
5 'qn lebxz - aygnd ircnl dwibel

zikxr-ax dwibel ,zil`peivwpet zenly ,zeil`nxep zexev ,zeieliwy

:miiwzn p lkle ψ lkl f` T `CPL A ↔ B m` (miihpleiew` zavd) :1 htyn

T `CPL ψ{A/p} ↔ ψ{B/p}

zeiedfa yeniyl dnecd ote`a miwqid jxevl zeieliwya yeniy xyt`n htynd
.dxabl`a

:zeaeyg zeieliwy

:mipeniq
zihqipeivi`ehpi`d dwibela mb zetwz (I)-a zepneqnd zeieliwyd -

.A ≡ B onqp ,`CPL A ↔ B mewna -

-a dlewy dgqep dgqep lkl `evnl zxyt`n ef dveaw) .dlily :1 dveaw .1
miweqt iptl wx riten ¬ day dgqep xnelk ,(Negation normal form) NNF

(.miineh`

¬¬A ≡ A :dletk dlily (`)
:obxen-dc (a)

¬(A ∧B) ≡ ¬A ∨ ¬B .i
(I) ¬(A ∨B) ≡ ¬A ∧ ¬B .ii

¬(A → B) ≡ A ∧ ¬B .iii

.(sqep xywe ¬-a wx ziq`lwd dwibela ynzydl zxyt`n) :2 dveaw .2

A → B ≡ ¬A ∨B (`)
A ∨B ≡ ¬A → B (a)

A ∧B ≡ ¬(A → ¬B) (b)

.(miixbeq `ll A1 ∧A2... ∧An, A1 ∨A2... ∨Am aezkl zxyt`n) :3 dveaw .3

:zeihphetnci` (`)
(I) A ∨A ≡ A .i
(I) A ∧A ≡ A .ii

:zeiaih`iveq` (a)
(I) A ∨ (B ∨ C) ≡ (A ∨B) ∨ C .i
(I) A ∨ (B ∧ C) ≡ (A ∧B) ∧ C .ii

:zeiaihhenew (b)
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(I) A ∨B ≡ B ∨A .i
(I) A ∧B ≡ B ∧A .ii

zexev xnelk ,DNF -e CNF zexevl NNF zxevn ribdl zxyt`n) :4 dveaw .4
(.zeil`nxep zeiaihwpeiqic/zeiaihweipew

:zeiaiheaixhqic (`)
(I) A ∧ (B ∨ C) ≡ (A ∧B) ∨ (A ∧ C) .i
(I) A ∨ (B ∧ C) ≡ (A ∨B) ∧ (A ∨ C) .ii

:(absorption) drila (a)
(I) A ∨ (A ∧B) ≡ A .i
(I) A ∧ (A ∨B) ≡ A .ii

(zexixb ly divwecx zxyt`n) :5 dveaw .5

(I) A → (B → C) ≡ A ∧B → C (`)
(I) A → (B ∧ C) ≡ (A → B) ∧ (A → C) (a)
(I) (A ∨B) → C ≡ (A → C) ∧ (B → C) (b)

(¬A → ¬B) ≡ B → A (c)

A ↔ B ≡ (A → B) ∧ (B → A) :6 dveaw .6

`id Ci dgqep lk xy`k C1 ∧ ...∧Cm dxevdn `id m` CNF zxeva dpid A dgqep
.meh` ly dlily e` meh` e` `id Bj

i dgqep lke B1
i ∨ ... ∨Bni

i dxevdn

Ci `gqep lk xy`k C1 ∨ ... ∨ Cm dxevdn `id m` DNF zxeva dpid A dgqep
.meh` ly dlily e` meh` e` `id Bj

i `gqep lke B1
i ∧ ... ∧Bni

i dxevdn `id

.DNF e` CNF zxeva dlewy dgqep `evnl xyt` dgqep lkly d`xp hrn cer

.p ↔ (q ∧ ¬p) dgqepl dlewyd CNF zxeva dgqep `evnl yi :1 libxz

p ↔ (q∧¬p) ≡ (p → (q∧¬p))∧((q∧¬p) → p) ≡2a ((¬p∨(q∧¬p))∧(¬(q∧¬p)∨p))

≡2a,3a,3b (¬p ∨ (q ∧ ¬p))︸ ︷︷ ︸
≡¬p

∧(¬q ∨ p) ≡∗ ¬p ∧ (¬q ∨ p)︸ ︷︷ ︸
CNF

(∗) (¬p ∨ (q ∧ ¬p)) ≡3c ¬p ∨ (¬p ∨ q) ≡4b ¬p

.d`ln CNF zxeva dpi` dlawzdy dgqepdy al eniy
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dniyxd) −→p =< p1, ..., pn > `id dly miineh`d miweqtd zniyxy A dgqep lkl
,A ly zn`d ziivwpet z` xicbdl ozip ,(mineh`d ly miqwcpi`d itl zxceqn

:d`ad dxeva g
−→p
A : {t, f}n → {t, f}

g
−→p
A (x1, ..., xn) = v(A)

.xi jxrd z` pi meh`l zpzepd dnyd `id v xy`k

`evnl xyt` −→p =< p1, ..., pn > lkle f : {t, f}n → {t, f} divwpet lkl :2 htyn
:y jk ,DNF zxeva ϕ dgqepe CNF zxeva ψ dgqep

g
−→p
ψ = g

−→p
ϕ = f

:If...then...else ycg inewn-zlz xyw zxcbd zxfra htynd z` mibcp
v(If p then q else r) = v(q) f` v(p) = t m`
v(If p then q else r) = v(r) f` v(p) = f m`

:xywd ly zn`d zlah

p q r If p then q else r
t t t t
t t f t
t f t f
t f f f
f t t t
f t f f
f f t t
f f f f

:If p then q else r-l d`ln DNF zxev

(p ∧ q ∧ r) ∨ (p ∧ q ∧ ¬r) ∨ (¬p ∧ q ∧ r) ∨ (¬p ∧ ¬q ∧ r)

:If p then q else r-l zxvewn DNF zxev

(p ∧ q) ∨ (¬p ∧ r)

:¬(If p then q else r)-l d`ln DNF zxev

(p ∧ ¬q ∧ r) ∨ (p ∧ ¬q ∧ ¬r) ∨ (¬p ∧ q ∧ ¬r) ∨ (¬p ∧ ¬q ∧ ¬r)

:¬(If p then q else r)-l zxvewn DNF zxev

(p ∧ ¬q) ∨ (¬p ∧ ¬r)
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:If p then q else r-l d`ln CNF zxev

(¬p ∨ q ∨ ¬r) ∧ (¬p ∨ q ∨ r) ∧ (p ∨ ¬q ∨ r) ∧ (p ∨ q ∨ r)

:If p then q else r-l zxvewn CNF zxev

(¬p ∨ q) ∧ (p ∨ r) ≡ (p → q) ∧ (¬p → r)

zn` ziivwpet lkl m` zil`peivwpet dnly `xwiz S mixyw zveaw
−→p `id dly miineh`d miweqtd zniyxy A dgqep zniiw f : {t, f}n → {t, f}

:miiwzne

S-n mixyw wx dlikn A .1

g
−→p
A = f .2

.zil`peivwpet zenly od {∨,¬} ,{∧,¬} ,{→,¬} zeveawd :2 htynn dpwqn

:↓ xywd ly zn`d zlah dpezp :2 libxz

p q p ↓ q
t t f
t f f
f t f
f f t

.zil`peivwpet dnly `id {↓} dveawdy gked

idylk zil`peivwpet dnly mixyw zveaw `hal ozipy ze`xdl witqny al miyp
:↓ zxfra ¬A-e A ∧B z` `hap ,lynl .(?recn) ↓ xywd zxfra

A ∧B ≡ ((A ↓ A) ↓ (B ↓ B))

¬A ≡ A ↓ A

dpeyy divwpet `evnl epilr ?dnly `l zniieqn mixyw zkxrny `ceel xyt` ji`
.l"pd mixywdn akxeny weqt lk ly zn`d ziivwpetn

.zil`peivwpet dnly dpi` {→,∧} mixywd zkxrny gked :3 libxz

zn`d zlah z` dl`d mixywd z` wx likny weqt zxfra `hal ozip `l lynl
:d`ad

p q
t t f
t f t
f t t
f f t

4



.mineh`dn divwecpi`a zipapd dveaw `id→,∧ mixywdn miiepad miweqtd zveaw
z` miliknd miweqtd zveawl jiiy A m` :A weqtd dpan lr divwecpi`a gikep

.A z` zwtqn ineh` weqt lkl t jxr zpzepy dnydd f` ,→,∧ mixywd

,B miweqt xeary gipp .il`ieixh ote`a zniiwzn dprhd mineh`d iabl :dgked
ly zn`d ze`lah itl f` .v(B) = t, v(C) = t ,{→,∧}-n mixyw wx milikny C

.v(B → C) = t ,v(B ∧ C) = t ,mixywd

-petl ddf ely zn`d ziivwpety →,∧ mixywd z` wx likny weqt miiw `l okl
.epxgay diivw

diyeniye zikxr-ax dwibel

:d`ad dxeva mixikn xak epgp`y zikxr-ec dwibel ly dllkd `id zikxr-ax dwibel

.(t, f ∈ S llk jxca) S zn` ikxr ly dveaw yi ,cala zn` ikxr ipy mewna •
.ziteqpi` mb zeidl dleki S

zlkeny dwix `l dveaw-zz `id D .D mipiievnd mikxrd zveaw mb mixicbn •
.t ∈ D, f 6∈D llk jxca .S-a ynn

.g∗ : Sn → S zn` zivwpet mini`zn * inewn-n xyw lkl •
ze`lah z` zcaknd divwpetk S l` ze`gqepd zveawn dnyd mixicbn •

.v(A) ∈ D m` A `gqep ly lcen `id v dnydy xn`p .zeycgd zn`d

.ikxr-ecd dxwna enk mixcben - dxizq ,dibelehe`h ,driap qgi •
Gôdel ly dwibeld :zikxr-zlz dwibell `nbec

S = {t, f,⊥}, D = {t}.

→ t f ⊥
t t f ⊥
f t t t
⊥ t f t

¬
t f
f t
⊥ f

∧ t f ⊥
t t f ⊥
f f f f
⊥ ⊥ f ⊥

∨ t f ⊥
t t t t
f t f ⊥
⊥ t ⊥ ⊥
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