
oeiey mr oey`x xcqn dwibel

:d`vxdn zxekfz
= ix`pia qgi oniq zllek dly dxehpbiqdy dty `id oeiey mr oey`x xcqn dty

.oeieeyk fxkeny
M =< D, I > dpan `ed oeiey mr oey`x xcqn dtya dxez xear il`nxep lcen

:xnelk ,zedfd qgi `ed I[=] eay

I[=] = {< a, a > | a ∈ D}
L ly oeieyd zeneiqw` zveaw - Eq(L) ,oeiey mr oey`x xcqn L dty ozpida

:`ad ote`a zxcben

∀x(x = x) .1

∀x∀y(x = y) → (y = x) .2

∀x∀y∀z(((x = y) ∧ (y = z)) → (x = z)) .3

:L-a f inewn-n divwpet oniq lkl .4
∀x1...∀xn∀y1...∀yn(x1 = y1 ∧ ... ∧ xn = yn → f(x1, ..., xn) = f(y1, ..., yn))

:L-a p inewn-n qgi oniq lkl .5
∀x1...∀xn∀y1...∀yn(x1 = y1∧...∧xn = yn → (p(x1, ..., xn) → p(y1, ..., yn)))

.il`nxep `ed Eq(L) ly lcen lk :jxtd e` gked :1 libxz

-niq `lle) oeiey mr L dtya M =< D, I > dpand z` lynl gwp ,dpekp `l dprhd
.I[=] = {(1, 1), (1, 2), (2, 2), (2, 1)}-e ,D = {1, 2} xy`k ,(mitqep qgie divwpet ip

.zedfd qgi epi` I[=] qgid la` ,Eq(L) ly lcen `ed dpand

lcen miiw f` .M-a dnyd v-e Eq(L) ly lcen M-e dty L idz :gked :2 libxz
:A `gqep lkly jk M ′-a v′ dnyd zniiw M-a v dnyd lkl :miiwnd M ′ il`nxep

M, v |= A ⇔ M ′, v′ |= A

:dgked

:D lr ∼ qgi xicbp
a ∼ b ⇔< a, b >∈ I[=]

qgi mb oaenke) divp`exbpew qgi `ed ∼-y ze`xl lw ,Eq(L) ly lcen M-y oeeikn
.(zeliwy

,xnelk .(d`vxda ec[a] epniqy dn) ∼ itl a ly zeliwyd zwlgn z` [[a]]-a onqp
[[a]] = {b ∈ D | b ∼ a}

.D′ = {[[a]] | a ∈ D} xy`k ,M ′ =< D′, I ′ > idi
:a1, ..., an ∈ D lkl - L ly mireawe qgi ,divwpet ipniq xear `ad ote`a zxcben I ′

< [[a1]], ...[[an]] >∈ I ′[p] ⇔< a1, ..., an >∈ I[p]
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I ′[f ][[[a1]], ..., [[an]]] = [[I[f ][a1, ..., an]]]

I ′[c] = [[I[c]]]

ly lcen M-y oeeikn ghaen dfe ,mibivpd zxigaa dielz dpi` ef dxcbdy `ceel yi
.5-e 4 zeneiqw`d

:`ad ote`a M ′-a v′ dnyd xicbp ,M dpana v dnyd ozpida

v′[x] = [[v[x]]]

:t dpan lr divwecpi`a - dgked .v′[t] = [[v[t]]] miiwzn t mvr my lkl :1 dprh

.t = x •
.v′ zxcbd itl zniiwzn dprhd

.t = c •
.v′[c] = I ′[c] = [[I[c]]] = [[v[c]]]

.t = f(t1, ..., tn) •
.v′[ti] = [[v[ti]]] ,divwecpi`d zgpd itl .v′[f(t1, ..., tn)] = I ′[f ][v′[t1], ..., v′[tn]]

okl

v′[f(t1, ..., tn)] = I ′[f ][[[v[t1]]], ..., [[v[tn]]]] = [[I[f ][v[t1], ..., v[tn]]]] = [[v[f(t1, ..., tn)]]]

lr divwecpi`a - dgked .M,v |= A ⇔ M ′, v′ |= A miiwzn A `gqep lkl :2 dprh
:A dpan

.A = p(t1, ..., tn) •

M, v |= p(t1, ..., tn) ⇔< v[t1], ..., v[tn] >∈ I[p] ⇔

⇔∗< [[v[t1]]], ..., [[v[tn]]] >∈ I ′[p] ⇔∗∗< v′[t1], ..., v′[tn] >∈ I ′[p] ⇔ M ′, v′ |= p(t1, ..., tn)

I ′ zxcbd itl - ∗
.1 dprh itl - ∗∗

.A = B ∧ C •
⇔ M,v |= C mbe M,v |= B ⇔ M,v |= B ∧ C

.M ′, v′ |= B ∧ C ⇔ M ′, v′ |= C mbe M ′, v′ |= B :divwecpi`d zgpd itl

.cal enilyd - A = B → C, A = ¬B,A = B ∨ C •

2



.A = ∀xB •
,a ∈ D idi :dprh gikep dligz

v(a/x)′ = v′([[a]]/x)

v′[y] = [[v[y]]] :zxcbend M ′-a dnyd `id v′ ,M-a v dnyd ozpida :zxekfz
:dgked

v(a/x)′[y] = [[v(a/x)[y]]] = { [[v[y]]] y 6= x
[[a]] y = x

v′([[a]]/x)[y] = { v′[y] = [[v[y]]] y 6= x
[[a]] y = x

M, v |= ∀xB ⇔ ∀a ∈ D : M,v(a/x) |= B ⇔∗ ∀a ∈ D : M ′, v(a/x)′ |= B ⇔

⇔∗∗ ∀a ∈ D : M ′, v′([[a]]/x) |= B ⇔ ∀b ∈ D′ : M ′, v′(b/x) |= B ⇔ M ′, v′ |= ∀xA

divwecpi`d zgpd itl - ∗
mcew epgkedy dprh itl - ∗∗

.cal enilyd - A = ∃xB •
:zedfd qgi `ed I ′[=] xnelk ,il`nxep `ed eprvdy M ′ dpandy `ceel wx xzep zrk

< [[a]], [[b]] >∈ I ′[=] ⇔< a, b >∈ I[=] ⇔ [[a]] = [[b]]

-y jk M ′ il`nxep dpan miiw ,Eq(L) ly lcen epidy M dpan lkl :dpwqn
!il`ieixh `l cg` oeeik yiy al eniy ,zia libxz - M |= A ⇔ M ′ |= A

.d`vxd e`x - zetqep zeaeyg zepwqn
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