
8 'qn lebxz - aygnd ircnl dwibel

dwihpnq - mihwicxtd aiygz

:iaihi`ehpi` xaqd
lkzqp .dly dxehpbiqa `vnp R2 ix`pia qgi oniqy jk oey`x xcqn dty L iidz
t zn` jxr lawl dkixv ef `gqep m`d .∀x(∀y(R(x, y) → ¬R(y, x))) `gqepd lr

?xicbpy dwihpnqa
minvrd mdn mbe R2 qgid oniq z` yxtl mivex epgp` ji` ielz dfy `id daeyzd
,dnyd lkae lcen lka zepekpy ze`gqep yiy d`xp jk xg`) .ea mipc ep`y mlera

.(zibel zetwzd ze`gqepd od dl`
:zepey zeiexyt` dnk lr lkzqp

-i`ehpi`d oaend .< xcqd qgik R z` yxtp xy`k ,miirahd mixtqnd :mler .1
.y < x miiwzn `l f` x < y miiwzn m` ,miirah x, y lkl :`gqepd ly iaih

.t jxr lawz `gqepdy mipiipern ep` dl`k mi`pza

-i`ehpi`d oaend .≤ xcqd qgik R z` yxtp xy`k ,miirahd mixtqnd :mler .2
oaenk .y ≤ x miiwzn `l f` x ≤ y miiwzn m` ,miirah x, y lkl :`gqepd ly iaih

.x = y eay avn okzii ik ,dpekp dpi` `gqepd dfd dxwnay

mrtd mb .⊆ qgid :R ly yexitd .miirahd mixtqnd ly zeveaw zz :mler .3
.dveaw dze` md x, y eay avn okzii ik dpekp dpi` `gqepd

zyw zniiw mn` R(x, y) :R ly yexitd .oezp oeekn `l sxba miznv :mler .4
zyw zniiw m` ,x, y miznv ipy lkl :`gqepd ly iaihi`ehpi`d oaend .y-l x-n
,df avnay mivex epiide dpekp dpi` ef dprh .x-l y-n zyw zniiw `l f` y-l x-n

.f jxr lawz `gqepd

:dwihpnq ly zil`nxet dxcbd
xecq bef epid L xear dpan .σ dxehpbiq zlra oey`x xcqn dty L idz

(dpand ly oiinecd e` mlerd) minvr ly dwix `l dveaw D xy`k M =< D, I >
:zniiwnde σ lr zxcbend divhxtxhpi` ziivwpet I-e

I[c] ∈ D •
I[Rn] ⊆ Dn •

I[fn] : Dn → D •
?mcew epi`xy ze`nbecdn zg` lk xear dpand edn

dty lr lkzqp .`gqepd ly zn`d jxr z` reawl liaya witqn cinz `l dpan
:`ad dpand z` xgap .c reawe R ix`pia qgi oniqn zakxen dly dxehpbiqdy

?df dpana dpekp R(x, c) `gqepd m`d .I[R] =≤, I[c] = 3 xy`k M =< N, I >
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divwpet `id v : V AR → D dnyd .dxear dpan M =< D, I >-e dty L idz
dnyd lk `id v ly hp`ix`e-x ,v dnyd ozpida .mlera mvr dpzyn lkl dni`znd

.x dpzynl zpzep `idy jxra xzeid lkl v-n dpeyy
xtqn x-l dni`zny dnyd lk zgz ,lirly dpand ozpida :epi`xy `nbeca lynl

.wtzqdl dkixv `gqepd ,3-l deey e` ohwy irah

divwpet ,v : TERMS → D-l zagxen v dnyd ,L dty xear M dpan ozpida
:`ad ote`a oiinecl dtya mvrd zeny lkn

v[x] = v[x] •
v[c] = I[c] •

v[f(t1, ..., tn)] = I[f ][v[t1], ..., v[tn]] •

.v mewna v meyxp zehyt myl dzrn

mdylk mvr zeny t, s1, s2 eidi :mvr zeny xear dtlgdd htyn z` gked :1 libxz
.v[t{s1/x}] = v[t{s2/x}] :v[s1] = v[s2] zniiwnd v dnyd lkl f` .dpzyn x-e

.v[s1] = v[s2] zniiwnd dnyd v iidz .t dpan lr divwecpi`a :dgked

.v[t{s1/x}] = v[t{s2/x}] okle t{s1/x} = t{s2/x} = t f` .t = c e` t = y 6= x •
okle t{s1/x} = s1, t{s2/x} = s2 f` .t = x •

.v[t{s1/x}]v[s1] = v[s2] = v[t{s2/x}]
.t = f(t1, ..., tn) •

f(t1, ..., tn){s1/x} = f(t1{s1/x}, ..., tn{s1/x})

f(t1, ..., tn){s2/x} = f(t1{s2/x}, ..., tn{s2/x})

v[f(t1, ..., tn){s1/x}] = v[f(t1{s1/x}, ..., tn{s1/x})] = I(f)[v[t1{s1/x}], ..., v[tn{s1/x}]]
okl .1 ≤ i ≤ n xear v[ti{s1/x}] = v[ti{s2/x}] ,divwecpi`d zgpd itl

I(f)[v[t1{s1/x}], ..., v[tn{s1/x}]] = I(f)[v[t1{s2/x}], ..., v[tn{s2/x}]] =

= v[f(t1{s2/x}, ..., tn{s2/x})] = v[f(t1, ..., tn){s2/x}]

:`ad ote`a xcben |= wetiqd qgi ,v dnyde M =< D, I > dpan ozpida

< v[t1], ...v[tn] >∈ I[p] mn` M,v |= p(t1, ..., tn) •
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M,v 6|=A mn` M, v |= ¬A •
M, v |= B mbe M, v |= A mn` M, v |= A ∧B •
M,v |= B e` M, v |= A mn` M, v |= A ∨B •
M, v 6|=A e` M, v |= B mn` M, v |= A → B •

M,v′ |= A ,v ly v′ hp`ix`e-x lkl mn` M, v |= ∀xA •
M,v′ |= A-y jk v ly v′ hp`ix`e-x miiw mn` M, v |= ∃xA •

.M, v |= A ,v dnyd lkl m` (M |= A) M dpana dtwz A `gqep
.M dpan lka dtwz `id m` zibel dtwz A `gqep

.zibel zetwz od m`d raw ,ze`ad ze`gqepd xear :2 libxz

cigi miiw cinz :`gqepd ly iaihi`ehpi`d oaend .∃x(P (x) → ∀xP (x)) •
:zibel dtwz `gqepdy gikep .llkd lr cirnd

.mdylk dnyde dpan M, v eidi
miiwy oeeikn ,ok enk .M,v|=P (x) → ∀xP (x) f` ,M, v|=∀xP (x) m`

,(v′ = v dfd dxwna) M,v′|=P (x) → ∀xP (x)-y jk v ly v′ hp`ix`e-x
.M, v|=∃x(P (x) → ∀xP (x)) miiwzn

la` .M,v′ 6|=P (x)-y jk v ly v′ hp`ix`e-x miiw f` .M,v 6|=∀xP (x) zxg`
.M, v|=∃x(P (x) → ∀xP (x)) okle M, v′|=P (x) → ∀xP (x) f`

.B = ∀x(P (x) ∨Q(x)) → (∀xP (x)) ∨ (∀xQ(x)) •
:lynl .dtwz dpi` `gqepd eay dpan ly zg` `nbec zzl witqn

i` xtqn n mn` n ∈ I[Q] ,ibef xtqn n mn` n ∈ I[P ] xy`k M =< N, I >
.ibef

:miiwzn v dnyde M dpan lkl f` A-a iyteg epi` x m`y gked :3 libxz

M, v |= (∀x(A → B)) → (A → ∀xB)

.M,v 6|=∀x(A → B) → (A → ∀xB)-y jk v dnyde M dpan miiwy dlilya gipp
.M, v 6|=A → ∀xB-e M, v |= ∀x(A → B) f`

.M, v′ 6|= B-y jk v ly v′ hp`ix`e-x miiw f` .M,v 6|=∀xB-e M, v |= A okl
.M, v′ 6|=A → B okl .M, v′ |= A ,M,v |= A-e x6∈FV (A)-y oeeikn

.dgpdl dxizqa ,M, v 6|=∀x(A → B) okl

.M,v |= A m` A `gqep ly lcen-T `ed (M, v) befd .1

ly lcen-T `ed (M,v) A ∈ T lkl m` T dxez ly lcen-T `ed (M, v) befd .2
.A
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.M |= A m` A `gqep ly lcen-V `ed M .3

.A ly lcen-V `ed M A ∈ T lkl m` T dxez ly lcen-V `ed M .4

.A ly lcen-T mb `ed T ly lcen-T lk m` T `t
FOL A :driap-T qgi .5

.A ly lcen-V mb `ed T ly lcen-V lk m` T `v
FOL A :driap-V qgi .6

.T`t
FOLA → B ⇔ T ∪ {A} `t

FOL B :gked :4 libxz

-T epi` (M, v) m` .T ly lcen-T (M, v) idi .T ∪ {A} `t
FOL B-y gipp :(⇐)

.A → B ly lcen-T `ed f` ,A ly lcen
ly lcen-T mb `ed ,T ly lcen-T `edy oeeikne A ly lcen-T `ed (M,v) zxg`
lcen-T mb `ed okle B ly lcen-T `ed (M, v) ,T ∪{A} `t

FOL B-y oeeikn .T ∪{A}
.A → B ly

ly lcen-T (M, v) f` .T ∪{A} ly lcen-T (M,v) idi .T`t
FOLA → B-y gipp :(⇒)

lcen-T (M, v)-y raep T`t
FOLA → B mbe T ly lcen-T (M,v)-y jkn .A lye T

(M, v)-y raep A ly lcen-T mbe A → B ly lcen-T (M,v)-y jkn .A → B ly
.B ly lcen-T

.xaqd ?T`v
FOLA → B ⇔ T ∪ {A} `v

FOL B mb miiwzn m`d
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