
7 d`vxd - aygnd ircnl dwibel

oey`x xcqn zety ly dwihpnq

:eay 〈D, I〉 xecq bef xeza L (σ) xear (structure) dpan xicbp ,L (σ) ,oey`x xcqn dty ozpida

.dpand ly (universe) mlerd e` ,dpand ly (domain) megzd z`xwpy minvr ly dwix `l dveaw D •

:zniiwnd (dtyd ly dxehpbiqd) σ lr zxcbend divwpet `id I •

(I [c] mewna cI mb mipnqn) I [c] ∈ D f` σ ly reaw c ∈ ι m` –

.(f I mb mipnqn) I [f ] ∈ Dn → D f` σ ly inewn-n divwpet oniq f : ιn → ι m` –

.(pI mb mipnqn) I [p] ⊆ Dn f` σ ly inewn-n qgi oniq p : ιn → o m` –

.M = 〈D, I〉 ,dpana dxehpbiqd ly mipniqd ly (divhxtxhpi` ,yexit) oaend z` zpzep I

:onqp ,leala repnl ick :dxrd

lr σ ly f inewn-n d divwpetd oniq zlrtdn lawznd L (σ) zilnxetd dtyd jeza mvrd my - f (t1, . . . , tn) •
.σ ly t1, . . . , tn mvrd zeny

.(dty-dhna) x1, . . . , xn mihpnebx`d xear F divwpetd ly dlrtdd z`vez - F [x1, . . . , xn] •

:(σPA dxehpbiqd xear) `nbec

.(0 llek ,miirahd mixtqnd - N ) N = 〈N, I1〉 :'` yexit •

lewy oeniqa "ihxcphq" oeniqa
I1 [c0] = 0 I1 [0] = 0

I1
[
f1
0

]
= λn ∈ N.n+ 1 I1 [S] = λn ∈ N.n+ 1

I1
[
f2
0

]
= λn ∈ N,m ∈ N.n+m I1 [+] = λn ∈ N,m ∈ N.n+m

. . . . . .

.M = 〈P (N) , I2〉 :'a yexit •

I2 [0] = ∅ –

I2 [+] = λX ∈ P (N) , Y ∈ P (N) .X ∪ Y –

I2 [<] =⊆ –

.I2 [s] = λX ∈ P (N) .X ∪ {0} –

oekp lynl ,∀x∀y. (x < y) ∨ (y < x) ∨ (y = x) .miyexitd lka dtwz zeidl dkixv `id ,zibel dtwz didz `gqepy ick
.ipyd yexita oekp epi` j` ,oey`xd yexita (swz e`)

,D-a xai` dpzyn lkl dni`znd divwpet `id M-a dnyd .dxear dpan M = 〈D, I〉-e dxehpbiq σ idz :dxcbd
.v : variables → D xnelk

D l` L (σ) ly mvrd zeny lk zveawn divwpetl v z` aigxp .D-a dnyd v idze σ xear dpan M = 〈D, I〉 idi :dxcbd
:`ad ote`a

.v [c] = cI ,reaw c m` •

.xcben xak v jxr mipzynl •

v [f (t1, . . . , tn)] = f I [v [t1] , . . . , v [tn]] •
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(milibxzk gikedl) zecaer

.v1 [t] = v2 [t] f` t mvr mya ritend x dpzyn lk xear v1 [x] = v2 [x] m` .1

.v [t {s1/x}] = v [t {s2/x}] f` v [s1] = v [s2] m` :mvr zeny xear dtlgdd htyn .2
.v [x] = 1, v [y] = 4 m` v [s (z) · (x+ 3)] = v [s (z) · y] ,`nbecl

.mvr my t-e dnyd v ,mvr zeny s1, . . . , sn ,mipey mipzyn x1, . . . , xn eidi :mvr zeny xear davdd htyn .3
v~s [y] = v [y]-e (i ∈ {1, . . . , n} xear) v~s [xi] = v [si] :dnydd dpid v~s xy`k v [t {s1/x1, . . . , sn/xn}] = v~s[t] f`

.(y /∈ {x1, . . . , xn} xear)

wetiqd qgi zxcbd

:`ad ote`a xcben ,� ,wetiqd qgi .σ dxehpbiq xear dpan M = 〈D, I〉 idi

.〈v [t1] , . . . , v [tn]〉 ∈ I [p] m` M,v � p (t1, . . . , tn) •

.M,v 2 ϕ m` M,v � ¬ϕ – •
.M,v � ψ mbe M,v � ϕ m` M,v � ϕ ∧ ψ –

.M,v � ψ e` M,v � ϕ m` M,v � ϕ ∨ ψ –

.M,v � ψ e` M,v 2 ϕ m` M,v � ϕ→ ψ –

`xwp efk dnydl) M,v′ � ϕ miiwzn ,x dpzynd xear xzeid lkl v-n dpeyy v′ dnyd lkl m` M,v � ∀xϕ – •
(v ly hp`ixe-x dzrn

.M,v′ � ϕ-y jk v ly v′ hp`ixe-x zniiw m` M,v � ∃xϕ –

(libxzk gikedl 2-e 1) zecaer

zn`d jxr f` weqt ϕ m` ,hxta .M,v � ϕ m"n` M,v1 � ϕ f` ϕ ly ,x ,iyteg dpzyn lk xear v1 [x] = v2 [x] m` .1
.v dnyd lkl M,v 2 ϕ-y e` v dnyd lkl M,v � ϕ-y e` xnelk ,dnyda ielz epi` dpana ely

.v [s1] = v [s2]-e ϕ `gqepa x xear davdl miiyteg s2-e s1 gipp :ze`gqep xear dtlgdd htyn .2
.M,v � ϕ {s2/x} m"n` M,v � ϕ {s1/x} f`

davdl iyteg si-y jk mvr zeny s1, . . . , sn ,dfn df mipey mipzyn x1, . . . , xn gipp :ze`gqep xear davdd htyn .3
enk zxcben v~s-yk M,v~s � ϕ m"n` M,v � ϕ {s1/x1, . . . , sn/xn} f` .dnyd v idze (i ∈ {1, . . . , n}) ϕ-a xi xear
ly rten mey m` ϕ `gqepa x dpzyn xear davdl iyteg t mvr my :zxekfz) mvr zeny xear davdd htyna

.(davdd zeawra xeywl jted epi` t ly iyteg dpzyn
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n = 1 xear davdd htyn

xy`k M,vs � ϕ m"n` M,v � ϕ {s/x} f` ϕ-a x xear davdl iyteg r"y s-e dpzyn x ,`gqep ϕ ,dnyd v ,dpan M m`

vs [y] =
{
v [s] y = x
v [y] y 6= x

.ϕ dpan lr divwecpi`a :(ziwlg) dgked

:f` .mdylk (mvr zeny) t1, . . . tn-e (inewn-n qgi oniq) p xear ϕ = p (t1, . . . , tn) :divwecpi`d qiqa •

M,v � ϕ {s/x} ⇔
⇔M,v � p (t1 {s/x} , . . . , tn {s/x}) ⇔ davd ly dxcbd itl
⇔ 〈v [t1 {s/x}] , . . . , v [tn {s/x}]〉 ∈ I [p] ⇔ � ly dxcbd itl
⇔ 〈vs [t1] , . . . , vs [tn]〉 ∈ I [p] ⇔ mvr zeny xear davdd htyn itl
⇔M,vs � p (t1, . . . , tn) ⇔ � ly dxcbd itl
⇔M,vs � ϕ ϕ = p (t1, . . . , tn) ixdy

mixywd xtqn - zeikeaiq) ϕ ly efn dkenp dzeikeaiqy ψ `gqep lke v lk ,M lk xear :divwecpi`d zgpd •
.M,v � ψ {s/x} m"n` M,vs � ψ f` ϕ-a x xear davdl iyteg r"y s-e dpzyn x m`y miiwzn (ϕ-a miznkde

.M-a dnyd v-e (M = 〈D, I〉) dpan M idi :divwecpi`d crv •

:okle ϕ {s/x} = (¬ψ) {s/x} = ¬ (ψ {s/x}) f` ,ϕ = ¬ψ –

M,v � ϕ {s/x} ⇔
⇔M,v 2 ψ {s/x} ⇔ � zxcbd itl
⇔M,vs 2 ψ ⇔ divwecpi`d zgpd itl
⇔M,vs � ϕ � zxcbd itl

.ϕ = (ψ1 → ψ2)-e ϕ = (ψ1 ∨ ψ2) ,ϕ = (ψ1 ∧ ψ2) xear dnec dxeva –

.M,v � ϕ {s/x} gikepe M,vs � ϕ gipp .dnec dxeva migiken ipyd oeeikde cg` oeeik gikep .ϕ = ∀zψ –
:mixwn ipy mpyi

zenikqn vs-e v df dxwna ,ok enk .ϕ {s/x} = ϕ okle ϕ-a davdl iyteg epi` x okl .ϕ = ∀xψ f`e z = x ∗
.M,v � ϕ⇔M,vs � ϕ :zncew dnl itle ϕ ly miiytegd mipzynd lk iabl

epi` z-y xacd yexite ϕ-a x mewna davdl iyteg s-y oezp ok enk .ϕ {s/x} = ∀z.ψ {s/x} f`e z 6= x ∗
enk weica `ed letihd ,ϕ-a miiyteg mirten oi` x-l m` .ϕ-a miiyteg mirten oi` x-ly e` s-a riten
,M,v � ∀z.ψ {s/x} gikedl mivexeM,vs � ∀zψ migipn ep` .s-a riten epi` z-y `eti` gipp .x = z dxwna
epi` z-y oeeik .efk dnyd v′ idz .M,v′ � ψ {s/x} miiwzn v ly v′ hp`ixe-z lkly gikedl jixv xnelk
divwecpi`d zgpd itl .v′ [s] = v [s]-y o`kne s-a miritend mipzynd lkl zenikqn v′-e v f` ,s-a riten
lkl M-a oekp ψ okle M,vs � ∀zψ-y migipn epgp` la` .M,v′

s � ψ m"n` M,v′ � ψ {s/x} ,ψ xear
jk xg` y dpzynle) v′

s [x] = v′ [s] = v [s] = vs [x] ik vs ly hp`ixe-z `ed v′
s la` .vs ly hp`ixe-z

iabl divwecpi`d zgpd itl ,okl .M,v′
s � ψ okle (v′

s [y] = v′ [y] = v [y] = vs [y] miiwzn y 6= x-e y 6= z-y
.gikedl epivxy enk M,v′ � ψ {s/x} miiwzn ,ψ

.dnec dxeva ϕ = ∃zψ –
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