
5 d`vxd - aygnd ircnl dwibel

zexcbd

.oniq ⇒-e ze`gqep ly ziteq dveaw Γ ,`gqep ϕ xy`k "Γ ⇒ ϕ" dxevdn ihwhpiq xevi - (Sequent) hpeewq •

.ziq`lw dwibel xear zirah divwecc zkxrn - NDC •

e` NDC ly dneiqw` e` `ed da xai` lky Γ1 ⇒ ϕ1,Γ2 ⇒ ϕ2, . . . ,Γn ⇒ ϕn dxcq - hpeewq ly NDC-a dgked •
xai`d ly NDC-a dgked z`xwp efk dxcq .NDC ly millkd 10-n cg` zxfra dxcqa mincew mixai`n lawzn

.Γn ⇒ ϕn ,dly oexg`d

.NDC-a dgked yi Γ ⇒ ϕ hpeewqly eyext - `
NDC

Γ ⇒ ϕ oeniq •

`
NDC

(miweqtd aiygz ztya ze`gqep lr) driapd qgi

.`
NDC

Γ ⇒ ϕ-y jk ziteq Γ ⊆ T zniiw m` T `
NDC

ϕ

:(`
NDC

=`
HP C

-y dcaera yeniy `ll) zexiyi gikedl :zia ilibxz
.driap qgi `ed `

NDC
.1

.`
CP L

f` T `
NDC

ϕ m` :NDC zetwz .2

`
NDC

=`
HP C

:htyn

:dgked
lr divwecpi`a gikep .(ϕ = ϕn) HPC-a T -n ϕ ly dgked ϕ1, ϕ2, . . . , ϕn gipp .T `

NDC
ϕ ik d`xpe T `

HP C
ϕ gipp •

.T `
NDC

ϕi-y (1 ≤ i ≤ n) i

.HPC ly dneiqw` ϕ1 e` ϕ1 ∈ T .i = 1 :divwecpi`d qiqa –

`
NDC

Γ ⇒ ϕ1-y jk ziteq Γ ⊆ T yi xnelk ,NDC ly dneiqw` {ϕ1} ⇒ ϕ1-e {ϕ1} ⊆ T f` ϕ1 ∈ T m` ∗
.T `

NDC
ϕ1 okl (Γ = {ϕ1})

.T `
NDC

ϕ1-y dfn raep f` ziteq ∅ ⊆ T -y oeeikn .`
NDC

∅ ⇒ ϕ1-y mi`xn f` HPC ly dneiqw` ϕ1 m` ∗
:(A→ (B → C)) → ((A→ B) → (A→ C)) ,I2 z` `nbecl gikep
`gqep :n wqed rwx zegpd

1 A→ (B → C) dgpd 1
2 A→ B dgpd 2
3 A dgpd 3
4 B → C → E i"r 1,3 1,3
5 B → E i"r 2,3 2,3
6 C → E i"r 4,5 1,2,3
7 A→ C → I i"r 6 1,2
8 (A→ B) → (A→ C) → I i"r 7 1
9 (A→ (B → C)) → ((A→ B) → (A→ C)) → I i"r 8 ∅

.T `
NDC

ϕi ik d`xp .T `
NDC

ϕj miiwzn j < i lkl :divwecpi`d zgpd –

ϕi-y zexyt`d dxzep .i = 1 dxwnl ddf dgkedd ,HPC ly dneiqw` ϕi e` ϕi ∈ T m` :divwecpi`d xarn –
T `

NDC
ϕj ,divwecpi`d zgpd itl .ϕj = ϕk → ϕi ,lynl ,xnelk ,MP zxfra (j, k < i) ϕk-e ϕj-n lawzn

dgked dpap .`
NDC

∆2 ⇒ ϕk-e `NDC
∆1 ⇒ ϕk → ϕi-y jk zeiteq ∆1,∆2 ⊆ T zeniiw okle T `

NDC
ϕk-e

:onwlck NDC-a dycg

. . . ,∆1 ⇒ ϕk → ϕi, . . . ,∆2 ⇒ ϕk, ∆1 ∪∆2 ⇒ ϕi

proof of ∆1⇒ϕk→ϕi proof of ∆2⇒ϕk

.T `
NDC

ϕi f` ,ziteqe ∆1 ∪∆2 ⊆ T -y oeeike ∆1 ∪∆2 ⇒ ϕi ly NDC-a dgked eplaiw
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m` ,ok` .Γ `
HP C

ϕ f` `
NDC

Γ ⇒ ϕ m` :d`ad dnld z` ze`xdl witqn .T `
HP C

ϕ ik d`xpe T `
NDC

ϕ gipp •
.T `

HP C
ϕ f` (driap qgi `

HP C
-e) Γ ⊆ T -y oeeike ,`

NDC
Γ ⇒ ϕ-y jk ziteq Γ ⊆ T yi f` T `

NDC
ϕ

.(Γn = Γ, ϕn = ϕ) Γ1 ⇒ ϕ1, . . . ,Γn ⇒ ϕn :NDC-a dgked zxcq Γ ⇒ ϕ-l yi f` `
NDC

Γ ⇒ ϕ gipp :dnld zgked
.Γi `HP C

ϕi-y (1 ≤ i ≤ n) i lr divwecpi`a gikep

okle ϕ1 ∈ Γ1 xnelk ,NDC ly dneiqw` zeidl zaiig Γ1 ⇒ ϕ1 df dxwna .i = 1 :divwecpi`d qiqa –
.Γ1 `HP C

ϕ1

.Γj `HP C
ϕj miiwzn j < i lkl :divwecpi`d zgpd –

mixai`n raep Γi ⇒ ϕi zxg` .i = 1 dxwna enk dgkedd f` dneiqw` Γi ⇒ ϕi m` :divwecpi`d xarn –
z` `nbeck dyrp .mixwn dxyrl zlvtzn dgkedde .NDC ly wqidd illkn cg` zxfra dxcqa mincew

.libxz - x`yd .dlilyd illka yeniya mixeywd mixwnd
zgpd itl .ϕj = ¬¬ϕi-e Γi = Γj-y xacd yexit .¬E zxfra (j < i) Γj ⇒ ϕj-n lawzd Γi ⇒ ϕi gipp ∗
dfn raep ,HPC ly dneiqw` ¬¬ϕi → ϕi-y oeeik .Γi `NDC

¬¬ϕi xnelk ,Γj `HP C
ϕj ,j lr divwecpi`d
.Γi `HP C

ϕi-y zelwa
.ϕk = ¬θ, ϕj = θ-y jk θ yie ,ψ dfi`l ϕi = ¬ψ okl .¬I zxfra Γk ⇒ ϕk-e Γj ⇒ ϕj-n wqed Γi ⇒ ϕi ∗
k-e j xear divwecpi`d zgpd itl .∆1,∆2 zeveaw odyefi`l Γk = ∆2 ∪ {ψ}-e Γj = ∆1 ∪ {ψ} ok enk
itl) ∆2 `HP C

ψ → ¬θ-e ∆1 `HP C
ψ → θ okl .{ψ} ∪ ∆2 `HP C

¬θ-e {ψ} ∪ ∆1 `HP C
θ okl lawp

okle ∆1 ∪∆2 ⊆ Γj ∪ Γk la` .∆1 ∪∆2 `HP C
¬ψ-y okl lawp N1 zxfra .(HPC ly divweccd htyn

.gikedl epivxy dn dfe Γj ∪ Γk `HP C
¬ψ

zepwqn

.driap qgi `
NDC

•

.(`
NDC

= `
HP C

= `
CP L

) NDC ly zenlye zetwz •
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.`
NDI

=`
HP I

ik gked .Γ1⇒A Γ2⇒¬A
Γ1∪Γ2⇒B llka Γ⇒¬¬A

Γ⇒A llkd ztlgd i"r NDC-n lawzn NDI zkxrnd :libxz

`evnl dywy ziq`lw mitwz mihpeewq okl .dlw llk jxca `id NDI-a migikid mihpeewq ly zegked z`ivn :dxrd
NDC-a gikedl xyt` dl`k mihpeewq .zihqipeivi`ehpi` mitwz mpi`y mihpeewq cinz hrnk md NDC-a mdly dgked

:efk dgkedl `nbec dpd .dlilyd lxca llk jxcae ,dlilyd illk zervn`a wx

:mitqep miaeyg dlily illk
Γ⇒A Γ2⇒¬A

Γ1∪Γ2⇒B •

Γ ⇒ ¬A ∨A •
Γ1⇒¬A Γ2⇒A∨B

Γ1∪Γ2⇒B •

Γ1⇒¬A Γ2⇒¬B
Γ1∪Γ2⇒¬(A∨B) •

zrax`ny al miyp .dlilya zexeywd NDC-a zegked (z`ivn lr lwdle) xvwl leki "exw`n"k el` millka yeniyd
.NDI-a giki `l okle zihqipeivi`ehpi` swz epi` (rpnpd iyilyd weg) Γ ⇒ ¬A ∨A wx elld millkd
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zeibel zeieliwy

http://en.wikipedia.org/wiki/Logical_equivalence :wikipedia xeyiw

dxcbd

.A↔ B =Df (A→ B) ∧ (B → A)

.v (A) = v (B) m"n` v (A↔ B) = t f` dnyd v m` :dwical dlw dcaer

htyn) T `
CP L

ϕ {A/p} ↔ ϕ {B/p} miiwzn p ineh` weqte ϕ `gqep lkl f` T `
CP L

A ↔ B m` :(libxz) dpwqn
.(mihpleiew` zavd

.HPI xear mb oekp mihpleiew`d zavd htyny gikedl :sqep libxz

dxcbd

.`
CP L

A↔ B m` (A ≡ B) zibel milewy B-e A miweqt ipy

zeaeyg (zeieliwy) zeivpleiew`

(dletk dlily) ¬¬A ≡ A (`) .1
(obxen-dc) ¬ (A ∧B) ≡ ¬A ∨ ¬B (a)
(obxen-dc) ¬ (A ∨B) ≡ ¬A ∧ ¬B (b)

¬ (A→ B) ≡ A ∧ ¬B (c)

A→ B ≡ ¬A ∨B (`) .2
A ∨B ≡ ¬A→ B (a)

A ∧B ≡ ¬ (A→ ¬B) (b)

(zeihphetnci`) A ∧A ≡ A ,A ∨A ≡ A (`) .3
(zeiaih`iveq`) A ∧ (B ∧ C) ≡ (A ∧B) ∧ C ,A ∨ (B ∨ C) ≡ (A ∨B) ∨ C (a)

(zeiahhenew) A ∧B ≡ B ∧A ,A ∨B ≡ B ∨A (b)

(zeiaiheaixhqic) A ∨ (B ∧ C) ≡ (A ∨ C) ∧ (B ∨ C) ,A ∧ (B ∨ C) ≡ (A ∧B) ∨ (A ∧ C) (`) .4
(drila) A ∧ (A ∨B) ≡ A ,A ∨ (A ∧B) ≡ A (a)

A→ (B → C) ≡ A ∧B → C (`) .5
A→ (B ∧ C) ≡ (A→ B) ∧ (A→ C) (a)
(A ∨B) → C ≡ (A→ C) ∧ (B → C) (b)

(¬A→ ¬B) ≡ B → A (c)

A↔ B ≡ (A→ B) ∧ (B → A) .6

.miineh` miweqt iptl wx da riten dlilyd xyw m` (Negation Normal Form) NNF zxeva `id ϕ `gqep :dxcbd

.http://en.wikipedia.org/wiki/Negation_normal_form :wikipedia xeyiw

.(1 'qn dveaw) dlilyd zeieliwy zxfra dyrp jildzd .NNF-a lewy weqtl xiardl xyt` weqt lk :dprh
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:zexcbd

.milxhil md pi,¬pi :ineh` weqt zlily e` ineh` weqt - lxhil •

zeivweipew ly divwpeiqic `ed m` (zilnxep ziaihwpeiqic dxev ,Disjunctive Normal Form) DNF-a `ed weqt •
.milxhil ly

zeivwpeiqic ly divweipew `ed m` (zilnxep ziaihweipew dxev ,Conjunctive Normal Form) CNF-a `ed weqt •
.milxhil ly

cera DNF-a weqt `ed ϕ = (p1 ∧ ¬p3) ∨ (¬p1 ∧ p2 ∧ ¬p3) ∨ (¬p1 ∧ p4) :`nbec
.CNF-a weqt `ed (¬ϕ-l zibel lewyy) (¬p1 ∨ p3) ∧ (p1 ∨ ¬p2 ∨ p3) ∧ (p1 ∨ ¬p4)-y

.CNF zxevl ode DNF zxevl od `iadl ozip weqt lk :dprh

zxcbend {t, f} l` {t, f}n-n divwpetd xeza gp1,...,pn
ϕ z` xicbp .At (ϕ) ⊆ {p1, p2, . . . , pn}-y jk weqt ϕ gipp :dxcbd

.v (pi) = mi-y jk dnyd v-e i lkl mi ∈ {t, f} xy`k gp1,...,pn
ϕ (m1, . . . ,mn) = v (ϕ) i"r

.f = gp1,...pn
ϕ -y jk ϕ `gqep `evnl xyt` f : {t, f}n → {t, f} lkl :dprh

.{f, t} l` {f, t}n-n divwpet lk xicbdl liaya miwitqn {¬,∨,∧,→} :dpwqn
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