
:3 dl`y 4 libxz
.Ψ = ∀x∃y(∃z∀xR(x, z, w) ∧ ∃wP (w, x, z)) .1

z mewna davdl iyteg epi` f(y, y) :Ψ{f(x, y)/x, x/y, f(y, y)/z, w/w} (`)
lr zelabda ewca) Ψ-a y1-l y xeywd dpzynd ly myd z` dpyp .Ψ-a

:lawpe (z`f zeyrl xzen recn α llk
.Ψ′ = ∀x∃y1(∃z∀xR(x, z, w) ∧ ∃wP (w, x, z))

:lawp okle zexzen zeavdd x`y lk
.Ψ′{f(x, y)/x, x/y, f(y, y)/z, w/w} = ∀x∃y1(∃z∀xR(x, z, w)∧∃wP (w, x, f(y, y)))

-wp ekle zexzen zeavdd lk - Ψ{f(z, w)/x, y/y, f(z, z)/z, f(w, s)/w} (a)
:la

Ψ{f(z, w)/x, y/y, f(z, z)/z, f(w, s)/w} =
.∀x∃y(∃z∀xR(x, z, f(w, s)) ∧ ∃wP (w, x, f(z, z)))

-dl iyteg epi` f(s, w) - Ψ{f(s, w)/x, f(s, w)/y, f(s, w)/z, f(s, w)/w} (b)
.Ψ-a w1-l w xeywd dpzynd ly myd z` dpyp .Ψ-a z mewna dav

:lawp
.Ψ′ = ∀x∃y(∃z∀xR(x, z, w) ∧ ∃w1P (w1, x, z))

:lawp okle zexzen zeavdd x`y lk
Ψ′{f(s, w)/x, f(s, w)/y, f(s, w)/z, f(s, w)/w} =

.∀x∃y(∃z∀xR(x, z, f(s, w)) ∧ ∃w1P (w1, x, f(s, w)))

... .2

M =< dpan gwpe inewn-cg qgi oniq p idi .zibel dtwz `l `gqepd • .3
zniiwnd dnyd v iidz .I[c] = 1-e ibef n mn` n ∈ I[p] xy`k N, I >
dpi` ∀x(p(x) → p(c)) `gqepd okl .M, v 6|=p(x) → p(c) f` .v[x] = 2

.dpana dtwz
.zibel dtwz `gqepd •

-x `id v(a/x) ,dpana v dnyde M dpan ozpida :oeniq ly zxekfz
.x-l a ∈ D jxr zpzepy v ly hp`ix`e

.x 6= y xeare x = y xear :mixwn ipyl zwlgzn dgkedd
v dnyd lkle a, b ∈ D lkl :dprh gikep dligz .x = y :oey`x dxwn

.cal dgkedd z` enilyd - v(a/x)(b/x) = v(b/x) :M dpana
jk a ∈ D miiw f` .M,v |= ∃x∀xq(x, x)-y jk dnyd v-e dpan M idi
lkl f` .M, v(b/x) |= q(x, x) :b ∈ D lkl f` .M, v(a/x) |= ∀xq(x, x)-y
ly hp`ix`e-x `id v(b/x)-y oeeikn) M,v(b/x) |= ∃xq(x, x) :b ∈ D

.M, v |= ∀x∃xq(x, x) f` .(dnvr

lkle a, b ∈ D lkl dfk dxwnay gikedl yi dligz .x 6= y :ipy dxwn
:M dpana v dnyd

.cal dgkedd z` enilyd - (∗) v(a/x)(b/y) = v(b/y)(a/x)
:y jk dnyd v-e dpan M idi

1



f` .M,v(a/y) |= ∀xq(x, y)-y jk a ∈ D miiw f` .M,v |= ∃y∀xq(x, y)
.M, v(a/y)(b/x) |= q(x, y) ,b ∈ D lkl

.M, v(b/x)(a/y) |= q(x, y) :b ∈ D lkl ,(∗) itl f`
.M, v |= ∀x∃yq(x, y) f` .M, v(b/x) |= ∃yq(x, y) :b ∈ D lkl okl

M =< dpan gwpe inewn-ec qgi oniq q idi .zibel dtwz `l `gqepd •
M,v |= :miiwzn dpana v dnyd lkl f` .I[q] =< xy`k N, I >

.M,v 6|=∃y∀xq(x, y) mbe ∀x∃yq(x, y)
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