
9 d`vxd - aygnd ircnl dwibel

HFOL ly divweccd htyn

.T `
HF OL

A → B f` weqt A-e T ∪ {A} `
HF OL

B m`

divwecpi`a migiken f` (HFOL-a) T ∪ {A}-n B ly dgked ϕ1, . . . , ϕn = B m` .miweqtd aiygz ly efl dnec :dgked
xy`k - cg` dxwn cer yi divwecpi`d crvay `ed miweqtd aiygzn cigid lcadd .T `

HF OL
A → B-y 1 ≤ i ≤ n lr

T `
HF OL

A → ϕj divwecpi`d zgpd itle x dpzyn dfi` xear ϕi = ∀xϕj xnelk ,Gen i"r (j < i) ϕj-n lawzn ϕi

:jk f` d`xz A → ϕi-l dgked

A → ϕj ly T -n dgked

{
...

A → ϕj

Gen i"r ∀x (A → ϕj)
miiwzn dneiqw`d lr i`pzd okle weqt A-y oeeik ,(III) (i) dneiqw` i"r (∀x (A → ϕj)) → (A → ∀xϕj)

MP i"r A → ∀xϕj (= A → ϕi)

FOL xear zirah divwecc zkxrn :NDFOL

:mi`ad millkd mr NDC xear enk weica zxcben driape dgked

millk

.miweqtd aiygz ly millkd lk •

•

(∀I)
(∗∗)Γ ⇒ A {y/x}

Γ ⇒ ∀xA

.Γ ∪ {∀xA}-a `gqep meya iyteg epi`e A-a x mewna davdl iyteg y-y i`pza

•

(∃I)
(∗)Γ ⇒ A {t/x}

Γ ⇒ ∃xA

.A-a x mewna davdl iyteg t-y i`pza

•

(∀E)
(∗)Γ ⇒ ∀xA

Γ ⇒ A {t/x}

.A-a x mewna davdl iyteg t-y i`pza

•

(∃E)
(∗∗∗)Γ1 ⇒ ∃xA Γ2, A {y/x} ⇒ C

Γ1,Γ2 ⇒ C

.Γ1 ∪ Γ2 ∪ {∃xA, C}-a `gqep meya iyteg epi`e A-a x mewna davdl iyteg y-y i`pza
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`nbec

. lim
n→∞

(an + bn) = a + b f` lim
n→∞

bn = b-e lim
n→∞

an = a m`

:dgked

(1) ∀ε (ε > 0 → ∃N (∀n (n > N → |an − a| < ε))) lim
n→∞

an = a ly zernyn

(2) ∀ε (ε > 0 → ∃N (∀n (n > N → |bn − b| < ε))) lim
n→∞

bn = b ly zernyn

∀ε (ε > 0 → ∃N (∀n (n > N → |(an + bn)− (a + b)| < ε))) ik gikedl mivex ep`
ε > 0 → ∃N (∀n (n > N → |(an + bn)− (a + b)| < ε)) gikep .edylk ε ok m` idi
(3) ε > 0 z` zegpdd xb`nl siqep okle il`nyd cvd zgpd i"r migiken dxixb(

ε
2

)
→ ∃N

(
∀n

(
n > N → |an − a| < ε

2

))
:∀E i"r (1)-a ynzyp zrk

ε
2 > 0 :y (3) zxfra ze`xdl ick mixtqn lr rcia ynzyp
∃N

(
∀n

(
n > N → |an − a| < ε

2

))
:MP zxfra wiqpe

(4) ∀n
(
n > N → |an − a| < ε

2

)
gipp zrk

∃N
(
∀n

(
n > N → |bn − b| < ε

2

))
wiqpe (2) xear xac eze`

(1) , (2) , (3) , (4) ⇒ ∃N
(
∀n

(
n > N → |bn − b| < ε

2

))
:miizpia epgked - miipia mekiq

(5) ∀n
(
n > N ′ → |bn − b| < ε

2

)
zrk gipp

(4)-a iyteg riten `edy oeeikn N-a ynzydl xeq` :aeyg
n > max (N,N ′) → |(an + bn)− (a + b)| < ε ik mixtqn lr rcie (4) , (5) zxfra mi`xn edylk n idi
(1) , (2) , (3) , (4) , (5) ⇒ ∀n (n > max (N,N ′) → |(an + bn)− (a + b)| < ε) :∀I zxfrae
(1) , (2) , (3) , (4) , (5) ⇒ ∃N (∀n (n > N → |(an + bn)− (a + b)| < ε)) :∃I zxfra ,zrk

.("zewcven" eid (5)-e (4) zegpdd xnelk) ∃N (5)-e ∃N (4) z` ep`xd ixdy (4) , (5)-n mixhtp ∃E zxfra
(1) , (2) , (3) ⇒ ∃N (∀n (n > N → |(an + bn)− (a + b)| < ε)) :ok m` milawn
(1) , (2) ⇒ (ε > 0) → ∃N (∀n (n > N → |(an + bn)− (a + b)| < ε)) :milawn → I i"r
(1) , (2) ⇒ ∀ε ((ε > 0) → ∃N (∀n (n > N → |(an + bn)− (a + b)| < ε))) :z` milawn ∀I i"r ,seqal

.l.y.n

dprh

(T `
NDF OL

A) ⇒ (T `
HF OL

A)
.miweqtn zakxen T m` oekp jetdd oeeikd .`

HF OL
A1 ∧ . . . ∧An → A f` `

NDF OL
A1, . . . , An ⇒ A m`y migiken

zenlyd ihtyn

T `
HF OL

A m"n` T `v
F OL

A •

T `
NDF OL

A m"n` T `t
F OL

A •

`gqep lky oeeik .weqt epid envr A-e miweqtn zakxen T -y dxwnd xear wx T `
HF OL

A ⇐ T `v
F OL

A z` gikep
yi f` T 0

HF OL
A-e miweqtn zakxen T ,weqt A m` :ok m` gikepy dn .zeillkdn rxeb df oi` ,dly xebql o`k dlewy

.A ly lcen epi`y T ly M lcen

mvrd zeny zveaw `ed (H (L)) L ly cpxaxd agxn .zegtl cg` reaw da yiy σ dxehpbiq mr dty L idz :dxcbd
.(xebq mvr my - q"y) L ly mixebqd

:eay M = 〈D, I〉 dpan `ed reaw mr L dty xear cpaxd dpan :dxcbd

D = H (L) •

I [c] = c – •
xnelk ,I [f ] = λx1 ∈ H (L) , . . . , xn ∈ H (L) .f (x1, . . . , xn) f` L ly inewn-n divwpet oniq f m` –

.L ly mixebq mvr zeny t1, . . . , tn lk xear f I [t1, . . . , tn] = f (t1, . . . , tn)

.(〈H (L) , I〉 cpxaxd dpan lka) I [t] = t f` q"y t m`y zelwa milawn divwecpi`a
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L ly inewn-n qgi oniq p-e L xear cpxaxd dpan 〈H (L) , I〉 m` :dnl
-y oeeikn I [p] = {〈t1, . . . , tn〉 ∈ H (L)n |M � p (t1, . . . , tn)} :f`

M � p (t1, . . . , tn) ⇔ 〈I [t1] , . . . , I [tn]〉 ∈ I [p] ⇔ 〈t1, . . . , tn〉 ∈ I [p]

zveaw z` HB (M) onqp m` ,zexg` milina .ea mipekpd miineh`d miweqtd zveaw i"r oihelgl rawp cpxaxd dpan okl
zveawn r"gg divwpet `id HB (M) z` M cpxaxd dpan lkl dni`znd divwpetd f` M-a mipekpd miineh`d miweqtd

.L-a miineh` miweqt ly zeveawd lk zveaw lr L ly cpxaxd ipan

.M ly cpxaxd qiqa z`xwp HB (M) :dxcbd

:zeprh

,M cpxaxd dpana dnyd v idze t ly miiytegd mipzynd x1, . . . , xn eidi ,L ly r"y t idi .1
.v [t] = t {v (x1) /x1, . . . , v (xn) /xn} :f`

,M cpxaxd dpana dnyd v idze t ly miiytegd mipzynd x1, . . . , xn eidi ,L ly `gqep ϕ idz .2
.M,v � ϕ ⇔ M � ϕ {v [x1] /x1, . . . , v [xn] /xn} f`

:ze`nbec

.L = L (σ)-e =: ι2 → o ,<: ι2 → o ,s : ι → ι ,0 ∈ ι ,σ = 〈0, s, <, =〉 gipp •
gwip .H (L) = {0, 1, 2, . . .} f`e s (0) = 1, s (s (0)) = 2, . . . :onql xyt`y H (L) = {0, s (0) , s (s (0)) , . . .} :f`

.v [t] = s (x) {s (s (0)) /x} = s (s (s (0))) = 3 :f` .t = s (x)-e v [x] = s (s (0)) day v dnyd

.libxdn dpey didi +, ∗,= ly yexitd ,dfk dpana .σPA = 〈0, s, <, +, ∗,=〉 •

:dgked

:t dpan lr divwecpi`a .1

:divwecpi`d qiqa •
.oekp cinz dfe v [c] = c-y `ed f` gikedl jixvy dn .miiyteg mipzyn oi` f`e reaw t = c –

.t {v [x] /x} = x {v [x] /x} = v [x]-y cera v [t] = v [x] f`e dpzyn t = x –

:f` t = f (s1, . . . , sn) :divwecpi`d crv •
v [t] = f I [v [s1] , . . . , v [sn]] =
= f (v [s1] , . . . , v [sn]) = :cpxaxd dpan lka
= f (s1 {v [x1] /x1, . . . , v [xn] /xn} , . . . , sn {v [x1] /x1, . . . , v [xn] /xn}) = :divwecpi`d zgpd itl
= t {v [x1] /x1, . . . , v [xn] /xn}

.libxz .2

.L xear cpxaxd dpan M gipp :dprh

.M � ϕ {t/x} miiwzn t q"y lkl m"n` M � ∀xϕ f` weqt ∀xϕ m` .1

.M � ϕ {t/x}-y jk t q"y yi m"n` M � ∃xϕ f` weqt ∃xϕ m` .2

:'` zgked

.t q"y lkl M � ϕ {t/x} f` M � ∀xϕ m` okl (q"y t ik ,miweqt mdipy) ∀xϕ `
F OL

ϕ {t/x}-y oeeik

dn df okle M,v � ϕ miiwzn v dnyd lkl m"n` M � ϕ m"n` M � ∀xϕ .t q"y lkl M � ϕ {t/x} gipp ,ipyd oeeikl
t f` t = v [x] onqp m` .M � ϕ {v [x] /x} m"n` M,v � ϕ ,zncew dnl itl .dnyd v ok m` idz .gikedl mikixv epgp`y

.M,v � ϕ okle ,M � ϕ {t/x} ,dgpdd itle q"y

.T `
HF OL

ϕ {t/x}-y jk t q"y yi f` T `
HF OL

∃xϕ-y jk weqt ∃xϕ m` :T dxez iabl oiwpd i`pz
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