
12 d`vxd - aygnd ircnl dwibel

dnyd zniiw M-a v dnyd lkly jk ,L xear M ′ ilnxep dpan miiw f` L xear dpan M-e oeieey mr dty L m` :zxekfz
.ϕ `gqep lkl dfe M ′, v′ ² ϕ m"n` M,v ² ϕ zniiwnd M ′-a v′

.T ∪ Eq (L) `t
FOL ϕ m"n` T `t

FOL= ϕ f` dty dze`a `gqep ϕ-e oeieey mr dtya dxez T m` :dpwqn
:dgked

ilnxep dpan `ed M xnelk) T ly ilnxep lcen 〈M, v〉 ok m` idi .T `t
FOL= ϕ-y d`xpe T ∪ Eq (L) `t

FOL ϕ gipp •
lky ,okl ep`xd .M,v ² ϕ epzgpdn okl .M, v ² T ∪ Eq (L) okle M ² Eq (L) f` ilnxep M-y oeeik .(M, v ² T -e

.T `t
FOL= ϕ epiidc ,ϕ ly ilnxep lcen-t mb `ed T ly ilnxep lcen-t

yi ,epgkedy dprhd itl .T ∪ Eq (L) ly lcen-t 〈M, v〉 `eti` idi .T ∪ Eq (L) `t
FOL ϕ d`xpe T `t

FOL= ϕ gipp •
miiwzn dtya ψ lkly jk df lcena v′ dnyde M ′ ilnxep lcen

(∗) M,v ² ψ ⇔ M ′, v′ ² ψ

ilnxep lcen-t mb `ed okle T ly ilnxep lcen-t epid 〈M ′, v′〉-y o`kn .(ψ ∈ T lkl M, v ² ψ ik) M ′, v′ ² T hxtae
lcen-t 〈M, v〉 m`y ep`xd k"dq .M,v ² ϕ ,(∗) itl aey ,okle M ′, v′ ² ϕ xnelk .(T `t

FOL= ϕ dgpdd itl) ϕ ly
.T ∪ Eq (L) `t

FOL ϕ xnelk ,ϕ ly lcen-t mb 〈M, v〉 f` T ∪ Eq (L) ly

:(libxzk) zetqep zepwqn

.T ∪ Eq (L) `v
FOL ϕ m"n` T `v

FOL= ϕ •
.dwitq-t `id T ∪ Eq (L) m"n` ilnxep lcen-t dl yi (oeieey mr dtya) T dxez •
.dwitq-v `id T ∪ Eq (L) m"n` ilnxep lcen-v dl yi (oeieey mr dtya) T dxez •

:zelwa miraep dfn

.FOL= xear zeihwtnewd htyn •
.FOL= xear miidpel mlewq htyn •

.FOL= xear divweccd ihtyn •
.FOL= ly zerixkd ivg •

z` `nbecl d`xp
:oeieey mr oey`x xcqn dwibell zeihwtnewd htyn zgked

jk ziteq Γ′ ⊆ T ∪ Eq (L) yi FOL ly zeihwtnewd htyn itl okle T ∪ Eq (L) `t
FOL ϕ f` .T `t

FOL= ϕ gipp
.Γ `t

FOL= ϕ okle (Γ′ ⊆ Γ ∪ Eq (L) ik) Γ ∪ Eq (L) `t
FOL ϕ-y xexa .(ziteq Γ-e Γ ⊆ T ) Γ ' Γ′ ∩ T onqp .Γ′ `t

FOL ϕ-y
.oeieeyd zeneiqw` ztqed i"r HFOL-n zlawznd hxalid gqep zkxrnd `id HFOL= :dxcbd

.T `t
HFOL= m"n` T `v

FOL= ϕ :HFOL= xear zenlyd htyn
dwibell zirah divwecca ynzydl zg` jxc okl .ziteq Γ ⊆ T xear `

NDF OL
Γ ⇒ ϕ m"n` T `

NDF OL
ϕ :zxekfz

dyib .`NDFOL Γ ⇒ ϕ-y jk ziteq Γ ⊆ T ∪ Eq (L) yi m"n` T `NDFOL= ϕ-y xicbdl `id oeieey mr oey`x xcqn
:(divlecenxtd llk xeza mb reci) `ad davd llk z` oke dnikq xeza ⇒ s = s z` siqedl `id ztqep

Γ1 ⇒ s = t Γ2 ⇒ ϕ

Γ1 ∪ Γ2 ⇒ ϕ′

.driap-t ly xywda ,jynda ehxetiy davdd llk lr zelabda t-a s ly mirten ztlgd i"r ϕ-n zlawzn ϕ′-yk
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zeavd

.1

s1 = t1, . . . , sn = tn `FOL= t {s1/x1, . . . , sn/xn} = t {t1/x1, . . . , tn/xn}

f` (i = 1, . . . , n) ti-a si ly mirten ztlgd i"r t′-n lawzn t′′ m`y xacd yexit ,ziyrn

s1 = t1, . . . , sn = tn `FOL= t′ = t′′

f` (i = 1, . . . , n) ti-a si ly mirten ztlgd i"r ϕ-n lawzn ϕ′-e ze`gqep ϕ′-e ϕ m` .2

s1 = t1, . . . , sn = tn `v
FOL= ϕ ↔ ϕ′

f` (dn`zda) x1, . . . , xn xear davdl miiyteg s1, . . . , sn-e t1, . . . , tn m` .3

s1 = t1, . . . , sn = tn `t
FOL= ϕ {s1/x1, . . . , sn/xn} ↔ ϕ {t1/x1, . . . , tn/xn}

xeyw epi` ti-a ritend dpzyn ly rten s`e ϕ-a xeyw epi` si-a ritend dpzyn ly rten s` m` ,zexg` milina
f` (i = 1, . . . , n) ti-a si ly mirten ztlgd i"r ϕ-n lawzn ϕ′-e ,ϕ′-a

s1 = t1, . . . , sn = tn `t
FOL= ϕ ↔ ϕ′

oey`x xcqn dwibel ly iehiad gek

(ze`lnl cebipa) zeiwlg zeivwpet

.dpyn `l `ed iyrn ote`ae (lcgn zxixa) default value-a inyx ote`a miynzyn

(Extension by de�nitions) zexcbd i"r (dtyd ly) dagxd

L′ dycg dty xevip .Fv (ϕ) = {x1, . . . , xn}-y gippe L-a `gqep ϕ ,L dtya dxez T gipp - qgi ipniq ztqed .1
dxez jk lawpe ∀x1 . . . ∀xn (p (x1, . . . , xn) ↔ ϕ) dneiqw`d z` T -l siqep ,p ycg inewn n qgi oniq ztqed i"r
f` zixewnd L dtya `id ϕ m` epiidc ,T ly (conservative) zxnyn dagxd f` didz T ′ .(L′ dtya) T ′ dycg

.T ′ `F OL ϕ m"n` T `F OL ϕ

divwpet oniq L-l siqepy i"r L′ dycg dty xevip .T -n raepd weqt epid ∀x1 . . . ∀xn∃y.ϕ ik gippe l"pk T -e L eidi .2
T ′ .∀x1 . . . ∀xnϕ {f (x1, . . . , xn) /y} dneiqw`d ztqed i"r T -n zlawznd L′-a T ′ dxez xevipe f ycg inewn-n

.T ly zxnyn dagxd f` `id
.cltpiey ly xtqa e`x - zexg` zexeve mitqep mihxt

onfd mxeb

mipeekzny zernyndyk p′ inewn-(n + 1) qgi oniql p inewn-n qgi oniq lk jetdl xyt` f` eze` qipkdl mivex m`
.t onfa oekp p (x1, . . . , xn) m"n` oekp p′ (x1, . . . , xn, t)-y `id dil`
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zibeq-ax dwibel

zpzep dxehpbiq .(l"pd mibeqdn cg`) beq yi r"y lkl .s1, . . . , sn ,mibeq xtqn zeidl mileki ,minvr ly cg` beq mewna
`ed beq dfi` mb divwpet oniq lkle lawn `ed minvr ibeq dfi` iabl divnxetpi` divwpet oniqe lkle qgi oniq lkl

.xifgn

.miixehwee miagxn xear dty :`nbec

.s (calar) , v (ector) :mibeq

0s : s, 0v : v :mireaw

+s : s× s → s, +v : v × v → v, ·s : s× s → s, · : s× v → v :divwpet ipniq

=s: s× s → o, =v: v × v → o :qgi ipniq

r"y t1, . . . , tn-e f : s1 × . . .× sn → s m` :ixwird clause-d .ely mipzynd z` yi beq lkly migipn :mvr zeny zxcbd
.s beqn xyk r"y epid f (t1, . . . , tn) f` dn`zda s1, . . . , sn mibeqn

p (t1, . . . , tn) f` ,dn`zda s1, . . . , sn mibeqn r"y t1, . . . , tn ,inewn-n qgi oniq p : s1×. . .×sn → o m` :ze`gqep zxcbd
.dkldk diepa `gqep

.
n⋃

i=1

Di 6= ∅ :zigxkd dlabd .s1, . . . , sn mibeq n yiy dgpda M = 〈D1, . . . , Dn, I〉 :dwihpnq

L′ zibeq-cg dtyl L zibeq-ax dtyn mebxz

.zibeq-cgd dtyd ly dpzynl jted zibeq axd dtyd ly dpzyn lk •
.mi`znd arity-d mr L′ ly mipniql mikted L zibeq-axd dtyd ly divwpetd ipniqe qgid ipniq ,mireawd lk •

.si : ι → o inewn cg qgi oniq miqipkn L ly si beq lk xear •
.melk miyer `l mvr zeny ly mebxza •

:`ad ote`a Tr (ϕ) `gqep L ly ϕ `gqep lkl mini`zn ,ze`gqep mebxza •

.Tr (ϕ) = ϕ f` ineh` ϕ m` –

.◦ ∈ {∧,∨,→} xear Tr (ϕ ◦ ψ) = Tr (ϕ) ◦ Tr (ψ)-e Tr (¬ϕ) = ¬Tr (ϕ) –

.x dpzynd ly beqd `ed si xy`k Tr (∀xψ) = ∀x (si (x) → Tr (ψ)) –

.x dpzynd ly beqd `ed si xy`k Tr (∃xψ) = ∃x (si (x) ∧ Tr (ψ)) –

Th (L)-yk Tr (T ) ∪ Th (L) `
F OL(L′)

Tr (ϕ)-y `l` Tr (T ) `
F OL(L′)

Tr (ϕ)-y raep `l dfn .T `
F OL(L) ϕ gipp

:mi`ad miweqtd z` zllek

weqtd didi Th (L)-a f` L ly dxehpbiqa p : s1 × . . .× sn → o m` .1
.∀x1 . . . ∀xn.p (x1, . . . , xn) → s1 (x1) ∧ . . . ∧ sn (xn)

weqtd z` lelki Th (L) f` f : s1 × . . .× sn → s m` .2
.∀x1 . . . ∀xn.s1 (x1) ∧ . . . ∧ sn (xn) → s (f (x1, . . . , xn))

.oeiey hwicxt `ed p xy`k eze` millek oi` dxwn lkae uegp cinz `l (1) :dxrd
didz "zirah" dpxvd .r.g.g `id f` l`nyn ikted yi f divwpetl m` :`nbec

∀f ((∃g∀x.g (f (x)) = x) → (∀x1∀x2.f (x1) = f (x2) → x1 = x2))
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ok m` mixaer .iweg r"y epi` f (x) (`nbecl) okle dpzyn `ed da f ixdy ziweg `gqep dpi` ef ik al miyp j`
didz dpxvdd f`e App : F ×R → R divwpet oniqe F -e R mibeq mr zibeq-ec dwibell

(ϕ =) ∀f ((∃g∀x.App (g,App (f, x)) = x) → (∀x1∀x2.App (f, x1) = App (f, x2) → x1 = x2))

:oey`x xcqn dtyl mebxz

∀f.F (f) → (∃g(F (g) ∧ ∀xR(x) → App(g, App(f, x)) = x)) →

∀x1(R(x1) → ∀x2(R(x2) → (App(f, x1) = App(f, x2) → x1 = x2))))

≡ ∀f.F (f)∧(∃gF (g)∧∀x(R(x) → App(g, App(f, x)) = x)) → ∀x1∀x2(R(x1)∧R(x2)∧App(f, x1) = App(f, x2) → x1 = x2)

j` ,zibel zn` elit` Ax → Tr (ϕ) df dxwna .Ax : ∀x∀y (F (x) ∧R (y) → R (App (x, y))) dneiqw` ztqeza
.jk cinz `l df
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