
4 'qn lebxz - aygnd ircnl dwibel

HPC-a dwihpnql qwhpiq oia xywde zeihwtnew ,zeihphqiqpew

:`ad ote`a F aiygz xicbp :1 libxz

{x, y,→,¬, (, )} lrn zefexgnd lk :zeiweg ze`gqep .1

x, y :zeneiqw` .2

:wqid illk .3

A
(¬A)

(N)
A,B

(A → B)
(I)

lrn HPC -a zeiwegd ze`gqepd sqe` `ed F ly mihtynd lk sqe` :gked
.{x, y →,¬, (, )}

m` :n lr divwecpi`a gikep .x, y lrn iweg weqt `ed A f` `F A m` :1 oeeik
lrn HPC -a iweg weqt `ed A f` ,F-a A ly dgked zxcq `id A1, ..., An

.{x, y →,¬, (, )}

weqt `ed A okl .A = y e` A = x okle dneiqw` `ed A f` .n = 1 :qiqa •
.{x, y →,¬, (, )} lrn HPC -a iweg

ly dgked zxcq `id A1, ..., Ai m` :miiwzn i < n lkl :divwecpi`d zgpd •
.{x, y →,¬, (, )} lrn HPC-a iweg weqt `ed A f` ,F-a A

zg`e A = An .F-a A ly dgked zxcq A1, ..., An idz :divwecpi`d crv •
mincew mixai`n lawzd A-y e` ,dneiqw` A-y e` :zniiwzn zeiexyt`d
ddf dgkedd ,dneiqw` `ed A m` .wqidd illk cg` zlrtd ici lr dxcqa

.divwecpi`d qiqal
dgked zxcq yi B-l .A = (¬B) f` (N) wqid llk ici lr B-n lawzd A m`
{x, y → lrn iweg weqt `ed B ,divwecpi`d zgpd it lr okle n-n ohw jxe`a
`ed A = (¬B) mb ,HPC-a miiwegd miweqtd zveaw zxcbd itl .,¬, (, )}

.{x, y →,¬, (, )} lrn HPC-a iweg weqt
yi B, C-l .A = (B → C) f` (I) wqid llk ici lr B,C-n lawzd A m`
miweqt md B, C ,divwecpi`d zgpd it lr okle n-n ohw jxe`a dgked zexcq
miiwegd miweqtd zveaw zxcbd itl .{x, y →,¬, (, )} lrn HPC-a miiweg

.{x, y →,¬, (, )} lrn HPC-a iweg weqt `ed A = (B → C) mb ,HPC-a

lr divwecpi`a gikep .`F A f` {x, y →,¬, (, )} lrn iweg weqt `ed A m` :2 oeeik
.A weqtd dpan

A-a A ly dgkedd zxcq .A = y e` A = x f` . ineh` weqt `ed A :qiqa •
.envr A `id dfk dxwna
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{x, y → lrn HPC-a miiweg miweqt B, C m`y gipp :divwecpi`d zgpd •
.`F C -e `F B f` ,¬, (, )}

:divwecpi`d crv •
.F-a .B1, ..., B dgked zxcq yi B-l ,divwecpi`d zgpd itl .A = (¬B) –
lawzn A-y oeeikn ,F-a A ly ziweg dgked `id B1, ..., B, (¬B) okl

.(N) wqid llk zlrtd ici lr dxcqa el mcew wai`n
dgked zexcq yi C-le B-l ,divwecpi`d zgpd itl .A = (B → C) –
zxcq `id B1, ..., B,C1..., C, (B → C) f` .F-a C1, ..., C-e B1, ..., B
lr dxcqa el mincew mixai`n lawzn A-y oeeikn ,F-a A ly dgked

.(I) wqid llk zlrtd ici

:zexcbd

jk A `gqep oi` m"n` HPC-a (ziawr) zihphqiqpew `id T miweqt zveaw .1
.T `HPC ¬A mbe T `HPC A-y

-y jk A `gqep zniiw m` HPC-a zihphqiqpew `id T miweqt zveaw .2
.T 6`HPCA

:dl`d zexcbdd izy zeliwy z` gikep

-hqiqpew dveaw lk xnelk ,diipyd z` zxxeb dpey`xd dxcbddy d`xp :1 oeeik
`id T -y gipp .diipyd dxcbd itl zihphqiqpew mb `id dpey`xd dxcbdd itl zihp
m` .B idylk `gqep xgap .T `HPC ¬A mbe T `HPC A-y jk A `gqep oi`y efk
giki epi`y weqt miiw dxwn lka .T 6`HPCB zxg` .T 6`HPC¬B f` T `HPC B

.diipyd dxcbdd itl zihphqiqpew T xnelk ,T -n

-y jk B `gqep yiy gipp xnelk ,diipyd dxcbdd itl ziawr T -y gipp :2 oeeik
ribpe T`HPC¬A mbe T`HPCA-y jk A `gqep zniiwy dlilya gipp .T 6`HPCB

.dxizql
divweccd htyna yeniy ici lr .A,¬A `HPC B dprh epgked 3 'qn libxza
-wl mileki epgp` f`o .`HPC (¬A → (A → B)) lawl xyt` HPC ly zepekze

:`ad ote`a T -n B ly dgked la
(¬A → (A → B)) ly dgked - (¬A → (A → B)) ...

T -n ¬A ly dgked - ¬A ...
MP - (A → B)

T -n A ly dgked - A ...
MP - B

.T 6`HPCB-y dgpdl dxizq eplaiw
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.dwitq `id m"n` HPC-a zihphqiqpew T miweqt zveaw :d`vxdn htyn

:miweqtd aiygza qwhpiql dwihpnq oia xywd

qwhpiq dwihpnq
`HP C A - giki A (⇒ zetwzd htyn), ( ⇐ zenlyd htyn) `CP L A - dibelehe`h A

T `HP C A - T -n giki A (⇒ zetwzd htyn), ( ⇐ zenlyd htyn) T `CP L A - T -n zihpnq raep A
T `HP C (A → B) ⇔ T, A `HP C B T `CP L (A → B) ⇔ T, A `CP L B

zihphqiqpew T d`vxdn htyn dwitq T

.dwitq ziteq T1 ⊆ T lk m"n` dwitq `id T dxez :zeihwtnewd htyn

divwpet `id G = (V,E) heyt sxb ly mirav k-a ziweg driav :libxz
lk m`y gikep .b-l a oia E-a zyw yi m` f(a) 6= f(b)-y jk f : V → {1, ..., k}
.mirav k-a driavl ozip elek sxbd f` mirav k-a driavl ozip G ly iteq sxb-zz

.G = (V, E) heyt sxb oezp :oexzt
dxhnd .P = {P i

u | u ∈ V, i ∈ {1, ..., k}} miineh` miweqt ly dveaw xicbp
dxez xicbp zrk .i rava reav u znev m"n` t jxr lawi P i

u weqty `id eply
:`ad ote`a sxbd ly ziweg driav z`hany T = T1 ∪ T2 ∪ T3

cg` rav zegtla reav sxba znev lk - T1 = {P 1
u ∨ ... ∨ P k

u | u ∈ V } .1

xzeia reav `l sxba znev lk - T2 = {¬(P i
u∧P j

u) | u ∈ V, i 6= j ∈ {1, ..., k}} .2
cg` ravn

-xaegnd sxba miznv ipy lk - T3 = {¬(P i
u∧P i

w) | (u,w) ∈ E, i ∈ {1, ..., k}} .3
.rav eze`a mireav `l zywa mi

.dwitq `id T ′ ⊆ T ziteq dxez lk :dprh

:dgked
.idylk ziteq dxez T ′ ⊆ T iidz

V ′ = {u ∈ V | P i
u occurs in T ′ for some i ∈ {1, 2, ..., k}} :xicbp

.E′ = E ∩ (V ′ × V ′)-e
exear zniiw dgpdd itl okl .G = (V,E) ly iteq sxb zz `ed G′ = (V ′, E′) sxbd

:zniiwnd dnyd lk v iidz .f ziweg driav

∀u ∈ V ′, i ∈ {1, ..., k} : v(P i
u) = { t f(u) = i

f otherwise

:T ′ ly lcen `id v-y gikep
:ze`ad zexevd zg`n A f` .T ′-a weqt A idi

`id f-y oeeikn .u ∈ V ′ ,V ′ zxcbd itl .edylk u ∈ V xear P 1
u ∨ ... ∨ P k

u •
`id ,v zxcbd itl .f(u) = i-y jk i ∈ {1, 2, ..., k} miiw ,G′ ly ziweg driav

.P 1
u ∨ ... ∨ P k

u z` zwtqn
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.u ∈ V ′ ,V ′ zxcbd itl .mdylk i, j ∈ {1, 2, ..., k}-e u ∈ V xear ¬(P i
u ∧ P j

u) •
jk cigi i ∈ {1, 2, ..., k} miiw u lkl ,G′ ly ziweg driav `id f-y oeeikn

.¬(P i
u ∧ P j

u) z` zwtqn `id ,v zxcbd itl .f(u) = i-y

.dgkedd z` enilyd .mdylk i ∈ {1, 2, ..., k}-e u,w ∈ V xear ¬(P i
u ∧ P i

w) •
T ,zeihwtnewd htyn itl okl .dwitq T ′ . xnelk ,T ′ ly lcen `id v-y epi`xd

:`ad ote`a G = (V,E) ly driav xicbp if` .T ly lcen v′ iidz .dwitq
.∀u ∈ V : f(u) = i ⇔ v′(P i

u) = t
:ziweg driav ok` efy gikep

dni`zn `id u ∈ V lkl :{1, 2, ..., k}-l V -n divwpet `id f-y d`xp •
lkl mbe P 1

u ∨ ... ∨ P k
u ∈ T f` .u ∈ V idi .cigi i ∈ {1, 2, ..., k}

zwtqn `id ,T ly lcen v′-y oeeikn .¬(P i
u ∧ P j

u) ∈ T ,i, j ∈ {1, 2, ..., k}
jk cg` i ∈ {1, 2, ..., k} weica miiw ,f zxcbd itl .dl`d miweqtd lk z`

.f(u) = i-y

.cal enilyd - f(a) 6= f(b) ,(a, b) ∈ E lkly d`xp •

4


