
14 'qn lebxz - aygnd ircnl dwibel

zeibeq-ax zety

dxabl`a ,lynl .mipey mibeql miihnzn minvr miwlgn epgp` miax mixwna
mixwna .mixlwqe mixehwe :minvr ibeq ipy zegtl lr mixacn epgp` zix`pil

.zeibeq-ax zetya ynzydl gep dl`k

.(seqpi` mb okzii) mibeq dnk (i) r"y ly cg` beq mewna yi zibeq-ax dtya
(arity) zenewnd xtqn lr wx `l rcin dzr zllek zibeq-ax dty ly dxehpbiqd

.vr
0, v

r
1, ..., mipzyn yi ,dtya r beq lkl ,ok enk .mibeq lr mb `l`

xear v-e mixlwq xear s :mibeq ipy yi miixehwe miagxn xear dtya ,`nbecl
:zllek dtyd ly dxehpbiqd .mixehwe

0s : s, 0v : v mireaw •
+s : s× s → s, +v : v × v → v, · : s× v → v divwpet ipniq •

.=s: s× s → o,=v: v × v → o qgi ipniq •
:zeibeq-ax zety xear dwihpnq

:zniiwnd I yexit ziivwpete r beq lkl Dr megz likn zibeq-ax dty xear dpan

.c : r reaw lkl I[c] ∈ Dr •
.p : r1 × ...× rn → o hwicxt lkl I[p] ⊆ Dr1 × ...×Drn •

.f : r1 × ...rn−1 → rn divwpet oniq lkl I[f ] : Dr1 × ...×Drn−1 → Drn •
.r beq lkl v[xr] ∈ Dr xnelk ,mipzynd ibeq z` zcakn v dnyd lk

lk :dpzyn epi` iehiad gek la` ,xzei gep mizirl `ed zeibeq-ax zetya yeniyd
wx) oey`x xcqn dtya mb iehial ozip ,zibeq-ax dty zxfra iehial ozipy dn

.mebxzd z` zrk d`xp .(xzei zlaxeqn dxeva

:zibeq-cgl zibeq-ax dtyn divwecx

:`ad ote`a σ′ zibeq-cg dxehpbiq xicbp .zibeq-ax dty ly dxehpbiq σ idz

.Si ycg inewn-cg qgi oniq lelkz σ′ f` ,σ xear beq si m` .1

.σ′-a didi c : ι f` σ-a `vnp c : s m` .2

.σ′-a didi f inewn-n divwpet oniq f` σ-a `vnp f : s1 × s2...× sn → s m` .3

.σ′-a didi p inewn-n qgi oniq f` σ-a `vnp p : s1 × s2...× sn → o m` .4
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:dxevdn miweqtd lkn zakxend L(σ′) ly miweqt zveaw `id Th(σ)

p : s1 × ... × sn → o xy`k ∀v1...∀vnp(v1, ..., vn) → S1(v1) ∧ ... ∧ Sn(vn) .1
.σ-a

.σ-a s beqn reaw `ed c xy`k S(c) .2

xy`k ∀v1...∀vnS1(v1) ∧ ... ∧ Sn(vn) → Sn+1(f(v1, ..., vn)) .3
.σ-a f : s1 × ...× sn → sn+1

:L(σ′) oey`x xcqn dtyl L(σ) zibeq-ax dtya ze`gqep mebxz - Tr xicbp

:mvr zeny mebxz •
.L(σ′) ly vi dpey dpzyn σ ly vs

j dpzyn lkl dni`zn Tr .1
Tr[c] = c .2

Tr[f(t1, ..., tn)] = f(Tr[t1], ..., T r[tn]) .3

:ze`gqep mebxz •
Tr[p(t1, ..., tn)] = p(Tr[t1], ..., T r[tn]) .1

Tr[¬ϕ] = ¬Tr[ϕ] .2
Tr[ϕ ◦ ψ] = Tr[ϕ] ◦ Tr[ψ] .3

Tr[∀xsϕ] = ∀Tr[xs].S(Tr[xs]) → Tr[ϕ] .4
Tr[∃xsϕ] = ∃Tr[xs].S(Tr[xs]) ∧ Tr[ϕ] .5

.∀,→ znerl ∃,∧ :al eniy
.Tr[T ] = {Tr[ψ] | ψ ∈ T} :T dxez xear

(dzika dgked `ll):htyn
f` dni`znd dtya ze`gqep zveaw T ∪ {ϕ}-e zibeq-ax dxehpbiq σ m`

.Th(σ) ∪ Tr(T ) `t
FOL(σ′) Tr(ϕ) mn` T `t

FOL(σ) ϕ

dketd divwpet yi f : s → s-l m` :dcica dwihniznn htyn oixvdl :1 libxz
.r"gg f f` (l`nyn)

:(?recn - zibeq-ax dtya ziweg dpi` ef `gqep) ipy xcqn dty

∀f [∃g∀x(g(f(x)) = x) → ∀x∀y[f(x) = f(y) → x = y]]

ynzyp .zeivwpet xear s → s-e minvr xear s :mibeqd .zibeq-ec dtya ynzyp
.xs, ys, fs→s, gs→s mipzyna
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Ap(fs→s, xs) ly oaendyk ,Ap : ((s → s) × s) → s ycg divwpet oniq siqep
.xs lr fs→s zlrtd zeidl jixv

ϕ = ∀fs→s[∃gs→s∀xs(Ap(gs→s, Ap(fs→s, xs)) = xs) → ∀xs∀ys[Ap(fs→s, xs) = Ap(fs→s, ys) → xs = ys]]

:oey`x xcqn dtyl mebxz

:S-e F miinewn-cg qgi ipniq siqep
Tr(ϕ) = ∀f [F (f) → ∃g[F (g) ∧ ∀x[S(x) → Ap(g,Ap(f, x)) = x]] →

→ ∀x∀y[S(x) ∧ S(y) → [Ap(f, x) = Ap(f, y) → x = y]]]
mb siqedl yi

Ax = ∀f∀x[F (f) ∧ S(x) → S(Ap(f, x))]

,oeiey mr oey`x xcqn dwibela zibel dtwz Ax → Tr(ϕ) dfd dxwnay al eniy
!zia libxz - NDFOL = zxfra e` cpxaxd htyn zxfra - dgked

:zicbp `nbec d`xp !zibel dtwz cinz `l Ax → Tr(ϕ) la`

:ipy xcqn dtya dpxvd

∀f∀g∃h∀x[h(x) = f(g(x))]

?recn - zibel dtwz dpi` Ax → Tr(ϕ) df dxwna

:dni`zn oey`x xcqn dtya epixvd (dpigan) 2 libxz
.iaiqwltx mb `ed A dveaw lr ixhniqe iaihifpxh qgi lk

.zibeq ec dwibela dpxvdn ligzdl irah
.minvr xear - s ,miix`pia miqgi xear - r :mibeqd

.xs, ys, zs, Rr :mipzyna ynzyp
Hold : s× s× r → o qgi oniq

:zibeq-ec dwibela dpxvd
:iaihifpxh R qgidy zxne`y `gqep

Trans(Rr) = ∀xs∀ys∀zsHold(xs, ys, Rr) ∧Hold(ys, zs, Rr) → Hold(xs, zs, Rr)

:ixhniq R qgidy zxne`y `gqep

Sym(Rr) = ∀xs∀ys(Hold(xs, ys, Rr) → Hold(ys, xs, Rr))

:iaiqwltx R qgidy zxne`y `gqep

Refl(Rr) = ∀xsHold(xs, xs, Rr)

ϕ = ∀Rr(Trans(Rr) ∧ Sym(Rr) → Refl(Rr))
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:oey`x xcqn dtyl mebxz
.dn`zda r-e s mibeql mii`znd r-e s miinewn-cg mihwicxt siqep

Tr[xs] = x, Tr[ys] = y, Tr[zs] = z, Tr[Rr] = R

Tr[Trans(Rr)] = ∀x(s(x) → (∀y(s(y) → (∀zs(z) →

Hold(x, y,R) ∧Hold(y, z, R) → Hold(x, z,R)))))

≡ ∀x∀y∀z(s(x) ∧ s(y) ∧ s(z) ∧Hold(x, y,R) ∧Hold(y, z, R) → Hold(x, z, R))

Tr[Sym(Rr)] = ∀x(s(x) → ∀y(s(y) → Hold(x, y, R) → Hold(y, x, R)))

≡ ∀x∀y(s(x) ∧ s(y) ∧Hold(x, y, R) → Hold(y, x,R))

Tr[Refl(Rr)] = ∀x(s(x) → Hold(x, x, R))

Tr[ϕ] = ∀R(r(R) → (Tr[Trans(Rr)] ∧ Tr[Sym(Rr)] → Tr[Refl(Rr)]))

Ax = ∀x∀y∀z(Hold(x, y, z) → s(x) ∧ s(y) ∧R(z))

Ax → Tr[ϕ] :d`lnd dpxvdd
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