
8 d`vxd - aygnd ircnl dwibel

(First Order Logic) FOL ly driapd qgi

dxcbd

.oey`x xcqn dty L (σ) idz

.M,v � ϕ-e M-a dnyd v ,L (σ) xear dpan M eay 〈M,v〉 bef `ed L (σ) dtya ϕ `gqep ly lcen-t •

.T -a ze`gqepd lk ly lcen-t deednd 〈M,v〉 bef `ed L (σ)-a T dxez ly lcen-t •

.(dty dze`a T, ϕ) ϕ ly lcen-t mb `ed T ly lcen-t lk m` T `t
F OL

ϕ •

.∅ `t
F OL

ϕ m` zibel dtwz-t `id ϕ •

.lcen-t dl yi m` dwitq-t `id ϕ •

dxcbd

.oey`x xcqn dty L (σ) idz

.M-a v dnyd lk xear M,v � ϕ-y miiwnd L (σ) xear M dpan `ed L (σ) dtya ϕ `gqep ly lcen-v •
.M � ϕ :oeniq

.T -a ze`gqepd lk ly lcen-v deednd M dpan `ed L (σ)-a T dxez ly lcen-v •

.(dty dze`a T, ϕ) ϕ ly lcen-v mb `ed T ly lcen-v lk m` T `v
F OL

ϕ •

.∅ `v
F OL

ϕ m` zibel dtwz v `id ϕ •

.lcen-v dl yi m` dwitq-v `id ϕ •

"edyn" xnelk ,M,v 2 ϕ m"n` M,v � ¬ϕ ,mihwicxtd aiygza ,dneca .v 2 ϕ m"n` v � ¬ϕ miweqtd aiygza :dxrd
.M 2 ϕ m"n` M � ¬ϕ-y ,la` ,oekp df oi` .ϕ ly lcen-t `l `ed m"n` ¬ϕ ly lcen-t `ed

.N � (x + 1) 6= x2 + 1-y xacd yexit oi` la` N 2 (x + 1)2 = x2 + 1 :`nbec

miiytegd mipzynd lk z` millek x1, . . . , xn xy`k ∀x1∀x2 . . .∀xnϕ dxevdn weqt lk `ed ϕ `gqep ly xebq :dxcbd
onqp .(daxd cer yie) ϕ ly mixebq md ∀y∀z∀x.p (x, y)-e ∀y∀x.p (x, y) ,∀x∀y.p (x, y) f` ϕ = p (x, y) m` ,`nbecl .ϕ ly

.(xai` lkl cg` xebq) T ixai` ly mixebq zveaw ∀T -a

:f` ϕ ly xebq ϕ′ m` :zepekz

.weqt `ed ϕ′ •

.ϕ `v ϕ′-e ϕ′ `v ϕ-y oaena ϕ-l zibel lewy-v ϕ′ •
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driap zepekz

xnelk ,∀M [M � T → M � ϕ]-y xne` T `v ϕ-y cera ∀M∀v [M,v � T → M,v � ϕ]-y xne` T `t ϕ :`t⊆`v •
cera mini`zn B-e A xear ∀v. (A (v) → B (v))-y xne` `t ,illk ote`a .∀M [(∀v.M, v � T ) → (∀v.M, v � ϕ)]

.xzei "dwfg" dpey`xd dprhdy ze`xl xyt`e (B-e A mze`l) (∀v.A (v)) → (∀v.B (v))-y xne` `v-y

.mzq driap lr okl xacp dfk dxwna .T `t ϕ f` T `v ϕ-e miweqtn akxen T m` •
m` ,miweqta xaecny oeeik .T -a miweqtd lk z` wtqn 〈M,v〉 f` .T ly lcen-t 〈M,v〉 idi .T `v ϕ gipp :dgked
M,u � ϕ xnelk ,M � ϕ f` T `v ϕ-y oeeik .M � T xnelk .T ixai` lk z` zewtqn olek f` zwtqn zg` dnyd

M,v � ϕ hxtae ,u dnyd lkl

.`
F OL

ϕ onqle zibel-zn` lr xacl xyt` okl .`v ϕ m"n` `t ϕ okle `t ϕ f` `v ϕ m`y lawp ,T = ∅-yk ,hxta
.`v

F OL
-l e` `t

F OL
-l dpeekd m` dpyn df oi`e T `

F OL
ϕ aezkl xyt` f` miweqtn zakxen T m` ,xzei illk ote`a

:xnelk ,driap-t xear `l j` driap-v xear oekp (generalization) dllkdd llk •

ϕ `v ∀xϕ .1

ϕ 0t ∀xϕ .2

.dnyd v0 `eti` idz .M,v � ∀xϕ ,v dnyd lkly ze`xdl jixv xnelk .M � ∀xϕ-y d`xpe M � ϕ gipp :1 xaqd
oeeik ,avnd ok` dfe ,M,v′0 � ϕ miiwzn v0 ly v′0 hp`ixe-x lkly ze`xdl jixv xnelk .M,v0 � ∀xϕ-y d`xp

.(v′0 llek ,dnyd lk xear oekp okle) M � ϕ-y

j` x = 0 ly lcen-t `id (y 6= x) v (y) = 1-e v (x) = 0-y jk v dnyd mr N lynl .x = 0 0t ∀x.x = 0 :2-l `nbec
.∀x.x = 0 ly `l

(ϕ-a x xear davdl iyteg t-y i`pza oaenk) ϕ `v ϕ {t/x} :driap-t xear `l j` driap-v xear oekp davdd llk •
.ϕ 0t ϕ {t/x} la`

T `t A → B m"n` T ∪ {A} `t B xnelk .driap-v xear illk ote`a `l j` driap-t xear dpekp divweccd zpekz •
.(weqt A-yk oekp didi ok df la`) T 0v A → B mbe T ∪ {A} `v B-y ixyt` la`

.T `v ∀xϕ m"n` T `v ϕ – •
.∀T `t ϕ m"n` T `v ϕ –

mde T ∪ {A}-a miriten mpi`y miycg mireaw d1, d2, . . . eidie T -a miritend miiytegd mipzynd x1, x2, . . . eidi •
.T {d1/x1, d2/x2, . . .} ` A {d1/x1, d2/x2, . . .} m"n` T `t A :f` .dfn df mlek mipey

zewitq zepekz

.dwitq-t mb T f` dwitq-v T m` •

.mzq zewitq lr xacp dfk dxwna .dwitq-v `id T m"n` dwitq-t `id T f` miweqtn zakxen T m` •

.dwitq `id ∀T m"n` dwitq-v `id T •

-e T -a miritend miiytegd mipzynd md x1, x2, . . . xy`k ,dwitq T {d1/x1, d2/x2, . . .} m"n` dwitq-t `id T •
.dfn df mipeye T -a miriten mpi`y ,miycg mireaw md d1, d2, . . .

.T 0t ¬A m"n` dwitq-t `id T ∪ {A} •

zewitql driap oia xywd

:xxal lw .(⊥ = ¬∀x. (p (x) → p (x)) lynl) zibel zn` ¬⊥-y jk edylk weqt ⊥ idi

.¬A ≡ A → ⊥ •

.(driap/zewitq-v iabl mbe driap/zewitq-t iabl mb) T 0 ⊥ m"n` dwitq `id T dxez •
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FOL xear hxalid gqep zkxrn

.mitqep miipy e` cg` llke MP :cg` wqid llkn xzei yi llk jxca j` wqid illke zeneiqw` yi ,HPC-a enk •
.driap-v xear md millkd llk jxca

.(cg` wqid llkn xzei yiy dcaera aygzda) HPC-a enk weica dgkedd byen •

.HPC-a enk weica zxcben efk zkxrna driapd •

HFOL zkxrnd

zeneiqw`

.HPC zeneiqw` ly zeivphqpi`d lk (I)

(i) ∀xA → A {t/x} (II)
(ii) A {t/x} → ∃xA

.A-a x mewna davdl iyteg t-y i`pza

(i) ∀x (A → B) → (A → ∀xB) (III)
(ii) ∀x (B → A) → (∃xB → A)

.A-a iyteg epi` x-y i`pza

millk

(MP) A A→B
B (Gen) A

∀xA

HFOL ly zeze`pd htyn

.T `v
F OL

ϕ f` T `
HF OL

ϕ m`

i lr divwecpi`de ,efk dgked ϕ1, . . . , ϕn = ϕ gipp ,xnelk .HFOL-a T -n ϕ ly dgkedd iweqt lr divwecpi`a :dgked
. T `v ϕi f` 1 ≤ i ≤ n m`y

.i = 1 :divwecpi`d qiqa •

.il`iaixh dxwn dfe ϕi ∈ T –

z` `nbeck d`xp .T ly milcena hxtae dpan lka dtwz ϕi-y df dxwna d`xp .HFOL ly dneiqw` ϕi –
`t ∀xϕ → ϕ {t/x} gikedl witqn .(ϕ-a x xear davdl iyteg t m`) `v ∀xϕ → ϕ {t/x} xnelk ,II (i) zetwz
miiwzn v ly v′ hp`ixe-x lkl ,okl .∀xϕ ly lcen-t 〈M,v〉 `eti` idi .∀xϕ `t ϕ {t/x}-y ze`xdl witqn okle
vs (y) = v (y)-yk M,vs � ϕ-l lewy df davdd htyn itl .M,v � ϕ {t/x} mby ze`xdl mivex ep` .M,v′ � ϕ

.v ly hp`ixe-x epid vs-y oeeik M,vs � ϕ la` .vs (x) = v (t)-e x 6= y m`

.T `v
F OL

ϕi miiwzn ,1 ≤ j < i lkl :divwecpi`d zgpd •

:divwecpi`d crv •

.libxz - MP zxfra ϕk-e ϕj-n raep ϕi m` –

okle ϕj `v ∀xϕj-y epi`x ,T `v ϕj ,divwecpi`d zgpdn .x dfi`l ϕi = ∀xϕj f` Gen zxfra ϕj-n raep ϕi m` –
.T `v ϕi xnelk ,T `v ∀xϕj ,(driap qgi `ed `v-y oeeikn)
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