
2 d`vxd - aygnd ircnl dwibel

zn`d ze`laha yeniyd qeqia

miweqt zveaw zwtqny dnyd lk m`d wecal epl zexyt`ny ze`laha epynzyd (dpey`xd d`vxdd seqa) ze`nbeca
zpzep dnyd ixdy ,`ly oaenk ?zeixyt`d zenydd lk z` epwca ok` m`d - dl`yd zl`yp .sqep weqt mb zwtqn
seqpi` opyi xnelk ,(miihpelxd miweqta miriteny el`l wx `le) p1, p2, . . . miineh`d miweqtdn cg` lkl zn` jxr

:l"pd ze`laha yeniyd z` zqqany dprh ,ok m` gikep .zeixyt` zenyd (2ℵ0 = ℵ)

.v′ (ϕ) = v (ϕ) f` ϕ `gqepa ritend ineh` weqt lkl v′ (p) = v (p) -y jk zenyd v, v′ m` :dprh

:dprha "riten" dlina dpeekd dn zilnxet dxeva xicbdl mcew jxhvp dprhd zgked myl

:l"pk diqxewxa zxcben (At (ϕ) mipnqn) ϕ `gqepa zeineh`d ze`gqepd zveaw :dxcbd

(ineh` weqt p) At (p) = {p} •

At (¬ϕ) = At (ϕ) •

� ∈ {∧,∨,→} xy`k At (ϕ � ψ) = At (ϕ) ∪At (ψ) •

:ef dprh zgked myl dfa jxev oi`y zexnl (Sf (ϕ)) ϕ ly ze`gqepd-zz zveaw z` mb xicbp

(ineh` weqt p) Sf (p) = {p} •

Sf (¬ϕ) = Sf (ϕ) ∪ {¬ϕ} •

� ∈ {∧,∨,→} xy`k Sf (ϕ � ψ) = Sf (ϕ) ∪ Sf (ψ) ∪ {ϕ � ψ} •

:ϕ dpan lr divwecpi`a :dgked

,(At (ϕ) = {p} dyrnl) p ∈ At (ϕ) f` ineh` weqt p xy`k ϕ = p m` :divwecpi`d qiqa •
.(ϕ = p ixdy) v′ (ϕ) = v (ϕ) xnelk ,v′ (p) = v (p) :v, v′ lr oezpdn okl

p ∈ At (ψ) lkl v′ (p) = v (p) zeniiwnd zenyd izy v, v′-e ϕ-n xvw weqt ψ m` :divwecpi`d zgpd •
.v′ (ψ) = v (ψ) f`

:divwecpi`d xarn •

lkl v′ (p) = v (p) mb miiwzn okle At (ϕ) = At (ψ) la` .p ∈ At (ϕ) lkl v′ (p) = v (p) ik gipp .ϕ = ¬ψ .1
:k"dq .v′ (ψ) = v (ψ) ,divwecpi`d zgpdn ,okl .p ∈ At (ψ)

v′ (ϕ) = v′ (¬ψ) = ¬ (v′ (ψ)) = ¬ (v (ψ)) = v (¬ψ) = v (ϕ)

:xarn lk hxtp
.ϕ = ¬ψ -y oeeikn heyt v′ (ϕ) = v′ (¬ψ) (`)

.(oeieeyd ly cv lka ¬ ly zernynd dn xkfdl) dnyd ly zepekz itl v′ (¬ψ) = ¬ (v′ (ψ)) (a)
.v′ (ψ) = v (ψ) ,ep`xdy itk ,divwecpi`d zgpdn ,ixdy ¬ (v′ (ψ)) = ¬ (v (ψ)) (b)

.dnyd ly zepekz itl aey ¬ (v (ψ)) = v (¬ψ) (c)
.ϕ = ¬ψ -y oeeikn aey v (¬ψ) = v (ϕ) (d)

miiwzn ,At (ψi) ⊆ At (ϕ)-y oeeikn .p ∈ At (ϕ) lkl v′ (p) = v (p) ik gipp .� ∈ {∧,∨,→} xy`k ϕ = ψ1 � ψ2 .2
:okl .(i ∈ {1, 2}) v′ (ψi) = v (ψi) ,divwecpi`d zgpd itl ,f`e ,p ∈ At (ψi) lkl v′ (p) = v (p) mb

v′ (ϕ) = v′ (ψ1 � ψ2) = � (v′ (ψ1) , v′ (ψ2)) = � (v (ψ1) , v (ψ2)) = v (ψ1 � ψ2) = v (ϕ)
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zeixwir zel`y

? v |= T -y jk v dnyd zniiw m`d xnelk ,(dwitq T m`d :ipkh geqipa) lcen dl yi m`d .T dxez dpezp .1

? T `
CP L

ϕ m`d .ϕ `gqepe T dxez dpezp .2

ziaeig daeyz ly dxwnae) daeyz mdl ozepy mzixebl` epl yi xnelk zerixk od el` zel`y f` ziteq T dxezd xy`k
:dipyd dl`yd ly zeixyt` zeivwecx .(T ly lcen ozep elit`

.dwitq dpi` T ∪ {¬ϕ} m"n` T `
CP L

ϕ •

lk xnelk) dibelehe`h epid (ψ1 ∧ ψ2 ∧ . . . ∧ ψn) → ϕ weqtd m"n` {ψ1, ψ2, . . . , ψn} `CP L
ϕ - zeiteq zexezl •

.(eze` zwtqn dnyd

.zeihwtnewd htyn ozep el` zel`yl daeyz

zeihwtnewd htyn

.dwitq `id dly ziwlg ziteq dveaw lk m"n` dwitq T .1

.Γ `
CP L

ϕ -y jk ziteq Γ ⊆ T yi m"n` T `
CP L

ϕ .2

.jynda ribz dgked :dghad
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(miweqtd aiygzl hxalid gqep zkxrn) HPC - zihwpiq dxeva driapd qgi zxcbd

http://en.wikipedia.org/wiki/Proof_theory :wikipedia xeyiw

zeneiqw`

I1. A→ (B → C)
I2. (A→ (B → C)) → ((A→ B) → (A→ C))
N1. (A→ B) → ((A→ ¬B) → ¬A)
N2. ¬¬A→ A
C1. (A ∧B) → A
C2. (A ∧B) → B
C3. A→ (B → (A ∧B))
D1. A→ (A ∨B)
D2. B → (A ∨B)
D3. (A→ C) → ((B → C) → ((A ∨B) → C))

(http://en.wikipedia.org/wiki/Modus_ponens :wikipedia xeyiw) wqid llk

A A→B
B (MP)

miweqt aivdl yi ,dneiqw` "xviil" ick .zeneiqw` zxivil zeipaz `l` zeneiqw` `l dyrnl el`y al miyl yi :dxrd
.A,B,C mewna mdylk

-y miweqt ly ziteq dxcq `id HPC-a T dxezn ϕ weqt ly dgked :dxcbd

.ϕ `ed dxcqa oexg`d weqtd •

zxfra dxcqa el mincew miweqt ipyn lawzny weqt e` T ly xai` ,HPC ly dneiqw` `ed dxcqa xai` lk •
.MP wqidd llk

.dwixd dveawdn p→ p ly dgked :`nbec

1. p→ ((p→ p) → p) I1-n
2. (p→ ((p→ p) → p)) → ((p→ (p→ p)) → (p→ p)) I2-n
3. (p→ (p→ p)) → (p→ p) MP itl 1,2-n

4. p→ (p→ p) I1-n
5. p→ p MP itl 3,4-n

.T -n dgked ϕ-l yi m` T `
HP C

ϕ :dxcbd

.driap qgi `ed `
HP C

-y gikedl :libxz

.Γ `
HP C

ϕ -y jk ziteq Γ ⊆ T zniiw m"n` T `
HP C

ϕ :dprh

.zil`ieeixh o`k dgkedd ,(zeihwtnewd htyn) `
CP L

ly dxwna enk `ly :dgked

dxcqd ixai` zveaw Γ idz .T -n ϕ ly dgked mdy miweqt ly ziteq dxcq zniiw ,dxcbdn if` .T `
HP C

ϕ gipp •
,Γ-n ϕ ly dgked deedn miweqt ly dxcq dze` ik xexae ziteq Γ mb ,ziteq dxcqdy oeeikn .T ixai` mdy

.Γ `
HP C

ϕ xnelk

-y oeeikn la` .Γ-n ϕ ly dgked mdy miweqt ly dxcq zniiw if` .Γ `
HP C

ϕ -y jk ziteq Γ ⊆ T zniiw gipp •
.T `

HP C
ϕ xnelk ,T -n ϕ ly dgked mb deedn ef dxcq ,Γ ⊆ T
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zenlyde zeze`pd htyn

`
CP L

= `
HP C

.zihwhpiqd ezxcbdl dlewy zihpnq dxeva miweqtd aiygz ly driapd qgi zxcbd :xnelk

:miwlg ipyl zwlgzn dgkedd

T `
HP C

ϕ ⇒ T `
CP L

ϕ :(soundness) zeze`p .1

T `
CP L

ϕ ⇒ T `
HP C

ϕ :(completeness) zenly .2

.dibelehe`h `id dneiqw` lk ik oerhl lkep ezxfray ,davdd htyn z` gikepe davd mcew xicbp zeze`pd zgked myl

xcben (p mewna A zavd i"r ϕ-n lawznd weqtd) ϕ {A/p} .idylk `gqep A-e ineh` weqt p ,`gqep ϕ idz :dxcbd
:`ad ote`a

ϕ {A/p} =


A ϕ = p
ϕ ϕ = q, q 6= p

¬ψ {A/p} ϕ = ¬ψ
ψ1 {A/p} � ψ2 {A/p} ϕ = ψ1 � ψ2, � ∈ {∧,∨,→}

oziz xcqd itl davd ik ,ziphleniq davddy oiivl aeyg .ϕ {A1/p1, . . . , An/pn} :ziphleniq davd mixicbn dnec ote`a
.(A1-a miineh`d miweqtd cg` `ed p2 xy`k p2 mewna A2 f`e p1 mewna A1miaivn m` lynl) dpey d`vez

davdd htyn

idz .(efn ef zepey gxkda `l) ze`gqep A1, . . . , An-e efn ef zepey zeineh` ze`gqep q1, . . . , qn ,dnyd v ,`gqep ϕ eidi
:`ad ote`a zxcbend dnyd v′

v′ (p) =
{
v (Ai) p = qi (ok because i 6= j ⇒ qi 6= qj)
v (p) otherwise

.v′ (ϕ) = v (ϕ {A1/p1, . . . , An/pn}) if`

.zia libxza dgked
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HPC ly zeze`pd htyn

.ϕ ly lcen mb `ed T ly lcen lk f` T -n dgked yi ϕ-l m`y gikedl jixv .T `
CP L

ϕ f` T `
HP C

ϕ m`

.ϕn ly lcen mb `ed T ly lcen lk f` HPC-a T -n dgked zxcq ϕ1, . . . , ϕn m`y ,n lr divwecpi`a gikep :dgked

.ϕn ly lcen mb `edy d`xp ,T ly lcen v f` idi

:zeiexyt` izy opyi .HPC-a T -n dpiwz dgked xak `id ϕ1 "dxcq"d xnelk ,n = 1 :divwecpi`d qiqa •

.T -a xai` lk ly lcen epid v ik ϕ1 ly lcen `ed v ik xexa f`e ϕ1 ∈ T –

-hqpi`d ,weic xzil) zeibeleh`h oleky xxal xyt` zenikqdn zg` lk ly dwica i"r .HPC ly dneiqw` ϕ1 –
.v |= ϕ1 xnelk ,v (ϕ1) = t ,hxtae ,(zeibelehe`h odly zeivp

.ϕi ly lcen v f` HPC-a T -n dgked zxcq ϕ1, . . . , ϕi m`y miiwzn i < n lkl :divwecpi`d zgpd •

.ϕn ly lcen v f` HPC-a T -n dgked zxcq ϕ1, . . . , ϕn m` ik d`xp :divwecpi`d xarn •
:zeiexyt` 3 opyi f` dgkedd zxcqa riten ϕn-y oeeikn

ϕn ∈ T –

HPC ly dneiqw` ϕn –

.MP i"r (i, j < n) ϕj-e ϕi ,dxcqa mincew mixai` ipyn lawzn ϕn –

.n = 1 dxwna enk weica `ed zepey`xd zeiexyt`d izya letihd
HPC-a T -n zegked ϕ1, . . . , ϕj-e ϕ1, . . . , ϕi-y oeeikn .ϕj = ϕi → ϕn -y jk i, j < n miniiw :iyilyd dxwna
.v (ϕj) = v (ϕi → ϕn) = t-e v (ϕi) = t epiidc ,ϕj lye ϕi ly lcen epid v ,divwecpi`d zgpd itl f` ,n-n ohw okxe`y

.v |= ϕn xnelk ,v (ϕn) = t -y dfn `vei ,→ ly zn`d zlah itl

:zeze`pd htyn zgked ly zxg` div`ix`e

:i"r ({ϕ|T `
HP C

ϕ} mvra dfy) Th
HP C

(T ) xicbp

.ϕ ∈ Th
HP C

(T ) f` ϕ ∈ T m` •

.ϕ ∈ Th
HP C

(T ) f` HPC ly dneiqw` ϕ m` •

.ψ ∈ Th
HP C

(T ) f` ϕ→ ψ ∈ Th
HP C

(T ) -e ϕ ∈ Th
HP C

(T ) m` •

.T `
CP L

ϕ f` ϕ ∈ Th
HP C

(T ) m`y ,Th
HP C

(T ) ly efd ziaiqxewxd dxcbdd lr zipan divwecpi`a gikep f`e
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