
10 d`vxd - aygnd ircnl dwibel

,xekfk .miweqt A-e T xy`k T `
F OL

A m`d ziaihwt` dxeva zeprl zrk epzxhn

T `t
F OL

A ⇔ T {d1/x1, d1/x2, . . .} `t
F OL

A {d1/x1, d1/x2, . . .}

,driap-v xear .T ∪ {A}-a mirten mpi`y miycg mireaw d1, d2, . . .-e T -a miiytegd mipzynd md x1, x2, . . . xy`k

T `v
F OL

⇔ ∀T `v
F OL

∀A

ze`gqep xear driapn xearl zexyt`n el` zeieliwy .T ixai` lk ly mixebq zveaw `id ∀T -e A ly xebq `ed ∀A xy`k
.miweqt xear driapl odylk

.dwitq dpi` T ∪ {¬A} m"n` T `
F OL

A :dprh

zipkzd

.zilnxep ziqwpxt dxeva miweqt ly dxez zewitq ziral mdylk miweqt ly dxez zewitq zira ly divwecx .1
ψ-e mdylk miznk Q1, Q2, . . . , Qn xear A = Q1x1Q2x2 . . . Qnxn.ψ m` zilnxep ziqwpxt dxeva `ed A weqt

.miznk `ll `gqep

-ipe` miweqt ly dxez ly zewitq ziral zilnxep ziqwpxt dxeva miweqt ly dxez zewitq zira ly divwecx .2
miznk mirten `l ψ-a xy`k ∀x1∀x2 . . . ∀xn.ψ dxevdn weqt `ed ilqxaipe` weqt .divfinlewq zxfra miilqxa

.ψ-a miritend miiytegd mipzynd md x1, x2, . . . , xn-e

aiygza zewitq ziral FOL-a miilqxaipe` miweqt ly T dxez zewitq ziran divwecx ozep - cpxaxd htyn .3
.miweqtd

zilnxep ziqwpxt dxev - 1 aly

:mihpleiew` ztlgd htyn

.T `v
F OL

ϕ ↔ ϕ′ f` A′-a A ly xzei e` cg` rten ztlgd i"r ϕ-n dlawzd ϕ′-e T `v
F OL

A ↔ A′ m`
.libxzk ,ϕ dpan lr divwecpi`a - dgked

(x = x) ↔ (x = 1) `t
F OL

(x = x) ↔ (x = 1) ,`nbecl .driap-t xear oekp epi` htynd :dxrd
.(x = x) ↔ (x = 1) 0t

F OL
∀x (x = x) ↔ ∀x (x = 1) la`

.hqwhpew lka dipya zg` silgdl xyt` f` zeibel zeieliwy A′-e A m` :dpwqn

:zeaeyg zeieliwy

¬∀xA ≡ ∃x¬A ¬∃xA ≡ ∀x¬A ∃xA ≡ ¬∀x¬A ∀xA ≡ ¬∃x¬A (1)

∀x∀yA ≡ ∀y∀xA ∃x∃yA ≡ ∃y∃xA (2)

∀yA ≡ A ∃yA ≡ A :A-a iyteg epi` y m` (3)

:(α llk) A-a y mewna davdl iyteg j` A-a iyteg epi` x m` (4)
∀yA ≡ ∀xA (x/y) ∃yA ≡ ∃xA (x/y)

∀x (A ∧B) ≡ ∀xA ∧ ∀xB ∃x (A ∨B) ≡ ∃xA ∨ ∃xB (5)
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:f` A-a iyteg epi` x m` (6)

∃x (A ∧B) ≡ A ∧ ∃xB ∀x (A ∧B) ≡ A ∧ ∀xB (i)

∃x (A ∨B) ≡ A ∨ ∃xB ∀x (A ∨B) ≡ A ∨ ∀xB (ii)

∃x (A → B) ≡ A → ∃xB ∀x (A → B) ≡ A → ∀xB (iii)

∃x (B → A) ≡ (∀xB) → A ∀x (B → A) ≡ (∃xB) → A (iv)

:f` ,miinewn-cg qgi ipniq p, q m` :`nbec

∀x (q (x) ∧ ¬∀x.p (x)) ≡ ∀x (q (x) ∧ ∃x.¬p (x)) ≡ ∀x (q (x) ∧ ∃y.¬p (y)) ≡ ∀x∃y.q (x) ∧ ¬p (y) (y 6= x)

.zxg` jxca ,∃y∀x.q (x) ∧ ¬p (y)-l mb ribdl ozip ef `nbeca :dxrd
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divfinlewq - 2 aly

T ∪ {ϕ} f` ,(mitqep miznk likdl leki ψ) ∀x1 . . . ∀xn∃y.ψ dxevdn weqt ϕ-e miweqt ly dxez T ,dty L idz :htyn
ztqed i"r L-n zlawznd L∗ dtya dxezk dwitq T ∪{∀x1 . . . ∀xn.ψ {f (x1, . . . , xn) /y}} m"n` L dtya dxezk dwitq

.f ycg inewn-n divwpet oniq

.(x 6= y) v′ [x] = v [x]-e v′ [y] = a i"r zxcbend v′ dnydd z` v (a/y)-a onqp ,M dpana v dnyd ozpda :oeniq

:zxekfz

M ² ϕ ⇒ M ² ∀x1 . . . ∀xnϕ .1

.M,v (a/x) ² ϕ ⇔ M, v ² ϕ {t/x} f` v [t] = a-e ϕ-a x mewna davdl iyteg t m` :davdd htyn .2

:dgked
.L dtya dxezk dwitq T ∪ {ϕ} f` L∗ dtya dxezk dwitq T ∪ {∀x1 . . . ∀xn.ψ {f (x1, . . . , xn) /y}} m` :'` oeeik

.libxzk gked

〈a1, . . . , an〉 ∈ lkl xnelk ,M ² ∀x1 . . . ∀xn∃yψ f` .L-a M ² T∪{ϕ}-y jk lcen M idi .L-a dwitq T∪{ϕ} idz :'a oeeik
divwpet ok m` xicbp .M, v (a/y) ² ψ miiwzn (1 ≤ i ≤ n lkl) v [xi] = ai zniiwny v dnyd lkly jk a ∈ D miiw Dn

v dnyd lkl M, v (G [v [x1] , . . . , v [xn]] /y) ² ψ f`e ,dfk edylk a ∈ D xifgz 〈a1, . . . , an〉 ∈ Dn lk xeary G : Dn → D
`l f-y oeeikn ,M∗, v ² A f` M, v ² A m` L dtya A `gqep lkl ik zrk xexa .I [f ] = G i"r M∗-l M z` aigxp .M-a
la` .M∗-a v dnyd lkl M∗, v (G [v [x1] , . . . , v [xn]] /y) ² ψ okl .(jtdle M∗-a dnyd mb `id M-a dnyd) A-a riten
M∗, v ² ψ {f (x1, . . . , xn) /y} davdd htyn itle v [f (x1, . . . , xn)] = I [f ] [v [x1] , . . . , v [xn]] = G [v [x1] , . . . , v [xn]]
.M∗ ² ∀x1 . . . ∀xn.ψ {f (x1, . . . , xn) /y} lawp 1 zxekfz itl .M∗ ² ψ {f (x1, . . . , xn) /y} xnelk ,M∗-a v dnyd lkl

.mze` wtqn M∗ ik xexa (T -a) miweqtd x`yl

dwitq ∀x1∀x2∀u∃v.q (x1, x2, h (x1, x2) , u, v) m"n` dwitq ∀x1∀x2∃y∀u∃v.q (x1, x2, y, u, v) :`nbec
.dwitq ∀x1∀x2∀u.q (x1, x2, h (x1, x2) , u, f (x1, x2, u)) m"n`

:zeaeyg zexrd

,Sk (ϕ) i"r oneqn df jildza ϕ-a lawznd weqtd .divfinlewq `xwp (∃ iznk) miiyid miznkd weliq jildz .1
.Sk(T ) - T -n zlawznd dxezde

.divwpetd ipniq zxigaa ielz `l` ϕ i"r cigi ote`a rawp `l Sk (ϕ) .2

.dty dze`a `l elit` md !ϕ-l lewy `l Sk (ϕ) .3

.I = I∗/σ-e Sk (T ) ly 〈D, I∗〉 lcenl aigxdl ozip σ dxehpbiq mr L dtya T dxez ly 〈D, I〉 lcen lk .4

.(σ dxehpbiq mr L dtya) T ly lcen `ed 〈D, I∗/σ〉 f` Sk (T ) ly lcen 〈D, I∗〉 m` .5

ipniq `l` zeivwpet `l mdy zexnl) mlewq zeivwpet mi`xwp divfinlewq jildza miqipkny divwpet ipniq .6
.(divwpet
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cpxaxd htyn - 3 aly

lkl) ϕ-a xi mewna davdl iyteg ti xy`k ϕ {t1/x1, . . . , tn/xn} dxevdn `gqep `id ϕ `gqep ly divphqpi` :dxcbd
.weqt `idy divphqpi` :dxebq divphqpi` .(1 ≤ i ≤ n

.ψ ly dvixhnd `id ϕ f` (miznk oi` ϕ-ae) ψ = ∀x1 . . . ∀xnϕ m` :dxcbd

,T ∗ m"n` FOL-a dxezk dwitq T f` .zegtl cg` reaw da yiy L dtya zilqxaipe` dxez T idz :cpxaxd htyn
ly zeineh` ze`gqep lr milkzqn) CPL-a dxezk dwitq ,T ixai` ly zevixhnd ly zexebqd zeivphqpi`d zveaw
T ly zexebqd zeivphqpi`d zveawk T ∗ z` xicbp f` mireaw L-a oi` m` :dxrd .(CPL-a miineh` miweqt lrk FOL

.(libxzk gikedl) L∗-a dxezk dwitq T m"n` L-a dxezk dwitq T f`e L ∪ {c} = L∗ dtya

:i"r vM ziweqt dnyd xicbp .L dty xear dpan M idi :1 dprh

vM [p (s1, . . . , sn)] =
{

t M ² p (s1, . . . , sn)
f M 2 p (s1, . . . , sn)

.libxzk dgked .vM [A] = t m"n` M ² A miiwzn miznk `ll A weqt lkl f`

miiwzn s q"y lkl m"n` M, v ² ∀xϕ f` dpana dnyd v-e L dty xear cpxaxd dpan M = 〈H (L) , I〉 m` :2 dprh
.lebxiza dgked .s q"y lkl M ² ϕ {s/x} m"n` M ² ∀xϕ f` weqt ∀xϕ m` :dpwqn .M, v ² ϕ {s/x}

:cpxaxd htyn zgked

itl .T ∗ ly lcen mb `ed T ly M lcen lky o`kn .A ly A∗ dxebq divphqpi` lkl ∀x1 . . . ∀xnA `
F OL

A∗ :'` oeeik
.CPL ly oaena T ∗ z` zwtqny ziweqt dnyd `id vM ,1 dprh

M = 〈H (L) , I〉 ok enk idi .ψ ∈ T ∗ lkl v [ψ] = t-y jk ziweqt dnyd v idze CPL ly oaena dwitq T ∗ idz :'a oeeik
m"n` 〈s1, . . . , sn〉 ∈ I [p] xnelk) v [p (s1, . . . , sn)] = t m"n` p (s1, . . . , sn) ∈ HB (M)-y jk L xear cpxaxd dpan
ϕ = f` ,ϕ ∈ T idi .M ² T -y d`xp .M ² T ∗ xnelk ,ψ ∈ T ∗ lk xear M ² ψ ,1 dprhn .(v [p (s1, . . . , sn)] = t
la` .A ly A∗ dxebq divphqpi` lkl M ² A∗ m"n` M ² ϕ ,2 dprh ly dpwqnn .miznk oi` A-a xy`k ∀x1 . . . ∀xnA

.(FOL ly oaena) M ² T okle ,FOL ly oaena M ² ϕ-y o`kn .M ² A∗ okle T ∗-a xai` `ed A∗ lk
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