihifpxhn .T ∪ {A} `HPC B f` .'pew dpi` T ∪ {A}-y dlilya gipp

.dgpdl dxizqa T`HPCB ,`HPC

.zihphqiqpew dpi` T ∪ {A} mn` T `HPC ¬A (a)
:dgked

,`HPC zeipehepenn .T `HPC ¬A gipp :(⇐)
dzika epgkedy dnlne T ∪ {A} `HPC A ok enk .T ∪ {A} `HPC ¬A

.zihphqiqpew dpi` T ∪ {A} okle B lk xear T ∪ {A} `HPC B raep
dgked .T ∪ {A} `HPC ¬A okl .zihphqiqpew dpi` T ∪ {A} gipp :(⇒)

:HPC-a T jezn ¬A ly
d`vxdn dnl - A → A

divweccd htyn itl T ∪ {A} `HPC ¬A-n raep - A → ¬A
dneiqw` - (A → A) → ((A → ¬A) → ¬A)

MP miinrt - ¬A

A mn` dwitq `idy gikepe TA miweqt zveaw xicbp .idylk A dveaw dpezp .2
:zizlidw-ec

:miineh`d miweqtd •
wtzqi qab-y dpeekd xy`k qab ineh` weqt epl didi a, b ∈ A lkl –

.mipky a, b mn`
pi

a-y dpeekd xy`k p1
a, p2

a miineh` miweqt epl eidi a ∈ A lkl –
.i ∈ {1, 2} ,a ∈ Ai mn` wtzqi

T1 = {qab | a, b ∈ A are neighbors}∪{¬qab | a, b ∈ A are not neighbors} •
didz A1-y gihadl dcrep dveawd - T2 = {p1

a ∧ p1
b → qab | a, b ∈ A} •

.dlidw
didz A2-y gihadl dcrep dveawd - T3 = {p2

a ∧ p2
b → qab | a, b ∈ A} •

.dlidw
.A1 ∪A2 = A-y gihadl dcrep dveawd - T4 = {p1

a ∨ p2
a | a ∈ A} •

.TA = T1 ∪ T2 ∪ T3 ∪ T4 •
.dwitq TA mn` zizldw-ec A :dprh

:dgked
jk A1 ⊆ A,A2 ⊆ A zelidw izy zeniiw f` .zizldw-ec A-y gipp (⇐) :

.A1 ∪A2 = A-y
a, b ∈ A lkly daiaq ρ idz .d`ad dxeva TA z` wtqzy ρ daiaq xicbp

:zniiwn
ρ(p1

a) = t ⇔ a ∈ A1

ρ(p2
a) = t ⇔ a ∈ A2

1



ρ(qab) = t ⇔ a, b are neighbors

:zniiwzn zeiexyt`d zg` f` .ψ ∈ TA idi .[[TA]]ρ = t-y ze`xdl x`yp

.ρ(qab) = t ,ρ zxcbd itl f` ,mipky a, b ∈ A xear ψ = qab m` .ψ ∈ T1 (`)
,ρ(qab) = f-y oeeikn .mipky mpi`y a, b ∈ A xear ψ = ¬qab zxg`

.ρ(¬qab) = t

mipky mpi` a, b m` .mdylk a, b ∈ A xear ψ = p1
a∧p1

b → qab f` .ψ ∈ T2 (a)
.da mi`vnp b mbe a mby okzii `l ,dlidw A1-y oeeikn .ρ(qab) = f f`
.ρ(qab) = t-e mipky a, b zxg` .ψ z` zwtqn ρ okle [[p1

a ∧ p1]]ρ = f okl
.ψ z` zwtqn ρ dfd dxwna mb

.mcewd dxwnl zixhniq dgked .ψ ∈ T3 (b)
,A = A1 ∪ A2-y oeeikn .edylk a ∈ A xear ψ = p1

a ∨ p2
a f` .ψ ∈ T4 (c)

.ψ z` zwtqn ρ okl .ρ(p2
a) = t e` ρ(p1

a) = t okle a ∈ A2 e` a ∈ A1

:(⇒)
.zizlidw-ec `id A-y gikep .dwitq TA-y gipp

ote`a A ly A1, A2 zeveaw-zz izy xicbp .TA z` zwtqny daiaq ρ idz
:`ad

Ai = {a ∈ A | ρ(pi
a) = t}, i ∈ {1, 2}

e` a ∈ A1 okl .[[p1
a ∨ p2

a]]ρ = t ,p1
a ∨ p2

a ∈ TA-y oeeikn .edylk a ∈ A idi
.a ∈ A2

,p1
a ∧ p1

b → qab ∈ TA-y oeeikn .ρ(p1
a) = ρ(p1

b) = t f` .a, b ∈ A1 eidi
mipky mpi`y a′, b′ ∈ A lkly oeeikn .ρ(qab) = t okle [[p1

a ∧ p1
b → qab]]ρ = t

.mipky gxkda a, b-y lawzn ρ(qa′b′) = f okle ¬qa′b′ ∈ TA

.mipky md a, b :a, b ∈ A2 lkly ze`xdl xyt` ixhniq ote`a
.zizlidw-ec A-y epi`xd

`id A ly ziteq dveaw-zz lk mn` zizlidw-ec A :dprhd z` gikep zrk
.zizlidw-ec

:(⇐)
.zizlidw-ec `id A ly ziteq dveaw-zz lk :gikep .zizlidw-ec dveaw A gipp
lk ,zeihwtnewd htyn itl .dwitq `id dlrnl epipay TA ⇐ zizlidw-ec A

.dwitq `id TA ly ziteq dveaw-zz
.mcew xaqedy ote`a TA′ dveawd z` dpap .A ly ziteq dveaw-zz A′ idz

.dwitq TA′ mn` zizlidw-ec A′ ,epgkedy dprhd itl
-itq TA′ okl .ziteq dpidye TA ly dveaw-zz `id TA′-y (!ewca) ze`xl lw

.zizlidw-ec A′-y raep o`kn .dw

:(⇒)
.zizlidw-ec `id A-y gikep .zizlidw-ec `id A ly dveaw-zz lky gipp
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.dwitq `idy ze`xdl yi .mcewn enk zxcbeny miweqt zveaw TA idz
:`ad ote`a A′ dveawd z` xicbp .TA ly ziteq dveaw-zz T ′ idz

A′ = {a ∈ A | p2
a or p1

a appears in some formula in T ′}

.zizlidw-ec `idy o`kn .A ly ziteq dveaw-zz `id A′-y (!ewca) ze`xl lw
.A′1 ∪A′2 = A′-e zelidw ody A′1 ⊆ A′, A′2 ⊆ A′ zeveaw-zz izy zeniiw f`

:zniiwnd daiaq ρ idz
mipky a, b ⇔ ρ(qab) = t :a, b ∈ A lkl

a ∈ A′2 ⇔ ρ(p2
a) = t ;a ∈ A′1 ⇔ ρ(p1

a) = t :a ∈ A′ lkl

zeiexyt`d epkzii ,T ′ ⊆ TA-y oeeikn .ψ ∈ T ′ idi :T ′ z` zwtqn ρ-y d`xp
:ze`ad

.ρ(qab) = t ,ρ zxcbd itl .mipky a, b ∈ A xear ψ = qab •
okle ρ(qab) = f ,ρ zxcbd itl .mipky mpi`y a, b ∈ A xear ψ = ¬qab •

.[[¬qab]]ρ = t

,T ′-a miriten p1
a, p1

b-y oeeikn .a, b ∈ A xear ψ = p1
a ∧ p1

b → qab •
.v(p1

a ∧ p1
b) = t okle ρ(p1

a) = t, v(p1
b) = t f` ,a, b ∈ A′1 m` .a, b ∈ A′

.[[ψ]]ρ = t okl .ρ(qab) = t okle mipky a, b ,dlidw A′1-y oeeikn
.[[ψ]]ρ = t-e [[p1

a ∧ p1
b ]]ρ = f zxg`

.mcewd sirql ixhniq ote`a .a, b ∈ A xear ψ = p2
a ∧ p2

b → qab •
A′-y oeeikn .a ∈ A′ ,T ′-a riten p1

a-y oeeikn .a ∈ A xear ψ = p1
a ∨ p2

a •
.[[p1

a ∨ p2
a]] = t ,ρ zxcbd itl .a ∈ A′2 e` a ∈ A′1 ,zizlidw-ec

TA ,zeihwtnewd htyn itl .dwitq TA ly ziteq dveaw-zz lky epi`xd
.zizlidw-ec A mn` dwitq TA ,okl mcew epgkedy dprh itl .dwitq
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