
4 d`vxd - aygnd ircnl dwibel

HPC ly zenlyd htyn

v lcen miiw f` T 0
HP C

ϕ m`y xnelk ,T 0
CP L

ϕ f` T 0
HP C

ϕ m`y z`f mewna d`xp .T `
HP C

ϕ f` T `
CP L

ϕ m`
.ϕ ly lcen epi`y T ly

:dgkedd oeirx

:xicbp

vT (A) =
{

t A ∈ T
f A /∈ T

:dnyd didz vT f` ,ze`ad zepekzd z` zniiwn T m` la` ,dnyd dpi` vT oxear T zexez opyi ik la` xexa

¬A ∈ T ⇔ A /∈ T •

(A ∧B) ∈ T ⇔ (A ∈ T and B ∈ T ) •

(A ∨B) ∈ T ⇔ (A ∈ T or B ∈ T ) •

(A→ B) ∈ T ⇔ (A /∈ T or B ∈ T ) •

.dpnn giki `l oiicr ϕ-y jk l"pd zeyixcd z` zniiwny dxezl dze` aigxp ,ok m` ,T dxez ozpida

:dgkedd zivnz

.T ∗ 0
HP C

ϕ-y jk T ∗ zilniqwn dxezl T z` aigxp .1

.ϕ ly lcen dpi`e T ∗ ly lcen deednd ziweg dnyd `id vT∗ f` l"pk zilniqwn T ∗ m`y d`xp .2

:dgked

'` aly

dveaw ef ik ixyt`) A1, A2, A3, . . . :dxcqa dtya miweqtd lk z` xcqp .T 0
HP C

ϕ-y jk weqt ϕ-e dxez T idz
:`ad ote`a λn. Tn zexez zxcq ixcbp .(dipn za

T0 = T Tn+1 =
{
Tn ∪ {An+1} Tn ∪ {An+1} 0

HP C
ϕ

Tn Tn ∪ {An+1} `HP C
ϕ

.T ∗ =
∞⋃

n=0
Tn zrk

:Tn ly zepekz

.n ≥ 0 lkl Tn 0
HP C

ϕ .`

.(n ≥ 1 xear) Tn `HP C
An → ϕ-y e` Tn `HP C

An-y e` .a

.(T0 = T ik) T0 0
HP C

ϕ -y dcaerde Tn+1 zxcbdn zil`iaixh dpid n lr divwecpi`a dpey`xd dpekzd zgked

.(An ∈ Tn ik) Tn `HP C
An ik xexa f` Tn = Tn−1 ∪ {An} m` .n > 0 gipp :dipyd dpekzd zgked

.Tn `HP C
An → ϕ xnelk ,Tn−1 `HP C

An → ϕ ,divweccd htyn itle Tn−1 ∪ {An} `HP C
ϕ f` Tn = Tn−1 m`

1



:T ∗ ly ze`ad zepekzd z` lawp dfn

T ∗ 0
HP C

ϕ .1

.T ∗ `
HP C

ψ → ϕ-y e` T ∗ `
HP C

ψ-y e` ,ψ weqt lkl .2

.ψ ∈ T ∗ f` T ∗ `
HP C

ψ m` ,ψ weqt lkl .3

:1 zgked

Γ la` ,(T ∗ =
∞⋃

n=0
xekfk) Γ ⊆

∞⋃
n=0

Tn ,zrk .Γ `
HP C

ϕ -y jk Γ ⊆ T ∗ ziteq dveaw yi if` .T ∗ `
HP C

ϕ ik dlilya gipp

.(λn. Tn dxcqd zxcbdn T0 ⊆ T1 ⊆ . . . ⊆ TN0 -y oeeikn z`f) Γ ⊆ TN0 xnelk ,Γ ⊆
N0⋃

n=0
Tn -y jk N0 miiw okle ziteq

.TN0 ly '` dpekzl dxizqa TN0 `HP C
ϕ lawp okl

:2 zgked

T ∗ `
HP C

ψ okl ,Tn `HP C
ψ → ϕ -y e` Tn `HP C

ψ -y e` ,Tn ly 'a dpekz itl .ψ = An -y jk n miiw f` .weqt ψ idi
.T ∗ `

HP C
ψ → ϕ e`

:3 zgked

xnelk ,Tn−1 ∪ {An} `HP C
ϕ m` wx ixyt` df .ψ /∈ Tn f` ,ψ /∈ T ∗ -y oeeikn .ψ = An gipp .ψ /∈ T ∗ j` T ∗ `

HP C
ψ gipp

.1 dpekzl dxizqa T ∗ `
HP C

ϕ lawp T ∗ `
HP C

ψ -ne dfn .T ∗ ∪ {ψ} `
HP C

ϕ -y f` lawp `linn .Tn−1 ∪ {ψ} `HP C
ϕ

'a aly

:i"r v xicbp

v (ψ) =
{

t ψ ∈ T ∗
f ψ /∈ T ∗

.(T ∗ 0
HP C

ϕ ixdy ,ϕ /∈ T ∗ ik) v (ϕ) = f -ye (T ⊆ T ∗ ik) ψ ∈ T lkl v (ψ) = t -y xexa
.yweank ,ϕ ly lcen dpi`y T ly lcen didz v f`e (zn`d ze`lah z` zcakn xnelk) ziweg dnyd v ik dzr d`xp

:ze`xdl epilr

v (ψ1 ∧ ψ2) = v (ψ1) ∧ v (ψ2) .1

v (ψ1 ∨ ψ2) = v (ψ1) ∨ v (ψ2) .2

v (¬ψ) = ¬v (ψ) .3

v (ψ1 → ψ2) = v (ψ1) → v (ψ2) .4

.(oaenk zn`d zeivwpet od mipeieeyd ly ipnid cva ∧,∨,¬,→ xy`k)

1 zgked

f` (C3 dneiqw` zxfra) ψ1, ψ2 `HP C
ψ1 ∧ ψ2 -y oeeikn .ψ2 ∈ T ∗ -e ψ1 ∈ T ∗ f` .v (ψ2) = t -e v (ψ1) = t gipp •

.v (ψ1 ∧ ψ2) = t okle T ∗ `
HP C

ψ1 ∧ ψ2

ψ1 ∧ ψ2 ∈ T ∗ ik okzii `l f` (C1-n) ψ1 ∧ ψ2 `HP C
ψ1 -y oeeikn .T ∗ 0

HP C
ψ1 okle ψ1 /∈ T ∗ f` v (ψ1) = f gipp •

.v (ψ1 ∧ ψ2) = f okle

.C1 mewna C2 z` jixv wx ,v (ψ1) = f ea dxwnl dnec dgkedd - v (ψ2) = f •
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2 zgked

ψ1∨ψ2 ∈ T ∗ okle T ∗ `HP C
ψ1∨ψ2 -y dfn raep f` (D1 itl) ψ1 `HP C

ψ1∨ψ2 -y oeeik .ψ1 ∈ T ∗ f` .v (ψ1) = t gipp •
.v (ψ1 ∨ ψ2) = t -e

.D2-a yeniy jez ,v (ψ1 ∨ ψ2) = t -y dnec ote`a mi`xn v (ψ2) = t m` •

-y oeeik .ψ2 → ϕ ∈ T ∗ -e ψ1 → ϕ ∈ T ∗ okl ,ψ2 /∈ T ∗ -e ψ1 /∈ T ∗ f` .v (ψ2) = f mbe v (ψ1) = f gipp •
.v (ψ1 ∨ ψ2) = f okle ,ψ1∨ψ2 /∈ T ∗ -y xacd yexit ,T ∗ 0

HP C
ϕ -e (D3 zxfra) ψ1 → ϕ,ψ2 → ϕ,ψ1∨ψ2 `HP C

ϕ

3 zgked

okle ¬ψ ∈ T ∗ mby okzii `l ,(dzika dgkedy dnl itl) ψ,¬ψ `
HP C

ϕ -y oeeik .ψ ∈ T ∗ f` .v (ψ) = t gipp •
.v (¬ψ) = f -e ¬ψ /∈ T ∗

dgkedy dnl itl .¬ψ → ϕ ∈ T ∗ xnelk ,¬ψ /∈ T ∗ -y dlilya gipp .ψ → ϕ ∈ T ∗ okle ψ /∈ T ∗ f` .v (ψ) = f gipp •
.yexck v (¬ψ) = t -e ¬ψ ∈ T ∗ okl .dxizq efe T ∗ `

HP C
ϕ -y lawp okl ψ → ϕ, ¬ψ → ϕ `

HP C
ϕ ,lebxiza

4 zgked

lkn raep ,ψ1, ψ1 → ψ2 `HP C
ψ2 -y oeeik .T ∗ 0

HP C
ψ2 okl ,ψ2 /∈ T ∗ -e ψ1 ∈ T ∗ f` v (ψ2) = f -e v (ψ1) = t gipp •

.v (ψ1 → ψ2) = f okle ψ1 → ψ2 /∈ T ∗ -y z`f

ψ1 → ψ2 ∈ T ∗ okle ,T ∗ `
HP C

ψ1 → ψ2 f` (I1 zxfra) ψ2 `HP C
ψ1 → ψ2 -y oeeik .ψ2 ∈ T ∗ xnelk ,v (ψ2) = t gipp •

.v (ψ1 → ψ2) = t -e

¬ψ1 `HP C
ψ1 → ψ2 la` .¬ψ1 ∈ T ∗ -e v (¬ψ1) = t ,¬ iabl ep`xdy dn itl ,okl .ψ1 ∈ T f` .v (ψ1) = f gipp •

v (ψ1 → ψ2) = t -e ψ1 → ψ2 ∈ T ∗ okle T ∗ `
HP C

ψ1 → ψ2 okl .(¬ψ1, ψ1 `HP C
ψ2 ik ,divweccd htyn zxfra)

.yxcpk

,ok lr .¬-a zexeywy zeneiqw`a xnelk ,¬ ly zepekza zynzyn `idy jka zexg`d zegkeddn dpey 4 zgked :dxrd
.giki weqt epi` ((A→ B) → A) → A ,dneiqw` dpi` ¬¬A→ A ea ,lynl ,HPI-a

:zeihwtnewd htyn :dpwqn

.Γ `
CP L

ϕ-y jk ziteq Γ ⊆ T zniiw f` T `
CP L

ϕ m`

.HPC ly zeihwtnewd htyne `
CP L

=`
HP C

-n raep :dgked

.T `
HP C

¬ϕ mbe T `
HP C

ϕ mby jk ϕ weqt oi` m` HPC-a zihphqiqpew T :(lebxizn) zxekfz

:'a gqep zenlyd htyn

.HPC-a zihphqiqpew `id T m"n` dwitq dxez `id T

:dgked

T 0
HP C

ϕ ,oey`xd dxwna .v (¬ϕ) = f-y e` v (ϕ) = f-y e` f` .edylk weqt ϕ idi .T ly lcen v-e dwitq T gipp .1
.HPC-a zihphqiqpew T okle ϕ lkl oekp df .lewiy eze`n T 0

HP C
¬ϕ ,ipyd dxwna .zeze`pd htyn llba

.(dlewy zeihphqiqpew ly ef dxcbd ik gked libxza) T 0
HP C

ϕ-y jk ϕ weqt yi f` .HPC-a zihphqiqpew T gipp .2
.dwitq T xnelk ,lcen T -l yi okle ϕ ly lcen epi`y T ly lcen yi xnelk ,T 0

CP L
ϕ ,epgkedy zenlyd htyn itl

:zenlyd htynn ztqep dpwqn

.`
HP C

ϕ m"n` miweqtd aiygz ly dibelehe`h dpid ϕ :HPC ly dylg zenly

.(HPC ly zeze`pe zenly) ∅ `
HP C

ϕ m"n` ∅ `
CP L

ϕ m"n` dibelehe`h ϕ :dgked
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Natural Deduction - zirah divwecc

http://en.wikipedia.org/wiki/Natural_deduction :wikipedia xeyiw

zirah jxca dgkedl `nbec ,ok m` d`xp .zeprh migiken miyp` da zirahd jxcd z` dncn zirah divwecca dgked
.efk dgked zbviin zirah divwecc ji`e

:`nbec

.x ∈ A ∧ (x ∈ B ∨ x ∈ C) → (x ∈ A ∧ x ∈ B) ∨ (x ∈ A ∧ x ∈ C) xnelk ,A ∩ (B ∪ C) ⊆ (A ∩B) ∪ (A ∩ C) gikep

.x ∈ B ∨ x ∈ C-e x ∈ A f` x ∈ A ∧ (x ∈ B ∨ x ∈ C) gipp
.(x ∈ A ∧ x ∈ B) ∨ (x ∈ A ∧ x ∈ C) okle x ∈ A ∧ x ∈ B miiwzn ,x ∈ A-y oeeik f` x ∈ B m`
.(x ∈ A ∧ x ∈ B) ∨ (x ∈ A ∧ x ∈ C) okle x ∈ A ∧ c ∈ C miiwzn ,x ∈ A-y oeeik f` x ∈ C m`e

okle (x ∈ A ∧ x ∈ B) ∨ (x ∈ A ∧ x ∈ C) eplaiw mixwnd ipya
x ∈ A ∧ (x ∈ B ∨ x ∈ C) → (x ∈ A ∧ x ∈ B) ∨ (x ∈ A ∧ x ∈ C)

zeibelehe`h onvra od dgkeda zeritend ze`gqepd lk `l ,dibelehe`h ly dgkeda o`k xaecny zexnl ik al miyp
zegpdd m` wx o`k dpekp `gqep lk .dibelehe`h dpi` x ∈ A ∧ x ∈ B lynl jk .(HPC-a zegkeda dxewy dnl cebipa)
,rwx zegpd zqpkd ly jxca ok` zelret zirah divwecca zegked .zeniiwzn zazkp `id ea mewna rwxa ze`vnpd

.gikedl mivex dze` `gqepl ribdl ick zegpdd weliqe zepwqn zwqd

z`xwp efk dxey lk .dxeyd dwqed odny rwxd zegpd z` dxey lka aezkl `id efk dxevl aiygz xicbdl zg` jxc
ozpida zniiwzn `id ik miprehy `gqepd epinine rwxd zegpd zveaw el`nyny⇒ oniqd `id dzxeve (Sequent) hpeewq

.NDC ly wqidd illk zxfra eincewn wqen hpeewq lk .rwxd zegpd

(NDC) zirah divwecca wqid illk

.xywd `ed ◦ xy`k ,(Introduction) ◦I-a mipneqn ,xywd mr weqt lawl ozip mzxfray ,xyw ly dqpkd illk
.xywd `ed ◦ xy`k ,(Elimination) ◦E-a mipneqn ,miieqn weqta xywn xhtidl ozip mzxfray ,xyw ly weliq illk
(dpwqnd) miwiqn eze` hpeewqde ewd lrn miriten (llkd ly zencwdd) miwiqn mdny mihpeewqd llk lk xe`iza

.ewl zgzn riten

{A} ∪ Γ ⇒ A :dneiqw` •
Γ1⇒A Γ2⇒B

Γ1∪Γ2⇒A∧B :∧I •

Γ⇒A∧B
Γ⇒B

Γ⇒A∧B
Γ⇒A :∧E •

Γ∪{A}⇒B
Γ⇒A→B :→ I •

Γ1⇒A Γ2⇒A→B
Γ1∪Γ2⇒B :→ E •

Γ⇒A
Γ⇒A∨B

Γ⇒B
Γ⇒A∨B :∨I •

Γ1⇒A∨B {A}∪Γ2⇒C {B}∪Γ3⇒C
Γ1∪Γ2∪Γ3⇒C :∨E •

{A}∪Γ1⇒B {A}∪Γ2⇒¬B
Γ1∪Γ2⇒¬A :¬I •

Γ⇒¬¬A
Γ⇒A :¬E •
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:(⇒ ly l`ny cva milqleqnd miixbeqd z` ,o`k laewnk ,mihinyn xy`k) jk d`xz `nbecay dgkedd

1. A ∧ (B ∨ C) ⇒ A ∧ (B ∨ C) dneiqw`
2. A ∧ (B ∨ C) ⇒ A ∧E llkd i"r 1-n
3. A ∧ (B ∨ C) ⇒ B ∨ C ∧E llkd i"r 1-n
4. B ⇒ B dneiqw`
5. A ∧ (B ∨ C) , B ⇒ A ∧B ∧I llkd i"r 2,4-n
6. A ∧ (B ∨ C) , B ⇒ (A ∧B) ∨ (A ∧ C) ∨I llkd i"r 5-n
7. C ⇒ C dneiqw`
8. A ∧ (B ∨ C) , C ⇒ A ∧ C ∧I llkd i"r 2,7-n
9. A ∧ (B ∨ C) , C ⇒ (A ∧B) ∨ (A ∧ C) ∨I llkd i"r 8-n
10. A ∧ (B ∨ C) ⇒ (A ∧B) ∨ (A ∧ C) ∨E llkd i"r 3,6,9-n
11. ⇒ A ∧ (B ∨ C) → (A ∧B) ∨ (A ∧ C) → I llkd i"r 10-n

od mda zenewnd z` oiivl yi ,zegpdd z` miazek `lyk .zegpdd ila e` mr ,ur zxeva mb dgkedd z` aezkl laewn
:(miixbeqa miphwd mixtqnd) zewleqne zeqpken
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:(dniyx) zizxcq dxeva mb xyt`e

`gqep :n wqed rwx zegpd

1 A ∧ (B ∨ C) dgpd {1}
2 A ∧E i"r 1 {1}
3 B ∨ C ∧E i"r 1 {1}
4 B dgpd {4}
5 A ∧B ∧I i"r 4,2 {1, 4}
6 (A ∧B) ∨ (A ∧ C) ∨I i"r 5 {1, 4}
7 C dgpd {7}
8 A ∧ C ∧I i"r 7,2 {1, 7}
9 (A ∧B) ∨ (A ∧ C) ∨I i"r 8 {1, 7}
10 (A ∧B) ∨ (A ∧ C) ∨E i"r 9,6,3 {1}
11 A ∧ (B ∨ C) → (A ∧B) ∨ (A ∧ C) → I i"r 10 ∅
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