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Abstract

This thesis is concerned with pseudorandomness and its interplay with quantum information. Ran-
domness is a very useful resource in computation, and for some computational problems, using ran-
domness seems to allow savings in other resources (such as time and space). Despite its usefulness,
it is yet not fully understood whether randomness is indeed necessary to achieve the aforemen-
tioned savings. The study of derandomization is concerned with eliminating or reducing the use of
randomness in computation, without increasing the use of other resources.

As its name suggests, pseudorandomness deals with objects that are not truly random, but rather
“random-like”, where the definition of “random-like” depends on the type of object at hand. The list
of pseudorandom objects of interest include pseudorandom generators, expander graphs, random-
ness extractors and error-correcting codes. The importance of studying these objects stems from
the fact that, due to the pseudorandom properties they possess, they often play a central role in
derandomization as well as in other applications.

Quantum computation is a model of computation built upon the principles of quantum me-
chanics. As in classical computation, there is a distinction between the actions performed by the
computation, and the actual data that undergoes the computation. This data is what we refer to
as quantum information. Unlike classical information, quantum information is very fragile. For
example, almost any attempt to read it inherently causes some of the stored information to be lost.

In this thesis we study several problems regarding pseudorandom objects. In some of these prob-
lems we consider objects that either manipulate quantum information, or have some pseudorandom
properties with respect to quantum side-information. Our results are divided into two categories:

Expanders. Expanders are graphs of low degree and high connectivity. These graphs possess sev-
eral pseudorandom properties, and different constructions attempt to optimize different prop-
erties. In this thesis we focus on the algebraic property of expanders, i.e, the fact that the
adjacency matrix of an expander has a large spectral gap. Our results concerning expanders
are:

• We develop a new graph product, and use it to give a fully-explicit combinatorial con-
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struction of expander graphs with near-optimal relation between their degree and their
spectral gap.

• We introduce the notion quantum expanders, a generalization of classical expanders. We
give two explicit constructions of quantum expanders: an algebraic construction and a
combinatorial one. We demonstrate the usefulness of the notion by giving an application
to quantum complexity theory.

• We use algebraic curves to give an improved explicit construction of small-bias sets.
This immediately implies an improved explicit construction of Cayley expanders over
the abelian group Zk

2 .

Extractors. Randomness extractors are functions that refine weak random sources. These objects
have numerous applications in computer science. Consider the following scenario: suppose
X is a uniformly distributed string and an adversary has limited side-information about X .
Then, it is known that applying an appropriate extractor on X results in a distribution that
is nearly uniform and, moreover, is almost completely unpredictable by the adversary. In
this thesis we focus on this scenario, but where we assume the adversary is allowed to store
(limited) quantum side-information about X . Extractors that can handle such adversaries are
called quantum-proof extractors. Our results regarding quantum-proof extractors are:

• We prove a hypercontractive for matrix-valued functions. We use this inequality to prove
that a certain XOR extractor is quantum-proof. This, in turn, implies bounds on quantum
random access codes and a direct product theorem for one-way quantum communication
complexity. We also use the inequality to derive a “non-quantum” proof of the fact that
2-query locally decodable codes require exponential length.

• We use ideas from classical extractor constructions (such as the use of condensers), to
give new explicit constructions of quantum-proof extractors, improving upon previous
constructions in some range of parameters.
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Chapter 1

Introduction

This thesis is concerned with combinatorial pseudorandom objects and their interplay with quantum
information. In what follows, we overview the problems considered in the thesis, and describe our
contribution. Prior to delving into the details, let me mention that during my PhD studies I have also
published the following results [22, 23, 16, 17], which are not included in this thesis.

• In [22] we study a generalized model of noise in quantum computing, and develop quantum
error-correcting codes to cope with it.

• In [23] we show an efficient algorithm to compute an important norm on the space of super-
operators, called the Diamond norm.

• Results [16, 17] describe methods to amplify the error tolerance of locally decodable codes.

Pseudorandomness. Randomness plays a central role in theoretical computer science. In particu-
lar, the rigorous study of some topics is meaningless without randomness. One example comes from
the area of interactive proofs, which is concerned with protocols in which an all-powerful prover is
interacting with a randomized and computationally bounded verifier. If the verifier is not allowed
to use randomness then the entire interaction can be reduced to a single message sent by the prover,
and the proof system becomes essentially non-interactive. Another example is cryptography. The
whole idea of having secure communication which is immune to eavesdroppers is based on the
fact that the communicating parties may keep some secret information, unknown to the adversary.
However, in a deterministic setting, this is impossible.

There are other areas in which randomness might not be essential, yet still very useful. For
instance, there are computational problems for which there are probabilistic algorithms which out-
perform any of the currently-known deterministic ones in terms of time or space. One such problem
is the Polynomial Identity Testing problem, asking to decide whether two polynomials (represented
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2 CHAPTER 1. INTRODUCTION

as arithmetic circuits) are identical. While this problem exhibits a simple probabilistic polynomial
time algorithm, no efficient deterministic algorithm is currently known.

Another example of the usefulness of randomness comes from the study of constructions of
combinatorial objects. It is often the case that for many combinatorial objects that possess some
property of interest, the probabilistic method can be used to prove their existence. That is, usually
one defines a probability distribution over a set of objects and then shows that with a nonzero prob-
ability an object with the required property is sampled from this distribution. Moreover, in most
cases, the aforementioned nonzero probability is, in fact, extremely close to 1. This immediately
gives a very simple randomized algorithm that constructs objects with the required property. How-
ever, for many of the most interesting and useful objects, the best known deterministic (i.e., explicit)
constructions are inferior to their randomized counterparts (in terms of parameters).

The main question dealt with in derandomization is “when can the dependence on randomness
be reduced or even eliminated?”. This question is of major interest for several reasons. First it
arises naturally in the study of efficient computations, since randomness is a resource and just like
any other resource, we would our computations to use a little of it as possible. Furthermore, in some
cases, such as in that of constructions of certain combinatorial objects, we need explicit construc-
tions for the applications we have in mind. Sometimes, this is due to the fact that many of these
combinatorial objects are used, in turn, to derandomize other algorithms. Finally, another reason for
studying derandomization comes from “the real world”. While in theory we would like to assume
that our algorithms have access to an arbitrarily long string of uniformly random bits, in practice,
such a physical source might be infeasible.

As its name suggests, pseudorandomness deals with objects that are not truly random, but rather
“random-like”, where the definition of “random-like” depends on the type of object at hand. The
list of pseudorandom objects of interest include pseudorandom generators, expander graphs, ran-
domness extractors, error-correcting codes and many others. These objects have found numerous
applications beyond the original motivations for studying them. One of the greatest accomplish-
ments of the theory of pseudorandomness is showing the close relations between them (see [139]).

The connection between derandomization and the aforementioned pseudorandom objects is two
fold. On the one hand pseudorandom objects are now central components in derandomization,
were for many derandomization problems, an appropriate off-the-shelf pseudorandom object will
solve the problem at hand immediately. On the other hand, as explained above, obtaining explicit
constructions of pseudorandom objects can be thought of as a derandomization problem.

In this thesis we obtain new results concerning two pseudorandom objects: expanders and ex-
tractors. Note that, as many pseudorandom objects are closely related to one another, some of our
results can also be viewed as related to other objects (such as error-correcting codes and pseudoran-
dom generators).
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Some of our results are concerned with pseudorandom objects that deal with quantum informa-
tion, which move to discuss next.

Quantum information. Classical information is usually modeled as strings of bits. A classical
n-bit register can store any of the 2n possible length n binary strings. Considering the vector space(
C2
)⊗n ∼= C2n , there is a natural bijection between the standard basis for this space and the set of

n-bit strings. Thus, it is possible to interpret the value of an n-bit classical register as a vector in
the standard basis of this vector space. A quantum register of length n is simply a register that can
store any unit vector in

(
C2
)⊗n. Any such unit vector is called a quantum (pure) state.

At first glance one may think that the capacity of a quantum register is infinite (as the set of
quantum states is uncountable) and independent of n. However, the process of reading the value
stored in a quantum register is very different than its classical counterpart. In the classical setting,
reading the contents of a register simply means obtaining the data that was previously stored in
it. (Or, in our interpretation, reading the corresponding basis vector that was stored in it.) In the
quantum setting, the reading operation of a register, which is called a measurement is different in
two aspects. First, we cannot obtain the exact vector we stored, but rather obtain “some” information
about it. Second, the measurement changes the vector stored in the register. Suppose our quantum
register holds the vector v. An example of a measurement is the measurement in the standard basis,
which does the following:

• It returns a vector sampled from the standard basis {ei}, where the probability of obtaining the
vector ei is ∥ v · ei ∥2 . Observe that since v is a unit vector, this indeed defines a probability
distribution.

• The quantum register changes its value to the returned vector.

It is clear that if our quantum register only holds vectors from the standard basis (i.e., classical
states), then the above operation is deterministic and behaves exactly the same as the reading op-
eration of a classical register. Thus, a quantum register can be seen as a powerful (yet delicate)
generalization of a classical register.

In this thesis we deal with quantum information from two aspects. First, we study pseudoran-
dom quantum transformations that manipulate quantum information. Second, we study classical
pseudorandom objects that are secure against quantum side-information.

1.1 Expanders

The first part of this thesis is concerned with expander graphs. Expander graphs, or simply ex-
panders, are graphs of low degree and high connectivity. It is clear that these two properties are in
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contention, as the complete graph is optimal in terms of connectivity while the empty graph (which
consists only of isolated nodes) is optimal in terms of degree. The original motivation for studying
expanders was the design of sparse yet robust communication networks. However, they have found
a myriad of applications in computer science and elsewhere. For a complete survey see [68].

There are several ways to measure the quality of expansion in a graph. One such way measures
set expansion: given a not-too-large subset S of the vertices, it measures the size of the set Γ(S)
of neighbors of S, relative to the size of S. Another way is (Rényi) entropic expansion: given a
distribution π on the vertices of the graph, it measures the amount of (Rényi) entropy added in
π′ = Gπ. This is closely related to measuring the algebraic expansion given by the spectral gap
of the graph, i.e., the gap between the first and second largest eigenvalues of the operator defined
by the adjacency matrix of the graph. Several works [44, 6, 3, 76] showed intimate connections
between the different expansion measures.

1.1.1 A combinatorial construction of almost-Ramanujan graphs

Pinsker [114] was the first to observe that constant degree random graphs have almost-optimal set
expansion. Explicitly finding such graphs turned out to be a major challenge. On the other hand,
the algebraic measure of expansion led to to a series of explicit constructions based on algebraic
structures, e. g., [98, 51, 74]. This line of research culminated in the works of Lubotzky, Phillips and
Sarnak [96], Margulis [99], and Morgenstern [101] who explicitly constructed Ramanujan graphs,
i. e., D-regular graphs achieving spectral gap of 1 − 2

√
D − 1/D.1 Friedman [49] showed that

random graphs are “almost Ramanujan” and Alon and Boppana (see [109]) showed Ramanujan
graphs have almost the best possible algebraic expansion.

A decade ago, Reingold, Vadhan and Wigderson [120] gave another construction of algebraic
expanders. Unlike previous constructions, their construction is combinatorial in nature and has an
intuitive analysis that is based on elementary linear algebra. At the heart of this construction lies a
graph product, named the Zig-Zag product. Following their work, Capalbo et al. [35] used a variant
of the Zig-Zag product to explicitly construct D–regular graphs with set expansion close to D,
improving over the D/2 factor that is achieved by graphs with almost optimal algebraic expansion.
Also, in a seemingly different setting, Reingold [119] gave a log-space algorithm for undirected
connectivity, settling a long-standing open problem, by taking advantage, among other things, of
the simple combinatorial composition of the Zig-Zag product.

Using the Zig-Zag product, [120] gave an expander construction with spectral gap 1−O(D−
1
4 ).

Another construction that appeared in [120] had an improved spectral gap of 1−O(D−
1
3 ), by using

a modified version of the Zig-Zag product. In the same paper, Reingold et al. posed the question

1Their constructions requires D − 1 to be a prime power.
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of finding a variant of the Zig-Zag product that gives rise to constructions with almost-optimal
spectral gap 1 − O(D−

1
2 ). Bilu and Linial [29] gave a different iterative construction of algebraic

expanders that is based on 2-lifts, with a close-to-optimal spectral gap 1 − O(log1.5(D) · D−
1
2 ).

Their construction, however, is only mildly-explicit, meaning that given N one can build a graph
GN on N vertices in poly(N) time. Ultimately, we would like to find a fully-explicit construction,
meaning that given a vertex v ∈ V = [N ] and an index i ∈ [D], we can compute the i’th neighbor
of v in poly(log(N)) time. The Zig-Zag construction and many other explicit constructions are
fully-explicit and this stronger notion of explicitness is crucial for some applications.

Several works studied different aspects of the Zig-Zag product. Alon et al. [5] showed, some-
what surprisingly, an algebraic interpretation of the Zig-Zag product over non-Abelian Cayley
graphs. This lead to new iterative constructions of Cayley expanders [100, 123], which were once
again based on algebraic structures. While these constructions are not optimal, they contribute to
our understanding of the power of the Zig-Zag product.

In Chapter 2 we develop a new variant of the Zig-Zag product that retains most of the properties
of the standard Zig-Zag product while giving a better spectral gap. Specifically, we use the new
variant of the Zig-Zag product to construct an explicit family of D–regular expanders with spectral
gap 1−D−

1
2
+o(1), thus nearly resolving the open problem of [120].

The results of this chapter appear in [25]:

A. Ben-Aroya and A. Ta-Shma, A combinatorial construction of almost-Ramanujan
graphs using the Zig-Zag product, SIAM Journal on Computing, 40(2):267–290, 2011.
Earlier version in STOC’08

1.1.2 Quantum expanders

One way to view a regular graph is by its transition matrix. This matrix maps any probability
distribution π over the graph’s vertices to the probability distribution obtained by choosing a vertex
according to π and then taking a random step from the resulting vertex to a random adjacent vertex
in the graph.

A graph is of low degree if its transition matrix can be written as the average of a few permu-
tation matrices. A graph is a good algebraic expander if its transition matrix has a large spectral
gap.

Each of the above notions has a natural and meaningful generalization in the quantum setting:
The notion of a probability distribution is generalized to that of a density matrix (or mixed state).
The transition matrix is, in turn, generalized to an admissible quantum transformation (or superop-
erator). We can say that a superoperator is of low degree if it can be expressed as the sum of a few
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of unitary matrices, and we can analyze its spectral gap just like in the classical setting. Using these
generalizations, we arrive to the notion of quantum expanders.

Unlike classical expanders, quantum expanders are not graphs, but rather transformations that
allow one to manipulate quantum states in an interesting manner. This is explained in more detail
in Chapter 3.

But why should we wish to pursue such a “quantization” of expanders in the first place? Our
main reason is that since classical expanders are fundamental objects in computer science, we be-
lieve that their quantum counterparts should also be useful. We demonstrate that this is indeed the
case by giving an application of quantum expanders to quantum complexity theory. Moreover, in-
dependent of our work, Hastings [65] gave a similar definition as well as another application of
quantum expanders. Finally, looking back at a work of Ambainis and Smith [9] regarding quantum
one-time pads, we find that, in fact, they have implicitly used a quantum expander (of non-constant
degree). We think that these applications (and more, see Chapter 3) show that our definition is in-
deed a very natural and useful one. We hope that these interesting objects will find more applications
in the future.

To summarize, in Chapter 3 we introduce a new object called a quantum expander, which gen-
eralize classical expanders in a natural way. We then go on to give two constructions of quantum
expanders, one of which is fully-explicit. Finally, we give an application of quantum expanders to
quantum statistical zero-knowledge.

The results of this chapter appear in [15]:

A. Ben-Aroya, O. Schwartz, and A. Ta-Shma, Quantum expanders: motivation and
constructions, Theory of Computing, 6(3):47–79, 2010. Earlier version in CCC’08.

1.1.3 Constructing Small-Bias Sets from Algebraic-Geometric Codes

Our last result about expanders is concerned with Cayley expanders over the abelian group Zk
2 . For

a set S ⊆ Zk
2 , the the Cayley graph C(Zk

2 , S) is a graph over the set Zk
2 . This graph contains an

edge (g1, g2) if and only if g1 = g2 ⊕ s for some s ∈ S. Given k and ε, we are interested in finding
a set S as small as possible such that the graph C(Zk

2 , S) has spectral gap at least 1− ε.
An ε-biased set is a set S ⊆ {0, 1}k that ε-fools every non-trivial linear function over the

Boolean cube. In other words, S is ε-biased if for every non-empty subset T ⊆ [k], the binary
random variable

⊕
i∈T si, where s is sampled uniformly from S, has bias at most ε (here si denotes

the ith bit of s). It is well known that a set S is ε-biased if and only if C(Zk
2 , S) has spectral gap at

least 1− ε (see, e.g., [68, Proposition 11.7]).

In Chapter 4 we give an explicit construction of an ε-biased set S ⊆ {0, 1}k of sizeO
(

k
ε2 log(1/ε)

)5/4
.

This improves upon previous explicit constructions when ε is roughly (ignoring logarithmic factors)
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in the range [k−1.5, k−0.5]. The new ingredient in the construction is an algebraic-geometric code
that is based on low-degree divisors whose degree is significantly smaller than the genus. Addition-
ally, the chapter contains a discussion of the limits of our approach, based on a follow up work of
Voloch [141].

The results of this chapter appear in [21]:

A. Ben-Aroya and A. Ta-Shma, Constructing small-bias sets from algebraic-geometric
codes, Proceedings of the 50th IEEE Symposium on Foundations of Computer Science
(FOCS), pages 191–197, 2009.

1.2 Extractors

The second part of this thesis is concerned with randomness extractors. Originally, extractors were
conceived to refine weak random sources, i.e., to transform distributions that contain some min-
entropy to distributions which are close to uniform. These objects have found a wide variety of
applications in theoretical computer science (see [127]).

Formally, an (n, k, ε) strong extractor E is a function E : {0, 1}n × {0, 1}t → {0, 1}m with
the guarantee that for every distribution X over {0, 1}n with min-entropy at least k, the distribution
obtained by picking a seed y uniformly from {0, 1}t and outputting y ◦ E(X, y) is ε-close to the
uniform distribution over {0, 1}m. That is, the distribution Ut ◦E(X,Ut) is ε-close to Ut+m, where
Uℓ denotes the uniform distribution over {0, 1}ℓ.

Now, consider the case in which an adversary holds some quantum side-information about X .
We model this side-information as a mixed state ρ(x) defined for every x in the support of X . An
extractor is secure against this side-information if the mixed state Ut ◦ E(X,Ut) ◦ ρ(X) is ε-close
to Ut+m ◦ ρ(X). For achieving security against such side-information, one has to impose some
constraints on ρ (for otherwise it might be the case that ρ(X) completely describe X). In this
part of the thesis we focus on extractors that are secure against such side-information, where the
constraints on ρ vary.

1.2.1 A Hypercontractive Inequality for Matrix-Valued Functions

One of the main tools in Fourier analysis on the Boolean cube is a hypercontractive inequality that
is sometimes called the Bonami-Beckner inequality. In Chapter 5 we discuss a generalization of this
inequality to matrix-valued functions, based on the work of Ball, Carlen, and Lieb [11].

We prefer to leave the part discussing the hypercontractive inequality to the chapter itself, as it
does not concern the main topic of this thesis directly. Instead, we prefer to focus on the connec-
tion of our results to extractors. The connection, in fact, comes from our main application of this
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inequality. We study an information-theoretic primitive called k-out-of-n random access code. This
object allows encoding any n-bit string x into m qubits, in such a way that for any set S ⊆ [n]

of k indices, the k-bit substring xS can be recovered with probability at least p by making an ap-
propriate measurement on the encoding. Using the hypercontractive inequality we show that good
k-out-of-n random access codes do not exist. More precisely, we show that if m ≪ n then the
success probability p decays exponentially with k, i.e., p ≤ 2−Ω(k).

Let F : {0, 1}n ×
([n]
k

)
→ {0, 1} be a function defined by F (x, S) =

⊕
i∈S xi, i.e., by taking

the XOR of the k bits of xS . The core of the proof for the impossibility result on k-out-of-n random
access codes is to show that the function F is, in fact, an extractor which is secure against quantum
side-information that is limited by storage.

More formally, call a function E : {0, 1}n × {0, 1}t → {0, 1}m an (n, k, b, ε) strong extractor
against quantum storage if for any distribution X over {0, 1}n with min-entropy at least k, and for
any side-information ρ that maps every x in the support of X to a mixed state over b qubits, the
mixed state Ut ◦E(X,Ut)◦ρ(X) is ε-close to Ut+m ◦ρ(X). Using this terminology, what we show
in Chapter 5 is that F is an (n, n,m, p) strong extractor against quantum storage, for m ≪ n and
p ≤ 2−Ω(k). (In the chapter itself we prefer to use the notion of XOR random access codes, rather
than discussing extractors, but the equivalence between the notions is immediate.)

Beside being interesting and natural objects in their own right, k-out-of-n random access codes
have applications in communication complexity. Specifically, we use our bound on these codes to
obtain a direct product theorem for one-way quantum communication complexity.

We also give an additional application of the hypercontractive inequality. We use it to derive
a “non-quantum” proof of the result of Kerenidis and de Wolf [81] that 2-query locally decodable
codes require exponential length.

To summarize, our results in Chapter 5 are:

• deriving the hypercontractive inequality (using the inequality of Ball, Carlen, and Lieb [11]);

• using it to show that the function F described above is a strong extractor against quantum
storage;

• using the result on F to obtain a bound on k-out-of-n random access codes;

• obtaining a direct product theorem for one-way quantum communication complexity (using
the bound on k-out-of-n random access codes);

• giving an alternative proof of the fact that error-correcting codes that are locally decodable
with 2 queries require length exponential in the length of the encoded string.

The results of this chapter appear in [19]:
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A. Ben-Aroya, O. Regev and R. de Wolf., A hypercontractive inequality for matrix-
valued functions with applications to quantum computing and LDCs, Proceedings of
the 49th IEEE Symposium on Foundations of Computer Science (FOCS), pages 477–
486, 2008.

We mention that much after the publication of our results, our bound on random access codes
was improved by De and Vidick [41].

1.2.2 Better short-seed quantum-proof extractors

The result in the previous discussed a specific XOR-extractor without caring much about the pa-
rameters it achieved (since it was merely used as a tool to study random access codes). In this
section, however, we are more concerned with obtaining extractors that are secure against (various
models of) quantum side-information, but also have good parameters, i.e., they use short seeds and
output many bits. One motivation for explicitly constructing such extractors comes from the privacy
amplification problem.

In this problem Alice and Bob share information that is only partially secret with respect to an
eavesdropper Charlie. Their goal is to distill this information to a shorter string that is completely
secret. The problem was introduced in [27, 26] for classical eavesdroppers. We are interested in
a variant of the problem in which the eavesdropper is allowed to keep quantum information rather
than just classical information. This variant was introduced by König, Maurer and Renner [85]. This
situation naturally occurs in analyzing the security of some quantum key-distribution protocols [38]
and in bounded-storage cryptography [88, 86].

The shared information between Alice and Bob is modeled as a shared string x ∈ {0, 1}n,
sampled according a distribution X . The information of the eavesdropper is modeled as a mixed
state, ρ(x), which might correlated with x.

The privacy amplification problem can be solved by Alice and Bob, but only by using a (hope-
fully short) random seed y, which can be public. In this case, Alice and Bob can solve the problem
by applying on their shared input x and the public random string y an extractor E that “can handle”
the side-information ρ(x).

We say that E is an ε-strong extractor for a family of inputs Ω, if for any distribution X and any
quantum system ρ such that (X; ρ) ∈ Ω, the distribution Y ◦E(X,Y ) ◦ ρ is ε-close to U ◦ ρ, where
U denotes the uniform distribution. (See Section 6.1.2 for precise details.)

Clearly, no randomness can be extracted if, for every x, it is possible to recover x from the
side information ρ(x). We say the conditional min-entropy of X with respect to ρ(X) is k, if
an adversary holding the state ρ(x) cannot guess the string x with probability higher than 2−k.
Roughly speaking, if one can extract k almost uniform bits from a source X in spite of the side
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no. of truly no. of classical quantum-proof
random bits output bits
O(n) m = k −O(1) Pair-wise independence, [71] X[85]
O(n− k + log n) m = n Fourier analysis, collision [43] X[48]
Θ(m) m = k −O(1) Almost pair-wise ind., [128, 55] X, [133]
O( log

2 n
log(k)) k1−ζ Designs, [135] X, [41]

O(log n) m = Ω(n) [110, 35] X, This thesis, k > (12 + ζ)n

log n+O(1) m = k −O(1) Lower bound [110, 116] X

Table 1.1: Explicit quantum-proof (n, k, ε) strong extractors. To simplify parameters, the error ε is
a constant.

information ρ(X), then the state X ◦ ρ(X) is close to another state with conditional min-entropy
at least k.2 Thus, in a very concrete sense, the ultimate goal is finding extractors for sources with
high conditional min-entropy.3 We say E is a quantum-proof (n, k, ε) strong extractor if it extracts
randomness from every input (X; ρ) with conditional min-entropy at least k.

Not every classical extractor is quantum-proof, as was shown by Gavinsky et al. [53]. On
the positive side, several well-known classical extractors are quantum-proof. Table 1.1 lists some
of these constructions. We remark that the best explicit classical extractors [59, 46, 45] achieve
significantly better parameters than those known to be quantum-proof.

A simpler adversarial model is the “bounded storage model” where the adversary may store
a limited number of qubits, which was discussed in the previous section. The only advantage of
the bounded storage model for extractors is that it simplifies the proofs, and allows us to achieve
results which currently we cannot prove in the general model. Recall that E is an (n, k, b, ε) strong
extractor against quantum storage if it extracts randomness from every pair (X; ρ) for which X has
at least k min-entropy and for every x, ρ(x) is a mixed state with at most b qubits.

Our results also concern a slight generalization of the bounded storage model. We say E is
a quantum-proof (n, f, k, ε) strong extractor for flat distributions if it extracts randomness from
every input (X; ρ) for which X is a flat distribution (meaning it is uniform over its support) with
exactly f min-entropy and the conditional min-entropy is at least k. In Chapter 6 (specifically in
Lemma 6.12) we prove the easy observation that any quantum-proof (n, f, k, ε) strong extractor for
flat distributions is also a (n, f, f − k, ε) strong extractor against quantum storage.

Our results, described in Chapter 6, are as follows. First, we show a generic reduction from
the problem of constructing quantum-proof (n, f, k, ε) strong extractors for flat distributions to the

2Such a source is said to have conditional smooth min-entropy k.
3A simple argument shows an extractor for sources with high conditional min-entropy is also an extractor for sources

with high conditional smooth min-entropy.
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problem of constructing quantum-proof ((1 + α)f, f, k, ε) strong extractors for flat distributions,
and a similar reduction for the bounded storage model. In other words, in our model the quantum
adversary may have two types of information about the source: first, it may have some classical
knowledge about it, reflected in the fact that the input x is taken from some classical flat distribution
X , and second, it holds a quantum state that contains some information about the source. The
reduction shows that without loss of generality we may assume the classical input distribution is
almost uniform. The reduction uses a purely classical object called a strong lossless condenser and
extends work done in [132] on extractors to quantum-proof extractors. This reduction holds for any
setting of the parameters.

We then augment this with a simple construction that shows how to obtain a quantum-proof
((1 + α)f, f, k = (1 − β)f, ε) strong extractor for flat distributions, provided that β < 1

2 . The
argument here builds on work done in [110] on composition of extractors and extends it to quantum-
proof extractors. Together, these two reductions give:

Theorem 1.1. For any β < 1
2 and ε ≥ 2−k

β
, there exists an explicit quantum-proof (n, k, (1 −

β)k, ε) strong extractor for flat sources E : {0, 1}n × {0, 1}t → {0, 1}m with seed length t =

O(log n+ log(1ϵ )) and output length m = Ω(k).

Consequently,

Theorem 1.2. For any β < 1
2 and ε ≥ 2−k

β
, there exists an explicit (n, k, βk, ε) strong extractor

against quantum storage, E : {0, 1}n×{0, 1}t → {0, 1}m, with seed length t = O(log n+log(1ϵ ))

and output length m = Ω(k).

This gives the first logarithmic seed length extractor against b quantum storage that works for
every min-entropy k and extracts a constant fraction of the entropy, and it is applicable whenever
b = βk for β < 1

2 .
We would like to stress that in most practical applications, and in particular in cryptographic

applications such as quantum key distribution, it is generally impossible to bound the size of the
side information. For example, in quantum key distribution where extractors are used for privacy
amplification, the conditional min-entropy of the source can be estimated by measuring the noise on
the channel, whereas any estimate on the adversary’s memory is an unproven assumption. Thus, an
extractor proven to work only against quantum storage cannot be used in quantum key distribution
protocols. We nevertheless feel that proving a result in the bounded storage model may serve as a
first step towards solving the general question.

In fact, the second component in the above construction also works in the general quantum-
proof setting. Specifically, this gives an extractor with seed length t = O(log n + log(1ϵ )) that
extracts Ω(n) bits from any source with conditional min-entropy at least (1− β)n for β < 1

2 .
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Theorem 1.3. For any β < 1
2 and ε ≥ 2−n

β
, there exists an explicit quantum-proof (n, (1−β)n, ε)

strong extractor E : {0, 1}n × {0, 1}t → {0, 1}m, with seed length t = O(log n + log(1ϵ )) and
output length m = Ω(n).

The results of this chapter appear in [24]:

A. Ben-Aroya and A. Ta-Shma, Better short-seed extractors against quantum knowl-
edge, Theoretical Computer Science, To appear, 2011.



Chapter 2

A combinatorial construction of
almost-Ramanujan graphs

Our main result in this chapter is a new variant of the Zig-Zag product that retains most of the
properties of the standard Zig-Zag product while giving a better spectral gap. We use the new
variant of the Zig-Zag product to construct an explicit family of D–regular expanders with spectral
gap 1−D−

1
2
+o(1).

2.1 Introduction

2.1.1 An intuitive description of the new product

The Zig-Zag product

Let us review the Zig-Zag product of [120]. The purpose of the Zig-Zag operation is to decrease the
degree of a graph without harming its spectral gap too much. This product, in turn, is based on the
replacement product. The replacement product takes as input two graphs:

• The first graph, G1, has N1 vertices and is D1–regular. We think of G1 as being the “large”
graph, with many vertices N1 and a large degree D1.

• The second graph, H , is the “small” graph. We require that it has N2 = D1 vertices, i.e., the
number of vertices of H equals the degree of G1.

Another perquisite of the product is that the edges of the graph G1 are labeled. Namely, that
each vertex labels itsD1 edges, each with a unique number from {1, . . . , D1}. The i’th edge leaving
a vertex v is simply the edge that v labeled with label i.

13
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r⃝ =

Figure 2.1: The replacement product between the cube and the 3-cycle

The replacement product results in a graph with N1N2 vertices, where every vertex v of G1 is
replaced with a cloud of D1 vertices {(v, i)}i∈[D1]

. There is an “inter-cloud” edge between (v, i)

and (w, j) if e = (v, w) is an edge in G1 and e is the i’th edge leaving v and the j’th edge leaving
w. Besides these inter-cloud edges there are only edges that connect vertices within the same cloud.
The “intra-cloud” edges inside each cloud are simply a copy of the edges of H . That is, for every
cloud v there is an edge between (v, i) and (v, j) if (i, j) is an edge in H . Figure 2.1 illustrates the
replacement product between the the 3-dimensional cube and the 3-cycle.

The Zig-Zag product graph corresponds to 3-step walks on the replacement product graph,
where the first and last steps are intra-cloud edges and the middle step is an inter-cloud edge.
Namely, the vertices of the Zig-Zag product graph G1 z⃝H are the same as the those of the re-
placement product graph, and there is an edge between (v, i) and (w, j) if (w, j) can be reached
from (v, i) by taking a 3-step walk: first an H step on the cloud of v, then an inter-cloud step from
the cloud of v to the cloud of w, and finally an H step on the cloud of w. Thus, the number of
vertices of G1 z⃝H is N1N2 and the degree is D2

2, i.e., G1 z⃝H inherits its size from the large graph
and its degree from the small graph.

The main thing to analyze is the spectral gap of G1 z⃝H . Let us recall the definition of the
spectral gap. Given a D-regular graph G we may view G as a Markov chain, where the states
are the vertices of the graph, and the transition matrix of the chain is A = 1

DA
′, where A′ is the

adjacency matrix of the graph. If G has N vertices then A is an N ×N matrix. As in Markov chain
theory, one may extend A to act on the whole vector space V = CN (rather than just on probability
distributions), and then use linear algebra to analyze A. The spectral gap of G is the gap between
the largest eigenvalue of A (which is 1 because G is regular) and the second largest eigenvalue (in
absolute value) λ̄(A) of A. In the next section we give an overview of the proof (from [120]) that



2.1. INTRODUCTION 15

the second largest eigenvalue of G1 z⃝H is small.

The analysis of the Zig-Zag product

Entropy waves. Before attempting the formal algebraic analysis, let us consider a more intuitive,
entropy-based analysis. If a graph is a good expander, then, given an entropy-deficient distribution (a
distribution with not-too-high entropy) over its vertices, taking a random step over the graph results
in a distribution with substantially more entropy. We shall consider two special distributions and we
shall see that taking a random step over G1 z⃝H when starting from any of these two distributions
substantially increases their entropy. These two cases are representative in the sense that every
distribution is essentially a linear combination of them, and therefore once we handle these cases
we can handle any distribution.

Let us now describe the two distributions. Recall that a vertex (v, i) ∈ [N1] × [N2] of G1 z⃝H

is composed of two components; the first indicates the cloud in which the vertex resides and the
second corresponds to its position inside the cloud.

The first case we consider is a distribution P = (P1, P2) that is entropy-deficient on the second
component (meaning P2 is entropy-deficient). In this case the first H step adds entropy due to the
fact that this step has the same effect of taking a step over H starting from the distribution P2. The
G1 step is a permutation, that is, it defines a bijection on the vertex set [N1]× [N2]. As such it does
not change the distribution’s entropy. The second H step can never decrease entropy. Altogether,
the final distribution has more entropy than P and the amount of the added entropy is at least the
amount that H adds to entropy-deficient distributions.

The second case is an entropy-deficient distribution P = (P1, P2) that is “uniform over clouds”
– a distribution that assigns the same probability to any two vertices inside the same cloud, i.e.,
∀v ∈ [N1] ∀i, j ∈ [N2] P (v, i) = P (v, j). We call such a distribution a parallel distribution. Notice
that since P is entropy-deficient, P1 is entropy-deficient as well (since P2 is uniform). Consider
what happens when we apply the Markov chain defined by G1 z⃝H on a parallel distribution:

• The first H step keeps P unchanged, because H is a regular graph and hence it maps the
uniform distribution on [N2] to itself.

• The G1 step is a permutation, and does not change the entropy of P . As P is uniform over
clouds, for any v1 ∈ [N1] in the support of P1, the conditional distribution (P2|P1 = v) over
the second component is uniform. Hence, the G1 step maps any such cloud v1, uniformly to
the neighboring clouds, which are the clouds associated with the neighbors of v1 in G1. As
G1 is a good expander (and P1 is entropy deficient), the entropy of the first component of the
distribution increases. Since the total entropy is unchanged – we conclude that the entropy in
the second component decreases.
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• Finally, as the second H step is applied when the second component is entropy-deficient, it
must add entropy. Thus, the three steps together increase the entropy.

The algebraic analysis we describe next, also works by analyzing two special cases – two or-
thogonal subspaces, each roughly corresponding to one of the above cases. In fact, the algebraic
analysis also shows that it is sufficient to consider these two subspaces, as any vector can be decom-
posed to the sum of its two projections on them.

The algebraic analysis Let H̃ denote the operator corresponding to an intra-cloud step and Ġ1

denote the transformation corresponding to an inter-cloud step. Namely, H̃ is the transition matrix
of the subgraph of the replacement product graph that contains only the intra-cloud edges, and Ġ1

is the transition matrix of the subgraph that contains all the inter-cloud edges. In particular, H̃ + Ġ1

is the transition matrix of the replacement product graph. The transformation associated with the
Zig-Zag product graph is H̃Ġ1H̃ , corresponding to an intra-cloud step followed by an inter-cloud
and another intra-cloud steps.

The spectral gap of G1 z⃝H is 1 − λ̄, where λ̄ is the second largest eigenvalue of H̃Ġ1H̃ in
absolute value. We can write λ̄ as

λ̄ = max
a,b⊥1,∥a∥=∥b∥=1

|a†H̃Ġ1H̃b|.

Our goal is to show λ̄ is small.

We consider vectors coming from two orthogonal subspaces. The first is the vector space V ||

of all vectors a that H̃ keeps in place. A vector a ∈ CN1D1 belongs to this subspace if av,i = av,j

for all v ∈ [N1] and i, j ∈ [N2]. We call such a vector a parallel vector. (Notice that every parallel
distribution, when represented as a vector, is contained in V ||.) The second vector space is the
orthogonal complement of V ||, denoted by V⊥. The vectors in V⊥ are called perpendicular vectors.

Now,

• If a is a parallel vector then H̃a = a.

• If a is a perpendicular vector then
∥∥∥H̃a∥∥∥ ≤ λ̄(H)∥a∥.

• If both a and b are parallel then aĠ1b is essentially equivalent to the operation of G1 on a and
b.1

1Formally, the vectors a and b belong to CN1D1 while G1 acts on the space CN1 . However, in the introduction we
choose to ignore this technical issue, so as not to obscure the ideas underlying the analysis.
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We need to analyze a†H̃Ġ1H̃b for arbitrary unit vectors a, b perpendicular to 1. We decompose
a and b to their parallel and perpendicular components, denoting a = a||+ a⊥, b = b||+ b⊥ and get
four terms as follows:

• In the term (a||)†H̃Ġ1H̃b
||, the operator Ġ1 acts on parallel vectors (since they are unchanged

by H̃) and is essentially identical to the operation of G. A simple analysis shows this term
contributes at most λ̄(G1). In other words, for b ∈ V ||, the parallel component of Ġ1b is very
small and therefore Ġ1b lies almost entirely in V⊥.

• In the terms (a||)†H̃Ġ1H̃b
⊥ and (a⊥)†H̃Ġ1H̃b

||, one H step shrinks a perpendicular vector
by a factor of at least λ̄(H). Thus, this term contributes at most λ̄(H).

• In the term (a⊥)†H̃Ġ1H̃b
⊥, both H steps shrink a⊥ and b⊥ by at a factor of at least λ̄(H).

Hence, this term contributes at most λ̄(H)2.

Therefore, altogether λ̄(H̃Ġ1H̃) ≤ λ̄(G)+2λ̄(H)+ λ̄(H)2. A tighter analysis somewhat improves
this bound.

The non-optimality of the Zig-Zag product stems from the fact that the degree of the Zig-Zag
graph is D2

2, corresponding to two steps on H , while the guaranteed spectral gap is dominated by a
term of magnitude λ̄(H), corresponding to a single step on H . Looking at the analysis, we see that
this may happen, e.g., when a is parallel and b is perpendicular. In this case H̃a = a, so one H step
is lost. Also, as b is perpendicular, H̃ shrinks it by a factor of λ̄(H). Now we are left with the inner
product between Ġ1 applied to a and some arbitrary perpendicular vector. This inner product can
be very close to 1 and this means that the entire expression cannot be smaller than λ̄(H).

The k-step Zig-Zag product

In this chapter we consider the variant of the Zig-Zag product where we take k steps on H rather
than just two steps. That is, we consider the graph whose transition matrix is H̃Ġ1H̃ . . . H̃Ġ1H̃

with k steps onH . How small is the second largest eigenvalue going to be? Analyzing each H̃Ġ1H̃

term on its own, we see that the second largest eigenvalue is at most about λ̄(H)⌊k/2⌋. Clearly, we
must lose at least one H step, e.g., if we start with a parallel vector. Our goal is to find a variant of
the construction where the second largest eigenvalue is at most about λ̄(H)k−1.

The problem. Let us consider what happens when we take three H steps. The operator we con-
sider is H̃Ġ1H̃Ġ1H̃ and to bound the spectral gap we look at a†H̃Ġ1H̃Ġ1H̃b. We focus on the
case where b is a parallel distribution.

• The first H step is lost (because b is parallel).
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• This is immediately followed by an inter-cloud step which propagates entropy from the sec-
ond component (within the cloud) to the first component (the distribution over clouds). Equiv-
alently, in algebraic notation, Ġ1H̃b lies almost entirely in V⊥.

• Next we apply a second H step which adds entropy (because the second component is
entropy-deficient). Notice that H̃Ġ1H̃b lies almost entirely in V⊥, as V⊥ is invariant un-
der H̃ .

• Following that we apply Ġ1 again. The first Ġ1 application was applied on a parallel vector,
and because of that we knew that it increases the entropy of the first component and decreases
the entropy of the second component. However, now the Ġ1 operator is applied on a vector
(mostly) from V⊥, and therefore we have no guarantee on the output and, in particular, it
is possible that the resulting vector Ġ1H̃Ġ1H̃b lies in V ||, i.e., applying Ġ1 increases the
entropy of the second component and decreases the entropy of the first component. In other
words, we might have entropy flowing backwards. If this happens, then the final H̃ step is
wasted again. Thus, we have three H steps, but only one is guaranteed to add entropy.

The first idea. We would like to make sure that entropy does not flow in the wrong direction.
That is, our goal is to guarantee that whenever an H step does not add entropy, all the following
Ġ1 applications move entropy from the second component (the distribution within the cloud) to the
first component (the distribution over clouds). If we can guarantee that, then a single failure of an
H step guarantees all other H steps are successful.

When an H step fails, the distribution over the second component is close to uniform and con-
tains about log(|V2|) bits of entropy. To facilitate the above idea, we make the second component
large enough such that log(|V2|) bits of entropy suffice for a k-step random walk on G. For exam-
ple, we can make the cloud size |V2| equal D4k

1 . The graph G1 still has degree D1, and so when the
second component is uniform, it contains enough entropy for taking k independent steps on G1.

Sure enough, now the size of V2 is not the same as D1 and we need to specify how to translate
a cloud vertex (indexed by [D1]

4k) to an edge-label (indexed by [D1]). For concreteness, let us
assume we take the edge-label from the first log(D1) bits of the cloud vertex. Now, all we need for
the operator Ġ1 to move entropy in the right direction is that the second component is uniform only
on its first few bits.

Let us take a closer look at the situation. We start with a uniform distribution over the second
component (because we are considering the case where H̃ fails) with about 4k log(D1) entropy.
We apply Ġ1 and up to log(D1) entropy flows from the second component to the first component.
Thus, there is still a lot of entropy left in the second component. We now apply H̃ . Our goal is
to guarantee that H̃ moves the entropy in the second component such that the first log(D1) bits
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become close to uniform. If this happens, then the next Ġ1 application moves more entropy from
the second component to the first component and the entropy keeps flowing in the “right” direction.

A second problem. What does it take for the above idea to work? A simple probabilistic method
argument shows that for any fixed distribution on the second component that has a lot of entropy,
most small degree graphs H will indeed be good and make the first log(D1) bits close to uniform.

Our problem is that we need to deal with more than just one fixed distribution. Instead, the
distribution on the second component is determined by the action of H̃Ġ1, and as Ġ1 may correlate
the first and second components, the distribution on the second component may depend on the
value of the first component. This is problematic to us because from our point of view D1 and k
are constants while N1 is a growing parameter. Thus, it seems inevitable that for any graph H there
exists some value of the first component for which H fails. Therefore, it seems this approach is
bound to fail.

A second idea. To solve the above problem we restrict ourselves to graphs G1 of a special type.
For example, let us assume for simplicity that the labeling in G1 is such that if e = (v, w) is the i’th
edge leaving v then e is also the i’th edge leaving w (the actual property we use is a bit weaker). In
such graphs the operator Ġ1 has no effect at all on the second component. Thus, in particular, the
number of distributions we have to work with does not depend onN1 and the probabilistic argument
mentioned above works.

Indeed, for such nicely labeled graphs G1, and using k different graphs Hi instead of the sin-
gle graph H used above for all the k steps, one can easily show that random D2-regular graphs
(H1, . . . , Hk) are good. Namely, if we start with a parallel vector (or, equivalently, if an H step
fails) then the following G steps constantly move entropy from the second component to the first
component, and later H steps are not wasted.

Redoing the analysis with algebraic notation. Let us now state the first problem above in al-
gebraic notation. Starting with a vector b ∈ V ||, we know that H̃b ∈ V ||. Moreover, Ġ1H̃b and
H̃Ġ1H̃b (mostly) belong to V⊥. The question is whether we can guarantee that Ġ1H̃2Ġ1H̃1b also
(mostly) belongs to V⊥, in which case the next H̃ operator will work for us.

Recall that Ġ1H̃b mostly belongs to V⊥ due to the fact that for parallel unit vectors a, b ∈ V ||,
a†Ġ1b behaves like the action of G1 on a, b, and hence

|a†Ġ1b| ≤ λ̄(G1).

In particular, Ġ1b has only a very small parallel component, and mostly belongs to V⊥. Our main
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technical lemma states that in our variant of the Zig-Zag product, for any parallel unit vectors
a, b ∈ V ||, a†Ġ1H̃Ġ1b behaves like the action of G2

1 on a, b, and this implies

|a†Ġ1H̃Ġ1b| ≤ λ̄(G1)
2.

In particular, Ġ1H̃Ġ1b has only a very small parallel component, and mostly belongs to V⊥. This
is stated and proved in Section 2.4.1. The above phenomena generalizes to an arbitrary number of
steps, i.e., for any parallel unit vectors a, b ∈ V ||, a†(Ġ1H̃)k−1Ġ1b behaves like the action of Gk−1

1

on the a, b, and this implies |a†(Ġ1H̃)k−1Ġ1b| ≤ λ̄(G1)
k. Figure 2.2 illustrates the entire process

that parallel vectors undergo.

V ||

V⊥

H̃Ġ1H̃Ġ1H̃

v = v(0) v(1) v
||
(2)

v⊥(2) v⊥(3)

v
||
(4)

v⊥(4) v⊥(5)

Figure 2.2: The action of a 3-step Zig-Zag on a parallel vector v ∈ V ||. The process is composed of
5 steps and v(t) denotes the vector after the tth step.

Armed with that we go back to the Zig-Zag analysis. Doing it carefully, we get that composing
G1 (of degree D1 and second eigenvalue λ1) with k graphs Hi (each of degree D2 and second
eigenvalue λ2) we get a new graph with degree Dk

2 and second eigenvalue about λk−12 + λk2 + 2λ1.
We can think of λ1 as being arbitrarily small, as it be can decreased to any constant by increasing
D1 without affecting D2 and the degree of the resulting graph. One can interpret the above result
as saying that k − 1 out of the k steps worked for us!

An almost-Ramanujan expander construction

We now go back to the iterative expander construction of [120] and replace the Zig-Zag compo-
nent there with the k-step Zig-Zag product. We wish to construct D–regular graphs with second
eigenvalue that is as close as possible to the optimal λRam(D) = 2

√
D−1
D . For simplicity we start

with the case where D = Dk
2 for some integer k (the general case is addressed in Section 2.7).

Doing the iterative construction we get a degree D expander, by taking k steps over the graphs
{Hi}, each of degreeD2. Roughly speaking, the resulting second-largest eigenvalue is λk−12 , where
λ2 = λRam(D2) =

2
√
D2−1
D2

.

Comparing the second largest eigenvalue that we get with the optimal one, we see that the bound
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we get is roughly 2k−1D
−(k−1)/2
2 whereas the bound we would have liked to get is roughly 2D

−k/2
2

(the optimal value for graphs with degreeDk
2 ). We do not achieve the optimal value for two reasons.

First, we lose one application of H out of the k applications, and this loss amounts to, roughly, a
√
D2 multiplicative factor. We also have a second loss of 2k−1 multiplicative factor that corresponds

to the fact that Hk is not optimal even when H is. Balancing these losses gives:

Theorem 2.1. For every D > 0, there exists a fully-explicit family of graphs {Gi}, with an increas-
ing number of vertices, such that each Gi is D–regular and λ̄(Gi) ≤ D

− 1
2
+O( 1√

logD
).

2.1.2 Organization of the chapter

In Section 2.2 we give preliminary definitions. Section 2.3 contains the formal definition of the k-
step Zig-Zag product. Section 2.4 gives the proof of the main statement regarding the k-step Zig-Zag
product, assuming good small graphs exist. The fact that such graphs exist is proven in Section 2.5.
In Section 2.6 we use the product to give an iterative construction of expanders, for degrees of a
specific form. Finally, in Section 2.7 we describe how to make the expander construction work for
any degree.

2.2 Preliminaries

Spectral gap. We associate a (directed or undirected) graphG = (V,E) with its transition matrix,
also denoted by G, i.e.,

Gv,u =

{
1

degout(v)
, (v, u) ∈ E

0, otherwise
.

For a matrix G we denote by si(G) the i’th largest singular value of G. If the graph G is regular
(i.e., degin(v) = degout(v) = D for all v ∈ V ) then s1(G) = 1.

We define λ̄(G) = s2(G). We say a graph G is a (N,D, λ) graph if it is D–regular, over N
vertices and λ̄(G) ≤ λ. We sometimes omit the parameter N and say G is a (D,λ) graph. If
G is undirected then the matrix G is Hermitian, G has an orthonormal eigenvector basis and the
eigenvalues λ1 ≥ . . . ≥ λN are real. In this case,

λ̄(G) = s2(G) = max {λ2,−λN}.

We say an undirected, D–regular graph G is Ramanujan if

λ̄(G) ≤ λRam(D)
def
=

2
√
D − 1

D
.



22 CHAPTER 2. A COMBINATORIAL CONSTRUCTION OF ALMOST-RAMANUJAN GRAPHS

Ramanujan graphs are essentially the optimal algebraic expanders [109].
We can convert a directed graph G to an undirected graph U by undirecting the edges, i.e.,

U = 1
2 [G + G†]. If G is D-regular then 1

def
= 1√

N
(1, . . . , 1)t is an eigenvector of both G and G†.

Therefore,

s2(U) =
1

2
s2(G+G†) =

1

2
max

u,v⊥1,∥u∥=∥v∥=1
|u†(G+G†)v| ≤ 1

2
(s2(G) + s2(G

†)) = s2(G),

and it follows that U is a (N, 2D,λ) graph.
Taking the transition matrix of a graph G and raising it to some power ℓ results in the transition

matrix of another graph. This graph has the same set of vertices as G, and two vertices in this graph
are connected if and only if there is a path of length ℓ between them in G.

Fact 2.2. If G is an (N,D, λ) graph then Gℓ is an (N,Dℓ, λℓ) graph.

Similarly, taking the tensor product of the transition matrices of two graphs G1 and G2 results
in the transition matrix of another graph. The set of vertices of this graph is the direct product of the
sets of vertices of G1 and G2. In this graph, (v1, v2) is connected to (u1, u2) if and only if they vj
is connected to uj in Gj , for j = 1, 2.

Fact 2.3. IfGj is an (Nj , Dj , λj) graph for j = 1, 2 thenG1⊗G2 is an (N1·N2, D1·D2,max {λ1, λ2})
graph.

Rotation maps. Following [120] we represent graphs using rotation maps, as we explain now.
Let G be a directed D–regular graph G = (V,E). Recall that G† denotes the graph where the
direction of each edge in E is reversed. We assume the outgoing edges of G and G† are labeled
with D labels {1, . . . , D}, such that for every v ∈ V , its D outgoing edges (either in G or in G†)
are labeled with different labels. Let vG[i] denote the i’th neighbor of v in G. We define the rotation
map of G, RotG : V × [D] → V × [D], by

RotG(v, i) = (w, j) ⇐⇒ vG[i] = w and wG† [j] = v.

In words, the i’th neighbor of v in G is w, and the j’th neighbor of w in the reversed graph G† is v.
Notice that if RotG(v, i) = (w, j) then RotG†(w, j) = (v, i).

The standard choice for the rotation maps of the graphs resulting from the operations of power-
ing, tensoring and undirecting is:

∀1 ≤ j ≤ ℓ, RotG(vj , ij) = (vj+1, i
′
j) =⇒ RotGℓ (v1, (i1, . . . , iℓ)) =

(
vℓ+1, (i

′
ℓ, . . . , i

′
1)
)

(2.1)

∀1 ≤ j ≤ 2, RotGj (vj , ij) = (uj , i
′
j) =⇒ RotG1⊗G2 ((v1, v2), (i1, i2)) =

(
(u1, u2), (i

′
1, i
′
2)
)
(2.2)
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For a directed graph G, RotG(v, i) = (u, i′) =⇒ Rot 1
2
[G+G†] (v, (b, i)) =

(
u, (1− b, i′)

)
2 (2.3)

We single out a special family of rotation functions:

Definition 2.4. A graph G is locally invertible if its rotation map is of the form RotG(v, i) =

(v[i], ϕ(i)) for some permutation ϕ : [d] → [d]. We say that ϕ is the local inversion function.

In [119], a “π-consistently labeled graph” denotes a graph with local-inversion π. Thus, a graph
is locally invertible if and only if it is π-consistently labeled for some permutation π.3

A simple fact following immediately from Equations (2.1)-(2.3).

Fact 2.5. If G1, G2 are locally invertible then Gℓ
1, G1 ⊗G2 and 1

2 [G1 +G†1] are locally invertible.

Miscellaneous notation. We often use vectors coming from a tensor vector space V = V1 ⊗ V2,
as well as vertices coming from a product vertex set V = V1×V2. In such cases we use superscripts
to indicate the universe a certain object resides in. For example, we denote vectors from V1 by
x(1), y(1) etc. In particular, when x ∈ V = V1 ⊗ V2 is a product vector then x(1) denotes the V1

component, x(2) denotes the V2 component and x = x(1) ⊗ x(2).
We denote by 1V the all-ones vector over the vector space V , normalized to have unit length.

When the vector space is clear from the context we simply denote this vector by 1.
SΛ denotes the symmetric group over Λ. GN,D, for an evenD, is the following distribution over

D–regular, undirected graphs: First, uniformly choose D/2 permutations γ1, . . . , γD/2 ∈ S[N ].
Then, output the graph G = (V = [N ], E), whose edges are the undirected edges formed by the
D/2 permutations.

Finally, for an n-dimensional vector x we let |x|1 =
∑n

i=1 |xi| and ∥x∥ =
√

⟨x, x⟩. We
measure the distance between two distributions P,Q by |P −Q|1. The operator norm of a linear
operator L is ∥L∥∞ = maxx:∥x∥=1 ∥Lx∥.

We will need the following claim which states that if we average linear operators according to
two statistically-close distributions, we get essentially the same linear operator.

Claim 2.6. Let P,Q be two distributions over Ω and let {Li}i∈Ω be a set of linear operators over
Λ, each with operator norm bounded by 1. Define P = Ex∼P [Lx] and Q = Ex∼Q[Lx]. Then, for
any τ, ξ ∈ Λ,

| ⟨Pτ, ξ⟩ − ⟨Qτ, ξ⟩ | ≤ |P −Q|1 · ∥τ∥ · ∥ξ∥.
3Perhaps a more appropriate name for “locally invertible graph” is “consistently labeled graph” (without the addition

of the permutation π). However the term “consistently labeled graph” is already used in the literature to denote a different
property of the labeling of the edges [69]. An example of a graph that is consistently labeled, yet is not locally invertible,
can be observed by taking the disjoint union of two graphs of the same degree that are locally invertible, each with a
different inversion function.
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Proof: First, notice that

∥P −Q∥∞ ≤
∑
x

|P (x)−Q(x)| · ∥Lx∥∞ ≤ |P −Q|1.

Therefore, it follows that

| ⟨Pτ, ξ⟩ − ⟨Qτ, ξ⟩ | = | ⟨(P −Q)τ, ξ⟩ | ≤ ∥P −Q∥∞ · ∥τ∥ · ∥ξ∥ ≤ |P −Q|1 · ∥τ∥ · ∥ξ∥.

2.3 The k-step Zig-Zag product

2.3.1 The product

The input to the product is:

• An undirected graph G1 = (V1 = [N1], E1) that is a (D1, λ1) graph. We assume G1 has a
local inversion function ϕ = ϕG1 . That is, RotG1(v

(1), d1) = (v(1)[d1], ϕG1(d1)).

• k undirected graphs H̄ = (H1, . . . ,Hk), where each Hi is a (N2, D2, λ2) graph over the
vertex set V2.

In the replacement product (and also in the Zig-Zag product) the parameters are set such that
the cardinality of V2 equals the degree D1 of G1. An element v2 ∈ V2 is then interpreted as a label
d1 ∈ [D1]. However, as explained in the introduction, we take larger graphs Hi with V2 = [D1]

4k.
That is, we have D4k

1 vertices in V2 rather than D1 in the replacement product. Therefore, we
need to explain how to map a vertex v(2) ∈ V2 = [D1]

4k to a label d1 ∈ [D1] of G1. For that
we use a map π : V2 → [D1] that is regular, i.e., every element of [D1] has the same number
of π pre-images in V2. For simplicity we fix one concrete such π as follows. For j ∈ [4k] and
w = (w1, . . . , w4k) ∈ [D1]

4k we define πj to be the projection of w on the jth coordinate, i.e.,
πj(w) = wj . The map π that we choose is π = π1.

The graph Gnew = G1 z⃝H̄ that we construct is related to a k–step walk over this new replace-
ment product. The vertices of Gnew are V1 × V2. The degree of the graph is Dk

2 and the edges are
indexed by ī = (i1, . . . , ik) ∈ [D2]

k. We next define the rotation map RotGnew of the new graph.
For v = (v(1), v(2)) ∈ V1 × V2 and ī = (i1, . . . , ik) ∈ [D2]

k, RotGnew(v, ī) is defined as follows:

• We start the walk at v = (v(1), v(2)) = (v
(1)
0 , v

(2)
0 ).

• For t = 1, . . . , k,
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– Take one Ht(·, it) step on the second component. That is, the first component is left
untouched, v(1)2t−1 = v

(1)
2(t−1) and we set (v(2)2t−1, i

′
t) = RotHt(v

(2)
2(t−1), it).

– If t < k, we take one step on G1 with π1(v
(2)
2t−1) as the [D1] label to be used, i.e.,

v
(1)
2t = v

(1)
2t−1[π1(v

(2)
2t−1)].

We also set v(2)2t = ψ(v
(2)
2t−1), where

ψ(v(2)) = (ϕG1(π1(v
(2))), π2(v

(2)), π3(v
(2)), . . . , π4k(v

(2))). (2.4)

Namely, for the first [D1] coordinate of the second component we use the local inversion
function of G1, and all other coordinates are left unchanged.

Finally, we specify

RotGnew(v, ī) =
(
(v

(1)
2k−1, v

(2)
2k−1), (i

′
k, . . . , i

′
1)
)
. (2.5)

It is straightforward to verify that RotGnew is indeed a rotation map.
To summarize, we start with a locally invertible,D1–regular graph overN1 vertices. We replace

each degree D1 vertex with a “cloud” of D4k
1 vertices, and map a cloud vertex to a D1 instruction

using π1. We then take a (2k − 1)-step walk, with alternating H and G1 steps, over the resulting
graph. Observe that the resulting graph is directed since, for instance, H1 might be different from
Hk. One can obtain an undirected graph simply by undirecting each edge. This transformation
doubles the degree while retaining the spectral gap, as explained in Section 2.2.

The following is immediate from the definition of the rotation map in Equation (2.5).

Fact 2.7. If, for 1 ≤ i ≤ k, the graph Hi is locally invertible with the local inversion function ϕHi

then G1 z⃝(H1, . . . , Hk) is locally invertible with the local inversion function

ϕ(i1, . . . , ik) = (ϕHk
(ik), . . . , ϕH1(i1)).

2.3.2 The linear operators

We want to express the k-step walk described in Section 2.3.1 as a composition of linear operators.
For i ∈ {1, 2}, we define a vector space Vi with dim(Vi) = |Vi| = Ni, and we identify an element

v(i) ∈ Vi with a basis vector
−→
v(i) ∈ Vi. Notice that{−−→

v(1) ⊗
−−→
v(2) | v(1) ∈ V1, v

(2) ∈ V2

}
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is a basis for V = V1 ⊗ V2. On this basis we define the linear operators

H̃i

(−−→
v(1) ⊗

−−→
v(2)
)

=
−−→
v(1) ⊗

−−−−→
Hiv

(2)

and
Ġ1

(−−→
v(1) ⊗

−−→
v(2)
)

=
−−−−−−−−−→
v(1)[π1(v

(2))]⊗
−−−−→
ψ(v(2)),

where ψ is as defined in Equation (2.4). Having this terminology, the transition matrix of the new
graph Gnew is the linear transformation on V defined by H̃kĠ1H̃k−1Ġ1 . . . H̃2Ġ1H̃1.

2.3.3 The action of the composition

Next we take advantage of the simple structure of locally invertible graphs, revealing how

H̃kĠ1H̃k−1Ġ1 . . . H̃2Ġ1H̃1

correlates the first and second components. Fix a D1 regular graph G1 with local inversion function
ϕ. As G1 is D1–regular it can be represented as

G1 =
1

D1

D1∑
i=1

Gi,

where Gi is the transition matrix of some permutation in SV1 . We can similarly decompose each
graph Hi to a sum of D2 permutations on V2. We focus our attention on the case where the ac-
tion of Hi is replaced with a single permutation, and the general case (where each Hi is a convex
combination of D2 permutations) follows by linearity.

Lemma 2.8. Assume G1 has a local inversion function ϕ that is extended to a permutation ψ :

V2 → V2 as in Equation (2.4). Let γ1, . . . , γℓ be ℓ permutations on V2. Let Γi be the linear operator
on V2 corresponding to the permutation γi and Γ̃i = I ⊗ Γi.

For vertices u(1) ∈ V1, u(2) ∈ V2 define w0 =
−−→
u(1)⊗

−−→
u(2) and wi = Γ̃iĠ1 . . . Γ̃1Ġ1(

−−→
u(1)⊗

−−→
u(2)).

Then, wi is a product vector, and

wi = Gπ1(qi−1(u(2))) . . .Gπ1(q0(u(2)))(
−−→
u(1))⊗

−−−−→
qi(u

(2)),

where

q0(u
(2)) = u(2) (2.6)

qi(u
(2)) = γi(ψ(qi−1(u

(2)))). (2.7)
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Proof: We prove by induction. For i = 0, w0 = (
−−→
u(1) ⊗

−−→
u(2)). The induction step follows immedi-

ately from the fact that ui+1 = Γ̃i+1Ġ1ui and the definitions of Γ̃i+1 and Ġ1.

We also capture from the proof the behavior qi(u(2)) of the second component values. We
define:

Definition 2.9. Let G1 be an undirected graph with local inversion function ϕ that is extended
to a permutation ψ : V2 → V2 as in Equation (2.4). Let γ̄ = (γ1, . . . , γℓ) be a sequence of ℓ
permutations over V2. The permutation sequence induced by (γ̄, ϕ) is q̄ = (q0, . . . , qℓ) defined as in
Equations (2.6) and (2.7).

Corollary 2.10. Assume G1 has a local inversion function ϕ. Let γ1, . . . , γℓ be ℓ permutations on
V2. Let Γi be the linear operator on V2 corresponding to the permutation γi and Γ̃i = I ⊗ Γi.

Then, there exists σ ∈ SV2 , such that for any u(1) ∈ V1 and u(2) ∈ V2:

Ġ1Γ̃ℓĠ1 . . . Γ̃1Ġ1(
−−→
u(1) ⊗

−−→
u(2)) = Gπ1(qℓ(u(2))) . . .Gπ1(q0(u(2)))(

−−→
u(1))⊗

−−−−→
σ(u(2)),

where (q0, . . . , qℓ) is the permutation sequence induced by ((γ1, . . . , γℓ), ϕ).

2.3.4 A condition guaranteeing good algebraic expansion

We say γ̄ = (γ1, . . . , γℓ) is ϵ–pseudorandom with respect to ϕ if the distribution of the first log(D1)

bits in each of the ℓ+ 1 labels we encounter is ε-close to uniform. We define:

Definition 2.11. Let G1 be an undirected graph with local inversion function ϕ. Let q̄ be the
permutations induced by (γ̄, ϕ). We say γ̄ is ε–pseudorandom with respect to ϕ (or, equivalently,
ε–pseudorandom with respect to G1) if∣∣∣π1(q0(U)) ◦ . . . ◦ π1(qℓ(U))− U[D1]ℓ+1

∣∣∣
1
≤ ε,

where π1(q0(U)) ◦ . . . ◦ π1(qℓ(U)) is the distribution obtained by picking v(2) ∈ V2 uniformly
at random and outputting (π1(q0(v

(2))), . . . , π1(qℓ(v
(2)))) and U[D1]ℓ+1 is the uniform distribution

over [D1]
ℓ+1.

Any D2 regular graph H can be expressed as H = 1
D2

∑D2
j=1Hj where Hj is the transition

matrix of a permutation γj ∈ SV2 . We now extend Definition 2.11 to a sequence of k D2–regular
graphs.

Definition 2.12. Let G1 and ϕ be as above. Let H̄ = (H1, . . . , Hk) be a k-tuple of D2–regular
graphs over V2. We say H̄ is ε–pseudorandom with respect to ϕ (or G1), if we can express each
graph Hi as Hi =

1
D2

∑D2
j=1Hi,j such that:
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• Hi,j is the transition matrix of a permutation γi,j ∈ SV2 .

• For any 1 ≤ ℓ1 ≤ ℓ2 ≤ k, jℓ1 , . . . , jℓ2 ∈ [D2], the sequence γℓ1,jℓ1 , . . . , γℓ2,jℓ2 is ε–
pseudorandom with respect to ϕ.

If, in addition, for each i = 1, . . . , k we have λ̄(Hi) ≤ λRam(D2) + ε, we say that H̄ is ε–good
with respect to ϕ (or G1).

Our main result states that, whenever H̄ is good with respect to G1, the k-step zigzag product
does not lose much in the spectral gap. Formally,

Theorem 2.13. Let G1 = (V1 = [N1], E1) be a (D1, λ1) locally invertible graph. Let H̄ =

(H1, . . . , Hk) be a sequence of (N2 = D4k
1 , D2, λ2) graphs that is ε–good with respect to G1, and

assume λ2 ≤ 1
2 . Then, Gnew = G1 z⃝H̄ is a (N1 ·N2, D

k
2 , f(λ1, λ2, ε, k)) graph for

f(λ1, λ2, ε, k) = λk−12 + 2(ε+ λ1) + λk2.

Given D = Dk
2 we wish to construct a D–regular graph with a spectral gap as large as we can.

We have freedom in choosing the constant D1 since it has no effect on the degree of the graph we
construct. By choosing it to be large enough, we can guarantee that λ1 is negligible compared to λk2 .
It will also turn out that for this choice ofD1, we can find H̄ that is ε-good, for ε which is negligible
compared to λk2 . Thus the graph we construct has λ̄ ≈ λk−12 + λk2 . In other words, we do k Zig-Zag
steps and almost all of them (k − 1 out of k) “work” for us.

Thus, we are left with two tasks:

1. Prove Theorem 2.13, which is done in the following section.

2. Find an ε-good sequence H̄ . In fact, in Section 2.5, we prove that almost all sequences are
good.

2.4 A top-down view of the proof

Proof of Theorem 2.13: Gnew is a regular, directed graph and we wish to bound s2(Gnew). Fix
unit vectors x, y ⊥ 1 for which s2(Gnew) = ⟨Gnewx, y⟩. As in the analysis of the Zig-Zag product,
we decompose V = V1 ⊗ V2 to its parallel and perpendicular parts. The subspace V || is defined by

V || = Span

{−−→
v(1) ⊗ 1 : v(1) ∈ V1

}
and V⊥ is its orthogonal complement. For any vector τ ∈ V we denote by τ || and τ⊥ the projections
of τ on V || and V⊥ respectively. Notice that V || is exactly the set of parallel vectors defined in the
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introduction, and V⊥ is the set of perpendicular vectors. Also notice that v ∈ V || iff v = v1 ⊗ 1 for
some v1 ∈ V1.

For the analysis we decompose not only x0 = x and y0 = y, but also the vectors x1, . . . , xk−1
and y1, . . . , yk−1 where

xi = Ġ1H̃ix
⊥
i−1 and

yi = Ġ1H̃k−i+1 y
⊥
i−1.

Observe that ∥xi∥ ≤ λi2∥x0∥ and ∥yi∥ ≤ λi2∥y0∥.
We now consider y†0H̃kĠ1 . . . H̃2Ġ1H̃1x0 and decompose x0 = x

||
0 + x⊥0 . Focusing on x⊥0 we

see that, by definition,

y†0H̃kĠ1 . . . H̃2Ġ1H̃1x
⊥
0 = y†0H̃kĠ1 . . . H̃3Ġ1H̃2x1.

We continue by decomposing x1, x2, . . . and eventually this results in:

y†0H̃kĠ1 . . . H̃2Ġ1H̃1x0 = y†0H̃kx
⊥
k−1 +

k∑
i=1

y†0H̃kĠ1 . . . H̃i+1Ġ1H̃ix
||
i−1.

Doing the same decomposition on y0 (and using the fact that both Ġ1 and H̃j are Hermitian and
so (y⊥j )

†H̃k−jĠ1 = (Ġ1H̃k−jy
⊥
j )
† = y†j+1) we get:

y†0H̃kĠ1 . . . H̃2Ġ1H̃1x0 = y†0H̃kx
⊥
k−1 +

k∑
i=1

(y⊥k−i)
†x
||
i−1 +

k∑
i=1

(y
||
k−i)

†x
||
i−1

+
∑

1≤i<j≤k
(y
||
k−j)

†Ġ1H̃j−1 . . . H̃i+1Ġ1x
||
i−1.

Now,

•
∣∣∣y†0H̃kx

⊥
k−1

∣∣∣ ≤ ∥∥∥H̃kx
⊥
k−1

∥∥∥ ≤ λ2
∥∥x⊥k−1∥∥ ≤ λ2∥xk−1∥ ≤ λ2λ

k−1
2 ∥x0∥ = λk2 .

• Since V⊥ ⊥ V ||, the term
∑k

i=1(y
⊥
k−i)

†x
||
i−1 is simply 0.

• The term ∣∣∣∣∣
k∑

i=1

(y
||
k−i)

†x
||
i−1

∣∣∣∣∣ ≤
k∑

i=1

∥∥∥y||k−i∥∥∥ · ∥∥∥x||i−1∥∥∥
is bounded in Lemma 2.16 by λk−12 .

• Finally, we are left with the term
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∑
1≤i<j≤k

(y
||
k−j)

†Ġ1H̃j−1 . . . H̃i+1Ġ1x
||
i−1. (2.8)

In Theorem 2.14 we show that, assuming H̄ is good for G1,∣∣∣(y||k−j)†Ġ1H̃j−1 . . . H̃i+1Ġ1x
||
i−1

∣∣∣ ≤ (λj−i1 + ε)
∥∥∥y||k−j∥∥∥∥∥∥x||i−1∥∥∥.

Therefore, the term in Equation (2.8) is bounded by

∑
1≤i<j≤k

(λj−i1 + ε)
∥∥∥y||k−j∥∥∥∥∥∥x||i−1∥∥∥ =

k−1∑
t=1

(λt1 + ε)

k−t∑
i=1

∥∥∥y||k−i−t∥∥∥∥∥∥x||i−1∥∥∥
≤

k−1∑
t=1

(λt1 + ε)λk−t−12 ≤ (λ1 + ε)

k−1∑
t=1

λk−t−12 = (λ1 + ε)

k−2∑
i=0

λi2 ≤ 2(λ1 + ε),

where the first inequality follows from Lemma 2.16 and the second one uses the assumption
λ2 ≤ 1

2 .

Altogether, |y†Gnewx| ≤ λk−12 + 2(ε+ λ1) + λk2 as desired.

2.4.1 The action of the operator on parallel vectors

The action of our operator on parallel vectors is captured in the following theorem.

Theorem 2.14. For every i, ℓ ≥ 1 and τ, ξ ∈ V ||, τ, ξ ⊥ 1V ,∣∣∣⟨Ġ1H̃i+ℓĠ1 . . . H̃i+1Ġ1τ, ξ
⟩∣∣∣ ≤ (λℓ+1

1 + ε)∥τ∥∥ξ∥.

For the proof we need the following lemma. Informally, it states that the action of Ġ1H̃i+ℓĠ1 . . . H̃i+1Ġ1

on V || is essentially the same as the action of Gℓ+1 on V1.

Lemma 2.15. Suppose γ̄ = (γ1, . . . , γℓ) is ε–pseudorandom with respect to G1 and denote by
Γ̃1, . . . , Γ̃ℓ the operators corresponding to γ1, . . . , γℓ. Any τ, ξ ∈ V || can be written as τ = τ (1) ⊗
1V2 and ξ = ξ(1) ⊗ 1V2 . For any such τ, ξ:∣∣∣⟨Ġ1Γ̃ℓĠ1 . . . Γ̃1Ġ1τ, ξ

⟩
−
⟨
Gℓ+1τ (1), ξ(1)

⟩∣∣∣ ≤ ε · ∥τ∥ · ∥ξ∥.

Proof: G1 is D1–regular with local inversion function ϕ. We express G1 =
1
D1

∑D1
i=1 Gi, where Gi

is the transition matrix of some permutation in SV1 . We let q̄ = (q0, . . . , qk−1) be the permutations
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induced by (γ̄, ϕ). By definition (and noting that 1V2 = 1√
N2

∑
v(2)∈V2 v

(2)) we get:

⟨
Ġ1Γ̃ℓĠ1 . . . Γ̃1Ġ1τ, ξ

⟩
=

1

N2

⟨ ∑
v(2),u(2)∈V2

Ġ1Γ̃ℓĠ1 . . . Γ̃1Ġ1(τ
(1) ⊗

−−→
v(2)), ξ(1) ⊗

−−→
u(2)

⟩
.

By Corollary 2.10,

⟨
Ġ1Γ̃ℓĠ1 . . . Γ̃1Ġ1τ, ξ

⟩
=

1

N2

⟨ ∑
v(2),u(2)∈V2

Gπ1(qℓ(v(2)))
. . .Gπ1(q0(v(2)))

(τ (1))⊗
−−−−→
σ(v(2)), ξ(1) ⊗

−−→
u(2)

⟩

=
1

N2

∑
v(2),u(2)∈V2

⟨
Gπ1(qℓ(v(2)))

. . .Gπ1(q0(v(2)))
τ (1), ξ(1)

⟩
·
⟨−−−−→
σ(v(2)),

−−→
u(2)

⟩
.

However, as σ is a permutation over V2, for every v(2) ∈ V2 there is exactly one u(2) that does not
vanish. Hence,⟨

Ġ1Γ̃ℓĠ1 . . . Γ̃1Ġ1τ, ξ
⟩

=
1

N2

∑
v(2)∈V2

⟨
Gπ1(qℓ(v(2)))

. . .Gπ1(q0(v(2)))
τ (1), ξ(1)

⟩
= Ez1,...,zℓ∼Z

[⟨
Gzℓ . . .Gz1τ

(1), ξ(1)
⟩]
,

where Z is the distribution on [D1]
ℓ obtained by picking v(2) uniformly at random in V2 and out-

putting z1, . . . , zℓ where zi = π1(qi(v
(2))). Notice also that

Gk
1 = Ez∈[D1]k [Gzℓ . . .Gz1 ].

As (γ1, . . . , γk) is ε–pseudorandom with respect to G1 we know that
∣∣∣Z − U[D1]k

∣∣∣
1
≤ ε. By

Claim 2.6,∣∣∣⟨Ġ1Γ̃ℓĠ1 . . . Γ̃1Ġ1τ, ξ
⟩
−
⟨
Gℓ+1τ (1), ξ(1)

⟩∣∣∣ ≤ ε ·
∥∥∥τ (1)∥∥∥ · ∥∥∥ξ(1)∥∥∥ = ε · ∥τ∥ · ∥ξ∥

(since ∥τ∥ =
∥∥τ (1) ⊗ 1

∥∥ =
∥∥τ (1)∥∥ · ∥1∥ =

∥∥τ (1)∥∥) and this completes the proof of Lemma 2.15.

Having Lemma 2.15 we can prove Theorem 2.14.

Proof of Theorem 2.14: Since H̄ is ε–good with respect to G1, we can express each Hi as Hi =
1
D2

∑D2
j=1Hi,j such that Hi,j is the transition matrix of a permutation γi,j ∈ SV2 and each of the Dk

2

sequences γ1,j1 , . . . , γk,jk is ε–pseudorandom with respect to G1. Let Γi,j be the operator on V2

corresponding to the permutation γi,j and Γ̃i,j = I⊗Γi,j be the corresponding operator on V1⊗V2.
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Observe that:⟨
Ġ1H̃i+ℓĠ1 . . . H̃i+1Ġ1τ, ξ

⟩
= Ej1,...,jℓ∈[D2]

[⟨
Ġ1Γ̃i+ℓ,jℓĠ1 . . . Γ̃i+1,j1Ġ1τ, ξ

⟩]
.

Thus, by Lemma 2.15,∣∣∣⟨Ġ1H̃i+ℓĠ1 . . . H̃i+1Ġ1τ, ξ
⟩
−
⟨
Gℓ+1τ (1), ξ(1)

⟩∣∣∣ ≤ ε · ∥τ∥ · ∥ξ∥.

Since τ, ξ ⊥ 1, we also have that τ (1), ξ(1) ⊥ 1. Therefore,∣∣∣⟨Gℓ+1τ (1), ξ(1)
⟩∣∣∣ ≤ λℓ+1

1

∥∥∥τ (1)∥∥∥∥∥∥ξ(1)∥∥∥.
The fact that ∥τ∥ =

∥∥τ (1)∥∥ and ∥ξ∥ =
∥∥ξ(1)∥∥ completes the proof.

2.4.2 A lemma on partial sums

We conclude this section with a bound on

k−t∑
i=1

∥∥∥y||k−i−t∥∥∥ · ∥∥∥x||i−1∥∥∥.
The trivial bound is (k−t)λk−t−12 using the fact that ∥xi∥, ∥yi∥ ≤ λi2. Here we give a tighter bound:

Lemma 2.16. Let t ≥ 0. Then,

k−t∑
i=1

∥∥∥y||k−i−t∥∥∥ · ∥∥∥x||i−1∥∥∥ ≤ λk−t−12 .

Proof:

k−t∑
i=1

∥∥∥y||k−i−t∥∥∥ · ∥∥∥x||i−1∥∥∥ = λk−t−12

k−t∑
i=1

∥∥∥∥∥ y
||
k−i−t

λk−i−t2

∥∥∥∥∥ ·
∥∥∥∥∥ x
||
i−i

λi−12

∥∥∥∥∥
≤ λk−t−12 · 1

2

k−t−1∑
i=0

∥∥∥∥∥y||iλi2
∥∥∥∥∥
2

+

k−t−1∑
i=0

∥∥∥∥∥x||iλi2
∥∥∥∥∥
2
 .
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Now, we bound
∑k−t−1

i=0

∥∥∥x||i /λi2∥∥∥2 and the bound for the expression
∑k−t−1

i=0

∥∥∥y||i /λi2∥∥∥2 is similarly
obtained. Denote

∆ℓ =

∥∥∥∥x⊥ℓλℓ2
∥∥∥∥2 + ℓ∑

i=0

∥∥∥∥∥x||iλi2
∥∥∥∥∥
2

.

Then

∆ℓ =

∥∥∥∥xℓλℓ2
∥∥∥∥2 + ℓ−1∑

i=0

∥∥∥∥∥x
||
i

λi2

∥∥∥∥∥
2

≤

∥∥∥∥∥λ2x⊥ℓ−1λℓ2

∥∥∥∥∥
2

+
ℓ−1∑
i=0

∥∥∥∥∥x
||
i

λi2

∥∥∥∥∥
2

= ∆ℓ−1.

In particular, ∆k−t−1 ≤ ∆0 =
∥∥∥x||0∥∥∥2. It follows that

k−t−1∑
i=0

∥∥∥∥∥x
||
i

λi2

∥∥∥∥∥
2

≤
∥∥∥x||0∥∥∥2 −

∥∥∥∥∥x⊥k−t−1λk−t−12

∥∥∥∥∥
2

≤ ∥x0∥2 = 1.

2.5 Almost any H̄ is good

2.5.1 A Hyper-Geometric lemma

We shall need the following tail estimate:

Theorem 2.17 ([73], Theorem 2.10). Let Ω be a universe and S1 ⊆ Ω a fixed subset of size m1. Let
S2 ⊆ Ω be a uniformly random subset of size m2. Set µ = ES2 [|S1 ∩ S2|] = m1m2

|Ω| . Then for every
ε > 0,

Pr
S2

[| |S1 ∩ S2| − µ
∣∣ ≥ εµ] ≤ 2e−

ε2

3
µ.

A simple generalization of this gives:

Lemma 2.18. Let Ω be a universe and S1 ⊆ Ω a fixed subset of size m. Let S2, . . . , Sk ⊆ Ω be
uniformly random subsets of size m. Set µk = ES2,...,Sk

[ | S1 ∩ S2 . . . ∩ Sk | ] = mk

|Ω|k−1 . Then for
every ε > 0,

Pr
S2,...,Sk

[(1− ε)k−1µk ≤ |S1 ∩ S2 . . . ∩ Sk| ≤ (1 + ε)k−1µk] ≥ 1− 2(k − 1)e−
ε2

3
(1−ε)k−1µk .
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In particular, for ε ≤ 1
4k ,

Pr
S2,...,Sk

[| |S1 ∩ S2 . . . ∩ Sk| − µk| ≥ 2kεµk] ≤ 2ke−
ε2

6
µk .

Proof: By induction on k. The case k = 2 follows from Theorem 2.17. Assume for k, and let us
prove for k+ 1. Let A = S1 ∩ . . .∩ Sk ⊆ Ω. By the induction hypothesis we know that, except for

probability δk = 2(k−1)e−
ε2

3
(1−ε)k−1µk , the setA has size in the range [(1−ε)k−1µk, (1+ε)k−1µk]

for µk = mk

|Ω|k−1 . When this happens, by Theorem 2.17, |A ∩ Sk+1| is in the range

[(1− ε)
|A|m
|Ω|

, (1 + ε)
|A|m
|Ω|

] ⊆ [(1− ε)kµk, (1 + ε)kµk]

except for probability

2e
− ε2

3
|A|m
|Ω| ≤ 2e−

ε2

3
(1−ε)kµk+1 .

Thus, |A∩Sk+1| is in the required range except for probability δk+2e−
ε2

3
(1−ε)kµk+1 ≤ 2ke−

ε2

3
(1−ε)kµk+1

and this completes the proof.

2.5.2 Almost any γ̄ is pseudorandom

The main lemma we prove in this section is:

Lemma 2.19. For every ε ≤ 1
2 , a sequence of uniformly random and independent permutations

(γ1, . . . , γk−1) satisfies

Pr
γ1,...,γk−1

[ (γ1, . . . , γk−1) is not ε–pseudorandom with respect to G1 ] ≤ Dk
1 · 2ke−Ω(

ε2D3k
1

k2
).

Proof: Let q0, . . . , qk−1 : V2 → V2 be the permutations induced by (γ̄ = (γ1, . . . , γk−1), ψ), where
ψ is as defined in Equation (2.4). Let A denote the distribution π1(q1(U)) ◦ . . . ◦ π1(qk(U)) and
UDk

1
the uniform distribution over [D1]

k. Fix an arbitrary r̄ = (r1, . . . , rk) ∈ [D1]
k. We will show

that:

Pr
γ1,...,γk−1

[|A(r̄)− UDk
1
(r̄)| ≥ εD−k1 ] ≤ 2ke−Ω(

ε2D3k
1

k2
). (2.9)

Therefore, using a simple union bound, the event ∃r̄ |A(r̄) − UDk
1
(r̄)| ≥ εD−k1 happens with
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probability at most Dk
1 · 2ke−Ω(

ε2D3k
1

k2
), and whenever it does not happen,∣∣∣A− UDk

1

∣∣∣
1
=
∑
r̄

|A(r̄)− UDk
1
(r̄)| ≤ Dk

1 ·max
r̄

{
|A(r̄)− UDk

1
(r̄)|
}
≤ ε.

We now prove the inequality in Equation (2.9). Let Si = {x ∈ V2 | π1(qi(x)) = ri}, for 1 ≤
i ≤ k. Since qi is a permutation and π1 is a regular function, |Si| = |V2|

D1
. Also, for each i, qi is

a random permutation distributed uniformly in SV2 and the permutations {qi} are independent. It
follows that the sets S2, . . . , Sk are random |V2|

D1
–subsets of V2, and they are independent as well.

By definition, A(r̄) = |S1∩S2...∩Sk|
|V2| . Also,

µk = E[|S1 ∩ S2 . . . ∩ Sk|] =
(|V2|/D1)

k

|V2|k−1
=

|V2|
Dk

1

= D3k
1

and UDk
1
(r̄) = µk

|V2| = D−k1 . Thus, by Lemma 2.18, and setting ζ = ε
2k ≤ 1

4k ,

Pr
γ1,...,γk−1

[|A(r̄)− UDk
1
(r̄)| ≥ εD−k1 ] = Pr

S2,...,Sk

[∣∣∣∣ |S1 ∩ S2 . . . ∩ Sk||V2|
− µk

|V2|

∣∣∣∣ ≥ 2kζµk
|V2|

]
≤ 2ke−Ω(ζ2µk) = 2ke−Ω(

ε2D3k
1

k2
),

as stated in Equation (2.9).

2.5.3 The spectrum of random D-regular graphs

Friedman [49] proved the following theorem regarding the spectrum of random regular graphs. The
distribution GN,D is described in Section 2.2.

Theorem 2.20 ([49]). For every δ > 0 and for every even D, there exists a constant c > 0,
independent of N , such that

Pr
G∼GN,D

[ λ̄(G) > λRam(D) + δ ] ≤ c ·N−⌈(
√
D−1+1)/2⌉−1.

2.5.4 Almost any H̄ is good

Theorem 2.21. For every even D2 ≥ 4, integer k ≥ 3 and ε = D−k2 , there exists a constant B such
that for every D1 ≥ B there exists a sequence H̄ = (H1, . . . , Hk) of (N2 = D4k

1 , D2) graphs such
that:

• Each Hi is locally invertible.
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• H̄ is ε–good with respect to any D1–regular locally invertible graph.

Proof: For a value D1 let us randomly pick H̄ = (H1, . . . , Hk) with each Hi sampled indepen-
dently and uniformly fromGN2=Dk

1 ,D2
. I.e., let {γi,j}i∈[k], j∈[D2/2]

be a set of random permutations
chosen uniformly and independently from SV2 . For 1 ≤ i ≤ k, let Hi be the undirected graph over
V2 formed from the permutations {γi,j}j∈[D2/2]

and their inverses. We use the following labeling
on the edges: we label the directed edge (v, γi,j(v)) with the label j, and the edge (v, γ−1i,j (v)) with
the label D2/2+ j (recall that each edge needs to be labeled twice, once by each of its vertices). By
definition, each Hi is locally invertible.

We show that for a large enough D1 the probability H̄ is ε-pseudorandom with respect to
any D1-regular locally invertible graph, is at least half, and therefore a good sequence exists.
Fix a D1–regular locally invertible graph G1. We notice that the inverse of a uniform random
permutation is also a uniform random permutation. Therefore, for every j1, . . . , jk ∈ [D2/2]

and for every p1, . . . , pk ∈ {1,−1}, the k-tuple γ̄ = (γp11,j1 , . . . , γ
pk
k,jk

) is uniform in (S|V2|)
k.

Thus, by Lemma 2.19, H̄ is not ε–pseudorandom with respect to G1 with probability at most

k2 ·Dk
2 ·Dk

1 · 2ke−Ω(
ε2D3k

1
k2

). 4 Taking D1 ≥ D2, the error term is at most δ def
= D3k

1 e
−Ω(

Dk
1

k2
).

There are onlyD1! local inversion functions overD1 vertices (compared to theN2! permutations
over V2). We have seen that the probability a random H̄ is bad for any of them is at most δ, and
therefore the probability over H̄ that it is bad for any of them is at most D1! · δ. Taking D1 large
enough this term is at most 1

10 .

Finally, by Theorem 2.20, the probability that there exists a graph Hi in H̄ with λ̄(Hi) ≥
λRam(D2) + ε is at most

k · c · |V2|−⌈(
√
D2−1+1)/2⌉−1 ≤ k · c · |V2|−1 =

kc

D1
4k
,

for some universal constant c independent of |V2| and therefore also independent of D1. Taking
D1 large enough (depending on the unspecified constant c) this term also becomes smaller than
1
10 . Altogether, with probability at least 1/2, H̄ is ε–good with respect to any D1–regular locally
invertible graph.

2.6 The iterative construction

In [120] an iterative construction of expanders was given, starting with constant-size expanders,
and constructing at each step larger constant-degree expanders. Each iteration is a sequence of

4The Dk
2 factor is for a union bound over all possible permutation sequences γ̄, the k2 factor is for a union bound over

all possible consecutive sub-sequences 1 ≤ ℓ1 ≤ ℓ2 ≤ k.
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tensoring (which makes the graph much larger, the degree larger and the spectral gap the same),
powering (which keeps the graph size the same, increases the spectral gap and the degree) and a
Zig-Zag product (that reduces the degree back to what it should be without harming the spectral
gap much). Here we follow the same strategy, using the same sequence of tensoring, powering and
degree reduction, albeit we use the k-step zigzag product rather than the Zig-Zag product to reduce
the degree. We do it for degrees D of the special form D = 2Dk

2 .

We are given an arbitrary even number D2 ≥ 4 and an integer k. Our goal is to construct an
infinite sequence of degree D = 2Dk

2 regular graphs {Gt} with close to optimal spectral gap. Set
ε = D−k2 and λ2 = λRam(D2) + ε. By Theorem 2.21, there exists some integer B such that for
every even integer D1 ≥ B there exists a sequence H̄ = (H1, . . . , Hk) of (N2 = D4k

1 , D2, λ2)

graphs, that is ε-good with respect to D1–regular locally invertible graphs. We take the first integer
m ≥ 1 such that D4m ≥ B and we set D1 = D4m. We can verify a given H̄ is good in time
depending only onD,D1, D2 and k, independent ofN1, and we find such a good sequence by brute
force search.

We start with two constant-size, locally-invertible graphs G1 and G2. G1 is a (N2, D, λ) graph,
and G2 is a (N2

2 , D, λ) graph, for λ = λk−12 + 2λk2 . We find both graphs by a brute force search;
the existence of these graphs follows from the existence of (N2, D2, λ2) graphs guaranteed above.
Now, for t ≥ 3, define:

• Gtemp
t = (G⌊ t−1

2
⌋ ⊗G⌈ t−1

2
⌉)

2m

• Gt =
1
2

[
Gtemp

t z⃝H̄ +
(
Gtemp

t z⃝H̄
)†]

.

Theorem 2.22. For every even D2 ≥ 4 and every k ≥ 50, the family of undirected graphs {Gt} is
fully-explicit and each graph Gt is an (N t

2, D, λ) graph.

The theorem follows from the following two lemmas:

Lemma 2.23. For every even D2 ≥ 4 and every k ≥ 50

• For every t ≥ 1, Gt is an (N t
2, D, λ) undirected locally invertible graph.

• For every t ≥ 3, Gtemp
t is an (N t−1

2 , D1 = D4m, λ2m) undirected locally invertible graph.

Proof: The fact that Gt and Gtemp
t are locally invertible follows by induction. Facts 2.5 and 2.7

guarantee that all the operations in the construction preserve the locality property.

The claims regarding the number of vertices and the degree follow by induction, using Facts 2.2
and 2.3 and Theorem 2.13.
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The only non-trivial part is proving the claim regarding the spectral gap of Gt and Gtemp
t . For

t = 1, 2 this follows from the way G1 and G2 were chosen. Let us assume for all i ≤ t and prove
for t+ 1.

Let αt denote the second largest eigenvalue of Gt. Using the properties of tensoring, powering
and the induction hypothesis, the second largest eigenvalue of Gtemp

t+1 is at most λ2m. By Theo-
rem 2.13,

αt+1 ≤ λk−12 + λk2 + 2(λ2m + ε).

For D2 ≥ 4 and k ≥ 50, and plugging λ = λk−12 + 2λk2 , ε = D−k2 ≤ λ2k2 and m ≥ 1, one can
check that the above term is bounded by λ as desired.

Lemma 2.24. {Gt} is a fully explicit family of graphs.

Proof: To compute the rotation map of RotGt on a given vertex and edge label, we make two
calls to computing RotGtemp

t z⃝H̄ . Each such call requires k − 1 calls to RotGtemp
t

and k calls to
RotHi . A call to RotGtemp

t
requires O(m) calls to RotGt′ , for t′ ≤ ⌈ t

2⌉. Altogether, we have
(km)O(log t) = poly(t) calls to the rotations maps of the base graphs G1, G2,H1, . . . , Hk (each of
constant size). The number of vertices of Gt is N t

2 = 2Θ(t), thus {Gt} is fully explicit.

The resulting eigenvalue is λ ≤ 2λk−12 ≤ 2k√
D

, whereas the best we can hope for λ̄Ram(D) =

2
√
D−1
D . As explained in the introduction, our losses come from two different sources. First we lose

one application of H out of the k different H applications, and this loss amounts to, roughly,
√
D2

multiplicative factor. We also have a second loss of 2k−1 multiplicative factor emanating from the
fact that λRam(D2)

k ≈ 2k−1λRam(D
k
2). Balancing losses we roughly have D = Dk

2 and D2 = 2k

which is solved by k = log(D2) and D = 2log
2(D2). Namely, our loss is about 2k = 2

√
log(D).

Formally,

Corollary 2.25. Let D2 be an arbitrary even number that is greater than 2, and let D = 2DlogD2
2 .

Then, there exists a fully explicit family of (D,D−
1
2
+O( 1√

logD
)
) graphs.

Proof: Set k = logD2 in the above construction. Clearly the resulting graphs are D–regular and
fully explicit. Also, for every graph G in the family,

λ̄(G) ≤ 2(λRam(D2) +D−k2 )k−1 ≤ D
− 1

2
+O( 1√

logD
)
.
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2.7 A construction for any degree

The construction in Section 2.6 is applicable only whenD = 2DlogD2
2 , for some evenD2 > 2. Now

we show how it can be used to construct graphs of arbitrary degree with about the same asymptotic
spectral gap. In particular, this will prove Theorem 2.1.

Let D be an arbitrary integer, and say we wish to build an expander of even degree 2D. (To
construct a graph with an odd degree, we simply add another self-loop.) As in the previous section,
we shall construct a directed graph of degree D and then we will undirect it. Set D2 = 2 · ⌈2

√
logD⌉

and let k be an integer such that Dk
2 ≤ D < Dk+1

2 (k is about logD
logD2

). Ideally, we would like to do a
k-step Zig-Zag between a large graph with some small spectral gap and a sequence of k degree D2

graphs. This, however, will result in a degree Dk
2 graph, and not degree D. So instead, we express

the integer D in base D2, and take care of the remainders by adding self-loops.
Formally, set λ2 = λRam(D2) + D−k2 and λ1 = λk−12 and assume that D is large enough so

that k ≥ 50.

• Construct a locally invertible (N,D1, λ1) graph, G1, where D1 depends only on D. This can
be done using Corollary 2.25.

• Find H̄ = (H1, . . . , Hk) that is λ1-good with respect to D1-regular graphs, and where each
Hi is a (D4k

1 , D2, λ2) graph. (Such H̄ exists by Theorem 2.21.)

We express D in base D2. Let A0 = D, Ai+1 = ⌊ Ai
D2

⌋ and Bi+1 = Ai(mod D2). That is,

∀0 ≤ i ≤ k Ai = Ai+1 ·D2 +Bi+1.

Notice that D = A0 > A1 . . . > Ak ≥ 1 > Ak+1 = 0 and Bk+1 = Ak.
Define a sequence of directed graphs {Zi} by

• Zk is the graph with Bk+1 self loops.

• For 0 ≤ i ≤ k, Zi is the graph H̃i+1Ġ1Zi+1, with the addition of Bi+1 self loops.

• The output graph is 1
2(Z0 + Z†0).

Observe that deg(Zk) = Ak and that for every i < k, deg(Zi) = Ai+1 ·D2+Bi = Ai. In particular,
deg(Z0) = D.

As always, we identify a graph with its transition matrix. The transition matrices of the graphs
{Zi} are given by:

Zi =

{
I, i = k

(1− Bi+1

Ai
)H̃i+1Ġ1Zi+1 +

Bi+1

Ai
I, 0 ≤ i < k.
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For example, say D = 1000. We set D2 = 2 · ⌈2
√
logD⌉ = 18 and express 1000 = 18 · (3 · 18+

1) + 10. We construct a degree 1000 graph by taking a k-step Zig-Zag with self-loops between Ġ1

and H̄ . Namely,
10

1000
I +

990

1000
H̃1Ġ1

(
1

990
I +

989

990
H̃2Ġ1

)
.

We now bound λ̄(Z0) and this proves Theorem 2.1.

Claim 2.26. λ̄(Z0) ≤ D
− 1

2
+O( 1√

logD
).

Proof: Resolving the recursive formula for Z0 we get

Z0 =
k∑

i=0

Bi+1

Ai

 i∏
j=1

(1− Bj

Aj−1
)H̃jĠ1

 .

Since all the graphs here are regular (even though they are directed) they share the same first eigen-
vector and therefore we can apply the triangle inequality on s2 to derive:

λ̄(Z0) ≤
k∑

i=0

Bi+1

Ai
· λ̄

 i∏
j=1

(1− Bj

Aj−1
)H̃jĠ1

 .

Now, since Bi < D2 and Ai ≥ D
Di+1

2

for all i = 0 . . . k,

λ̄(Z0) ≤
k∑

i=0

Di+2
2

D
· λ̄

 i∏
j=1

H̃jĠ1

 . (2.10)

Note that Ġ1 is a unitary transformation, hence for any X , λ̄(XĠ1) = λ̄(X). By Theorem 2.13,
for every i (the cases i = 0, 1 are trivial),

λ̄

 i∏
j=1

H̃jĠ1

 ≤ λi−12 + 4λ1 + λi2 ≤ 6λi−12 .

Plugging this into Equation (2.10) we get,

λ̄(Z0) ≤ 6D2
2

λ2D

k∑
i=0

Di
2 · λi2 ≤ O(

D3
2

D
·Dk−1

2 λk−12 ) = O(D3
2 ·D

−k/2
2 ),

which is D−
1
2
+O( 1√

logD
) by our choice of D2.



Chapter 3

Quantum expanders

In this chapter, we introduce a new object called a quantum expander, which generalize classical
expanders in a natural way. We then go on to give two constructions of quantum expanders, one of
which is fully-explicit. Finally, we give an application of quantum expanders to quantum statistical
zero-knowledge.

3.1 Introduction

The algebraic definition of expansion views a regular graph G = (V,E) as a linear operator on a
Hilbert space V of dimension |V |. In this view an element v ∈ V is identified with a basis vector
|v⟩ ∈ V , and a distribution π on V corresponds to the vector |π⟩ =

∑
v∈V π(v) |v⟩. The action

of G on V is the action of the normalized adjacency matrix A : V → V , where the normalization
factor is the degree of G, and therefore A maps probability distributions to probability distributions.
This mapping corresponds to taking a random walk on G. Specifically, if one takes a random walk
on G starting at time 0 with the distribution π0 on, then the distribution on the vertices at time
k is Ak |π0⟩. Viewing G as a linear operator allows one to consider the action of A on arbitrary
vectors in V , not necessarily corresponding to distributions over V . While such vectors have no
combinatorial interpretation, they are crucial for understanding the spectrum of A; none of the
non-trivial eigenvectors of A correspond to probability distributions. To summarize: a D-regular
expander G = (V,E) is a linear transformation A : V → V that can be implemented by a classical
circuit and maps probability distributions to probability distributions. It is a good expander if it has
a large spectral gap and a small degree.

We now want to extend the definition of D-regular expanders to linear operators that map quan-
tum states to quantum states. A general quantum state is a density matrix, which is a trace 1,
positive semidefinite operator, i. e., an operator of the form ρ =

∑
pv |ψv⟩⟨ψv|, where 0 ≤ pv ≤ 1,

41
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∑
pv = 1, and {ψv} is an orthonormal basis of V . Notice that ρ ∈ L(V) , Hom(V,V).
Among the set of admissible quantum transformations E : L(V) → L(V), which are those

implementable by quantum circuits (allowing both unitary operations and measurements), are those
given by the following definition.

Definition 3.1. A superoperator E : L(V) → L(V) is a D-regular admissible superoperator if

E =
1

D

D∑
d=1

Ed ,

where, for each d ∈ [D], Ed(X) = UdXU
†
d for some unitary transformation Ud over V .

Note that this definition generalizes the classical one: any D-regular graph can be viewed as a sum
of D permutations, each corresponding to a unitary transformation. In fact many classical expander
constructions explicitly use this property [120, 35]. The definition is also intuitive in a more basic
sense. Unitary transformations (or permutations in the classical setting) are those transformations
that do not change the entropy of a state. An operator has small degree if it can never add much
entropy to the state it acts upon. Specifically, a degree D operator can never add more than log(D)

entropy. Such a view is almost explicit in the work of Capalbo et al. [35], where they view expanders
as entropy conductors.

It is clear that all of the singular values of a D-regular admissible super-operator E : L(V) →
L(V) are at most 1, and that the completely mixed state Ĩ = I/|V | is an eigenvector of any such
E, with corresponding eigenvalue 1. We say that such a super-operator E has a 1 − λ spectral gap
if all the remaining singular values of E are smaller than λ. This is analogous to the way regular,
directed expanders are defined, where the regularity implies that the largest eigenvalue is 1, and
furthermore this eigenvalue is obtained with the normalized all-ones vector (that corresponds to the
uniform distribution). The spectral gap requires that all other singular values are bounded by λ.

Definition 3.2. A D-regular admissible superoperator E : L(V) → L(V) is λ–expanding if:

• The eigenspace of E corresponding to the eigenvalue 1 is the one-dimensional space spanned
by Ĩ .

• For any B ∈ L(V) orthogonal to Ĩ , it holds that ∥E(B) ∥2 ≤ λ ∥B ∥2.

We also say that a superoperator E : L(V) → L(V) is a (dim(V), D, λ) quantum expander if it
is D-regular and λ–expanding, and that it is explicit if it can be implemented by a quantum circuit
of size polynomial in log(dim(V)). We sometimes omit the dimension and say that E is a (D,λ)

quantum expander.
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The orthogonality in the above definition is with respect to the Hilbert-Schmidt inner product,
defined as ⟨A,B⟩ = Tr(A†B), and the norm is the one induced by this inner product: ∥B ∥2 =√
⟨B,B⟩.

Definition 3.2 implies that D-regular quantum expanders can never add more than log(D) en-
tropy to the state they act on, but always add entropy to states that are far away from the completely-
mixed state. This definition can be generalized to the more general class of superoperators that can
be expressed as the sum of D Kraus operators, but for simplicity we work only with D-regular
admissible superoperators. A similar definition was independently given by Hastings [65].

3.1.1 Quantum expander constructions

In this chapter we give two quantum expander constructions. We give a brief review of all the
currently known constructions in the order in which they appeared. All of the constructions are
essentially based on classical expanders, with a twist allowing them to work in the quantum setting
as well.

The first construction was already implicit in the work of Ambainis and Smith [9] on state
randomization:

Theorem 3.3 ([9]). For every λ > 0, there exists an explicit
(
N,O

(
log2(N)/λ

2)
, λ
)

quantum
expander.

Their quantum expander is based on a Cayley expander over the Abelian group Zn
2 . The main

drawback of Cayley graphs over Abelian groups is that [84, 7] showed that such an approach cannot
yield constant degree expanders. Indeed, this is reflected in the log2N term in Theorem 3.3. There
are constant degree, Ramanujan Cayley graphs, i. e., Cayley graphs that achieve the best possible
relationship between the degree and the spectral gap, and in fact the construction in [96] and [99] is
such, but they are built over non-Abelian groups.

In order to work with general groups, we describe (in Section 3.3.2) a natural way to lift a Cayley
graphG = (V,E) into a corresponding quantum superoperator T . However, the analysis shows that
the spectral gap of T is 0, and more specifically, T has |V | eigenspaces each of dimension |V |, with
eigenvalues λ⃗ = (λ1 = 1, . . . , λ|V |), where λ⃗ is the spectrum of the Cayley graph.

Our first construction starts with the constant degree Ramanujan expander presented in [96].
This expander is a Cayley graph over the non-Abelian group PGL(2, q). We build from it a quantum
expander as follows: we take two steps on the classical expander graph (by applying the superop-
erator T twice), with a basis change between the two steps. The basis change is a carefully chosen
refinement of the Fourier transform that maps the standard basis |g⟩ to the basis of the irreducible,
invariant subspaces of PGL(2, q). Intuitively, in the Abelian case this basis change corresponds to
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dealing with both the bit and the phase degrees of freedom, and is similar to the construction of
quantum error correcting codes by first applying a classical code in the standard basis and then in
the Fourier basis. However, this intuition is not as clear in the non-Abelian case. Furthermore, in
the non-Abelian case not every Fourier transform ensures that the construction works. In this work
we single out a natural algebraic property we need from the underlying group that is sufficient for
the existence of a good basis change, and we prove that PGL(2, q) has this property. This results in
a construction of a (D = O(1/λ

4
), λ) quantum expander. We describe this construction in detail in

Section 3.3.

This construction is not explicit in the sense that it uses the Fourier transform over PGL(2, q),
which is not known to have an efficient implementation. (See [90] for a non-trivial, but still not
fast enough, algorithm.) We mention that there are also explicit, constant degree (non-Ramanujan)
Cayley expanders over the symmetric group Sn and the alternating group An [79]. Also, there is an
efficient implementation of the Fourier transform over Sn [12]. We do not know, however, whether
Sn (or An) respects our additional property.

Following the publication of this construction (given first in [20]), Hastings [66] showed, using
elegant techniques, that quantum expanders cannot be better than Ramanujan, i. e., cannot have
spectral gap better than 1 − 2

√
D − 1/D. Hastings also showed that taking D random unitaries

gives an almost-Ramanujan expander. This settles the parameters that can be achieved with a non-
explicit construction. However, Hastings’ work does not give an explicit construction, because a
random unitary is a highly non-explicit object.

The second construction presented in this chapter adapts the classical Zig-Zag construction [120]
to the quantum world. The construction is iterative, starts with a good quantum expander of constant
size (that is found with a brute force search), and then builds quantum expanders for larger spaces
by repeatedly applying tensoring (which makes the space larger at the expense of the spectral gap),
squaring (that improves the spectral gap at the expense of the degree) and a Zig-Zag operation that
reduces the degree back to that of the constant-size expander. We again work by lifting the classical
operators working over V to quantum operators working over L(V), and we adapt the analysis along
similar lines. The main issue is generalizing and analyzing the Zig-Zag product. Remarkably, this
translation works smoothly and gives the desired quantum expanders with almost the same proof ap-
plied over L(V) rather than V . The construction gives explicit, constant degree quantum expanders
with a constant spectral gap. We describe this construction in detail in Section 3.4.

Two other explicit constructions of quantum expanders were published in [62] and [57] shortly
after our work first appeared. In [57] it was shown how the expander of Margulis [98] can be twisted
to the quantum setting, and in [62] it was shown how any classical Cayley expander can be converted
to a quantum expander, provided the underlying group has an efficient quantum Fourier transform
and a large irreducible representation. Applying this recipe to the Cayley expanders over Sn of [79]
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results in another construction of explicit, constant degree quantum expanders. One advantage of
our explicit construction is that it achieves a much better relation between the spectral gap and the
degree compared to that of the other explicit constructions [98, 62].

The Zig-Zag construction we describe in this chapter gives a natural, iterative quantum expander
with parameters that are as good as our first construction. However, the Zig-Zag construction is
explicit whereas the first construction is not yet explicit (because we do not have an efficient im-
plementation for the Fourier transform of PGL(2, q)). We nevertheless decided to include the first
construction. First, we believe it describes a natural approach, and this can be seen from the various
other quantum expander constructions that are based on Cayley graphs. Also, the first construction
is appealing in that it has only two stages, and each stage naturally corresponds to a well-known
Cayley graph. Finally, and more importantly, in the classical setting there are algebraic construc-
tions of Ramanujan expanders (as opposed to combinatorial constructions). Therefore, we believe
our first construction has the potential of being improved to a construction of a quantum Ramanujan
expander.

3.1.2 Applications of quantum expanders

Classical expanders have become well-known and fundamental objects in mathematics and com-
puter science. This is due to the many applications these objects have found and to the intimate
relations they have with other central notions in computational complexity.

While quantum expanders are a natural generalization of classical expanders, they have only
recently been defined and it is yet to be seen whether they will be as useful as their classical coun-
terparts. Thus far, the following list of applications has been identified.

• Quantum one-time pads. Ambainis and Smith [9] implicitly used quantum expanders to con-
struct short quantum one-time pads. Loosely speaking, they showed how two parties sharing
a random bit string of length n + O(log n) can communicate an n qubit state such that any
eavesdropper cannot learn much about the transmitted state. A subsequent work [42] showed
how to remove the O(log n) term.

• Hastings [65] gave an application from physics. Using quantum expanders, he showed that
there exist gapped one-dimensional systems for which the entropy between a given subvolume
and the rest of the system is exponential in the correlation length.

• Recently, Hastings and Harrow [64] used specialized quantum expanders (called tensor prod-
uct expanders) to approximate t-designs as well as to attack a certain open question regarding
the Solovay-Kitaev gate approximation.
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• In this work we use the quantum expanders constructed by Ambainis and Smith [9] in order
to show the problem Quantum Entropy Difference problem (QED) is QSZK-complete.

Let us now elaborate on the last application.
Watrous [142] defined the complexity class of quantum statistical zero knowledge languages

(QSZK). QSZK is the class of all languages that have a quantum interactive proof system, along
with an efficient simulator. The simulator produces transcripts that, for inputs in the language, are
statistically close to the correct ones (for the precise details see [142, 143]). Watrous defined the
Quantum State Distinguishability promise problem (QSDα,β):

Input: Quantum circuits Q0, Q1.
Accept: If ∥ τQ0 − τQ1 ∥tr ≥ β.
Reject: If ∥ τQ0 − τQ1 ∥tr ≤ α.

Here, the notation τQ denotes the mixed state obtained by running the quantum circuit Q on the ini-
tial state |0n⟩ and tracing out the non-output qubits,1 and ∥A ∥tr = Tr |A| is the quantum analogue
of the classical ℓ1-norm (and so in particular ∥ ρ1 − ρ2 ∥tr is the quantum analogue of the classical
variational distance of two probability distributions).

In [142], Watrous showed QSDα,β is complete for honest-verifier-QSZK (QSZKHV) when 0 ≤
α < β2 ≤ 1. He further showed that QSZKHV is closed under complement, that any problem in
QSZKHV has a 2-message proof system and a 3-message public-coin proof system, and also that
QSZK ⊆ PSPACE. Subsequently, in [143], he showed that QSZKHV = QSZK.

The above results have classical analogues. However, in the classical setting there is another
canonical complete promise problem, the Entropy Difference problem (ED). There is a natural
quantum analogue to ED, the Quantum Entropy Difference problem (QED), that we now define:

Input: Quantum circuits Q0, Q1.
Accept: If S(τQ0)− S(τQ1) ≥ 1

2 .
Reject: If S(τQ1)− S(τQ0) ≥ 1

2 .

Here, S(ρ) is the von Neumann entropy of the mixed state ρ (see Section 3.2). The problem QED
is very natural from a physical point of view. It corresponds to the following task: we are given
two mixed states, each given by a quantum circuit generating it, and we are asked to decide which
mixed state has more entropy. This problem is, in particular, as hard2 as approximating the amount
of entropy in a given mixed state (when again the mixed state is given by a circuit generating it).

We prove that QED is QSZK–complete. The proof follows the classical intuition, which uses
classical expanders to convert high entropy states to the completely mixed state, while keeping

1Here we assume that a quantum circuit also designates a set of output qubits.
2Under Turing reductions.
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low-entropy states entropy-deficient. Indeed, our proof is an adaptation of the classical proof to
quantum entropies, but it crucially depends on the use of quantum expanders replacing the classical
expanders used in the classical proof.

The proof requires an explicit quantum expander with a near-optimal entropy loss (see Sec-
tion 3.5.1). As it turns out, the only expander that we currently know of that satisfies this property is
the Ambainis-Smith expander. (Indeed it is of non-constant degree but this turns out to be irrelevant
in this case.) Using it we obtain that QED is QSZK–complete.

This result implies that it is not likely that one can estimate quantum entropies in BQP. Fur-
thermore, a common way of measuring the amount of entanglement between registers A and B
in a pure state ψ is by the von Neumann entropy of TrB(|ψ⟩⟨ψ|) [115]. Now suppose we are
given two circuits Q1 and Q2, both acting on the same initial pure-state |0n⟩, and we want to know
which circuit produces more entanglement between A and B. Our result shows that this problem is
QSZK–complete. As before, this also shows that the problem of estimating the amount of entangle-
ment between two registers in a given pure-state is QSZK–hard under Turing reductions and hence
unlikely to be in BQP.

The remainder of this chapter is organized as follows. After the preliminaries (Section 3.2), we
give our first construction and its analysis in Section 3.3. In Section 3.4 we describe the Zig-Zag
construction. Finally, Section 3.5 is devoted to proving the completeness of QED in QSZK.

3.2 Preliminaries

For any finite-dimensional Hilbert space V , we write L(V) to denote the set of linear operators over
V . The set L(V) is also a Hilbert space, equipped with the inner-product ⟨A,B⟩ = Tr(A†B) and
the norm ∥A ∥2 =

√
⟨A,A⟩.

Let P = (p1, . . . , pm) be a vector with real values pi ≥ 0.

• The Shannon entropy is H(P ) =
∑m

i=1 pi log
1
pi

.

• The min-entropy is H∞(P ) = mini log
1
pi

.

• The Rényi entropy is H2(P ) = log 1
Col(P ) , where Col(P ) =

∑
p2i is the collision probability

of the distribution defined by Col(P ) = Prx,y[x = y] when x, y are sampled independently
from P .

(We write log(·) to denote the base 2 logarithm, and ln(·) to denote the natural logarithm.)
We have analogous definitions for density matrices. For a density matrix ρ, letα = (α1, . . . , αN )

be its set of eigenvalues. Since ρ is a density matrix, all these eigenvalues are non-negative and their
sum is 1. Thus we can view α as a classical probability distribution.
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• The von Neumann entropy of ρ is S(ρ) = H(α).

• The min-entropy of ρ is H∞(ρ) = H∞(α).

• The Rényi entropy of ρ isH2(ρ) = H2(α). The analogue of the collision probability is simply
Tr(ρ2) =

∑
i α

2
i = ∥ρ∥22.

We remark that for any ρ, H∞(ρ) ≤ H2(ρ) ≤ S(ρ).

The statistical difference between two classical distributions P = (p1, . . . , pm) and Q =

(q1, . . . , qm) is

SD(P,Q) =
1

2

m∑
i=1

|pi − qi| ,

i. e., half the ℓ1 norm of P − Q. This is generalized to the quantum setting by defining the trace-
norm of a matrix X ∈ L(V) to be ∥X ∥tr = Tr(|X|), where |X| =

√
X†X , and by defining the

trace distance between density matrices ρ and σ to be 1
2 ∥ ρ− σ ∥tr.

3.3 Quantum expanders from non-Abelian Cayley graphs

The construction we present in this section constructs a quantum expander by first taking a step on a
non-Abelian Cayley expander followed by a Fourier transform and another step on the non-Abelian
Cayley expander. It is similar in spirit to the construction of good quantum error correcting codes
given by first encoding the input word with a good classical code, then applying a Fourier transform
and then encoding it again with a classical code. Technically the analysis here is more complicated
because we use a Fourier transform over a non-Abelian group.

We begin this section with some necessary representation theory background. We then describe
the construction and we conclude with its analysis.

3.3.1 Representation theory background

We survey some basic elements of representation theory. For complete accounts, consult the books
of Serre [126] or Fulton and Harris [61].

A representation ρ of a finite groupG is a homomorphism ρ : G→ GL(V), where V is a (finite-
dimensional) vector space over C and GL(V) denotes the group of invertible linear operators on V .
Fixing a basis for V , each ρ(g) may be realized as a d× d matrix over C, where d is the dimension
of V . As ρ is a homomorphism, for any g, h ∈ G, ρ(gh) = ρ(g)ρ(h) (the second product being
matrix multiplication). The dimension dρ of the representation ρ is d, the dimension of V .
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We say that two representations ρ1 : G → GL(V) and ρ2 : G → GL(W) of a group G are
isomorphic when there is a linear isomorphism of the two vector spaces ϕ : V → W so that for all
g ∈ G, ϕρ1(g) = ρ2(g)ϕ. In this case, we write ρ1 ∼= ρ2.

We say that a subspace W ⊆ V is an invariant subspace of a representation ρ : G → GL(V)
if ρ(g)W ⊆ W for all g ∈ G. The zero subspace and the subspace V are always invariant. If
no nonzero proper subspaces are invariant, the representation is said to be irreducible. Up to iso-
morphism, a finite group has a finite number of irreducible representations; we let Ĝ denote this
collection of representations.

If ρ : G → GL(V) is a representation, V = V1 ⊕ V2, and each Vi is an invariant subspace of
ρ, then ρ(g) defines two linear representations ρi : G → GL(Vi) such that ρ(g) = ρ1(g) + ρ2(g).
We then write ρ = ρ1 ⊕ ρ2. Any representation ρ can be written as ρ = ρ1 ⊕ ρ2 ⊕ · · · ⊕ ρk, where
each ρi is irreducible. In particular, there is a basis in which every matrix ρ(g) is block diagonal, the
ith block corresponding to the ith representation in the decomposition. While this decomposition
is not, in general, unique, the number of times a given irreducible representation appears in this
decomposition (up to isomorphism) depends only on the original representation ρ.

The group algebra C[G] of a group G is a vector space of dimension |G| over C, with an
orthonormal basis {|g⟩ | g ∈ G} and multiplication∑

ag |g⟩ ·
∑

bg′
∣∣g′⟩ =∑

g,g′

agbg′
∣∣g · g′⟩ .

This algebra is in bijection with the set {f : G→ C} with the bijection being f →
∑

g f(g) |g⟩.
The inner product in C[G] translates to the familiar inner product ⟨f, h⟩ =

∑
g f(g)h(g). The

regular representation ρreg : G → GL(C[G]) is defined by ρreg(s) : |g⟩ 7→ |sg⟩, for any g ∈ G.
Notice that ρreg(s) is a permutation matrix for any s ∈ G.

An interesting fact about the regular representation is that it contains every irreducible repre-
sentation of G. In particular, if ρ1, . . . , ρk are the irreducible representations of G with dimensions
dρ1 , . . . , dρk , then

ρreg = dρ1ρ1 ⊕ · · · ⊕ dρkρk ,

that is, the regular representation contains each irreducible representation ρ exactly dρ times.

The Fourier transform over G is the unitary transformation F defined by:

F |g⟩ =
∑
ρ∈Ĝ

∑
1≤i,j≤dρ

√
dρ
|G|

ρi,j(g) |ρ, i, j⟩ ,

where ρi,j(g) is the (i, j)-th entry of ρ(g) in some predefined basis. In general one has freedom in
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choosing a basis for each invariant subspace. In this chapter we choose an arbitrary basis, and later
fix this choice by using special properties of the group G.

Fact 3.4. The Fourier transform block-diagonalizes the regular representation, i. e.,

Fρreg(g)F
† =

∑
ρ∈Ĝ

∑
1≤i,i′,j≤dρ

ρi,i′(g) |ρ, i, j⟩ ⟨ρ, i′, j| .

This means that when we represent ρreg(g) in the basis given by F , we get a block diagonal
matrix, with an invariant subspace of dimension dρ for each ρ ∈ Ĝ, and with ρ(g) as the values of
that block.

3.3.2 The construction

Fix an arbitrary (Abelian or non-Abelian) group G of order N , and a subset Γ of group elements
closed under inversion. The Cayley graph C(G,Γ) associated with Γ is a graph over N vertices,
each corresponding to an element ofG. This graph contains an edge (g1, g2) if and only if g1 = g2γ

for some γ ∈ Γ. The graph C(G,Γ) is a regular undirected graph of degree |Γ|.
We associate with the graph C(G,Γ) the linear operator M over C[G] whose matrix represen-

tation agrees with the normalized adjacency matrix of C(G,Γ), i. e.,

M =
1

|Γ|
∑

γ∈Γ,x∈G
|xγ⟩⟨x| .3

(The normalization is such that the operator norm is 1.)

Notice thatM is a real and symmetric operator, and therefore diagonalizes with real eigenvalues.
We denote by λ1 ≥ · · · ≥ λN the eigenvalues of M with orthonormal eigenvectors v1, . . . , vN . As
C(G,Γ) is regular, we have λ1 = 1 and λ = maxi>1 |λi| ≤ 1.

We define the superoperator T : L(C[G]) → L(C[G]) that corresponds to randomly taking
one step on the Cayley graph C(G,Γ). More precisely, this superoperator describes the process
whereby a register R of dimension |Γ| is initialized to

∣∣0⟩ and the following steps are taken. First,

3In our definition the generators act from the right. Sometimes the Cayley graph is defined with left action, i. e., g1 is
connected to g2 if and only if g1 = γg2. However, note that if we define the invertible linear transformation P that maps
the basis vector |g⟩ to the basis vector

∣∣g−1
⟩
, then PMP−1 = PMP maps x to

1

|Γ|
∑
γ

∣∣(x−1γ)−1⟩ =
1

|Γ|
∑
γ

∣∣γ−1x
⟩
=

1

|Γ|
∑
γ

|γx⟩

and so the right action is M and the left action is PMP−1, and therefore they are similar and in particular have the same
spectrum.
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a transformation H is performed on R that maps |0⟩ to

1√
|Γ|

∑
γ∈Γ

|γ⟩ ,

yielding, for an input state ρ, the state

1

|Γ|
ρ⊗

∑
γ,γ′∈Γ

|γ⟩ ⟨γ′| .

Then, the unitary transformation Z : |g, γ⟩ → |gγ, γ⟩ is applied, and finally the register R is
discarded. In more algebraic terms,

T (ρ) = TrR

[
Z(I ⊗H)(ρ⊗

∣∣0⟩⟨0∣∣)(I ⊗H)Z†
]
.

We note that the transformation Z is a permutation over the standard basis, and is classically easy
to compute in both directions, and therefore has an efficient quantum circuit.

We also need the notion of a good basis change. We say a unitary transformation U is a good
basis change if for any g1 ̸= e (where e denotes the identity element of G) and any g2 it holds that

Tr
(
Uρreg(g1)U

†ρreg(g2)
)
= 0 . (3.1)

The quantum expander is then defined as

E(ρ) = T (UT (ρ)U †) .

Lemma 3.5. If U is a good basis change then E is a (|Γ|2, λ) quantum expander for λ as defined
as above.

The fact that E is |Γ|2-regular is immediate and the rest of this section is devoted to proving the
claimed spectral gap.

Lubotzky et al. [96] described a constant degree Ramanujan Cayley graph over PGL(2, q), with
degree |Γ| and second-largest eigenvalue λ satisfying λ

2 ≤ 4/|Γ|. In Section 3.3.5 we show how to
modify the Fourier transform for PGL(2, q) to obtain a good basis change, and by plugging this basis
change into Lemma 3.5 we obtain a (16/λ

4
, λ) quantum expander. The construction is not explicit

as it is yet unknown how to efficiently implement the quantum Fourier transform for PGL(2, q).
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3.3.3 The analysis

First, we fully identify the spectrum of T . We view any eigenvector vi ∈ CN (of M ) as an element
of C[G], |vi⟩ =

∑
g vi(g) |g⟩. We also define a linear transformation Diag : C[G] → L(C[G]) by

Diag |g⟩ = |g⟩⟨g|. Denote

µi,g = ρreg(g)(Diag |vi⟩) =
∑
x∈G

vi(x) |gx⟩⟨x| .

Then it is easy to see that these matrices form a set of eigenvectors of T .

Lemma 3.6. The vectors {µi,g | i = 1, . . . , N, g ∈ G} form an orthonormal basis of L(C[G]), and
µi,g is an eigenvector of T with eigenvalue λi.

Proof: Notice that T (|g1⟩⟨g2|) = TrR
[

1
|Γ|
∑

γ1,γ2
Z |g1, γ1⟩⟨g2, γ2|Z†

]
= 1
|Γ|
∑

γ |g1γ⟩⟨g2γ|. Now,

T (µi,g) =
1

|Γ|
∑
x,γ

vi(x) |gxγ⟩⟨xγ| = ρreg(g)
1

|Γ|
∑
x,γ

vi(x) |xγ⟩⟨xγ|

= ρreg(g)Diag
(∑

x

vi(x)M |x⟩
)
= ρreg(g)Diag(M |vi⟩) = λiρreg(g)Diag(|vi⟩) = λiµi,g .

To verify orthonormality, notice that Tr(µi,g1µ
†
i′,g2

) = 0 for every choice of g1 ̸= g2, as each
entry (k, ℓ) must be zero for at least one of the matrices. If g1 = g2 = g then

Tr(µi,gµ
†
i′,g) = ⟨vi′ |vi⟩ = δi,i′ .

As the number of vectors {µi,g} is N2, they form an orthonormal basis for L(C[G]).

We decompose the space L(C[G]) into three perpendicular spaces:

Span {µ1,e} ,
W = Span {µ1,g | g ∈ G, g ̸= e} , and
µ⊥ = Span {µi,g | i ̸= 1, g ∈ G} .

We also denote µ|| = Span {µ1,e} + W = Span {µ1,g | g ∈ G}. Notice that T (µ||) = µ|| and
T (µ⊥) = µ⊥.

Claim 3.7. If ρ ∈W and U is a good basis change then UρU † ∈ µ⊥.

Proof: The set {ρreg(g) | g ∈ G} is an orthonormal basis for µ|| and hence {ρreg(g) | g ∈ G, g ̸= e}
is an orthonormal basis forW . Therefore, it is enough to verify that Tr(Uρreg(g1)U †ρreg(g2)†) = 0

for any g1 ̸= e and for any g2. Given that ρreg(g2)† = ρreg(g
−1
2 ), this follows directly from (3.1).
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Thus, intuitively speaking, we have a win-win situation when E is applied to ρ. If ρ is in µ⊥,
then the first application of T shrinks its norm, while if ρ is in W , then the first application of T
keeps it unchanged, the basis change maps it to µ⊥, and the last T application shrinks its norm.
Indeed, we are now ready to prove Lemma 3.5, namely, that if U is a good basis change then E is a
(|Γ|2, λ) quantum expander.

Proof of Lemma 3.5: The regularity of E is clear from its definition. Fix any X ∈ L(C[G]) that
is perpendicular to Ĩ = µ1,e, and write X = X || +X⊥ for X || ∈W and X⊥ ∈ µ⊥. We have

E(X) = T (σ|| + σ⊥) ,

where σ|| = UT (X ||)U † and σ⊥ = UT (X⊥)U †. Observe the following. First, T (X ||) ∈W , so by
Claim 3.7, σ||⊥µ||. Also, T (X ||)⊥T (X⊥) (as T preserves both µ|| and µ⊥), and therefore σ||⊥σ⊥.
Moreover, by Lemma 3.6 we know T is normal.

By Lemma 3.8 (stated and proved below) we see that

∥E(X)∥22 = ∥T (σ|| + σ⊥)∥22 ≤ λ
2∥σ||∥22 + ∥σ⊥∥22

= λ
2∥T (X ||)∥22 + ∥T (X⊥)∥22 ≤ λ

2∥X ||∥22 + λ
2∥X⊥∥22 = λ

2∥X∥22

as required.

We are left to prove the following lemma.

Lemma 3.8. Let T be a normal linear operator with eigenspaces V1, . . . ,Vn and corresponding
eigenvalues λ1, . . . , λn in descending absolute value. Suppose u and w are vectors such that

u ∈ Span {V2, . . . ,Vn}

and w ⊥ u (and where w does not necessarily belong to V1). Then

∥T (u+ w)∥22 ≤ |λ2|2∥u∥22 + |λ1|2∥w∥22 .

Proof: Let {vj} be an eigenvector basis for T with eigenvalues δj (from the set {λ1, . . . , λn}).
Writing u =

∑
j αjvj and w = βv +

∑
j βjvj with vj ∈ Span {V2, . . . ,Vn} and v ∈ V1, we get:

∥T (u+ w)∥22 =
∥∥∥λ1βv +∑

j

δj(αj + βj)vj

∥∥∥2
2
≤ |λ1|2|β|2 + |λ2|2

∑
j

|αj + βj |2

= |λ1|2|β|2 + |λ2|2(
∑
j

|αj |2 +
∑
j

|βj |2 + ⟨u|w⟩+ ⟨w|u⟩) ≤ |λ2|2∥u∥22 + |λ1|2∥w∥22 .
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3.3.4 A sufficient condition that guarantees a good basis change

So far we have reduced the problem of constructing a quantum expander to that of finding a Cayley
graph C(G,Γ) and a good basis change for G. We now concentrate on the problem of finding a
good basis change for a given group G, and show that if G respects some general condition then
one can efficiently construct a good basis change from G from its Fourier transform.

A basic fact of representation theory states that
∑

ρ∈Ĝ d
2
ρ = |G|. Equivalently, for any group G

there is a bijection between {
(ρ, i, j) ρ ∈ Ĝ, 1 ≤ i, j ≤ dρ

}
and G. Finding such a natural bijection is a fundamental problem both in mathematics (where
it is equivalent to describing the invariant subspaces of the regular representation of G) and in
computer science (where it is a main step towards implementing a fast Fourier transform). Indeed,
this question was extensively studied. For example, the “Robinson-Schensted” algorithm [122,
125] is a mapping from pairs (P, T ) of standard shapes (a shape corresponds to an irreducible
representation of Sn, and its dimension is the number of valid fillings of that shape) to Sn.

Here we require more from such a mapping.

Definition 3.9. Let f be a bijection from
{
(ρ, i, j) | ρ ∈ Ĝ, 1 ≤ i, j ≤ dρ

}
to G. We say that f is

a product mapping if, for every ρ ∈ Ĝ,

f(ρ, i, j) = f1(ρ, i) · f2(ρ, j) (3.2)

for some choice of functions f1(ρ, ·), f2(ρ, ·) : [dρ] → G.

The Robinson-Schensted mapping is not a product mapping. However, Sn has a product map-
ping for n ≤ 6, and we think it is a natural question whether product mappings for Sn exist
for all n. For some groups it is easy to find a product mapping. For example, in any Abelian
group all irreducible representations are of dimension one and so we can define f1(ρ, i) = e and
f2(ρ, j) = f(ρ, 1, 1).

Another easy example is the dihedral group Dm of rotations and reflections of a regular polygon
with m sides. Its generators are r, the rotation element, and s, the reflection element. This group
has 2m elements and the defining relations are s2 = 1 and srs = r−1. We shall argue this group
has a product mapping for odd m (although it is true for even m as well). The dihedral group has
(m− 1)/2 representations {ρℓ} of dimension two and two representations {τ1, τ2} of dimension
one (see [126, Section 5.3]). A product mapping in this case can be given by defining f(ρ, i, j) as
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follows:

f(ρ, i, j) =


1 if ρ = τ1, i = j = 1,
s if ρ = τ2, i = j = 1,
r2(ℓ−1)+isj if ρ = ρℓ.

(3.3)

We now show that if G has a product mapping then G has a good basis change:

Lemma 3.10. Let G be a group that has a product mapping f , and let F be the Fourier transform
over G, that is

F |g⟩ =
∑
ρ∈Ĝ

∑
1≤i,j≤dρ

√
dρ
|G|

ρi,j(g) |ρ, i, j⟩ .

Define the unitary mapping
S : |ρ, i, j⟩ 7→ ωij

dρ
|f(ρ, i, j)⟩ ,

where ωdρ is a primitive root of unity of order dρ, and set U to be the unitary transformation
U = SF . Then U is a good basis change.

Proof: Fix g1 ̸= e and g2. If g2 = e then

Tr
(
Uρreg(g1)U

†ρreg(g2)
)
= Tr

(
Uρreg(g1)U

†
)
= Tr (ρreg(g1)) = 0 ,

where the last equality follows from the assumption that g1 ̸= e.
We are left with the case g2 ̸= e. By Fact 3.4, it holds that

Tr
(
SFρreg(g1)F

†S†ρreg(g2)
)

=
∑
ρ∈Ĝ

∑
1≤i,i′≤dρ

ρi,i′(g1)Tr

 dρ∑
j=1

S |ρ, i, j⟩
⟨
ρ, i′, j

∣∣S†∑
x

|g2x⟩⟨x|

 .

Therefore, it suffices to show that for any ρ, i, i′ we have

Tr

 dρ∑
j=1

S |ρ, i, j⟩
⟨
ρ, i′, j

∣∣S†∑
x

|g2x⟩⟨x|

 = 0 .

Fix ρ ∈ Ĝ and i, i′ ∈ {1, . . . , dρ}. Because f is a product mapping, f(ρ, i, j) = f1(ρ, i) · f2(ρ, j)
for some choice of functions f1, f2. Denote hi = f1(ρ, i) and tj = f2(ρ, j). The sum we need to
calculate can be written as:

dρ∑
j=1

∑
x

ωij−i′j
dρ

Tr (|hitj⟩ ⟨hi′tj |g2x⟩ ⟨x|) =

dρ∑
j=1

ωij−i′j
dρ

∑
x

⟨x |hitj⟩ ⟨hi′tj |g2x⟩
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=

dρ∑
j=1

ω
(i−i′)j
dρ

⟨
g2 |hi′h−1i

⟩
,

where the last equality follows from the observation that the sum over x yields a non-zero value if
and only if x = hitj and hi′tj = g2x. This happens if and only if hitj = g−12 hi′tj , or equivalently
g2 = hi′h

−1
i . However, when g2 = hi′h

−1
i , we obtain the sum

∑dρ
j=1 ω

(i−i′)j
dρ

, and because g2 ̸= e

it follows that i ̸= i′. Hence the expression is zero, as required.

3.3.5 PGL(2, q) has a product bijection

The group PGL(2, q) is the group of all 2× 2 invertible matrices over Fq modulo the group center.
This group has (q − 3)/2 irreducible representations of dimension q + 1, (q − 1)/2 irreducible
representations of dimension q − 1, 2 irreducible representations of dimension q and 2 irreducible
representations of dimension 1 (see [61, Section 5.2] and [2]). We let ρdx denote the xth irreducible
representation of dimension d.

We look for a bijection from G to the irreducible representations of G. Our approach is to use a
tower of subgroups,

G3 = G > G2 = D2q > G1 = Zq > G0 = {e} ,

with G2 and G1 defined as follows. The group G2 is generated by the equivalence classes of(
1 0

0 −1

)
and of

(
1 1

0 1

)
.

This group is a dihedral subgroup of G with 2q elements, i. e., Dq. The first matrix is the reflection,
denoted by s, and the second is the rotation, denoted by r. This group has a cyclic subgroup
G1

∼= Zq (the group generated by r).

Let T2 = {t1, . . . , tℓ} be a transversal for G2 with

ℓ =
|G|
|G2|

=
(q − 1)(q + 1)

2
.

For each ρ ∈ Ĝ we let f1(ρ, i) ∈ {t1, . . . , tℓ} define a coset of G2, and let f2(ρ, j) ∈ G2 define an
element in G2 as follows. The representations of dimension q + 1 take the first (q − 3)(q + 1)/2

cosets:

f1(ρ
q+1
x , i) =

ri−1 if i = 1, . . . , q,

s if i = q + 1,
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f2(ρ
q+1
x , j) = t(x−1)(q+1)+j ,

for all x = 1, . . . , q−12 −1 and i, j = 1, . . . , q+1. We match them with representations of dimension
q − 1:

f1(ρ
q−1
x , i) = sri,

f2(ρ
q−1
x , j) = t(x−1)(q−1)+j ,

for all x = 1, . . . , (q − 1)/2 and i, j = 1, . . . , q − 1. Notice that so far we have covered the first

(q − 3)(q + 1)

2
=

(q − 1)(q − 1)

2
− 2

cosets without repetitions. Two cosets are partially covered with dimension q − 1 representations
(in each coset q− 1 elements are covered). We put the dimension 1 representation into these cosets:

f1(ρ
1
x, 1) = s,

f2(ρ
1
x, 1) = t (q−3)(q+1)

2
+x
,

for x = 1, 2. Finally, we fill all the remaining gaps with dimension q representations. The first two
fill the partially full cosets, and the rest fill each coset in pairs. Notice that here we use the fact that
G1 < G2. The function f2 returns an element in the traversal set of G1 and f1 returns an element
of G1:

f1(ρ
q
x, i) = ri,

f2(ρ
q
x, j) =

t (q−3)(q+1)
2

+x
if j = q,

sx−1t (q−1)(q−1)
2

+j
otherwise,

for x = 1, 2. One can verify that this product mapping is a bijection as desired.

3.4 The Zig-Zag construction

We now present our second construction of quantum expanders, following the iterative construction
of Reingold et al. [120]. We already discussed their construction in Chapter 2. However, to allow
this chapter to be more self contained, and since its description is quite short, we recall it here as
well.

The starting point of the construction of [120] is a good expander of constant size, which can
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be found by an exhaustive search. Then, they construct a series of expanders with an increasing
number of vertices by applying a sequence of three basic transformations: tensoring (that squares
the number of vertices at the expense of a worse ratio between the spectral gap and the degree),
squaring (that improves the spectral gap) and the Zig-Zag product (that reduces the degree to its
original size). These three transformations are repeated iteratively, resulting in a good constant-
degree expander over many vertices.

The first two transformations have natural counterparts in the quantum setting. For ease of
notation, we denote by T (V) the set of superoperators on L(V) (that is, T (V) = L(L(V))). We also
denote by U(V) the set of unitary operators in L(V).

• Squaring: For a superoperator G ∈ T (V) we denote by G2 the superoperator given by
G2(X) = G(G(X)) for any X ∈ L(V).

• Tensoring: For superoperators G1 ∈ T (V1) and G2 ∈ T (V2) we denote by G1 ⊗ G2 the
superoperator given by (G1 ⊗ G2)(X ⊗ Y ) = G1(X) ⊗ G2(Y ) for any X ∈ L(V1), Y ∈
L(V2).

In order to define the quantum Zig-Zag product we first recall the classical Zig-Zag product. We
have two graphs G1 and G2. The graph G1 is a D1-regular graph over N1 vertices and the graph
G2 is a D2-regular graph over N2 = D1 vertices. We first define the replacement product graph,
which has V1 × V2 as its set of vertices. We refer to the set of vertices {v} × V2 as the cloud of v.
The replacement product has a copy of G2 on each cloud, and also inter-cloud edges between (v, i)

and (w, j) if the i-th neighbor of v is w and the j-th neighbor of w is v inG1. Thus, the replacement
product has the same connected components as the original graph but a much lower degree (D2 +1

instead of D1). The Zig-Zag product graph G1 z⃝G2 has the same set of vertices as the replacement
product, but has an edge between x = (v, a) and x′ = (v′, a′) if and only if in the replacement
product graph there is a three step walk from x to x′ that first takes a cloud edge, then an inter-cloud
edge, and then again a cloud edge. Thus, the graph G1 z⃝G2 is D2

2-regular.

We now define the quantum Zig-Zag transformation. Let G1 ∈ T (HN1) be an N2-regular
operator and G2 ∈ T (HN2), where HN denotes the Hilbert space of dimension N . As G1 is
D1-regular, it can be expressed as

G1(X) =
1

D1

∑
d

UdXU
†
d

for some unitariesUd ∈ U(HN1). We lift the ensemble {Ud} to a superoperator U̇ ∈ L(HN1⊗HD1)

defined by U̇(|a⟩⊗ |b⟩) = Ub |a⟩⊗ |b⟩. We also define Ġ1 ∈ T (HN1 ⊗HD1) by Ġ1(X) = U̇XU̇ †.
The superoperator Ġ1 corresponds to the inter-cloud edges in the replacement product. We are now
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ready to define the quantum Zig-Zag product.

Definition 3.11. LetG1, G2 be as above. The Zig-Zag product ofG1 andG2, denoted byG1 z⃝G2 ∈
T (HN1 ⊗HD1), is defined to be (G1 z⃝G2)X = (I ⊗G†2)Ġ1(I ⊗G2)X .

Remark 3.12. Notice that formally G1 z⃝G2 depends on the Kraus decomposition of G1 and the
notation should have reflected this. However, we fix this decomposition once and use this simpler
notation.

Finally we explain how to find a base quantum operator H that is a (D8, D, λ) quantum ex-
pander. Its existence follows from the following result of Hastings [66].

Theorem 3.13. There exists an integer D0 such that for every D > D0 there exists a (D8, D, λ)

quantum expander for λ = 4
√
D − 1/D.

Remark 3.14. Hastings actually shows the stronger result that, for any D, there exist a(
D8, D,

(
1 +O(D−16/15 logD)

)2√D − 1

D

)
quantum expander.

We use an exhaustive search over a net S ⊂ U(HD8) of unitary matrices to find such a quantum
expander. The set S has the property that for any unitary matrix U ∈ U(HD8) there exists some
VU ∈ S such that

sup
∥X ∥=1

∥∥∥UXU † − VUXV
†
U

∥∥∥ ≤ λ .

It is not hard to verify that indeed such S exists, with size depending only on D and λ. Moreover,
we can find such a set in time depending only on D and λ.4 Suppose that

G(X) =
1

D

D∑
i=1

UiXU
†
i .

is a (D8, D, λ) quantum expander, and denote by G′ the superoperator

G′(X) =
1

D

D∑
i=1

VUiXV
†
Ui
.

4One way to see this is using the Solovay-Kitaev theorem (see, e. g., [39]). The theorem assures us that, for example,
the set of all the quantum circuits of length O(log4 ϵ−1) generated only by Hadamard and Tofolli gates gives an ϵ-net of
unitaries. The accuracy of the net is measured differently in the Solovay-Kitaev theorem, but it can be verified that the
accuracy measure we use here is roughly equivalent.
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For X ∈ L(HD8) orthogonal to Ĩ , it holds that

∥∥G′(X)
∥∥ =

∥∥∥ 1

D

D∑
i=1

VUiXV
†
Ui

∥∥∥ ≤ ∥G(X) ∥+ λ ∥X ∥ ≤ 2λ ∥X ∥ .

Hence,G′ is a (D8, D, 8
√
D − 1/D) quantum expander. This implies that a brute force search over

the net finds a good base superoperator H in time that depends only on D and λ.

Remark 3.15. We can actually get an eigenvalue bound of (1 + ϵ)2
√
D − 1/D for an arbitrary

small ϵ at the expense of increasing D0, using the better bound in Remark 3.14.

Given all these ingredients we define an iterative process as in [120], composed of a series of
superoperators. The first two superoperators are G1 = H2 and G2 = H ⊗H . For every t > 2 we
define

Gt =
(
G⌈ t−1

2
⌉ ⊗G⌊ t−1

2
⌋

)2
z⃝H .

Theorem 3.16. For every t > 0, Gt is an explicit (D8t, D2, λt) quantum expander with λt =

λ+O(λ2), where the constant in the O notation is an absolute constant.

Thus, Gt is a constant degree, constant gap quantum expander, as desired.

3.4.1 The analysis

Tensoring and squaring are easy to analyze, and the following proposition is immediate from the
definitions of these operations.

Proposition 3.17. If G is a (N,D, λ) quantum expander then G2 is a (N,D2, λ2) quantum ex-
pander. If G1 is a (N1, D1, λ1) quantum expander and G2 is a (N2, D2, λ2) quantum expander
then G1 ⊗G2 is a (N1 ·N2, D1 ·D2,max(λ1, λ2)) quantum expander.

We are left to analyze is the quantum Zig-Zag product.

Theorem 3.18. If G1 is a (N1, D1, λ1) quantum expander and G2 is a (D1, D2, λ2) quantum
expander then G1 z⃝G2 is a (N1 ·D1, D

2
2, λ1 + λ2 + λ22) quantum expander.

With the above two claims, the proof of Theorem 3.16 is identical to the one in [120] and is omitted.
In order to prove Theorem 3.18 we claim the following.

Proposition 3.19. For any X,Y ∈ L(HN1 ⊗ HD1) such that X is orthogonal to the identity
operator we have ∣∣⟨(G1 z⃝G2)X,Y ⟩

∣∣ ≤ f(λ1, λ2) ∥X ∥ · ∥Y ∥ ,

where f(λ1, λ2) = λ1 + λ2 + λ22.
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Theorem 3.18 follows from this proposition: for a givenX orthogonal to Ĩ we let Y = (G1 z⃝G2)X

and plugX and Y into the proposition. We see that ∥ (G1 z⃝G2)X ∥ ≤ f(λ1, λ2) ∥X ∥ as required.

The proof of Proposition 3.19 is an adaptation of the proof in [120]. The main difference is that
the classical proof works over the Hilbert space V whereas the quantum proof works over L(V).
Remarkably, the same intuition works in both cases.

Proof of Proposition 3.19: We first decompose the space L(HN1 ⊗HD1) into

W || = Span{σ ⊗ Ĩ | σ ∈ L(HN1)} and

W⊥ = Span{σ ⊗ τ | σ ∈ L(HN1), τ ∈ L(HD1), ⟨τ, Ĩ⟩ = 0} .

Next, we write X as X = X || + X⊥, where X || ∈ W || and X⊥ ∈ W⊥, and similarly Y =

Y || + Y ⊥. By definition,

|⟨(G1 z⃝G2)X,Y ⟩| = |⟨Ġ1(I ⊗G2)(X
|| +X⊥), (I ⊗G2)(Y

|| + Y ⊥)⟩| .

Using linearity and the triangle inequality (and the fact that I ⊗G2 acts trivially on W ||), we get

|⟨(G1 z⃝G2)X,Y ⟩| ≤ |⟨Ġ1X
||, Y ||⟩|+ |⟨Ġ1X

||, (I ⊗G2)Y
⊥⟩|+

|⟨Ġ1(I ⊗G2)X
⊥, Y ||⟩|+ |⟨Ġ1(I ⊗G2)X

⊥, (I ⊗G2)Y
⊥⟩| .

In the last three terms we have I ⊗ G2 acting on an operator from W⊥. As expected, when this
happens the quantum expander G2 shrinks the norm of the operator.

Claim 3.20. For any Z ∈W⊥ it holds that ∥ (I ⊗G2)Z ∥ ≤ λ2 ∥Z ∥.

Proof: The matrix Z can be written as Z =
∑

i σi ⊗ τi, where each τi is perpendicular to Ĩ and
{σi} is an orthogonal set. Hence,

∥ (I ⊗G2)Z ∥2 =
∥∥∥∑

i

σi ⊗G2(τi)
∥∥∥2 =∑

i

∥σi ⊗G2(τi) ∥2 ≤
∑
i

λ22 ∥σi ⊗ τi ∥2 = λ22 ∥Z ∥2 .

To bound the first term, we observe that on inputs from W || the operator Ġ1 mimics the opera-
tion of G1 with a random seed.

Claim 3.21. For anyA,B ∈W || such that ⟨A, Ĩ⟩ = 0, it holds that |⟨Ġ1(A), B⟩| ≤ λ1 ∥A ∥·∥B ∥ .
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Proof: Any choice of A,B ∈W || may be written as

A = σ ⊗ Ĩ =
1

D1

∑
i

σ ⊗ |i⟩⟨i| ,

B = η ⊗ Ĩ =
1

D1

∑
i

η ⊗ |i⟩⟨i| .

Moreover, as A is perpendicular to the identity operator, it follows that σ is perpendicular to the
identity operator on the space L(HN1). This means that applying G1 on σ will shrinks its norm by
at a factor of least λ1.

Considering the inner product

| ⟨Ġ1A,B⟩| = 1

D2
1

∣∣∣∣∣∣
∑
i,j

Tr
((

(UiσU
†
i )⊗ |i⟩⟨i|

)
(η ⊗ |j⟩⟨j|)†

)∣∣∣∣∣∣
=

1

D2
1

∣∣∣∣∣∣
∑
i,j

Tr
(
(UiσU

†
i η
†)⊗ |i⟩ ⟨i |j⟩ ⟨j|

)∣∣∣∣∣∣
=

1

D2
1

∣∣∣∣∣∑
i

Tr
(
(UiσU

†
i η
†)⊗ |i⟩⟨i|

)∣∣∣∣∣
=

1

D2
1

∣∣∣∣∣∑
i

Tr
(
UiσU

†
i η
†
)∣∣∣∣∣

=
1

D1

∣∣∣∣∣Tr
((

1

D1

∑
i

UiσU
†
i

)
η†

)∣∣∣∣∣
=

1

D1
|⟨G1(σ), η⟩| ≤

λ1
D1

∥σ ∥ · ∥ η ∥ = λ1 ∥A ∥ · ∥B ∥ ,

where the inequality follows from the expansion property of G1 (and Cauchy-Schwartz).

With the above claims in hand we see that

|⟨(G1 z⃝G2)X,Y ⟩| ≤ (pXpY λ1 + pXqY λ2 + pY qXλ2 + qXqY λ
2
2) ∥X ∥ · ∥Y ∥ , (3.4)

where

pX =

∥∥X || ∥∥
∥X ∥

and qX =

∥∥X⊥ ∥∥
∥X ∥

,

and similarly

pY =

∥∥Y || ∥∥
∥Y ∥

and qY =

∥∥X⊥ ∥∥
∥Y ∥

.
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Notice that p2X + q2X = p2Y + q2Y = 1. It is easy to see that pXpY , qXqY ≤ 1. Also, by Cauchy-
Schwartz, pXqY + pY qX ≤ 1. Therefore, the right hand side of equation (3.4) is upper bounded by
the quantity f(λ1, λ2) ∥X ∥ · ∥Y ∥.

3.4.2 Explicitness

Recall that a D-regular superoperator

E(X) =
1

D

∑
i

UiXU
†
i

is said to be explicit if it can be implemented by an efficient quantum circuit. Now we need a slight
refinement of this definition: we say that E is label-explicit if each Ui has an efficient implementa-
tion. It can be checked that the squaring, tensoring and Zig-Zag operations map label-explicit trans-
formations to label-explicit transformations. Also, our base superoperator is label-explicit (since it
is defined over a constant size space). Therefore, the construction is label-explicit (and therefore
explicit).

3.5 The complexity of estimating entropy

In this section we show that the language QED is QSZK–complete. The proof that QSD ≤ QED is
standard, and is described in Subsection 3.5.4.

The more challenging direction is the proof that QED is in QSZK, or equivalently that QED ≤
QSD. In the classical setting this reduction is proved using extractors. Some parts of our proof of
this reduction, for the quantum setting, are also standard. We define the problem QEA (Quantum
Entropy Approximation) as follows:

Input: Quantum circuit Q, t ≥ 0.
Accept: If S(τQ) ≥ t+ 1

2 .
Reject: If S(τQ) ≤ t− 1

2 .

QEA is the problem of comparing the entropy of a given quantum circuit to some known threshold
t (whereas QED compares two quantum circuits with unknown entropies). One immediately sees
that

QED(Q0, Q1) =

max {out1,out2}∨
t=1

[((Q0, t) ∈ QEAY ) ∧ ((Q1, t) ∈ QEAN )] ,

where outi is the number of output qubits of Qi.



64 CHAPTER 3. QUANTUM EXPANDERS

A standard classical reduction can be easily adapted to the quantum setting to show that QEA ∈
QSZK implies that QED ∈ QSZK. We describe this part in Section 3.6. Thus, it is sufficient to
prove that QEA ∈ QSZK. We now focus on this part and the use of quantum expanders in the proof.

The classical reduction from EA to SD (where EA is like QEA but with the input being a
classical circuit) uses extractors. An extractor is a function of the form E : {0, 1}n × {0, 1}d →
{0, 1}m, and we say that such a function is a (k, ϵ) extractor if, for every distribution X on {0, 1}n

that has min-entropy k, the distribution E(X,Ud) obtained by sampling x ∈ X , y ∈ {0, 1}d and
outputting E(x, y) is ϵ–close to uniform.

We begin with the classical intuition why EA reduces to SD. We are given a classical circuit
C and we want to distinguish between the cases where the distribution it defines has substantially
more than t entropy or substantially less than t entropy. First assume that the distribution is flat,
i. e., all elements that have a non-zero probability in the distribution have equal probability. In such
a case we can apply an extractor to the n output bits of C, hashing it to about t output bits. If the
distribution C defines has high entropy, it also has high min-entropy (because for flat distributions
entropy is the same as min-entropy) and therefore the output of the extractor is close to uniform. If,
on the other hand, the entropy is less than t−d−1, where d is the extractor’s seed length, then even
after applying the extractor the output distribution has at most t− 1 bits of entropy, and therefore it
must be “far away” from uniform. Hence, we get a reduction to SD.

There are, of course, a few gaps to fill in. First, the distribution C defines is not necessarily
flat. This is solved in the classical case by taking many independent copies of the circuit C, which
makes the output distribution “close” to “nearly-flat.” A simple analysis shows that this flattening
works also in the quantum setting (this is Lemma 3.27). Also, we need to amplify the gap we have
between t+1/2 and t−1/2 to a gap larger than d (the seed length). This, again, is solved by taking
many independent copies of C, given that S(C⊗q) = qS(C).

This section is organized as follows. We first discuss quantum extractors. We then prove the
quantum flattening lemma, and prove that QEA ≤ QSD through the use of quantum extractors.
Together with the closure of QSZK under Boolean formulas, which is proved in Section 3.6, we
have that QED ∈ QSZK. We conclude this section with a proof that QSD ≤ QED, using a simple
quantum adaptation of the classical proof.

3.5.1 Quantum extractors

Definition 3.22. A superoperator T : L(HN ) → L(HN ) is a (k, d, ϵ) quantum extractor if:

• The superoperator T is 2d-regular.

• For every density matrix ρ ∈ L(HN ) with H∞(ρ) ≥ k, it holds that
∥∥∥T (ρ)− Ĩ

∥∥∥
tr
≤ ϵ.
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We say T is explicit if T can be implemented by a quantum circuit of size polynomial in log(N).
The entropy loss of T is k + d− log(N).

In the classical world balanced extractors are closely related to expanders (see, e. g., [55]). This
generalizes to the quantum setting, as we now prove.

Lemma 3.23. Suppose T : L(HN ) → L(HN ) is a (N = 2n, D = 2d, λ) quantum expander. Then
for every t > 0, T is also a (k = n− t, d, ϵ) quantum extractor with ϵ = 2t/2 · λ. The entropy loss
of T is k + d− n = d− t.

Proof: The superoperator T has a one-dimensional eigenspace W1 with eigenvalue 1, spanned by
the unit eigenvector v1 = 1√

N
I . Our input ρ is a density matrix, and therefore

⟨ρ, v1⟩ =
1√
N

Tr(ρ) =
1√
N
.

In particular, ρ− Ĩ = ρ− 1√
N
v1 is perpendicular to W1. It follows that

∥T (ρ)− Ĩ∥22 = ∥T (ρ− Ĩ)∥22 ≤ λ
2∥ρ− Ĩ∥22 ≤ λ

2∥ρ∥22 ,

where we have used

∥ρ− Ĩ∥22 = ∥ρ∥22 − 2Tr(Ĩρ) + ∥Ĩ∥22 = ∥ρ∥22 −
1

N
≤ ∥ρ∥22 .

Given that H2(ρ) ≥ H∞(ρ) ≥ k = n − t we see that ∥T (ρ) − Ĩ∥22 ≤ λ
2
2−(n−t). By the

Cauchy-Schwartz inequality, it follows that∥∥∥T (ρ)− Ĩ
∥∥∥
tr
≤

√
N∥T (ρ)− Ĩ∥2 ≤ ϵ ,

which completes the proof.

Corollary 3.24. For every n, t, ϵ ≥ 0 there exists an explicit (n − t, d, ϵ) quantum extractor T :

L(H2n) → L(H2n), where

1. d = 2(t+ 2 log
(
1
ϵ

)
) +O(1) and the entropy loss is t+ 4 log

(
1
ϵ

)
+O(1), or

2. d = t+ 2 log
(
1
ϵ

)
+ 2 log(n) +O(1) and the entropy loss is 2 log(n) + 2 log

(
1
ϵ

)
+O(1).

The first bound on d is achieved using the Zig-Zag quantum expander of Theorem 3.16, and
the second bound is achieved using the explicit construction of Ambainis and Smith [9] cited in
Theorem 3.3.
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One natural generalization of Definition 3.22 is to superoperators of the form T : L(HN ) →
L(HM ) where N = 2n is not necessarily equal to M = 2m. That is, such a superoperator T
may map a large Hilbert space HN to a much smaller Hilbert space HM . In the classical case this
corresponds to hashing a large universe {0, 1}n to a much smaller universe {0, 1}m. We suspect
that unlike the classical case, no non-trivial unbalanced quantum extractors exist when M < N/2.
Specifically, we suspect that all (k, d, ϵ) quantum extractors T : L(HN ) → L(HM ) with k = n− 1

and d < n− 1 must have error ϵ close to 1.

3.5.2 A flattening lemma

We first recall the classical flattening lemma that appears, e. g., in [138, Section 3.4.3].

Lemma 3.25. Let λ = (λ1, . . . , λM ) be a distribution, let q be a positive integer, and let ⊗qλ

denote the distribution composed of q independent copies of λ. Suppose that λi ≥ ∆ for all i. Then
for every ϵ > 0, the distribution ⊗qλ is ϵ-close to some distribution σ such that

H∞(σ) ≥ qH(λ)−O

(
log

(
1

∆

)√
q log

(
1

ϵ

))
.

One can prove a similar lemma for density matrices.

Lemma 3.26. Let ρ be a density matrix whose eigenvalues are λ = (λ1, . . . , λM ) and let q a
positive integer. Suppose that for all i, λi ≥ ∆. Then for every ϵ > 0, ρ⊗q is ϵ-close to some density
matrix σ such that

H∞(σ) ≥ qS(ρ)−O

(
log

(
1

∆

)√
q log

(
1

ϵ

))
.

Lemma 3.26 follows directly from Lemma 3.25 because S(ρ) = H(λ) and the vector of eigenvalues
of ρ⊗q equals ⊗qλ.

We also need a way to deal with density matrices that may have arbitrarily small eigenvalues.
This is really just a technicality as extremely small eigenvalues hardly affect the von Neumann
entropy.

Lemma 3.27. Let ρ be a density matrix of rank 2m, let ϵ > 0 and let q be a positive integer. Then
ρ⊗q is 2ϵ-close to a density matrix σ, such that

H∞(σ) ≥ qS(ρ)−O
(
m+ log

(q
ϵ

))√
q log

(
1

ϵ

)
.

To prove this lemma, we will make use of the following fact [107, Box 11.2].
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Fact 3.28 (Fannes’ inequality). Suppose ρ and σ are density matrices over a Hilbert space of di-
mension d. Suppose further that the trace distance between them satisfies t = ∥ ρ− σ ∥tr ≤ 1/e.
Then

|S(ρ)− S(σ)| ≤ t(ln d− ln t) .

Proof of Lemma 3.27: Let ρ =
∑2m

i=1 λi |vi⟩⟨vi| be the spectral decomposition of ρ. Let

A =

{
i λi <

ϵ

q2m

}
denote the set of indices of “light” eigenvalues and define ρ0 =

∑
i ̸∈A λi |vi⟩⟨vi|. Observe that∥∥∥∥ ρ− ρ0

Tr(ρ0)

∥∥∥∥
tr

≤ ϵ

q
.

The eigenvalues of the density matrix ρ0/Tr(ρ0) are all at least ϵ/(q2m). Hence, by Lemma 3.26,
it holds that (ρ0/Tr(ρ0))⊗q is ϵ-close to a density matrix σ such that

H∞(σ) ≥ q · S((ρ0/Tr(ρ0)))−O
(
m+ log

(q
ϵ

))√
q log

(
1

ϵ

)
.

Notice that ∥∥∥∥∥ ρ⊗q −
(

ρ0
Tr(ρ0)

)⊗q ∥∥∥∥∥
tr

≤ q

∥∥∥∥ ρ− ρ0
Tr(ρ0)

∥∥∥∥
tr

≤ ϵ ,

and therefore ∥ ρ⊗q − σ ∥tr ≤ 2ϵ. By Fact 3.28,∣∣∣∣S ( ρ0
Tr(ρ0)

)
− S(ρ)

∣∣∣∣ ≤ ϵ

q

(
m+ log

(q
ϵ

))
.

Thus,

H∞(σ) ≥ q · S(ρ)−O
(
m+ log

(q
ϵ

))√
q log

(
1

ϵ

)
,

which completes the proof.

3.5.3 QEA ≤ QSD

We follow the outline of the classical reduction described at the beginning of the section. Let (Q, t)
be an input to QEA, where Q is a quantum circuit with n input qubits and m output qubits. We
consider the circuit Q⊗q for q = poly(n) to be specified later, and we let E be a (qt, d, ϵ) quantum
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extractor operating on qm qubits, where

d = q(m− t) + 2 log(1/ϵ) + log(qm) +O(1) ,

and where ϵ = 1/poly(n) is to be specified later. Such an extractor E exists by Corollary 3.24. We
then let ξ = E(τ⊗qQ ) and Ĩ = 2−qmI , and take the output of the reduction to be (ξ, Ĩ).

To prove the correctness of the reduction, consider first a NO-instance (Q, t) ∈ QEAN . This
implies

S(ξ) ≤ S(τ⊗qQ ) + d ≤ q(t− 0.5) + d .

We fix the parameters such that

q

2
≥ 2 log

(1
ϵ

)
+ log(qm) +O(1) (3.5)

and then S(ξ) ≤ qm − 1. However, for any density matrix ρ over n qubits and ϵ > 0, if S(ρ) ≤
(1− ϵ)n then ∥∥∥∥ ρ− 1

2n
I

∥∥∥∥
tr

≥ ϵ− 1

2n
.

It follows that ∥∥∥ ξ − Ĩ
∥∥∥
tr
≥ 1

qm
− 1

2qm
, β

as required.
Now assume (Q, t) ∈ QEAY . By Lemma 3.27, τ⊗qQ is 2ϵ-close to a density matrix σ such that

H∞(σ) ≥ qS(ρ)−O
(
m+ log

(q
ϵ

))√
q log

(
1

ϵ

)

≥ q
(
t+

1

2

)
−O

(
m+ log

(q
ϵ

))√
q log

(
1

ϵ

)
,

and
∥∥∥ ξ − Ĩ

∥∥∥
tr

≤
∥∥∥E(σ)− Ĩ

∥∥∥
tr
+ 2ϵ. We set the parameters such that H∞(σ) is larger than qt,

that is,
q

2
≥ O

(
m+ log

(q
ϵ

))√
q log (1/ϵ) . (3.6)

Now, by the quantum extractor property we obtain
∥∥∥σ − Ĩ

∥∥∥
tr
≤ ϵ. Therefore,

∥∥∥ ξ − Ĩ
∥∥∥
tr
≤ 3ϵ ,

α.
We set q and ϵ−1 large enough (but still polynomial in n, e. g., ϵ = Θ(m−10) and q = Θ(m4))

such that the constraints (3.5) and (3.6) are satisfied and also that α ≤ β2. Watrous [142] showed
QSDα,β ∈ QSZK for these values of α, β.
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3.5.4 QSD ≤ QED

Watrous [142] showed that QSDα,β is QSZK-complete, even with parameters α = w(n) and β =

1−w(n) where n is the size of the input and w(n) is a function smaller than any inverse polynomial
in n. Assume we are given an input to QSDα,β , namely, two quantum circuitsQ0, Q1, and construct
quantum circuits Z0 and Z1 as follows. The circuit Z1 outputs

1

2

(
|0⟩⟨0| ⊗ τQ0 + |1⟩⟨1| ⊗ τQ1

)
,

and the circuit Z0 is the same as Z1 except that the first register is traced out. The output of Z0 is
therefore (1/2)(τQ0 + τQ1).

First consider the case where τQ0 and τQ1 are α close to each other, i. e., Q0 and Q1 produce
almost the same mixed state. In this case τZ0 ≈ τQ0 whereas

τZ1 ≈ 1

2
(|0⟩⟨0|+ |1⟩⟨1|)⊗ τQ0 ,

and therefore τZ1 has about one bit of entropy more than τZ0 . On the other hand, when τQ0 and τQ1

are very far from each other, τZ0 = (1/2)(τQ0 + τQ1) contains about the same amount of entropy
as

τZ1 =
1

2
|0⟩⟨0| ⊗ τQ0 +

1

2
|1⟩⟨1| ⊗ τQ1 .

Formally, to estimate the entropy of τZ1 one can use the joint-entropy theorem (see [107, The-
orem 11.8]) to get that S(τZ1) = 1 + (1/2)(S(τQ0) + S(τQ1)). When τQ0 and τQ1 are α close to
each other, Fannes’ inequality (Fact 3.28) tells us that S(τZ0) is close to

1

2
(S(τQ0) + S(τQ1)) ≤ S(τZ1)− 0.9 .

When τQ0 and τQ1 are β far from each other, there exists a measurement that distinguishes the two
with probability (1 + β)/2, so by [8, Lemma 3.2] we have

S(τZ0) ≥
1

2
[S(τQ0) + S(τQ1)] +

(
1−H

(
1 + β

2

))
≥ S(τZ1)− 0.1 .

The reduction from QSDα,β to QED is therefore as follows. Given an input (Q0, Q1) to QSDα,β

we reduce it to the pair of circuits (O0 = Z0 ⊗Z0 ⊗C,O1 = Z1 ⊗Z1) where C outputs a qubit in
the completely mixed state. If (Q0, Q1) ∈ (QSDα,β)Y then

S(τO0) = S(τZ0⊗Z0⊗C) = 2S(τZ0) + 1 ≤ 2S(τZ1)− 0.8 < S(τO1) ,
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whereas if (Q0, Q1) ∈ (QSDα,β)N then

S(τO0) = S(τZ0⊗Z0⊗C) = 2S(τZ0) + 1 ≥ 2S(τZ1) + 0.8 = S(τO1) + 0.8 .

3.6 Closure under Boolean formulas

We have observed that one can express QED as a formula in QEA, namely,

QED(Q0, Q1) =

max {out1,out2}∨
t=1

[((Q0, t) ∈ QEAY ) ∧ ((Q1, t) ∈ QEAN )] ,

where outi is the number of output qubits of Qi. In the classical setting it is known that SZK is
closed under Boolean formulas. We now briefly explain why the same holds for QSZK, and refer
the reader to [124] for further details. We first define what closure under Boolean formulas means.
For a promise problem Π, the characteristic function of Π is the map χΠ : {0, 1}∗ → {0, 1, ⋆}
given by

χΠ(x) =


1 if x ∈ ΠY ,

0 if x ∈ ΠN ,

⋆ otherwise.

A partial assignment to variables v1, . . . , vk is a k-tuple a = (a1, . . . , ak) ∈ {0, 1, ⋆}k. For a
propositional formula ϕ on variables v1, . . . , vk the evaluation ϕ(a) is recursively defined as follows:

vi(a) = ai , (¬ϕ)(a) =


1 if ϕ(a) = 0,

0 if ϕ(a) = 1,

⋆ otherwise,

(ϕ ∧ ψ)(a) =


1 if ϕ(a) = 1 and ψ(a) = 1,

0 if ϕ(a) = 0 or ψ(a) = 0,

⋆ otherwise,

(ϕ ∨ ψ)(a) =


1 if ϕ(a) = 1 or ψ(a) = 1,

0 if ϕ(a) = 0 and ψ(a) = 0,

⋆ otherwise.

Notice that, e. g., 0 ∧ ⋆ = 0 even though one of the inputs is “undefined” in Π. This is because one
has the evaluation a ∧ 0 = 0, irrespective of the value of a. For any promise problem Π, we define
a new promise problem Φ(Π), with m instances of Π as input, as follows:

Φ(Π)Y = {(ϕ, x1, . . . , xm) | ϕ(χΠ(x1), . . . , χΠ(xm)) = 1} ,
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Φ(Π)N = {(ϕ, x1, . . . , xm) | ϕ(χΠ(x1), . . . , χΠ(xm)) = 0} .

If one can solve Φ(Π) then one can solve any Boolean formula over Π.

Theorem 3.29. For any promise problem Π ∈ QSZK we have Φ(Π) ∈ QSZK.

The proof is identical to the classical proof in [124] except for straightforward adaptations (re-
placing the variational distance with the trace distance, using the closure of QSZK under comple-
ment, using the polarization lemma for QSD, etc.) and we sketch it here for completeness.

Proof: As QSD is QSZK-complete, Π reduces to QSD, inducing a reduction from Φ(Π) to Φ(QSD).
Thus, it suffice to show that Φ(QSD) reduces to QSD. To this end, letw = (ϕ, (X1

0 , X
1
1 ), . . . , (X

m
0 , X

m
1 ))

be an instance of Φ(QSD). By applying De Morgan’s Laws, we may assume that the only negations
in ϕ are applied directly to the variables. (Note that De Morgan’s Laws still hold in our extended
Boolean algebra.) By the polarization lemma [142] and by the closure of QSZK under complemen-
tation [142], we can construct pairs of circuits (Y 1

0 , Y
1
1 ), . . . , (Y

m
0 , Y m

1 ) and (Z1
0 , Z

1
1 ), . . . , (Z

m
0 , Z

m
1 )

in polynomial time such that:

(Xi
0, X

i
1) ∈ QSDY ⇒

∥∥∥ τY i
0
− τY i

1

∥∥∥
tr
≥ 1− 1

3|ϕ|
and

∥∥∥ τZi
0
− τZi

1

∥∥∥
tr
≤ 1

3|ϕ|
,

(Xi
0, X

i
1) ∈ QSDN ⇒

∥∥∥ τY i
0
− τY i

1

∥∥∥
tr
≤ 1

3|ϕ|
and

∥∥∥ τZi
0
− τZi

1

∥∥∥
tr
≥ 1− 1

3|ϕ|
.

The reduction outputs the pair of circuits (BuildCircuit(ϕ, 0),BuildCircuit(ϕ, 1)), where BuildCir-
cuit is described by the following recursive procedure:

BuildCircuit(ψ, b)
1. If ψ = vi, output Y i

b .

2. if ψ = ¬vi, output Zi
b.

3. If ψ = ζ ∨ µ, output BuildCircuit(ζ, b)⊗ BuildCircuit(µ, b).

4. If ψ = ζ ∧ µ, output

1

2
(BuildCircuit(ζ, 0)⊗ BuildCircuit(µ, b)) +

1

2
(BuildCircuit(ζ, 1)⊗ BuildCircuit(µ, 1− b)) .

Notice that the number of recursive calls equals the number of sub-formula of ϕ, and therefore the
procedure runs in time polynomial in |ψ| and |Xj

i |, i. e., polynomial in its input length.
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We now turn to proving the correctness of this reduction. The correctness will follow from the
claim below, wherein we define

∆(ζ) =
1

2

∥∥∥(BuildCircuit(ζ, 0)− BuildCircuit(ζ, 1)) |0⟩
∥∥∥

tr

for each sub-formula ζ of ϕ.

Claim 3.30. Let a = (χQSD(X1
0 , X

1
1 ), . . . , χQSD(Xm

0 , X
m
1 )). For every sub-formula ψ of ϕ, we

have:

ψ(a) = 1 ⇒ ∆(ψ) ≥ 1− |ψ|
3|ϕ|

,

ψ(a) = 0 ⇒ ∆(ψ) ≤ |ψ|
3|ϕ|

.

Proof: The proof is by induction on the sub-formulas ψ of ϕ, and we note that it clearly holds for
atomic sub-formulas. The remaining two cases are as follows.

Case 1: ψ = ζ∨µ. If ψ(a) = 1 then either ζ(a) = 1 or µ(a) = 1. Without loss of generality assume
ζ(a) = 1. In this case we have for any i ∈ {0, 1} that BuildCircuit(ζ, i) = E (BuildCircuit(ψ, i)),
where E is the quantum operation tracing out the registers associated with the µ sub-formula. Thus,
by induction,

∆(ψ) ≥ ∆(ζ) ≥ 1− |ζ|
3|ϕ|

≥ 1− |ψ|
3|ϕ|

.

If ψ(a) = 0, then both ζ(a) = µ(a) = 0.

Using

∥ ρ0 ⊗ ρ1 − σ0 ⊗ σ1 ∥tr ≤ ∥ ρ0 ⊗ ρ1 − σ0 ⊗ ρ1 ∥tr + ∥σ0 ⊗ ρ1 − σ0 ⊗ σ1 ∥tr
= ∥ ρ0 − σ0 ∥tr + ∥ ρ1 − σ1 ∥tr ,

we obtain
∆(ψ) ≤ ∆(ζ) + ∆(µ) ≤ |ζ|

3|ϕ|
+

|µ|
3|ϕ|

≤ |ψ|
3|ϕ|

.

Case 2: ψ = ζ ∧ µ. Using

1

2

∥∥∥∥ 1

2
[ρ0 ⊗ σ0 + ρ1 ⊗ σ1]−

1

2
[ρ0 ⊗ σ1 + ρ1 ⊗ σ0]

∥∥∥∥
tr

=
1

4
∥ (ρ0 − ρ1)⊗ (σ0 − σ1) ∥tr =

1

4
∥ ρ0 − ρ1 ∥tr ∥σ0 − σ1 ∥tr ,
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we obtain ∆(ψ) = ∆(ζ) ·∆(µ). If ψ(a) = 1, then, by induction,

∆(ψ) ≥
(
1− |ζ|

3|ϕ|

)(
1− |µ|

3|ϕ|

)
> 1− |ζ|+ |µ|

3|ϕ|
≥ 1− |ψ|

3|ϕ|
.

If ψ(a) = 0, then, without loss of generality, we may assume ζ(a) = 0. By induction we have

∆(ψ) = ∆(ζ) ·∆(µ) ≤ ∆(ζ) ≤ |ζ|
3|ϕ|

≤ |ψ|
3|ϕ|

.

Thus, the claim has been proved.

Let Ab = BuildCircuit(ϕ, b). By the above claim, if w ∈ Φ(QSD)Y then ∥ τA0 − τA1 ∥tr ≥ 2/3

and if w ∈ Φ(QSD)N then ∥ τA0 − τA1 ∥tr ≤ 1/3. This completes the proof of the theorem.
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Chapter 4

Constructing Small-Bias Sets from AG
Codes

In this chapter we use algebraic-geometric codes to give an explicit construction of an ϵ-biased set

S ⊆ {0, 1}k of size O
(

k
ϵ2 log(1/ϵ)

)5/4
. This improves upon previous explicit constructions when ϵ

is roughly (ignoring logarithmic factors) in the range [k−1.5, k−0.5]. Additionally, we discuss of the
limits of our approach, based on a follow up work of Voloch [141].

4.1 Introduction

As discussed in introduction to this thesis, explicitly constructing pseudorandom objects is an in-
triguing challenge in computer science. Often, it is easy to verify that a random object satisfies
the required pseudorandom property with high probability, while it is difficult to pin down such an
explicit object.

In most cases it is believed (and sometimes proven) that a random object is nearly optimal. There
are, however, rare cases in which explicit constructions outperform naive random constructions.
Perhaps the most remarkable example of this type is that of Algebraic-Geometric codes (AG codes).
In the seminal work of Tsfasman et al. [137] it was shown that there are Algebraic-Geometric codes
over constant size alphabets that lie above the Gilbert-Varshamov bound, a bound that was believed
to be optimal at the time.

The important case of binary error correcting codes is still open. The Gilbert-Varshamov bound
gives the best known (explicit or non-explicit) codes to date. Finding an explicit construction that at-
tains this bound is an open problem as well. The above statements also apply if we restrict ourselves
to codes with distance close to half, which is a case of special interest.

Another closely related question is that of finding an [n, k, (12 − ϵ)n]2 binary code, in which the

75
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relative weight of every non-zero codeword is in the range [12 − ϵ, 12 + ϵ]. Such codes are called
ϵ-balanced and they are closely related to emphϵ-biased sets. Recall that an ϵ-biased set is a set
S ⊆ {0, 1}k such that for every non-empty subset T ⊆ [k], the binary random variable

⊕
i∈T si,

where s is sampled uniformly from S, has bias at most ϵ. It turns out that ϵ-biased sets are just
ϵ-balanced codes in a different guise: the columns of a matrix whose rows generate an ϵ-balanced
code form an ϵ-biased set, and vise versa. In terms of parameters, an [n, k]2 ϵ-balanced code is
equivalent to an ϵ-biased set S ⊆ {0, 1}k of size n.

The status of ϵ-balanced codes is similar to that of [n, k, (12 − ϵ)n]2 codes. In both cases the
probabilistic method gives non-explicit [n, k]2 ϵ-balanced codes with n = O( k

ϵ2
), whereas the best

lower bound is n = Ω( k
ϵ2 log( 1

ϵ
)
). For a discussion of these bounds see [4, Section 7].

There are several explicit constructions of such codes. Naor and Naor [104] give a construction
with n = k · poly(ϵ−1). Alon et al. [4] have the incomparable bound n = O( k2

ϵ2 log2(k/ϵ)
). Concate-

nating Algebraic-Geometric codes with the Hadamard code gives n = O( k
ϵ3 log( 1

ϵ
)
). In this chapter

we show an explicit construction of an [n, k]2 ϵ-balanced code with n = O( k
ϵ2 log( 1

ϵ
)
)5/4, which

improves upon previous explicit constructions when ϵ is roughly (ignoring logarithmic factors) in
the range of k−1.5 ≤ ϵ ≤ k−0.5 (see Figure 4.1).

The construction is simple and can be described by elementary means. We first take a finite
field Fq of the appropriate size. We then carefully choose a subset A of Fq × Fq. The elements
in the ϵ-biased set are indexed by pairs ((a, b), c) ∈ A × Fq. For each ((a, b), c) ∈ A × Fq the
corresponding element is the bit vector

(
⟨(aibj), c⟩2

)
i,j

, where (i, j) range over all integers i, j
whose sum is bounded by an appropriately chosen parameter and the inner product is of the binary
representation of the elements in Fq. The analysis of the construction relies on Bézout’s Theorem.

To put the construction in context, we need to move to algebraic function fields terminology.
AG codes are evaluation codes where a certain set of evaluation functions is evaluated at a chosen
set of evaluation points. The space of evaluation functions used is a vector space (this is the reason
we get a linear error correcting code) and is determined by a divisor G. We explain what a divisor is
and other terminology in Section 4.3, and for the time being continue with an intuitive discussion.
We denote the code associated with a divisor G by C(G).

The codeC(G) has the following parameters. The length of the code is the number of evaluation
points and is denoted by N = N(F ) (F is the algebraic function field). The distance of the code is
N − deg(G) (deg(G) is the degree of G, we explain what it is in Section 4.3). The dimension of
the code, dim(G), is the dimension of the vector space of evaluation functions. When the “degree”
of G is larger than the genus (we explain what the genus is in Section 4.3), the Riemann-Roch
Theorem [129, Thm I.5.17] tells us exactly what the dimension dim(G) is, and it turns out to be
deg(G)−g+1. This almost matches the Singleton bound, except for a loss of g. Thus, our goal is to
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Figure 4.1: Constructions of ϵ-biased sets for ϵ = k−c

ε = k−c

n=
kd

k−0.25 k−0.5 k−0.75 k−1 k−1.3 k−1.5 k−1.8 k−2

k1

k2

k3

k4

k5

k6

k7

AGHP [1]

Algebraic Gemotric code above the genus

This paper

Gilbert−Varshamov bound

get as many evaluation points while keeping the genus small. Indeed, a lot of research was done on
the best possible ratio between the length of the code N(F ) and the genus. The bottom line of this
research, roughly speaking, is that N(F ) can be larger than the genus by at most a multiplicative
√
q − 1 factor and this is essentially optimal.

A simple check shows that when deg(G) is larger than the genus, an AG code concatenated with
Hadamard cannot give ϵ-balanced codes with n better thanO( k

ϵ3 log( 1
ϵ
)
). In contrast, our construction

takes as an outer code an AG code C(G) where deg(G) is much smaller than the genus, and we
show that this leads to a better code.

A natural question is whether the ϵ-balanced codes we achieve are the best binary codes one
can achieve using this approach. We do not know the answer to this question. When deg(G) is
smaller than the genus, one cannot use the Riemann-Roch Theorem, and estimating dim(G) is
often a challenging task. Furthermore, dim(G) now depends on G itself, and not just on its degree
as before. However, we can formulate the question as follows. The important thing to us is not
the best possible ratio between the number of rational points N(F ) and the genus. Instead, we are
interested in the best possible ratio between N(F ) and deg(G), where G is a low-degree divisor
having a large dimension.

Following our work Felipe Voloch [141] used a variant of Castelnuovo’s bound to show our
approach cannot lead to error correcting codes approaching the Gilbert-Varshamov bound. We
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show that a careful analysis of Voloch’s argument imply that all dimension k, ϵ-balanced codes built
using our approach must have length n = Ω( k

ϵ2.5 log2(ϵ)
).

The rest of the chapter is organized as follows. In Section 4.2 we describe the construction and
its analysis using Bézout’s Theorem. Section 4.3 contains a description of the same construction in
algebraic function fields terminology. In Subsections 4.3.1 and 4.3.1 we give the necessary back-
ground on algebraic function fields and geometric Goppa codes. Finally, in Section 4.4 we analyze
the limits of our approach based on Voloch’s work.

4.2 A self-contained elementary description of the construction

We first recall the definition of an ϵ-biased set:

Definition 4.1. A set S ⊆ {0, 1}k is ϵ-biased if for every nonempty T ⊆ [k],

1

|S|

∣∣∣∑
s∈S

(−1)
∑

i∈T si
∣∣∣ ≤ ϵ.

The construction: Given k and ϵ, let p = 2ℓ be a power of 2 in the range
[
1
2

(
k
ϵ2

)1/4
,
(
k
ϵ2

)1/4]
.

That is, 1
16

k
ϵ2

≤ p4 ≤ k
ϵ2

. Define q = p2 and r = ϵp3. Let Fq denote the finite field
with q elements and Fp its subfield with p elements. Consider the vector space of bivariate
polynomials over Fq with total degree at most r/(p+ 1):

V =

{
ϕ ∈ Fq[x, y] : deg(ϕ) ≤ r

p+ 1

}
= Span

{
xiyj : i+ j ≤ r

p+ 1

}
.

We denote the dimension of this space (over Fq) by k′. It follows that

k′ = Ω(
r2

p2
) = Ω(

ϵ2p6

p2
) = Ω(ϵ2p4) = Ω(k).

Let A ⊆ Fq × Fq be the set of roots of the polynomial yp + y − xp+1. The ϵ-biased set over
k′ bits that we construct is

S =

{( ⟨
bin(aibj), bin(c)

⟩
2

)
i+j≤ r

p+1

: (a, b) ∈ A and c ∈ Fq

}
,

where bin : Fq → Z2ℓ
2 is any isomorphism between the additive group of Fq and the vector

space Z2ℓ
2 and ⟨·, ·⟩2 denotes inner product over Z2ℓ

2 .

The analysis: The following claim will be used to bound the size of S.
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Claim 4.2. The cardinality of A is p3.

Proof: The trace function Tr(y) = yp+y maps Fq to Fp. We claim that for every α ∈ Fp, the
number of solutions in Fq to Tr(y) = α is p. To see this, observe that Tr is a linear function.
Hence, the set of solutions to Tr(y) = 0 is a subgroup of Fq that has at most p elements. For
every α ∈ Fp, the set of solutions to Tr(y) = α is either empty or a coset of this subgroup.
As every element of Fq is in one of these cosets, it must be the case that for every α ∈ Fp

there are exactly p solutions.

The norm function N(x) = xp+1 also maps Fq to Fp. Thus, for every α ∈ Fq there are exactly
p values β ∈ Fq such that Tr(β) = N(α). Therefore, |A| = p3.

We want to apply Bézout’s Theorem on the bivariate polynomial yp + y − xp+1. However,
we first need to show it is irreducible. We need Eisenstein’s Criterion for irreducibility:

Theorem 4.3 (Eisenstein’s Criterion [91, Thm 3.1]). Let U be a unique factorization ring
and let K be its field of fractions. Let f(x) =

∑n
i=0 aix

i be a polynomial of degree n ≥ 1 in
U [x]. Let ρ be a prime of U , and assume:

• an ̸= 0 (mod ρ)

• For every i < n, ai = 0 (mod ρ)

• a0 ̸= 0 (mod ρ2).

Then f(x) is irreducible in K[x].

With that we conclude:

Claim 4.4. The polynomial yp + y − xp+1 is irreducible over Fq.

Proof: This follows from Eisenstein’s Criterion. The unique factorization ring we consider
is U = Fq[y]. The prime element we use is ρ = y. The leading coefficient is −1 and
−1 ̸= 0 (mod y). Every other coefficient except the last is 0, hence it is 0 (mod y). The last
coefficient is also 0 (mod y). Finally, since p ≥ 2, yp = 0 (mod y2) but y ̸= 0 (mod y2),
hence yp + y ̸= 0 (mod y2). Therefore the univariate polynomial (in x) is irreducible over
the field of fractions. As one of the coefficients is −1, it follows that the bivariate polynomial
is irreducible over the field Fq (see [91, Thm 2.3]).

We are now ready to recall Bézout’s Theorem and apply it prove S is indeed ϵ-biased.



80 CHAPTER 4. CONSTRUCTING SMALL-BIAS SETS FROM AG CODES

Theorem 4.5 (Bézout’s Theorem [50, Section 5.3]). Suppose ϕ and ψ are two bivariate
polynomials over some field. If ϕ and ψ have more than deg(ϕ) · deg(ψ) common roots then
they have a common factor.

Theorem 4.6. For every k and ϵ such that ϵ < 1√
k

, S is an ϵ-biased set over k′ = Ω(k) bits

of size O
(
k
ϵ2

)5/4
.

Proof: By Claim 4.2, |S| = |A| · q = p5 = O
(
k
ϵ2

)5/4
.

Let T ⊆ [k′] be some non-empty set. We identify [k′] with the set
{
(i, j) : i+ j ≤ r

p+1 ]
}

and T with the corresponding subset.

Let s ∈ S be an element specified by the pair ((a, b), c) ∈ A× Fq. Then,∑
(i,j)∈T

s(i,j) =
∑

(i,j)∈T

⟨
bin(aibj), bin(c)

⟩
2
=
⟨
bin
( ∑
(i,j)∈T

aibj
)
,bin(c)

⟩
2
.

The polynomial ϕT =
∑

(i,j)∈T x
iyj is a non-zero polynomial. Clearly, for any (a, b) which

is not a root of ϕT , the inner-product will be unbiased when ranging over c (i.e. exactly half
of the values for c will make the inner product 0). From the assumption ϵ < 1√

k
it follows

that deg(ϕT ) < p+ 1, since

deg(ϕT )

p+ 1
≤ r

(p+ 1)2
< ϵp ≤ k1/4

√
ϵ < 1.

Hence, by Claim 4.4 it follows that ϕT and yp+y−xp+1 have no common factors. Therefore,
by Bézout’s theorem we conclude that the number of roots of ϕT that are in A is at most
r

p+1 · (p+ 1) = r, and,
1

|S|

∣∣∣∑
s∈S

(−1)
∑

i∈T si
∣∣∣ ≤ r

|A|
= ϵ.

Remark 4.7. The above construction can be improved to an ϵ-biased set of size O
(

k
ϵ2 log(1/ϵ)

)5/4
for every k and ϵ such that ϵ√

log(1/ϵ)
< 1√

k
. To achieve this we choose p = Θ

(
k

ϵ2 log(1/eps)

)1/4
.

We then observe that instead of taking a basis for V over Fq, we can actually afford to take a
basis over F2. Finally we need to use the fact that by the constraints we have on ϵ, it follows that
log(1/ϵ) = Θ(log(p)). When we restate the construction in algebraic function fields terminology,
we also include this improvement.
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4.3 Restating the construction in AG terminology

Without putting the above construction in the proper context, it may appear coincidental. We now
describe the general framework of algebraic-geometric codes and explain why the above construc-
tion fits into this framework.

4.3.1 Algebraic-Geometry

We recall a few notions from the theory of algebraic function fields. A detailed exposition of the
subject can be found, e.g., in [129].

Fq denotes the finite field with q elements. Fq(x), where x is transcendental over Fq, is the
rational function field, and it contains all rational functions in x with coefficients in Fq. F/Fq is an
algebraic function field, if F is a finite algebraic extension of Fq(x).

A place P of F/Fq is a maximal ideal of some valuation ringO of the function field. We denote
by OP the valuation ring that corresponds to the place P . We denote by vP the discrete valuation
that corresponds to the valuation ring OP . Therefore, we can write P and OP as

P = {x ∈ F : vP (x) > 0} and OP = {x ∈ F : vP(x) ≥ 0}.

Since P is a maximal ideal, FP = OP /P is a field. In fact, it is a finite field [129, Proposition
I.1.14]. For every x ∈ OP , x(P ) denotes x( mod P ) and is an element of FP . The degree of a
place P is defined to be deg(P ) = [FP : Fq]. In particular, if a place is of degree 1 then FP is
isomorphic to Fq. PF is the set of places of F . N(F ) is the number places of degree 1 (also called
rational points) in F/Fq and is always finite.

DF is the free abelian group over the places of F . A divisor is an element in this group, i.e., it
is a sum G =

∑
P∈PF

nPP with nP ∈ Z and where nP ̸= 0 for only a finite number of places. We
also denote vP (G) = nP . The degree of the divisor

∑
P nPP is defined to be

∑
P nP ·deg(P ), and

it is always finite. We sayG1 ≥ G2 ifG1 is component-wise larger thanG2, i.e., vP (G1) ≥ vP (G2)

for any place P . The support of a divisor G is Supp(G) = {P ∈ PF : vP (G) ̸= 0}.

Each element 0 ̸= x ∈ F is associated with two divisors. The first is called the principal divisor
of x and it is defined by

(x) =
∑
P

vP (x)P.

The degree of a principal devisor is always 0. The second is the pole divisor of x and it is defined
by

(x)∞ =
∑

P :vP (x)<0

−vP (x)P.
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If x ∈ F \ Fq then deg((x)∞) = [F : Fq(x)].
For a divisor G, we define the Riemann-Roch space is

L(G) = {x ∈ F : (x) ≥ −G} ∪ {0}.

We define the dimension of G by dim(G) = dimL(G) and we use the two notations interchange-
ably. The fact that the degree of each principal divisor is 0 implies that if deg(G) < 0 then
dim(L(G)) = 0.

Geometric Goppa Codes

A Goppa code is specified by a triplet (F, Y,G), where F/Fq is a function field, Y = {P1, . . . , Pn}
is a set of places of degree 1 and G is an arbitrary divisor with no support over any place in Y .
Notice that for any x ∈ L(G), vPi(x) ≥ 0 and therefore x ∈ OPi and x(Pi) ∈ Fq. The triplet
(F, Y,G) specifies the code:

C(Y ;G) = {(x(P1), . . . , x(Pn)) : x ∈ L(G)} ⊆ Fq
n.

Claim 4.8 ([129, Cor II.2.3]). If deg(G) < n then C(Y ;G) is an [n, dim(L(G)), n − deg(G)]

linear code over Fq.

We want the gap between dim(L(G)) and deg(G) to be small. It turns out that for any function
field F/Fq there exists a constant g ∈ N, such that for any divisorG ∈ DF , deg(G)−dim(L(G)) ≤
g − 1. The minimal integer with this property is called the genus of F/Fq. The Riemann-Roch
Theorem says that:

Theorem 4.9 ([129, Thm I.5.17]). If deg(G) ≥ 2g − 1 then dim(L(G)) = deg(G)− g + 1.

This, in particular, allows one to easily compute the dimension of the code when deg(G) >

2g − 2. The only remaining question is whether there are function fields with a large number
N = N(F ) of rational points, and a small genus g. This is addressed in:

Theorem 4.10 (Hasse-Weil bound [129, Thm V.2.3]). Let F/Fq be a function field of genus g.
Then, the number N of places of degree one satisfies N ≤ (q + 1) + 2

√
qg.

The Drinfeld-Vlăduţ bound tells us that when g tends to infinity, the bound can be strengthened
by about a factor of 2, and roughly speaking, N ≤ g(

√
q−1). This is tight for prime power squares

q, and several explicit constructions meet the bound (see [52, Chapter 1]).
In this chapter we look at divisorsGwhose degree is smaller than the genus. Much less is known

about such small-degree divisors. In this regime, dim(L(G)) depends on the divisor G itself, and
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not only on its degree, as is the case when deg(G) > 2g − 2. For some special algebraic function
fields the vector space L(G) (and therefore also its dimension) is known in full. We talk more about
this below.

4.3.2 Concatenating AG codes with Hadamard

We concatenate an outer code with the Hadamard code. If the outer code is an [n1, k1, d]q code
and q is a power of two, then concatenating it with the [q, log(q), q/2]2 Hadamard code gives an
[n = n1q, k = k1 log q]2 code that is ϵ = n1−d

n1
balanced, because non-zero symbols in the outer

code expand by the concatenation to perfectly balanced blocks.1

Using a [q, k1, q − k1 + 1]q Reed-Solomon code as the outer code, one gets an [n = q2, k =

k1 log q]2 code that is ϵ < k1
q balanced. Rearranging parameters, this gives an [n, k]2 ϵ-balanced

code with
n = O((

k

ϵ log(kϵ )
)2). (4.1)

This is one of the constructions in [4].
Taking the outer code to be a [N, dim(G), N−deg(G)]q AG codeC(Y ;G) over Fq and concate-

nating it with Hadmard, we get a [n = Nq, k = dim(G) log q]2 code that is ϵ = deg(G)
N balanced.

We can choose an AG code which uses a curve of genus g with N ≥ g
√
q rational points. Picking

the divisor G to be of degree deg(G) ≥ 2g and setting q = 1
ϵ2

results in

N =
deg(G)

ϵ
≈ dim(G) + g

ϵ
≈ k

ϵ log(1ϵ )
,

where the second equality follows from the Riemann-Roch Theorem. Thus, we get an ϵ-balanced
code of length

n = Nq = O(
k

ϵ3 log(1ϵ )
). (4.2)

In fact, if one takes an AG code over Fq with large genus g ≥ √
q then

N ≥ dim(G)

ϵ
=

k

ϵ log q
and q = Ω(

1

ϵ2
)

and Equation (4.2) is tight. Taking an AG code with a small genus g ≤ √
q is essentially equiva-

lent to taking a Reed-Solomon outer code and cannot be better (up to constant factors) than Equa-

1If q is a power of 2, then the resulting concatenated code is linear. Concatenation is well defined even when q is not
a power of 2. In such a case we embed Fq into F2

⌈log q⌉ using any one-to-one mapping. The resulting (non-linear) code
has essentially the same dimension and distance as in the previous case - the only difference is a small loss due to the fact
that 2⌈log q⌉ is slightly larger than q. From now on we will discuss the simpler case where q is a power of two, keeping in
mind that everything also holds for arbitrary q.
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tion (4.1). In what follows, we show one can improve on both bounds when the AG code has degree
much smaller than the genus.

So we now turn our attention to the case where deg(G) ≤ 2g − 1. In this case dimL(G)
depends on the divisor G and not just its degree. One special case is the case where G = rQ,
r ∈ N and Q is a place of degree 1. For any such r, dimL(rQ) is either equal to dimL((r − 1)Q)

or to dimL((r − 1)Q) + 1. In the former case r is said to be a gap number of Q. Weierstrass
Gap Theorem [129, Thm I.6.7] says that for any place Q there are exactly g = genus(F/Fq) gap
numbers, and they are all in the range [1, 2g − 1].

The non-gap numbers (also called pole numbers) form a semigroup of N (i.e. a set that is closed
under addition). This semigroup is sometimes referred to as the Weierstrass semigroup of Q. We
say a semi-group S is generated by a set of elements {gi}, if each gi ∈ S and, furthermore, every
element s ∈ S can be expressed as s =

∑
aigi with ai ∈ N.

The structure of the Weierstrass semigroup is crucial to our construction. We know that there
are exactly g elements of this semigroup in the range [1, 2g]. If these elements are too concentrated
on the upper side of the range then the behavior of dimL(rQ) will be very similar to the case where
r > 2g − 1. Thus, our goal is to find a function field F that has many places of degree 1, say,
N(F ) ≥ Ω(g

√
q), while at the same time F has a degree 1 place Q with a “good” Weierstrass

semigroup.

4.3.3 The Construction

Let p be a prime power and q = p2. The Hermitian function field over Fq (see [129, Lemma
VI.4.4]) can be represented as the extension field Fq(x, y) of the rational function field Fq(x) with
yp + y = xp+1. This function field has 1+ p3 places of degree one. First, there is the common pole
Q∞ of x and y. Moreover, for each pair (α, β) ∈ Fq with βp + β = αp+1 there is a unique place
Pα,β of degree one such that x(Pα,β) = α and y(Pα,β) = β and we already saw there are p3 such
points. The genus of the Hermitian function field is g = p(p− 1)/2.

For the outer code we take the Goppa code Cr = C(Y,G = rQ∞), where Y is the set of all
degree 1 places Pα,β mentioned above and r = ϵp3. The Weierstrass semigroup of G is generated
by p and p+ 1, and a basis for L(G) = L(rQ∞) is

{
xiyj : j ≤ p− 1 and ip+ j(p+ 1) ≤ r

}
.

The dimension of the code is∣∣{(i, j) : j ≤ p− 1 and ip+ j(p+ 1) ≤ r}
∣∣.
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We can now see the similarity between this construction and the one in Section 4.2. The pa-
rameter r will be chosen such that the constraint j ≤ p − 1 will be nullified. Therefore, both use
evaluations of low degree bivariate polynomials over the same set of p3 points.2

Theorem 4.11. For every k and every ϵ such that ϵ√
log(1/ϵ)

≤ 1√
k

, there exists an explicit [n,Ω(k)]2

code that is ϵ-balanced, with n = O
(

k
ϵ2 log(1/ϵ)

)5/4
.

Proof: For a given k and ϵ, let

p ∈

[
1

2

(
k

ϵ2 log(1/ϵ)

)1/4

,

(
k

ϵ2 log(1/ϵ)

)1/4
]

be a power of two. It can verified that 1
16p4

≤ ϵ ≤ 1
p as

1

p
≥

(
ϵ2 log(1/ϵ)

k

)1/4

≥

(
ϵ2 log(1/ϵ) · ϵ2

log(1ϵ )

)1/4

= ϵ and

ϵ = ϵ2 · 1
ϵ
≥ ϵ2 · log(1

ϵ
) ≥ k

16p4
≥ 1

16p4
,

and so log(1/ϵ) = Θ(log(p)).
Let r = ϵp3 and let Fq be the field with q = p2 elements. Let F denote the Hermitian function

field over Fq and let Y denote its set of places of degree 1, excluding Q∞. This implies that
|Y | = p3. Define the divisor G to be G = rQ∞. Since r ≤ p2,

dimL(rQ∞) ≥ (
r

2(p+ 1)
)2 = Ω(ϵ2p4) = Ω(

k

log(p)
).

By Claim 4.8, the Goppa code that is obtained from the triplet (F, Y,G) is a

[p3,Ω(
k

log(p)
), p3 − r]p2

code. Concatenating this code with Hadamard gives a [p5,Ω(k)]2 code that is ϵ-balanced (since
r
p3

= ϵ). Now, by our choice of p, it follows that

k

ϵ2 log(1ϵ )
= Θ(p4)

2The only slight difference is that in this construction we take all bivariate polynomials with bounded weighted total
degree. However, the weight is nearly identical for both variables and so this does not affect much the parameters of the
construction.
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and therefore n = p5 = O(( k
ϵ2 log( 1

ϵ
)
)5/4) as desired.

4.4 The approach limits

As explained in Section 4.3.1, the genus measures the maximal loss in dimension compared to the
degree. The Drinfeld-Vlăduţ bound implies that the number of evaluation points (which is bounded
by the number of degree one placesN(F )) is at mostO(g

√
q) whenN(F ) ≫ q. In Section 4.3.2 we

saw this implies that when deg(G) > 2g, concatenating the best AG code C(Y ;G) with Hadamard
cannot give ϵ-balanced codes of dimension k and length n = O( k

ϵ3 log(1/ϵ)
).

Our construction shows substantially better results are possible when deg(G) ≪ g. Namely, we
show that there exists a code C(Y ;G) with deg(G) ≪ g such that when this code is concatenated
with Hadamard, it gives a dimension k, ϵ-balanced code of length n = O(( k

ϵ2 log(1/ϵ)
)5/4). It is

therefore natural to ask what are the limits of our approach. More concretely we ask what are the
best codes one can construct concatenating an AG code with a Hadamard code? Let us state the
question precisely. We look at constructions of the following structure:

• An outer AG codeC = C(Y ;G), defined by an algebraic function field F/Fq, a set of rational
points Y and a divisor G ∈ DF with no support over any place in Y .

• An inner Hadamard code.

In the analysis we view C as a [|Y |, dim(G), |Y | − deg(G)]q code, and then the concatenated
code has parameters [|Y |q,dim(G) log(q), 12 − deg(G)

|Y | ]2. Notice that it may be the case that C has
better distance than the so-called designated distance, but as far as we are concerned the analysis
does not take advantage of that, and we take the distance to be |Y | − deg(G).

In this section we prove:

Theorem 4.12. Any ϵ-balanced [n, k]2 code that is constructed and analyzed as above, must have

n ≥ Ω

(
k

ϵ2
·min

{
k

log2(kϵ )
,

1
√
ϵ log(kϵ )

})
.

For the proof we need definitions and theorems about finite extensions of algebraic functions
fields. Specifically, for an extension F of a function field F ′, we use the following notation:

• A place P ∈ PF lying over a place P ′ ∈ PF ′ , denoted by P |P ′, see [129, Def III.1.3],

• The ramification index of P over P ′, denoted by e(P |P ′), see [129, Def III.1.5],

• The conorm of a divisor G′ ∈ DF ′ , denoted by ConF/F ′(G′), see [129, Def III.1.8].
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For more details we refer the reader to [129, Chapter III].

4.4.1 AG theorems about degree vs. dimension

It turns out the above question boils down to the question of whether there are function fields with
many rational points (compared to the genus) and with low-degree divisors (of degree much smaller
than the genus) of high dimension. We start by presenting two AG theorems relating degree to
dimension in the small degree regime (when the degree is smaller than the genus).

The first argument we present shows any divisor with non-trivial dimension must have degree
at least N(F )/(q + 1). The argument was shown to us by Henning Stichtenoth [130].

Lemma 4.13. Let F/Fq be a function field and G ∈ DF a divisor with dim(L(G)) > 1. Then
N(F ) ≤ deg(G) · (q + 1).

Proof: As dim(L(G)) > 1, there exists some x ∈ F \ Fq such that (x) ≥ −G. Fix any such x. In
particular, deg((x)∞) ≤ deg(G). Also, by [129, Thm I.4.11], deg(x)∞ = [F : Fq(x)]. We may
view F as a finite extension over the rational function field Fq(x). Every place of degree 1 of F
lies above some place of degree 1 of Fq(x). There are exactly q + 1 places of degree 1 of Fq(x),
and each one of them may split to at most [F : Fq(x)] places of degree 1 of F (by the fundamental
equality, [129, Thm III.1.11]). Altogether, N(F ) ≤ (q + 1)[F : Fq(x)] = (q + 1) deg(x)∞ ≤
(q + 1) deg(G).

Remark 4.14. Lemma 4.13 only uses the fact thatG is non-trivial. We wonder if one can strengthen
the lemma for divisors G of high dimension. In particular, is it true that if dim(L(G)) > ℓ then
N(F ) ≤ deg(G)·(q+1)

f(ℓ) for some function f that goes to infinity with ℓ ?

We now move to the second theorem. For a set S ⊆ F , where F is a field, let Closure(S)
denote the minimal subfield of F that contains S. Following our work, Voloch [141] showed, based
on Castelnuovo bound, that:

Theorem 4.15 ([141, based on Castelnuovo bound]). Let K be an arbitrary field. Let F/K be a
function field of genus g. Let G ∈ DF be a divisor with degree d+ 1 and dimension ℓ+ 2 such that
Closure(L(G)) = F . Let m = d div ℓ and r = dmod ℓ. Then

g ≤ m(m− 1)ℓ+m(2r + 1),

and, in particular, g ≤ m(m+ 1)ℓ.

Using Theorem 4.15 requires an assumption on the AG code, namely, that the closure of the
Riemann space of the divisor used to define the code is the entire function field F . The following
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lemma, based on private communication with Voloch, shows that this assumption is inessential
when analyzing the rate versus distance problem.

Lemma 4.16. Let K be a finite field, F/K be a function field, G ∈ DF is a divisor. Let C be the
Goppa code of length n, dimension k and designated relative distance δ, specified by some triplet
(F, Y,G). Define a function field F ′ = Closure(L(G)). Then there exists a Goppa code C ′ defined
by a triplet (F ′, Y ′, G′), of length n′ ≤ n, dimension k and designated relative distance δ′ ≥ δ,
such that Closure(L(G′)) = F ′.

Proof: We first define the new triplet (F ′, Y ′, G′).

• We already have that F ′ = Closure(L(G)).

• Next let B = {s1, . . . , sk} be a basis for L(G). Define,

G′′ =
∑

P ′∈PF ′

max
i

{−vP ′(si)} · P ′.

We would like to exchange G′′ with an equivalent divisor that has no support over places of
degree 1. By the Weak Approximation Theorem [129, Thm I.3.1] there exists z ∈ F/K such
that for every place P of degree 1, vP (z) = −vP (G) and we let

G′ = G′′ + (z).

• Define a set Y ′ ⊂ PF ′ by

Y ′ =
{
P ′ ∈ PF ′ : ∃P ∈ Y such that P |P ′

}
.

Observe that since Y consists only of places of degree 1 this is also true for Y ′ (see [129,
Proposition III.1.6]).

Consider the Goppa codeC ′ defined by the triplet (F ′, Y ′, G′). Notice that Y ′ does not intersect
G′ because Y ′ contains only degree 1 places and G′ has no support over degree 1 places. We will
prove:

• The dimension of C ′ is the same as C, i.e., dim(L′F (G′)) = k.

• The length of C ′ is at most the length of C, i.e., n′ = |Y ′| ≤ |Y | = n.
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• The designated relative distance of C ′ is at least as good as in C, i.e.,

δ′ = 1− deg(G′)

|Y ′|
≥ δ.

For the proof we will show:

Claim 4.17.
G ≥ ConF/F ′(G′′).

With that we can prove the three assertions above about C ′:

Dimension: Since LF ′(G′′) ⊆ LF (ConF/F ′(G′′)), it follows that

dim(LF ′(G′′)) ≤ dim(LF (ConF/F ′(G′′))).

Thus, by Claim 4.17,

dim(LF (G)) ≥ dim(LF (ConF/F ′(G′′))) ≥ dim(LF ′(G′′)) ≥ |B| = dim(LF (G)),

and therefore
dim(LF ′(G′′)) = dim(LF (G)) = k.

The claim follows since dim(LF ′(G′)) = dim(LF ′(G′′)) by [129, Lemma I.4.6].

Length: |Y | ≥ |Y ′|, since every place of Y lies over exactly one place of Y ′, see [129, Proposition
III.1.7].

Designated distance: By Claim 4.17, deg(G) ≥ deg(ConF/F ′(G′′)). By [129, Cor III.1.13],

deg(ConF/F ′(G′′)) = [F : F ′] · deg(G′′).

Since deg(G′′) = deg(G′) it follows that

deg(G) ≥ [F : F ′] · deg(G′).

Also, since every place P ′ can split to at most [F : F ′] places in F/K we have

|Y | ≤ |Y ′| · [F : F ′].
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Altogether,

δ′ = 1− deg(G′)

|Y ′|
≥ 1− deg(G)

[F : F ′] · |Y ′|
≥ 1− deg(G)

|Y |
= δ.

We are left with proving Claim 4.17.

Proof of Claim 4.17: By definition, B ⊆ L(G′′), and therefore

F ′ = Closure(L(G)) = Closure(B) ⊆ Closure(L(G′′)),

and Closure(L(G′′)) = F ′.

Also, for any P |P ′ (where P ′ ∈ PF ′ and P ∈ PF ) and for any i,

e(P |P ′) · vP ′(si) = vP (si) ≥ −vP (G),

where the last inequality is simply because si ∈ L(G). Therefore

vP ′(G′′) = max {−vP ′(si)} = max

{
− vP (si)

e(P |P ′)

}
≤ vP (G)

e(P |P ′)
,

and the claim follows from the definition of the conorm.

4.4.2 The bound

We are now ready to prove Theorem 4.12.

Proof of Theorem 4.12: Assume a code is obtained by concatenating the AG code specified by the
triplet (F/Fq, Y,G) with the Hadamard code. Let ℓ = dim(G) and d = deg(G). The AG code
C(Y ;G) is a [|Y |, ℓ]q code, with designated distance |Y | − d. The concatenated code is therefore a

[n = |Y | · q, k = ℓ log(q)]2

code which is ϵ-balanced for
ϵ =

d

|Y |
.

By Lemma 4.16 we can assume without loss of generality that Closure(L(G)) = F .

There are two extreme cases that we handle separately:
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Large base field: If the base field size q is too large the theorem is trivially true. Namely, If q > k
ϵ3

we are done because n ≥ q > k
ϵ3

. We can therefore assume without loss of generality that

q ≤ k

ϵ3
, and,

log(q) = O(log(
k

ϵ
)). (4.3)

Few evaluation points: If the number of evaluation points is about the field size, we are essentially
in the Reed-Solomon case and we are done. Specifically, if |Y | ≤ 4q then

4n = |Y | · 4q ≥ |Y |2 = d2

ϵ2
≥ ℓ2

ϵ2
=

k2

ϵ2 log2(q)
= Ω

(
k2

ϵ2 log2(kϵ )

)
,

and we are done. We can therefore assume without loss of generality that

|Y | > 4q.

This also implies that
√
q < g since by Theorem 4.10, |Y | ≤ N(F ) ≤ q + 1 + 2g

√
q. We

can therefore conclude (again, by Theorem 4.10) that

N(F ) ≤ 4g
√
q. (4.4)

Let m = d div ℓ ≥ 1. By Theorem 4.15, g ≤ 2m2ℓ, and by Eq (4.4), N(F ) ≤ 8m2ℓ
√
q. Thus,

n = |Y | · q = N(F ) · |Y | · q
N(F )

≥ N(F ) · |Y | · q
8m2ℓ

√
q

.

Substituting m ≤ d/ℓ and d = ϵ|Y | we see that

n ≥
N(F ) · √q · ℓ

8ϵ2|Y |
.

Substituting ℓ = k
log(q) and using N(F ) > |Y |,

n ≥
√
q · k

8ϵ2 log(q)
= Ω

( √
q · k

ϵ2 log(kϵ )

)
,

where the last equality follows from Eq (4.3). To finish the argument notice that by Lemma 4.13,
N(F ) ≤ d(q + 1). This implies d

ϵ = |Y | ≤ d(q + 1) and ϵ ≥ 1
q+1 , hence, n = Ω( k

ϵ2.5 log( k
ϵ
)
).
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4.4.3 An open problem

Can one strengthen the above lower bound to match the parameters given in Section 4.3? More
specifically we ask whether it is possible to get a concatenated code with n = Õ( k

ϵ2.5
), where the

Õ notation is used to hide poly-logarithmic factors in q (or equivalently in k and ϵ). We know the
following:

• n = Õ(k
2

ϵ2
) implies N(F ) = Ω̃(qm2). (We already saw that in the proof of Theorem 4.12.)

• A similar calculation shows n = Õ( k
ϵ2.5

) implies N(F ) = Ω̃(q2/3m5/3ℓ).

We also know two upper bounds on N(F ), namely:

• N(F ) = Õ(qmℓ) (follows from N(F ) ≤ d(q + 1)), and,

• N(F ) = Õ(q1/2m2ℓ) (since we can assume N(F ) ≥ 2(q + 1), as explained in the proof of
Theorem 4.12).

Solving the constraints we get m = Θ̃(
√
q). We thus see that the approach can lead to codes with

n = Õ( k
ϵ2.5

) if and only if the following question has a positive answer:

Open Problem 4.18. Given a prime power q and an integer d = Õ(q) is there an algebraic function
field F/Fq with Ω̃(q2) places of degree one, and a divisor G such that deg(G) = d and dim(G) ≥
Õ( d√

q ).

One might suspect such a high dimension, low-degree divisor does not exist. However, Theo-
rem 4.15 and Lemma 4.13 are not strong enough to disprove it. We remark that the lower bound
could be improved, if Lemma 4.13 could be strengthened to use the high-dimension of G, as sug-
gested in Remark 4.14.



Chapter 5

A Hypercontractive Inequality for
Matrix-Valued Functions

Our results in this chapter are:

• deriving a hypercontractive inequality for matrix-valued functions, using the inequality of
Ball, Carlen, and Lieb [11];

• using it to show the function F : {0, 1}n ×
([n]
k

)
→ {0, 1} defined by F (x, S) =

⊕
i∈S xi is

a strong extractor against quantum storage;

• using the result on F to obtain a bound on k-out-of-n random access codes;

• obtaining a direct product theorem for one-way quantum communication complexity (using
the bound on k-out-of-n random access codes);

• giving an alternative proof of the fact that error-correcting codes that are locally decodable
with 2 queries require length exponential in the length of the encoded string.

5.1 Introduction

5.1.1 A hypercontractive inequality for matrix-valued functions

Fourier analysis of real-valued functions on the Boolean cube has been widely used in the the-
ory of computing. Applications include analyzing the influence of variables on Boolean func-
tions [77], probabilistically-checkable proofs and associated hardness of approximation [63], anal-
ysis of threshold phenomena [78], noise stability [102, 111], voting schemes [113], learning under
the uniform distribution [95, 97, 72, 103], communication complexity [117, 82, 53], etc.

93
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One of the main technical tools in this area is a hypercontractive inequality that is sometimes
called the Bonami-Beckner inequality [31, 14], though its history would also justify other names
(see Lecture 16 of [112] for some background and history). For a fixed ρ ∈ [0, 1], consider the
linear operator Tρ on the space of all functions f : {0, 1}n → R defined by

(Tρ(f))(x) = Ey[f(y)],

where the expectation is taken over y obtained from x by negating each bit independently with
probability (1 − ρ)/2. In other words, the value of Tρ(f) at a point x is obtained by averaging
the values of f over a certain neighborhood of x. One important property of Tρ for ρ < 1 is
that it has a “smoothing” effect: any “high peaks” present in f are smoothed out in Tρ(f). The
hypercontractive inequality formalizes this intuition. To state it precisely, define the p-norm of a
function f by ∥f∥p = ( 1

2n
∑

x |f(x)|p)1/p. It is not difficult to prove that the norm is nondecreasing
with p. Also, the higher p is, the more sensitive the norm becomes to peaks in the function f . The
hypercontractive inequality says that for certain q > p, the q-norm of Tρ(f) is upper bounded by the
p-norm of f . This exactly captures the intuition that Tρ(f) is a smoothed version of f : even though
we are considering a higher norm, the norm does not increase. More precisely, the hypercontractive
inequality says that as long as 1 ≤ p ≤ q and ρ ≤

√
(p− 1)/(q − 1), we have

∥Tρ(f)∥q ≤ ∥f∥p. (5.1)

The most interesting case for us is when q = 2, since in this case one can view the inequality as
a statement about the Fourier coefficients of f , as we describe next. Let us first recall some basic
definitions from Fourier analysis. For every S ⊆ [n] (which by some abuse of notation we will also
view as an n-bit string) and x ∈ {0, 1}n, define χS(x) = (−1)x·S to be the parity of the bits of x
indexed by S. The Fourier transform of a function f : {0, 1}n → R is the function f̂ : {0, 1}n → R
defined by

f̂(S) =
1

2n

∑
x∈{0,1}n

f(x)χS(x).

The values f̂(S) are called the Fourier coefficients of f . The coefficient f̂(S) may be viewed as
measuring the correlation between f and the parity function χS . Since the functions χS form an
orthonormal basis of the space of all functions from {0, 1}n to R, we can express f in terms of its
Fourier coefficients as

f =
∑
S⊆[n]

f̂(S)χS . (5.2)
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Using the same reasoning we obtain Parseval’s identity,

∥f∥2 =

∑
S⊆[n]

f̂(S)2

1/2

.

The operator Tρ has a particularly elegant description in terms of the Fourier coefficients. Namely,
it simply multiplies each Fourier coefficient f̂(S) by a factor of ρ|S|:

Tρ(f) =
∑
S⊆[n]

ρ|S|f̂(S)χS .

The higher |S| is, the stronger the Fourier coefficient f̂(S) is “attenuated” by Tρ. Using Parseval’s
identity, we can now write the hypercontractive inequality (5.1) for the case q = 2 as follows. For
every p ∈ [1, 2], ( ∑

S⊆[n]

(p− 1)|S|f̂(S)2

)1/2

≤

(
1

2n

∑
x∈{0,1}n

|f(x)|p
)1/p

. (5.3)

This gives an upper bound on a weighted sum of the squared Fourier coefficients of f , where each
coefficient is attenuated by a factor (p−1)|S|. We are interested in generalizing this hypercontractive
inequality to matrix-valued functions. Let M be the space of d× d complex matrices and suppose
we have a function f : {0, 1}n → M. For example, a natural scenario where this arises is in
quantum information theory, if we assign to every x ∈ {0, 1}n some m-qubit density matrix f(x)
(so d = 2m). We define the Fourier transform f̂ of a matrix-valued function f exactly as before:

f̂(S) =
1

2n

∑
x∈{0,1}n

f(x)χS(x).

The Fourier coefficients f̂(S) are now also d× d matrices. An equivalent definition is by applying
the standard Fourier transform to each i, j-entry separately: f̂(S)ij = f̂(·)ij(S). This extension
of the Fourier transform to matrix-valued functions is quite natural, and has also been used in,
e.g., [106, 48].

Our main tool, which we prove in Section 5.3, is an extension of the hypercontractive inequality
to matrix-valued functions. For M ∈ M with singular values σ1, . . . , σd, we define its (normalized
Schatten) p-norm as ∥M∥p = ( 1d

∑d
i=1 σ

p
i )

1/p.
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Theorem 5.1. For every f : {0, 1}n → M and 1 ≤ p ≤ 2,( ∑
S⊆[n]

(p− 1)|S|
∥∥f̂(S)∥∥2

p

)1/2

≤

(
1

2n

∑
x∈{0,1}n

∥f(x)∥pp

)1/p

.

This is the analogue of Eq. (5.3) for matrix-valued functions, with p-norms replacing absolute
values. The case n = 1 can be seen as a geometrical statement that extends the familiar parallelo-
gram law in Euclidean geometry and is closely related to the notion of uniform convexity. This case
was first proven for certain values of p by Tomczak-Jaegermann [134] and then in full generality
by Ball, Carlen, and Lieb [11]. Among its applications are the work of Carlen and Lieb on fermion
fields [36], and the more recent work of Lee and Naor on metric embeddings [92].

To the best of our knowledge, the general case n ≥ 1 has not appeared before.1 Its proof
is not difficult, and follows by induction on n, similar to the proof of the usual hypercontractive
inequality.2 Although one might justly regard Theorem 5.1 as a “standard” corollary of the result by
Ball, Carlen, and Lieb, such “tensorized inequalities” tend to be extremely useful (see, e.g., [30, 58])
and we believe that the matrix-valued hypercontractive inequality will have more applications in the
future.

5.1.2 Application: k-out-of-n random access codes

Our main application of Theorem 5.1 is for the following information-theoretic problem. Recall
that a k-out-of-n quantum random access code is a way to encode an n-bit string x into m qubits,
in such a way that for any set S ⊆ [n] of k indices, the k-bit substring xS can be recovered with
probability at least p by making an appropriate measurement on the encoding. We are allowed to use
probabilistic encodings here, so the encoding need not be a function mapping x to a fixed quantum
pure state.

We are interested in the tradeoff between the length m of the quantum random access code,
and the success probability p. Clearly, if m ≥ n then we can just use the identity encoding to
obtain p = 1. If m < n then by Holevo’s theorem [67] our encoding will be “lossy”, and p will
be less than 1. The case k = 1 was first studied by Ambainis et al. [8], who showed that if p is
bounded away from 1/2, thenm = Ω(n/ log n). Nayak [105] subsequently strengthened this bound
to m ≥ (1 − H(p))n, where H(·) is the binary entropy function. This bound is optimal up to an

1A different generalization of the Bonami-Beckner inequality was given by Borell [32]. His generalization, however,
is an easy corollary of the Bonami-Beckner inequality and is therefore relatively weak (although it does apply to any
Banach space, and not just to the space of matrices with the Schatten p-norm).

2We remark that Carlen and Lieb’s proof in [36] also uses induction and has some superficial resemblance to the proof
given here. Their induction, however, is on the dimension of the matrices (or more precisely, the number of fermions),
and moreover leads to an entirely different inequality.
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additive log n term both for classical and quantum encodings. The intuition of Nayak’s proof is that,
for average i, the encoding only containsm/n < 1 bits of information about the bit xi, which limits
our ability to predict xi given the encoding.

Now suppose that k > 1, and m is much smaller than n. Clearly, for predicting one specific
bit xi, with i uniformly chosen, Nayak’s result applies, and we will have a success probability that
is bounded away from 1. But intuitively this should apply to each of the k bits that we need to
predict. Moreover, these k success probabilities should not be very correlated, so we expect an
overall success probability that is exponentially small in k. Nayak’s proof does not generalize to
the case k ≫ 1 (or at least, we do not know how to do it). The reason it fails is the following.
Suppose we probabilistically encode x ∈ {0, 1}n as follows: with probability 1/4 our encoding is
x itself, and with probability 3/4 our encoding is the empty string. Then the average length of the
output (and hence the entropy or amount of information in the encoding) is only n/4 bits, or 1/4
bit for an average xi. Yet from this encoding one can predict all of x with success probability 1/4!
Hence, if we want to prove our intuition, we should make use of the fact that the encoding is al-
ways confined to a 2m-dimensional space (a property which the above example lacks). Arguments
based on von Neumann entropy, such as the one of [105], do not seem capable of capturing this
condition (however, a min-entropy argument recently enabled König and Renner to prove a closely
related but incomparable result, see below). The new hypercontractive inequality offers an alterna-
tive approach—in fact the only alternative approach to entropy-based methods that we are aware
of in quantum information. Applying the inequality to the matrix-valued function that gives the
encoding implies p ≤ 2−Ω(k) if m≪ n. More precisely:

Theorem 5.2. For any η > 2 ln 2 there exists a constant Cη such that if n/k is large enough then
for any k-out-of-n quantum random access code on m qubits, the success probability satisfies

p ≤ Cη

(
1

2
+

1

2

√
ηm

n

)k

.

In particular, the success probability is exponentially small in k if m/n < 1/(2 ln 2) ≈ 0.721.
Notice that for very smallm/n the bound on p gets close to 2−k, which is what one gets by guessing
the k-bit answer randomly. We also obtain bounds if k is close to n, but these are a bit harder to state.
Luckily, in all our applications we are free to choose a small enough m. We note that in contrast to
Nayak’s approach, our proof does not use the strong subadditivity of von Neumann entropy.

We mention that much after the publication of our results in [18, 19] our bound on random
access codes was improved by De and Vidick [41].
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The classical case. We now give a few comments regarding the special case of classical (prob-
abilistic) m-bit encodings. First, in this case the encodings are represented by diagonal matri-
ces. For such matrices, the base case n = 1 of Theorem 5.1 can be derived directly from the
Bonami-Beckner inequality, without requiring the full strength of the Ball-Carlen-Lieb inequality
(see [11] for details). Alternatively, one can derive Theorem 5.2 in the classical case directly from
the Bonami-Beckner inequality by conditioning on a fixed m-bit string of the encoding (this step
is already impossible in the quantum case) and then analyzing the resulting distribution on {0, 1}n.
This proof is very similar to the one we give in Section 5.4 (and in fact slightly less elegant due to
the conditioning step) and we therefore omit the details.

Interestingly, in the classical case there is a simpler argument that avoids Bonami-Beckner alto-
gether. This argument was used in [140] and was communicated to us by the authors of that paper.
We briefly sketch it here. Suppose we have a classical (possibly randomized) m-bit encoding that
allows to recover any k-bit set with probability at least p using a (possibly randomized) decoder.
By Yao’s minimax principle, there is a way to fix the randomness in both the encoding and de-
coding procedures, such that the probability of succeeding in recovering all k bits of a randomly
chosen k-set from an encoding of a uniformly random x ∈ {0, 1}n is at least p. So now we have
deterministic encoding and decoding, but there is still randomness in the input x. Call an x “good”
if the probability of the decoding procedure being successful on a random k-tuple is at least p/2
(given the m-bit encoding of that x). By Markov’s inequality, at least a p/2-fraction of the inputs
x are good. Now consider the following experiment. Given the encoding of a uniform x, we take
ℓ = 100n/k uniformly and independently chosen k-sets and apply the decoding procedure to all of
them. We then output an n-bit string with the “union” of all the answers we received (if we received
multiple contradictory answers for the same bit, we can put either answer there), and random bits
for the positions that are not in the union. With probability p/2, x is good. Conditioned on this,
with probability at least (p/2)ℓ all our decodings are correct. Moreover, except with probability
2−Ω(n), the union of our ℓ k-sets is of size at least 0.9n. The probability of guessing the remaining
n/10 bits right is 2−n/10. Therefore the probability of successfully recovering all of x is at least
(p/2) · ((p/2)ℓ−2−Ω(n)) ·2−n/10. A simple counting argument shows that this is impossible unless
p ≤ 2−Ω(k) or m is close to n. This argument does not work for quantum encodings, of course,
because these cannot just be reused (a quantum measurement changes the state).

The König-Renner result. Independently but subsequent to our work (which first appeared on the
arxiv preprint server in May 2007), König and Renner [86] used sophisticated quantum information
theoretic arguments to show a result with a similar flavor to ours. Each of the results is tuned for
different scenarios. In particular, the results are incomparable, and our applications to direct product
theorems do not follow from their result, nor do their applications follow from our result. We briefly
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describe their result and explain the distinction between the two.

Let X = X1, . . . , Xn be classical random variables, not necessarily uniformly distributed or
even independent. Suppose that each Xi ∈ {0, 1}b. Suppose further that the “smooth min-entropy
of X relative to a quantum state ρ” is at least some number h (see [86] for the precise definitions,
which are quite technical). If we randomly pick r distinct indices i1, . . . , ir, then intuitively the
smooth min-entropy of X ′ = Xi1 , . . . , Xir relative to ρ should not be much smaller than hr/n.
König and Renner show that if b is larger than n/r then this is indeed the case, except with prob-
ability exponentially small in r. Note that they are picking b-bit blocks Xi1 , . . . , Xir instead of
individual bits, but this can also be viewed as picking (not quite uniformly) k = rb bits from a
string of nb bits.

On the one hand, the constants in their bounds are essentially optimal, while ours are a factor
2 ln 2 off from what we expect they should be. Also, while they need very few assumptions on the
random variables X1, . . . , Xn and on the quantum encoding, we assume the random variables are
uniformly distributed bits, and our quantum encoding is confined to a 2m-dimensional space. We
can in fact slightly relax both the assumption on the input and the encoding, but do not discuss these
relaxations since they are of less interest to us. Finally, their result still works if the indices i1, . . . , ir
are not sampled uniformly, but are sampled in some randomness-efficient way. This allows them
to obtain efficient key-agreement schemes in a cryptographic model where the adversary can only
store a bounded number of quantum bits.

On the other hand, our result works even if only a small number of bits is sampled, while
theirs only kicks in when the number of bits being sampled (k = rb) is at least the square-root of
the total number of bits nb. This is not very explicit in their paper, but can be seen by observing
that the parameter κ = n/(rb) on page 8 and in Corollary 6.19 needs to be at most a constant
(whence the assumption that b is larger than n/r). So the total number of bits is nb = O(rb2) =

O(r2b2) = O(k2). Since we are interested in small as well as large k, this limitation of their
approach is significant. A final distinction between the results is in the length of the proof. While
the information-theoretic intuition in their paper is clear and well-explained, the details get to be
quite technical, resulting in a proof which is significantly longer than ours.

5.1.3 Application: Direct product theorem for one-way quantum communication
complexity

Our result for k-out-of-n random access codes has the flavor of a direct product theorem: the success
probability of performing a certain task on k instances (i.e., k distinct indices) goes down exponen-
tially with k. In Section 5.5, we use this to prove a new strong direct product theorem for one-way
communication complexity.
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Consider the 2-party Disjointness function: Alice receives input x ∈ {0, 1}n, Bob receives input
y ∈ {0, 1}n, and they want to determine whether the sets represented by their inputs are disjoint,
i.e. whether xiyi = 0 for all i ∈ [n]. They want to do this while communicating as few qubits as
possible (allowing some small error probability, say 1/3). We can either consider one-way protocols,
where Alice sends one message to Bob who then computes the output; or two-way protocols, which
are interactive. The quantum communication complexity of Disjointness is fairly well understood: it
is Θ(n) qubits for one-way protocols [34], and Θ(

√
n) qubits for two-way protocols [33, 70, 1, 118].

Now consider the case of k independent instances: Alice receives inputs x1, . . . , xk (each of n
bits), Bob receives y1, . . . , yk, and their goal is to compute all k bits DISJn(x1, y1), . . . ,DISJn(xk, yk).
Klauck et al. [83] proved an optimal direct product theorem for two-way quantum communication:
every protocol that communicates fewer than αk

√
n qubits (for some small constant α > 0) will

have a success probability that is exponentially small in k. Surprisingly, prior to our work no strong
direct product theorem was known for the usually simpler case of one-way communication. In
Section 5.5 we derive such a theorem from our k-out-of-n random access code lower bound: if
η > 2 ln 2, then every one-way quantum protocol that sends fewer than kn/η qubits will have
success probability at most 2−Ω(k).

These results can straightforwardly be generalized to get a bound for all functions in terms of
their VC-dimension. If f has VC-dimension d, then any one-way quantum protocol for computing
k independent copies of f that sends kd/η qubits, has success probability 2−Ω(k). For simplicity,
Section 5.5 only presents the case of Disjointness. Finally, by the work of Beame et al. [13], such
direct product theorems imply lower bounds on 3-party protocols where the first party sends only
one message. We elaborate on this in Section 5.6.

5.1.4 Application: Locally decodable codes

A locally decodable error-correcting code (LDC) C : {0, 1}n → {0, 1}N encodes n bits into N
bits, in such a way that each encoded bit can be recovered from a noisy codeword by a random-
ized decoder that queries only a small number q of bit-positions in that codeword. Such codes
have applications in a variety of different complexity-theoretic and cryptographic settings; see for
instance Trevisan’s survey and the references therein [136]. The main theoretical issue in LDCs is
the tradeoff between q and N . The best known constructions of LDCs with constant q have a length
N that is sub-exponential in n but still superpolynomial [146, 47]. On the other hand, the only
superpolynomial lower bound known for general LDCs is the tight bound N = 2Ω(n) for q = 2

due to Kerenidis and de Wolf [81] (generalizing an earlier exponential lower bound for linear codes
by [54]). Rather surprisingly, the proof of [81] relied heavily on techniques from quantum informa-
tion theory: despite being a result purely about classical codes and classical decoders, the quantum
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perspective was crucial for their proof. In particular, they show that the two queries of a classical
decoder can be replaced by one quantum query, then they turn this quantum query into a random
access code for the encoded string x, and finally invoke Nayak’s lower bound for quantum random
access codes.

In Section 5.7 we reprove an exponential lower bound onN for the case q = 2 without invoking
any quantum information theory: we just use classical reductions, matrix analysis, and the hyper-
contractive inequality for matrix-valued functions. Hence it is a classical (non-quantum) proof as
asked for by Trevisan [136, Open question 3 in Section 3.6]. It should be noted that this new proof
is still quite close in spirit (though not terminology) to the quantum proof of [81]. This is not too
surprising given the fact that the proof of [81] uses Nayak’s lower bound on random access codes,
generalizations of which follow from the hypercontractive inequality. We discuss the similarities
and differences between the two proofs in Section 5.7.

We feel the merit of this new approach is not so much in giving a partly new proof of the
known lower bound on 2-query LDCs, but in its potential application to codes with more than 2
queries. Recently Efremenko [47] building on Yekhanin [146] constructed 3-query LDCs with
N = 22

√
logn log logn

. For q = 3, the best known lower bounds on N are slightly less than n2 [80, 81,
145]. Despite considerable effort, this gap still looms large. Our hope is that our approach can be
generalized to 3 or more queries. Specifically, what we would need is a generalization of tensors of
rank 2 (i.e., matrices) to tensors of rank q; an appropriate tensor norm; and a generalization of the
hypercontractive inequality from matrix-valued to tensor-valued functions.

5.2 Preliminaries

Norms: Recall that we define the p-norm of a d-dimensional vector v by

∥v∥p =

(
1

d

d∑
i=1

|vi|p
)1/p

.

We extend this to matrices by defining the (normalized Schatten) p-norm of a matrix A ∈ Cd×d as

∥A∥p =
(
1

d
Tr|A|p

)1/p

.

This is equivalent to the p-norm of the vector of singular values of A. For diagonal matrices this
definition coincides with the one for vectors. For convenience we defined all norms to be under the
normalized counting measure, even though for matrices this is nonstandard. The advantage of the
normalized norm is that it is nondecreasing with p. We also define the trace norm ∥A∥tr of a matrix
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A as the sum of its singular values, hence we have ∥A∥tr = d∥A∥1 for any d× d matrix A.

Quantum states: An m-qubit pure state is a superposition |ϕ⟩ =
∑

z∈{0,1}m αz|z⟩ over all clas-
sical m-bit states. The αz’s are complex numbers called amplitudes, and

∑
z |αz|2 = 1. Hence a

pure state |ϕ⟩ is a unit vector in C2m . Its complex conjugate (a row vector with entries conjugated)
is denoted ⟨ϕ|. The inner product between |ϕ⟩ =

∑
z αz|z⟩ and |ψ⟩ =

∑
z βz|z⟩ is the dot product

⟨ϕ| · |ψ⟩ = ⟨ϕ|ψ⟩ =
∑

z α
∗
zβz . An m-qubit mixed state (or density matrix) ρ =

∑
i pi|ϕi⟩⟨ϕi| cor-

responds to a probability distribution over m-qubit pure states, where |ϕi⟩ is given with probability
pi. The eigenvalues λ1, . . . , λd of ρ are non-negative reals that sum to 1, so they form a probability
distribution. If ρ is pure then one eigenvalue is 1 while all others are 0. Hence for any p ≥ 1, the
maximal p-norm is achieved by pure states:

∥ρ∥pp =
1

d

d∑
i=1

λpi ≤
1

d

d∑
i=1

λi =
1

d
. (5.4)

A k-outcome positive operator-valued measurement (POVM) is given by k positive semidefinite
operators E1, . . . , Ek with the property that

∑k
i=1Ei = I . When this POVM is applied to a mixed

state ρ, the probability of the ith outcome is given by the trace Tr(Eiρ). The following well known
fact gives the close relationship between trace distance and distinguishability of density matrices:

Fact 5.3. The best possible measurement to distinguish two density matrices ρ0 and ρ1 has bias
1
2∥ρ0 − ρ1∥tr.

Here “bias” is defined as twice the success probability, minus 1. We refer to Nielsen and
Chuang [108] for more details.

5.3 The hypercontractive inequality for matrix-valued functions

Here we prove Theorem 5.1. The proof relies on the following powerful inequality by Ball et
al. [11] (they state this inequality for the usual unnormalized Schatten p-norm, but both statements
are clearly equivalent).

Lemma 5.4. ([11, Theorem 1]) For any matrices A,B and any 1 ≤ p ≤ 2, it holds that(∥∥∥∥A+B

2

∥∥∥∥2
p

+ (p− 1)

∥∥∥∥A−B

2

∥∥∥∥2
p

)1/2

≤

(
∥A∥pp + ∥B∥pp

2

)1/p

.
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Theorem 5.1. For any f : {0, 1}n → M and for any 1 ≤ p ≤ 2,( ∑
S⊆[n]

(p− 1)|S|
∥∥f̂(S)∥∥2

p

)1/2

≤

(
1

2n

∑
x∈{0,1}n

∥f(x)∥pp

)1/p

.

Proof: By induction. The case n = 1 follows from Lemma 5.4 by settingA = f(0) andB = f(1),
and noting that (A+B)/2 and (A−B)/2 are exactly the Fourier coefficients f̂(0) and f̂(1).

We now assume the lemma holds for n and prove it for n+1. Let f : {0, 1}n+1 → M be some
matrix-valued function. For i ∈ {0, 1}, let gi = f |xn+1=i be the function obtained by fixing the last
input bit of f to i. We apply the induction hypothesis on g0 and g1 to obtain∑

S⊆[n]

(p− 1)|S|∥ĝ0(S)∥2p

1/2

≤

 1

2n

∑
x∈{0,1}n

∥g0(x)∥pp

1/p

∑
S⊆[n]

(p− 1)|S|∥ĝ1(S)∥2p

1/2

≤

 1

2n

∑
x∈{0,1}n

∥g1(x)∥pp

1/p

.

Take the Lp average of these two inequalities: raise each to the pth power, average them and take
the pth root. We get1

2

∑
i∈{0,1}

∑
S⊆[n]

(p− 1)|S|∥ĝi(S)∥2p

p/2


1/p

≤

 1

2n+1

∑
x∈{0,1}n

(
∥g0(x)∥pp + ∥g1(x)∥pp

)1/p

(5.5)

=

 1

2n+1

∑
x∈{0,1}n+1

∥f(x)∥pp

1/p

.

The right-hand side is the expression we wish to lower bound. To bound the left-hand side, we
need the following inequality (to get a sense of why this holds, consider the case where q1 = 1 and
q2 = ∞).

Lemma 5.5 (Minkowski’s inequality, [60, Theorem 26]). For any r1 × r2 matrix whose rows are
given by u1, . . . , ur1 and whose columns are given by v1, . . . , vr2 , and any 1 ≤ q1 < q2 ≤ ∞,∥∥∥(∥v1∥q2 , . . . , ∥vr2∥q2)∥∥∥q1 ≥

∥∥∥(∥u1∥q1 , . . . , ∥ur1∥q1)∥∥∥q2 ,
i.e., the value obtained by taking the q2-norm of each column and then taking the q1-norm of the
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results, is at least that obtained by first taking the q1-norm of each row and then taking the q2-norm
of the results.

Consider now the 2n × 2 matrix whose entries are given by

cS,i = 2n/2
∥∥∥(p− 1)|S|/2ĝi(S)

∥∥∥
p

where i ∈ {0, 1} and S ⊆ [n]. The left-hand side of (5.5) is then1

2

∑
i∈{0,1}

 1

2n

∑
S⊆[n]

c2S,i

p/2


1/p

≥

 1

2n

∑
S⊆[n]

1

2

∑
i∈{0,1}

cpS,i

2/p


1/2

=

∑
S⊆[n]

(p− 1)|S|

(
∥ĝ0(S)∥pp + ∥ĝ1(S)∥pp

2

)2/p
1/2

,

where the inequality follows from Lemma 5.5 with q1 = p, q2 = 2. We now apply Lemma 5.4 to
deduce that the above is lower bounded by∑

S⊆[n]

(p− 1)|S|

(∥∥∥∥ ĝ0(S) + ĝ1(S)

2

∥∥∥∥2
p

+ (p− 1)

∥∥∥∥ ĝ0(S)− ĝ1(S)

2

∥∥∥∥2
p

)1/2

=

 ∑
S⊆[n+1]

(p− 1)|S|
∥∥f̂(S)∥∥2

p

1/2

where we used f̂(S) = 1
2(ĝ0(S)+ ĝ1(S)) and f̂(S∪{n+ 1}) = 1

2(ĝ0(S)− ĝ1(S)) for any S ⊆ [n].

5.4 Bounds for k-out-of-n quantum random access codes

In this section we prove Theorem 5.2. Recall that a k-out-of-n random access code allows us to
encode n bits into m qubits, such that we can recover any k-bit substring with probability at least p.
We now define this notion formally. In fact, we consider a somewhat weaker notion where we only
measure the success probability for a random k subset, and a random input x ∈ {0, 1}n. Since we
only prove impossibility results, this clearly makes our results stronger.

Definition 5.6. A k-out-of-n quantum random access code on m qubits with success probability p
(for short (k, n,m, p)-QRAC), is a map

f : {0, 1}n → C2m×2m
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that assigns an m-qubit density matrix f(x) to every x ∈ {0, 1}n, and a quantum measurement
{MS,z}z∈{0,1}k to every set S ∈

([n]
k

)
, with the property that

Ex,S [Tr(MS,xS
· f(x))] ≥ p,

where the expectation is taken over a uniform choice of x ∈ {0, 1}n and S ∈
([n]
k

)
, and xS denotes

the k-bit substring of x specified by S.

In order to prove Theorem 5.2, we introduce another notion of QRAC, which we call XOR-
QRAC. Here, the goal is to predict the XOR of the k bits indexed by S (as opposed to guessing all
the bits in S). Since one can always predict a bit with probability 1

2 , it is convenient to define the
bias of the prediction as ε = 2p − 1 where p is the probability of a correct prediction. Hence a
bias of 1 means that the prediction is always correct, whereas a bias of −1 means that it is always
wrong. The advantage of dealing with an XOR-QRAC is that it is easy to express the best achievable
prediction bias without any need to introduce measurements. Namely, if f : {0, 1}n → C2m×2m is
the encoding function, then the best achievable bias in predicting the XOR of the bits in S (over a
random {0, 1}n) is exactly half the trace distance between the average of f(x) over all x with the
XOR of the bits in S being 0 and the average of f(x) over all x with the XOR of the bits in S being
1. Using our notation for Fourier coefficients, this can be written simply as

∥∥f̂(S)∥∥
tr
.

Definition 5.7. A k-out-of-n XOR quantum random access code on m qubits with bias ε (for short
(k, n,m, ε)-XOR-QRAC), is a map

f : {0, 1}n → C2m×2m

that assigns an m-qubit density matrix f(x) to every x ∈ {0, 1}n and has the property that

E
S∼([n]

k )

[∥∥f̂(S)∥∥
tr

]
≥ ε.

Our new hypercontractive inequality allows us to easily derive the following key lemma:

Lemma 5.8. Let f : {0, 1}n → C2m×2m be any mapping from n-bit strings to m-qubit density
matrices. Then for any 0 ≤ δ ≤ 1, we have∑

S⊆[n]

δ|S|
∥∥f̂(S)∥∥2

tr
≤ 22δm.
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Proof: Let p = 1 + δ. On one hand, by Theorem 5.1 and Eq. (5.4) we have

∑
S⊆[n]

(p− 1)|S|
∥∥f̂(S)∥∥2

p
≤
(

1

2n

∑
x∈{0,1}n

∥∥f(x)∥∥p
p

)2/p

≤
(

1

2n
· 2n · 1

2m

)2/p

= 2−2m/p.

On the other hand, by norm monotonicity we have∑
S⊆[n]

(p− 1)|S|
∥∥f̂(S)∥∥2

p
≥

∑
S⊆[n]

(p− 1)|S|
∥∥f̂(S)∥∥2

1
= 2−2m

∑
S⊆[n]

(p− 1)|S|
∥∥f̂(S)∥∥2

tr
.

By rearranging we have∑
S⊆[n]

(p− 1)|S|
∥∥f̂(S)∥∥2

tr
≤ 22m(1−1/p) ≤ 22m(p−1),

as required.

The following is our main theorem regarding XOR-QRAC. In particular it shows that if k =

o(n) and m/n < 1/(2 ln 2) ≈ 0.721, then the bias will be exponentially small in k.

Theorem 5.9. For any (k, n,m, ε)-XOR-QRAC we have the following bound on the bias

ε ≤
(
(2e ln 2)m

k

)k/2(n
k

)−1/2
.

In particular, for any η > 2 ln 2 there exists a constant Cη such that if n/k is large enough then for
any (k, n,m, ε)-XOR-QRAC,

ε ≤ Cη

(ηm
n

)k/2
.

Proof: Apply Lemma 5.8 with δ = k
(2 ln 2)m and only take the sum on S with |S| = k. This gives

E
S∼([n]

k )

[∥∥f̂(S)∥∥2
tr

]
≤ 22δmδ−k

(
n

k

)−1
=

(
(2e ln 2)m

k

)k (n
k

)−1
.

The first bound on ε now follows by convexity (Jensen’s inequality). To derive the second bound,
approximate

(
n
k

)
using Stirling’s approximation n! = Θ(

√
n(n/e)n):

(
n

k

)
=

n!

k!(n− k)!
= Θ

(√
n

k(n− k)

(n
k

)k (
1 +

k

n− k

)n−k
)
.

Now use the fact that for large enough n/k we have (1 + k/(n − k))(n−k)/k > (2e ln 2)/η, and
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notice that the factor
√
n/k(n− k) ≥

√
1/k can be absorbed by this approximation.

We now derive Theorem 5.2 from Theorem 5.9.

Proof of Theorem 5.2: Consider a (k, n,m, p)-QRAC, given by encoding function f and measure-
ments {MT,z}z∈{0,1}k for all T ∈

([n]
k

)
. Define pT (w) = Ex [Pr[z ⊕ xT = w]] as the distribution

on the “error vector” w ∈ {0, 1}k of the measurement outcome z ∈ {0, 1}k when applying {MT,z}.
By definition, we have that p ≤ ET [pT (0

k)].
Now suppose we want to predict the parity of the bits of some set S of size at most k. We can

do this as follows: uniformly pick a set T ∈
([n]
k

)
that contains S, measure f(x) with {MT,z}, and

output the parity of the bits corresponding to S in the measurement outcome z. Note that our output
is correct if and only if the bits corresponding to S in the error vector w have even parity. Hence the
bias of our output is

βS = ET :T⊇S

 ∑
w∈{0,1}k

pT (w)χS(w)

 = 2k ET :T⊇S [p̂T (S)] .

(We slightly abuse notation here by viewing S both as a subset of T and as a subset of [k] obtained by
identifying T with [k].) Notice that βS can be upper bounded by the best-achievable bias

∥∥f̂(S)∥∥
tr

.
Consider the distribution S on sets S defined as follows: first pick j from the binomial distri-

bution B(k, 1/2) and then uniformly pick S ∈
(
[n]
j

)
. Notice that the distribution on pairs (S, T )

obtained by first choosing S ∼ S and then choosing a uniform T ⊇ S from
([n]
k

)
is identical to the

one obtained by first choosing uniformly T from
([n]
k

)
and then choosing a uniform S ⊆ T . This

allows us to show that the average bias βS over S ∼ S is at least p, as follows:

ES∼S [βS ] = 2kES∼S,T⊇S [p̂T (S)]

= 2kE
T∼([n]

k ),S⊆T
[p̂T (S)]

= E
T∼([n]

k )

[∑
S⊆T

p̂T (S)

]
= E

T∼([n]
k )

[
pT (0

k)
]
≥ p,

where the last equality follows from Eq. (5.2). On the other hand, using Theorem 5.9 we obtain

ES∼S [βS ] ≤ ES∼S

[∥∥f̂(S)∥∥
tr

]
=

1

2k

k∑
j=0

(
k

j

)
E
S∼([n]

j )

[∥∥f̂(S)∥∥
tr

]
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≤ 1

2k

k∑
j=0

(
k

j

)
Cη

(ηm
n

)j/2
= Cη

(
1

2
+

1

2

√
ηm

n

)k

,

where the last equality uses the binomial theorem. Combining the two inequalities completes the
proof.

5.5 Direct product theorem for one-way quantum communication

The setting of communication complexity is by now well-known, so we will not give formal def-
initions of protocols etc., referring to [89, 144] instead. Consider the n-bit Disjointness problem
in 2-party communication complexity. Alice receives n-bit string x and Bob receives n-bit string
y. They interpret these strings as subsets of [n] and want to decide whether their sets are disjoint.
In other words, DISJn(x, y) = 1 if and only if x ∩ y = ∅. Let DISJ(k)n denote k independent
instances of this problem. That is, Alice’s input is a k-tuple x1, . . . , xk of n-bit strings, Bob’s in-
put is a k-tuple y1, . . . , yk, and they should output all k bits: DISJ(k)n (x1, . . . , xk, y1, . . . , yk) =

DISJn(x1, y1), . . . ,DISJn(xk, yk). The trivial protocol where Alice sends all her inputs to Bob has
success probability 1 and communication complexity kn. We want to show that if the total one-way
communication is much smaller than kn qubits, then the success probability is exponentially small
in k. We will do that by deriving a random access code from the protocol’s message.

Lemma 5.10. Let ℓ ≤ k. If there is a c-qubit one-way communication protocol for DISJ(k)n with
success probability σ, then there is an ℓ-out-of-kn quantum random access code of c qubits with
success probability p ≥ σ (1− ℓ/k)ℓ.

Proof: Consider the following one-way communication setting: Alice has a kn-bit string x, and
Bob has ℓ distinct indices i1, . . . , iℓ ∈ [kn] chosen uniformly from

([kn]
ℓ

)
and wants to learn the

corresponding bits of x.
In order to do this, Alice sends the c-qubit message corresponding to input x in the DISJ(k)n

protocol. We view x as consisting of k disjoint blocks of n bits each. The probability (over the
choice of Bob’s input) that i1, . . . , iℓ ∈ [kn] are in ℓ different blocks is

ℓ−1∏
i=0

kn− in

kn− i
≥
(
kn− ℓn

kn

)ℓ

=

(
1− ℓ

k

)ℓ

.

If this is the case, Bob chooses his Disjointness inputs y1, . . . , yk as follows. If index ij is some-
where in block b ∈ [k], then he chooses yb to be the string having a 1 at the position where ij is, and
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0s elsewhere. Note that the correct output for the b-th instance of Disjointness with inputs x and
y1, . . . , yk is exactly 1−xij . Now Bob completes the protocol and gets a k-bit output for the k-fold
Disjointness problem. A correct output tells him the ℓ bits he wants to know (he can just disregard
the outcomes of the other k − ℓ instances). Overall the success probability is at least σ(1 − ℓ/k)ℓ.
Therefore, the random access code that encodes x by Alice’s message proves the lemma.

Combining the previous lemma with our earlier upper bound on p for ℓ-out-of-kn quantum
random access codes (Theorem 5.2), we obtain the following upper bound on the success probability
σ of c-qubit one-way communication protocols for DISJ(k)n . For every η > 2 ln 2 there exists a
constant Cη such that:

σ ≤ 2p(1− ℓ/k)−ℓ ≤ 2Cη

((
1

2
+

1

2

√
η(c+O(k + log(kn)))

kn

)(
k

k − ℓ

))ℓ

.

Choosing ℓ a sufficiently small constant fraction of k (depending on η), we obtain a strong direct
product theorem for one-way communication:

Theorem 5.11. For any η > 2 ln 2 the following holds: for any large enough n and any k, every
one-way quantum protocol for DISJ(k)n that communicates c ≤ kn/η qubits, has success probability
σ ≤ 2−Ω(k) (where the constant in the Ω(·) depends on η).

The above strong direct product theorem (SDPT) bounds the success probability for protocols
that are required to compute all k instances correctly. We call this a zero-error SDPT. What if
we settle for a weaker notion of “success”, namely getting a (1 − ε)-fraction of the k instances
right, for some small ε > 0? An ε-error SDPT is a theorem to the effect that even in this case the
success probability is exponentially small. An ε-error SDPT follows from a zero-error SDPT as
follows. Run an ε-error protocol with success probability p (“success” now means getting 1− ε of
the k instances right), guess up to εk positions and change them. With probability at least p, the
number of errors of the ε-error protocol is at most εk, and with probability at least 1/

∑εk
i=0

(
k
i

)
we

now have corrected all those errors. Since
∑εk

i=0

(
k
i

)
≤ 2kH(ε) (see, e.g., [75, Corollary 23.6]), we

have a protocol that computes all instances correctly with success probability σ ≥ p2−kH(ε). If we
have a zero-error SDPT that bounds σ ≤ 2−γk for some γ > H(ε), then it follows that p must be
exponentially small as well: p ≤ 2−(γ−H(ε))k. Hence Theorem 5.11 implies:

Theorem 5.12. For any η > 2 ln 2 there exists an ε > 0 such that the following holds: for every one-
way quantum protocol for DISJ(k)n that communicates c ≤ kn/η qubits, its probability to compute
at least a (1− ε)-fraction of the k instances correctly is at most 2−Ω(k).



110 CHAPTER 5. A HYPERCONTRACTIVE INEQUALITY FOR MATRIX-VALUED FUNCTIONS

5.6 3-party NOF communication complexity of Disjointness

Some of the most interesting open problems in communication complexity arise in the “number
on the forehead” (NOF) model of multiparty communication complexity, with applications ranging
from bounds on proof systems to circuit lower bounds. Here, there are ℓ players and ℓ inputs
x1, . . . , xℓ. The players want to compute some function f(x1, . . . , xℓ). Each player j sees all
inputs except xj . In the ℓ-party version of the Disjointness problem, the ℓ players want to figure out
whether there is an index i ∈ [n] where all ℓ input strings have a 1. For any constant ℓ, the best
known upper bound is linear in n [56].

While the case ℓ = 2 has been well-understood for a long time, the first polynomial lower
bounds for ℓ ≥ 3 were shown only very recently. Lee and Shraibman [94], and independently
Chattopadhyay and Ada [37], showed lower bounds of the form Ω(n1/(ℓ+1)) on the classical com-
munication complexity for constant ℓ. This becomes Ω(n1/4) for ℓ = 3 players.

Stronger lower bounds can be shown if we limit the kind of interaction allowed between the
players. Viola and Wigderson [140] showed a lower bound of Ω(n1/(ℓ−1)) for the one-way com-
plexity of ℓ-player Disjointness, for any constant ℓ. In particular, this gives Ω(

√
n) for ℓ = 3.3 An

intermediate model was studied by Beame et al. [13], namely protocols where Charlie first sends a
message to Bob, and then Alice and Bob are allowed two-way communication between each other
to compute DISJn(x1, x2, x3). This model is weaker than full interaction, but stronger than the one-
way model. Beame et al. showed (using a direct product theorem) that any protocol of this form
requires Ω(n1/3) bits of communication.4

Here we strengthen these two 3-player results to quantum communication complexity, while
at the same time slightly simplifying the proofs. These results will follow easily from two direct
product theorems: the one for two-way communication from [83], and the new one for one-way
communication that we prove here. Lee, Schechtman, and Shraibman [93] have recently extended
their Ω(n1/(ℓ+1)) classical lower bound to ℓ-player quantum protocols. While that result holds for a
stronger communication model than ours (arbitrary point-to-point quantum messages), their bound
for ℓ = 3 is weaker than ours (Ω(n1/4) vs Ω(n1/3)).

5.6.1 Communication-type C → (B ↔ A)

Consider 3-party Disjointness on inputs x, y, z ∈ {0, 1}n. Here Alice sees x and z, Bob sees y and
z, and Charlie sees x and y. Their goal is to decide if there is an i ∈ [n] such that xi = yi = zi = 1.

Suppose we have a 3-party protocol P for Disjointness with the following “flow” of communi-
cation. Charlie sends a message of c1 classical bits to Alice and Bob (or just to Bob, it doesn’t really

3Actually, this bound for the case ℓ = 3 was already known earlier; see [10].
4Their conference paper had an Ω(n1/3/ logn) bound, but the journal version [13] managed to get rid of the logn.
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matter), who then exchange c2 qubits and compute Disjointness with bounded error probability. Our
lower bound approach is similar to the one of Beame et al. [13], the main change being our use of
stronger direct product theorems. Combining the (0-error) two-way quantum strong direct product
theorem for Disjointness from [83] with the argument from the end of our Section 5.5, we have the
following ε-error strong direct product theorem for k instances of 2-party Disjointness:

Theorem 5.13. There exist constants ε > 0 and α > 0 such that the following holds: for every
two-way quantum protocol for DISJ(k)n that communicates at most αk

√
n qubits, its probability to

compute at least an (1− ε)-fraction of the k instances correctly, is at most 2−Ω(k).

Assume without loss of generality that the error probability of our initial 3-party protocol P is at
most half the ε of Theorem 5.13. View the n-bit inputs of protocol P as consisting of t consecutive
blocks of n/t bits each. We will restrict attention to inputs z = z1 . . . zt where one zi is all-1, and the
other zj are all-0. Note that for such a z, we have DISJn(x, y, z) = DISJn/t(xi, yi). Fixing z thus
reduces the 3-party Disjointness on (x, y, z) to 2-party Disjointness on a smaller instance (xi, yi).
Since Charlie does not see input z, his c1-bit message is independent of z. Now by going over all t
possible z’s, and running their 2-party protocol t times starting from Charlie’s message, Alice and
Bob obtain a protocol P ′ that computes t independent instances of 2-party Disjointness, namely
on each of the t inputs (x1, y1), . . . , (xt, yt). This P ′ uses at most tc2 qubits of communication.
For every x and y, it follows from linearity of expectation that the expected number of instances
where P ′ errs, is at most εt/2 (expectation taken over Charlie’s message, and the t-fold Alice-Bob
protocol). Hence by Markov’s inequality, the probability that P ′ errs on more than εt instances, is
at most 1/2. Then for every x, y there exists a c1-bit message mxy such that P ′, when given that
message to start with, with probability at least 1/2 correctly computes 1− ε of all t instances.

Now replace Charlie’s c1-bit message by a uniformly random message m. Alice and Bob can
just generate this by themselves using shared randomness. This gives a new 2-party protocol P ′′.
For each x, y, with probability 2−c1 we have m = mxy, hence with probability at least 1

22
−c1 the

protocol P ′′ correctly computes 1− ε of all t instances of Disjointness on n/t bits each. Choosing
t = O(c1) and invoking Theorem 5.13 gives a lower bound on the communication in P ′′: tc2 =

Ω(t
√
n/t). Hence c2 = Ω(

√
n/c1). The overall communication of the original 3-party protocol P

is
c1 + c2 = c1 +Ω(

√
n/c1) = Ω(n1/3)

(the minimizing value is t = n1/3).

This generalizes the bound of Beame et al. [13] to the case where we allow Alice and Bob to
send each other qubits. Note that this bound is tight for our restricted set of z’s, since Alice and Bob
know z and can compute the 2-party Disjointness on the relevant (xi, yi) in O(

√
n2/3) = O(n1/3)
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qubits of two-way communication without help from Charlie, using the optimal quantum protocol
for 2-party Disjointness [1].

5.6.2 Communication-type C → B → A

Now consider an even more restricted type of communication: Charlie sends a classical message
to Bob, then Bob sends a quantum message to Alice, and Alice computes the output. We can use
a similar argument as before, dividing the inputs into t = O(n1/2) equal-sized blocks instead of
O(n1/3) equal-sized blocks. If we now replace the two-way SDPT (Theorem 5.13) by the new one-
way SDPT (Theorem 5.12), we obtain a lower bound of Ω(

√
n) for 3-party bounded-error protocols

for Disjointness of this restricted type.

Remark. If Charlie’s message is quantum as well, then the same approach works, except we need
to reduce the error of the protocol to ≪ 1/t at a multiplicative cost of O(log t) = O(log n) to
both c1 and c2 (Charlie’s one quantum message needs to be reused t times). This worsens the two
communication lower bounds to Ω(n1/3/ log n) and Ω(

√
n/ log n) qubits, respectively.

5.7 Lower bounds on locally decodable codes

When analyzing locally decodable codes, it will be convenient to view bits as elements of {±1}
instead of {0, 1}. Formally, a locally decodable code is defined as follows.

Definition 5.14. C : {±1}n → {±1}N is a (q, δ, ε)-locally decodable code (LDC) if there is a
randomized decoding algorithm A such that

1. For all x ∈ {±1}n, i ∈ [n], and y ∈ {±1}N with Hamming distance d(C(x), y) ≤ δN , we
have Pr[Ay(i) = xi] ≥ 1/2 + ε. Here Ay(i) is the random variable that is A’s output given
input i and oracle y.

2. A makes at most q queries to y, non-adaptively.

In Section 5.8 we show that such a code implies the following: For each i ∈ [n], there is a set
Mi of at least δεN/q2 disjoint tuples, each of at most q elements from [N ], and a sign ai,Q ∈ {±1}
for each Q ∈Mi, such that

Ex[ai,Qxi
∏
j∈Q

C(x)j ] ≥
ε

2q
,

where the expectation is uniformly over all x ∈ {±1}n. In other words, the parity of each of the
tuples in Mi allows us to predict xi with non-trivial bias (averaged over all x).



5.7. LOWER BOUNDS ON LOCALLY DECODABLE CODES 113

Kerenidis and de Wolf [81] used quantum information theory to show the lower bound N =

2Ω(δε2n) on the length of 2-query LDCs. Using the new hypercontractive inequality, we can prove
a similar lower bound. Our dependence on ε and δ is slightly worse, but can probably be improved
by a more careful analysis.

Theorem 5.15. If C : {±1}n → {±1}N is a (2, δ, ε)-LDC, then N = 2Ω(δ2ε4n).

Proof: Define f(x) as the N ×N matrix whose (i, j)-entry is C(x)iC(x)j . Since f(x) has rank 1
and its N2 entries are all +1 or −1, its only non-zero singular value is N . Hence ∥f(x)∥pp = Np−1

for every x.
Consider the N × N matrices f̂({i}) that are the Fourier transform of f at the singleton sets

{i}:

f̂({i}) = 1

2n

∑
x∈{±1}n

f(x)xi.

We want to lower bound
∥∥f̂({i})∥∥

p
.

With the above notation, each set Mi consists of at least δεN/4 disjoint pairs of indices.5 For
simplicity assume Mi = {(1, 2), (3, 4), (5, 6), . . .}. The 2× 2 submatrix in the upper left corner of
f(x) is (

1 C(x)1C(x)2

C(x)1C(x)2 1

)
.

Since (1, 2) ∈Mi, we have Ex[C(x)1C(x)2xiai,(1,2)] ∈ [ε/4, 1]. Hence the 2× 2 submatrix in the
upper left corner of f̂({i}) is (

0 a

a 0

)
for some a with |a| ∈ [ε/4, 1]. The same is true for each of the first δεN/4 2 × 2 diagonal blocks
of f̂({i}) (each such 2 × 2 block corresponds to a pair in Mi). Let P be the N × N permutation
matrix that swaps rows 1 and 2, swaps rows 3 and 4, etc. Then the first δεN/2 diagonal entries of
Fi = P f̂({i}) all have absolute value in [ε/4, 1].

The ∥·∥p norm is unitarily invariant: ∥UAV ∥p = ∥A∥p for every matrix A and unitaries U, V .
Note the following lemma, which is a special case of [28, Eq. (IV.52) on p. 97]. We include its proof
for completeness.

Lemma 5.16. Let ∥·∥ be a unitarily-invariant norm on the set of d × d complex matrices. If A is
a matrix and diag(A) is the matrix obtained from A by setting its off-diagonal entries to 0, then
∥diag(A)∥ ≤ ∥A∥.

5Actually some of the elements of Mi may be singletons. Dealing with this is a technicality that we will ignore here
in order to simplify the presentation.
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Proof: We will step-by-step set the off-diagonal entries of A to 0, without increasing its norm. We
start with the off-diagonal entries in the dth row and column. LetDd be the diagonal matrix that has
Dd,d = −1 and Di,i = 1 for i < d. Note that DdADd is the same as A, except that the off-diagonal
entries of the dth row and column are multiplied by −1. Hence A′ = (A+DdADd)/2 is the matrix
obtained from A by setting those entries to 0 (this doesn’t affect the diagonal). Since Dd is unitary
and every norm satisfies the triangle inequality, we have

∥∥A′∥∥ = ∥(A+DdADd)/2∥ ≤ 1

2
(∥A∥+ ∥DdADd∥) = ∥A∥.

In the second step, we can set the off-diagonal entries in the (d − 1)st row and column of A′ to
0, using the diagonal matrix Dd−1 which has a −1 only on its (d − 1)st position. Continuing in
this manner, we set all off-diagonal entries of A to zero without affecting its diagonal, and without
increasing its norm.

Using this lemma, we obtain

∥∥f̂({i})∥∥
p
= ∥Fi∥p ≥ ∥diag(Fi)∥p ≥

(
1

N
(δεN/2)(ε/4)p

)1/p

= (δε/2)1/pε/4.

Using the hypercontractive inequality (Theorem 5.1), we have for any p ∈ [1, 2]

n(p− 1)(δε/2)2/p(ε/4)2 ≤
n∑

i=1

(p− 1)
∥∥f̂({i})∥∥2

p
≤

(
1

2n

∑
x

∥f(x)∥pp

)2/p

= N2(p−1)/p.

Choosing p = 1 + 1/ logN and rearranging implies the result.

Let us elaborate on the similarities and differences between this proof and the quantum proof
of [81]. On the one hand, the present proof makes no use of quantum information theory. It only
uses the well known version of LDCs mentioned after Definition 5.14, some basic matrix analysis,
and our hypercontractive inequality for matrix-valued functions. On the other hand, the proof may
still be viewed as a translation of the original quantum proof to a different language. The quantum
proof defines, for each x, a log(N)-qubit state |ϕ(x)⟩ which is the uniform superposition over the
N indices of the codeword C(x). It then proceeds in two steps: (1) by viewing the elements of
Mi as 2-dimensional projectors in a quantum measurement of |ϕ(x)⟩, we can with good probability
recover the parityC(x)jC(x)k for a random element (j, k) of the matchingMi. Since that parity has
non-trivial correlation with xi, the states |ϕ(x)⟩ form a quantum random access code: they allow
us to recover each xi with decent probability (averaged over all x); (2) the quantum proof then
invokes Nayak’s linear lower bound on the number of qubits of a random access code to conclude
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logN = Ω(n). The present proof mimics this quantum proof quite closely: the matrix f(x) is, up
to normalization, the density matrix corresponding to the state |ϕ(x)⟩; the fact that matrix f̂({i})
has fairly high norm corresponds to the fact that the parity produced by the quantum measurement
has fairly good correlation with xi; and finally, our invocation of Theorem 5.1 replaces (but is not
identical to) the linear lower bound on quantum random access codes. We feel that by avoiding
any explicit use of quantum information theory, the new proof holds some promise for potential
extensions to codes with q ≥ 3.

5.8 Massaging locally decodable codes to a special form

In this section we justify the special decoding-format of LDCs claimed after Definition 5.14. First,
it will be convenient to switch to the notion of a smooth code, introduced by Katz and Trevisan [80].

Definition 5.17. C : {±1}n → {±1}N is a (q, c, ε)-smooth code if there is a randomized decoding
algorithm A such that

1. A makes at most q queries, non-adaptively.

2. For all x ∈ {±1}n and i ∈ [n] we have Pr[AC(x)(i) = xi] ≥ 1/2 + ε.

3. For all x ∈ {±1}n, i ∈ [n], and j ∈ [N ], the probability that on input i algorithm A queries
index j is at most c/N .

Note that smooth codes only require good decoding on codewords C(x), not on y that are close
to C(x). Katz and Trevisan [80, Theorem 1] established the following connection:

Theorem 5.18 ([80]). A (q, δ, ε)-LDC is a (q, q/δ, ε)-smooth code.

Proof: Let C be a (q, δ, ε)-LDC and A be its q-query decoder. For each i ∈ [n], let pi(j) be the
probability that on input i, algorithm A queries index j. Let Hi = {j | pi(j) > q/(δN)}. Then
|Hi| ≤ δN , because A makes no more than q queries. Let B be the decoder that simulates A,
except that on input i it does not make queries to j ∈ Hi, but instead acts as if those bits of its oracle
are 0. Then B does not query any j with probability greater than q/(δN). Also, B’s behavior on
input i and oracle C(x) is the same as A’s behavior on input i and the oracle y that is obtained by
setting the Hi-indices of C(x) to 0. Since y has distance at most |Hi| ≤ δN from C(x), we have
Pr[BC(x)(i) = xi] = Pr[Ay(i) = xi] ≥ 1/2 + ε.

A converse to Theorem 5.18 also holds: a (q, c, ε)-smooth code is a (q, δ, ε− cδ)-LDC, because
the probability that the decoder queries one of δN corrupted positions is at most (c/N)(δN) = cδ.
Hence LDCs and smooth codes are essentially equivalent, for appropriate choices of the parameters.
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Theorem 5.19 ([80]). Suppose C : {±1}n → {±1}N is a (q, c, ε)-smooth code. Then for every
i ∈ [n], there exists a setMi, consisting of at least εN/(cq) disjoint sets of at most q elements of [N ]

each, such that for every Q ∈Mi there exists a function fQ : {±1}|Q| → {±1} with the property

Ex[fQ(C(x)Q)xi] ≥ ε.

Here C(x)Q is the restriction of C(x) to the bits in Q, and the expectation is uniform over all
x ∈ {±1}n.

Proof: Fix some i ∈ [n]. Without loss of generality we assume that to decode xi, the decoder picks
some set Q ⊆ [N ] (of at most q indices) with probability p(Q), queries those bits, and then outputs
a random variable (not yet a function) fQ(C(x)Q) ∈ {±1} that depends on the query-answers.
Call such a Q “good” if

Prx[fQ(C(x)Q) = xi] ≥ 1/2 + ε/2.

Equivalently, Q is good if
Ex[fQ(C(x)Q)xi] ≥ ε.

Now consider the hypergraph Hi = (V,Ei) with vertex-set V = [N ] and edge-set Ei consisting of
all good sets Q. The probability that the decoder queries some Q ∈ Ei is p(Ei) :=

∑
Q∈Ei

p(Q).
If it queries some Q ∈ Ei then Ex[fQ(C(x)Q)xi] ≤ 1, and if it queries some Q ̸∈ Ei then
Ex[fQ(C(x)Q)xi] < ε. Since the overall probability of outputting xi is at least 1/2+ ε for every x,
we have

2ε ≤ Ex,Q[fQ(C(x)Q)xi] < p(Ei) · 1 + (1− p(Ei))ε = ε+ p(Ei)(1− ε),

hence
p(Ei) > ε/(1− ε) ≥ ε.

Since C is smooth, for every j ∈ [N ] we have∑
Q∈Ei:j∈Q

p(Q) ≤
∑

Q:j∈Q
p(Q) = Pr[A queries j] ≤ c

N
.

A matching of Hi is a set of disjoint Q ∈ Ei. Let Mi be a matching in Hi of maximal size. Our
goal is to show |Mi| ≥ εN/(cq). Define T = ∪Q∈MiQ. This set T has at most q|Mi| elements, and
intersects each Q ∈ Ei (otherwise Mi would not be maximal). We now lower bound the size of Mi
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as follows:

ε < p(Ei) =
∑

Q:Q∈Ei

p(Q)
(∗)
≤
∑
j∈T

∑
Q∈Ei:j∈Q

p(Q) ≤ c|T |
N

≤ cq|Mi|
N

,

where (∗) holds because each Q ∈ Ei is counted exactly once on the left and at least once on
the right (since T intersects each Q ∈ Ei). Hence |Mi| ≥ εN/(cq). It remains to turn the random
variables fQ(C(x)Q) into fixed values in {±1}; it is easy to see that this can always be done without
reducing the correlation Ex[fQ(C(x)Q)xi].

The previous theorem establishes that the decoder can just pick a uniformly random element
Q ∈ Mi, and then continue as the original decoder would on those queries, at the expense of
reducing the average success probability by a factor 2. In principle, the decoder could output any
function of the |Q| queried bits that it wants. We now show (along the lines of [81, Lemma 2]) that
we can restrict attention to parities (or their negations), at the expense of decreasing the average
success probability by another factor of 2q.

Theorem 5.20. Suppose C : {±1}n → {±1}N is a (q, c, ε)-smooth code. Then for every i ∈ [n],
there exists a set Mi, consisting of at least εN/(cq) disjoint sets of at most q elements of [N ] each,
such that for every Q ∈Mi there exists an ai,Q ∈ {±1} with the property that

Ex[ai,Qxi
∏
j∈Q

C(x)j ] ≥
ε

2q
.

Proof: Fix i ∈ [n] and take the set Mi produced by Theorem 5.19. For every Q ∈Mi we have

Ex[fQ(C(x)Q)xi] ≥ ε.

We would like to turn the functions fQ : {±1}|Q| → {±1} into parity functions. Consider the
Fourier transform of fQ: for S ⊆ [|Q|] and z ∈ {±1}|Q|, define parity function χS(z) =

∏
j∈S zj

and Fourier coefficient f̂Q(S) = 1
2|Q|

∑
z fQ(z)χS(z). Then we can write

fQ =
∑
S

f̂Q(S)χS .

Using that f̂Q(S) ∈ [−1, 1] for all S, we have

ε ≤ Ex[fQ(C(x)Q)xi] =
∑
S

f̂Q(S)Ex[xiχS(C(x)Q)] ≤
∑
S

|Ex[xiχS(C(x)Q)]| .
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Since the right-hand side is the sum of 2|Q| terms, there exists an S with |Ex[xiχS(C(x)Q)]| ≥
ε

2|Q|
.

Defining ai,Q = sign(Ex[xiχS(C(x)Q)]) ∈ {±1}, we have

Ex[ai,Qxi
∏
j∈S

C(x)j ] = |Ex[xiχS(C(x)Q)]| ≥
ε

2|Q|
≥ ε

2q
.

The theorem follows by replacing each Q in Mi by the set S just obtained from it.

Combining Theorems 5.18 and 5.20 gives the decoding-format claimed after Definition 5.14.



Chapter 6

Better short-seed quantum-proof
extractors

In this chapter we give the following constructions of extractors:

Theorem 1.1. For any β < 1
2 and ϵ ≥ 2−k

β
, there exists an explicit quantum-proof (n, k, (1 −

β)k, ϵ) strong extractor for flat sources E : {0, 1}n × {0, 1}t → {0, 1}m with seed length t =

O(log n+ log ϵ−1) and output length m = Ω(k).

Theorem 1.2. For any β < 1
2 and ϵ ≥ 2−k

β
, there exists an explicit (n, k, βk, ϵ) strong extractor

against quantum storage, E : {0, 1}n×{0, 1}t → {0, 1}m, with seed length t = O(log n+log ϵ−1)

and output length m = Ω(k).

Theorem 1.3. For any β < 1
2 and ϵ ≥ 2−n

β
, there exists an explicit quantum-proof (n, (1−β)n, ϵ)

strong extractor E : {0, 1}n × {0, 1}t → {0, 1}m, with seed length t = O(log n + log ϵ−1) and
output length m = Ω(n).

6.1 Preliminaries

Distributions. A distribution D on Λ is a function D : Λ → [0, 1] such that
∑

a∈ΛD(a) =

1. We denote by x∼D sampling x according to the distribution D. Let Ut denote the uniform
distribution over {0, 1}t. We measure the distance between two distributions with the variational
distance |D1 − D2|1 = 1

2

∑
a∈Λ |D1(a) − D2(a)|. The distributions D1 and D2 are ϵ-close if

|D1 −D2|1 ≤ ϵ.
The min-entropy of D is denoted by H∞(D) and is defined to be

H∞(D) = min
a:D(a)>0

− log(D(a)).

119
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If H∞(D) ≥ k then for all a in the support of D it holds that D(a) ≤ 2−k. A distribution is flat if it
is uniformly distributed over its support. Every distribution D with H∞(D) ≥ k can be expressed
as a convex combination

∑
αiDi of flat distributions {Di}, each with min-entropy at least k. We

sometimes abuse notation and identify a set X with the flat distribution that is uniform over X .

If X is a distribution over Λ1 and f : Λ1 → Λ2 then f(X) denotes the distribution over Λ2

obtained by sampling x from X and outputting f(x). If X1 and X2 are correlated distributions we
denote their joint distribution by X1 ◦X2. If X1 and X2 are independent distributions we replace ◦
by × and write X1 ×X2.

Mixed states. A pure state is a vector in some Hilbert space. A general quantum system is in
a mixed state — a probability distribution over pure states. Let {pi, |ϕi⟩} denote the mixed state
where the pure state |ϕi⟩ occurs with probability pi. The behavior of the mixed state {pi, |ϕi⟩} is
completely characterized by its density matrix ρ =

∑
i pi |ϕi⟩⟨ϕi|, in the sense that two mixed

states with the same density matrix have the same behavior under any physical operation. Notice
that a density matrix over a Hilbert space H belongs to Hom(H,H), the set of linear transformation
from H to H. Density matrices are positive semi-definite operators and have trace 1.

The trace distance between density matrices ρ1 and ρ2 is ∥ρ1 − ρ2∥tr =
1
2

∑
i |λi|, where {λi}

are the eigenvalues of ρ1 − ρ2. The trace distance coincides with the variational distance when
ρ1 and ρ2 are classical states (ρ is classical if it is diagonal in the standard basis). Similarly to
probability distributions, the density matrices ρ1 and ρ2 are ϵ-close if the trace distance between
them is at most ϵ.

A positive operator valued measure (POVM) is the most general formulation of a measurement
in quantum computation. A POVM on a Hilbert space H is a collection {Fi} of positive semi-
definite operators Fi : Hom(H,H) → Hom(H,H) that sum-up to the identity transformation, i.e.,
Fi ≽ 0 and

∑
Fi = I . Applying a POVM F = {Fi} on a density matrix ρ results in the distribution

F (ρ) that outputs i with probability Tr(Fiρ).

A Boolean measurement {F, I − F} ϵ-distinguishes ρ1 and ρ2 if |Tr(Fρ1)− Tr(Fρ2)| ≥ ϵ.

We shall need the following facts regarding the trace distance.

Fact 6.1. If ∥ρ1 − ρ2∥tr = δ then there exists a Boolean measurement that δ-distinguishes ρ1 and
ρ2.

Fact 6.2. If ρ1 and ρ2 are ϵ-close then E(ρ1) and E(ρ2) are ϵ-close, for any physically realizable
transformation E .
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6.1.1 Min-entropy

To define the notion of quantum-proof extractors we first need the notion of quantum encoding of
classical states.

Definition 6.3. Let X be a distribution over some set Λ.

• An encoding of X is a collection ρ = {ρ(x)}x∈Λ of density matrices.

• An encoding ρ is a b-storage encoding if ρ(x) is a mixed state over b qubits, for all x ∈ Λ.

• An encoding is classical if ρ(x) is classical for all x.

The average encoding is denoted by ρ̄X = Ex∼X [ρ(x)].
Next we define the notion of conditional min-entropy. The conditional min-entropy of X given

ρ(X) measures the average success probability of predicting x given the encoding ρ(x). Formally,

Definition 6.4. The conditional min-entropy of X given an encoding ρ is

H∞(X; ρ) = − log sup
F

E
x∼X

[Tr(Fxρ(x))],

where the supremum ranges over all POVMs F = {Fx}x∈Λ.

We remark that there exists another definition of conditional min-entropy in the quantum setting,
which is more algebraic in flavor. However, the two definitions are equivalent, as shown in [87].

Proposition 6.5 ([88, Proposition 2]). If ρ is a b-storage encoding ofX thenH∞(X; ρ) ≥ H∞(X)−
b.

We shall need the following standard lemmas regarding min-entropy that can be found, e.g.,
in [121]. The first lemma says that cutting ℓ bits from a source cannot reduce the min-entropy by
more than ℓ.

Lemma 6.6. Let X = X1 ◦ X2 be a distribution over bit strings and ρ be an encoding such that
H∞(X; ρ) ≥ k, and suppose that X2 is of length ℓ. Let ρ′ be the encoding of X1 defined by
ρ′(x1) = Ex∼(X|X1=x1)[ρ(x)]. Then, H∞(X1; ρ

′) ≥ k − l.

Proof: Given any predictor P ′ which predicts X1 from ρ′, we can construct a predictor P for X
(from ρ) as follows: P simply runs P ′ to obtain a prediction for the prefix x1, and then appends it
with a randomly chosen string from {0, 1}ℓ. Then,

Prx1◦x2∼X [P (ρ(x1 ◦ x2)) = x1 ◦ x2] = Prx1◦x2∼X [P ′(ρ(x1 ◦ x2)) = x1] · 2−ℓ
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= Prx1∼X1 [P
′(ρ′(x1)) = x1] · 2−ℓ.

Thus, if H∞(X1; ρ
′) < k − l then there would have been a predictor which predicts X with

probability greater than 2−k and this cannot be the case since H∞(X; ρ) ≥ k.

The second lemma says that if a source has high min-entropy, then revealing a short prefix (with
high probability) does not change much the min-entropy. The lemma is a generalization of a well
known classical lemma.

Lemma 6.7. Let X = X1 ◦X2 be a distribution and ρ be an encoding such that H∞(X; ρ) ≥ k,
and suppose that X1 is of length ℓ. For a prefix x1, let ρx1 be the encoding of X2 defined by
ρx1(x2) = ρ(x1 ◦ x2). Call a prefix x1 bad if H∞(X2 |X1 = x1; ρx1) ≤ r and denote by B the set
of bad prefixes. Then,

Pr[X1 ∈ B] ≤ 2ℓ · 2r · 2−k.

Proof: Let the prefix x′1 ∈ B be the one with the largest probability mass. Then, Pr[X1 = x′1] ≥
Pr[X1 ∈ B] · 2−ℓ. For any z ∈ B, let Az denote the optimal predictor that predicts X2 from ρz ,
conditioned on X1 = z. By the definition of min-entropy, for any z ∈ B,

E
x2∼(X2|X1=z)

Pr[Az(ρz(x2)) = x2] ≥ 2−r.

In particular this holds for z = x′1.

Now, define a predictor P for X from ρ by

P (ρ(x)) = x′1 ◦Ax′
1
(ρ(x)),

that is, P simply “guesses” that the prefix is x′1 and then applies the optimal predictor Ax′
1
. The

average success probability of P is

E
x∼X

[
Pr[P (ρ(x)) = x]

]
= E

x1∼X1

[
E

x2∼(X2|X1=x1)

[
δx1,x′

1
· Pr[Ax′

1
(ρx′

1
(x2)) = x2]

]]
= Pr[X1 = x′1] · E

x2∼(X2|X1=x′
1)

[
Pr[Ax′

1
(ρx′

1
(x2)) = x2]

]
≥ Pr[X1 ∈ B] · 2−ℓ · 2−r

On the other hand, since H∞(X; ρ) ≥ k, the average success probability of P is at most 2−k.
Altogether, Pr[X1 ∈ B] ≤ 2ℓ · 2r · 2−k.
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6.1.2 Quantum-proof extractors

We now define the three different classes of extractors against quantum adversaries that we deal
with in this chapter. We begin with the most general (and natural) definition:

Definition 6.8. A function E : {0, 1}n × {0, 1}t → {0, 1}m is a quantum-proof (n, k, ϵ) strong
extractor if for every distribution X over {0, 1}n and every encoding ρ such that H∞(X; ρ) ≥ k,

∥Ut ◦ E(X,Ut) ◦ ρ(X)− Ut+m × ρ̄X∥tr ≤ ϵ.

We use ◦ to denote correlated values. Thus, Ut ◦ E(X,Ut) ◦ ρ(X) denotes the mixed state
obtained by sampling x∼X, y∼Ut and outputting |y,E(x, y)⟩⟨y,E(x, y)| ⊗ρ(x). Notice that all
3 registers are correlated. When a register is independent of the others we use × instead of ◦.
Thus, Ut+m × ρ̄X denotes the mixed state obtained by sampling x∼X,w∼Ut+m and outputting
|w⟩⟨w| ⊗ρ(x).

Next we define quantum-proof extractors for flat distributions:

Definition 6.9. A function E : {0, 1}n × {0, 1}t → {0, 1}m is a quantum-proof (n, f, k, ϵ) strong
extractor for flat distributions if for every flat distribution X over {0, 1}n with exactly f min-
entropy and every encoding ρ of X with H∞(X; ρ) ≥ k,

∥Ut ◦ E(X,Ut) ◦ ρ(X)− Ut+m × ρ̄X∥tr ≤ ϵ.

We remark that in the classical setting every extractor for flat distributions is also an extractor
for general distributions, since every distribution with min-entropy k can be expressed as a convex
combination of flat distributions over 2k elements.

Finally we define extractors against quantum storage:

Definition 6.10. A function E : {0, 1}n × {0, 1}t → {0, 1}m is an (n, k, b, ϵ) strong extractor
against quantum storage if for every distribution X over {0, 1}n with H∞(X) ≥ k and every
b-storage encoding ρ of X ,

∥Ut ◦ E(X,Ut) ◦ ρ(X)− Ut+m × ρ̄X∥tr ≤ ϵ.

The next lemma shows it sufficient to consider only flat distributions when arguing about the
correctness of extractors against quantum storage.

Lemma 6.11. If E is not an (n, k, b, ϵ) strong extractor against quantum storage then there exists
a set X of cardinality 2k and a b-storage encoding ρ such that E fails on (X; ρ), that is,

∥Ut ◦ E(X,Ut) ◦ ρ(X)− Ut+m × ρ̄X∥tr > ϵ.
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Proof: We prove the contrapositive, i.e., we assume that E works for flat distributions of min-
entropy exactly k and prove that it also works for general distributions with at least k min-entropy.

Suppose X is a distribution with H∞(X) ≥ k. Then X can expressed as a convex combination
of flat distributions Xi each with H∞(Xi) = k. If ρ is a b-storage encoding of X then it is also a
b-storage encoding of each of these flat distributions Xi. Thus, by assumption,

∥Ut ◦ E(Xi, Ut) ◦ ρ(Xi)− Ut+m × ρ̄Xi∥tr ≤ ϵ.

Now by convexity,
∥Ut ◦E(X,Ut) ◦ ρ(X)− Ut+m × ρ̄X∥tr ≤ ϵ,

as desired.

Combining this with Proposition 6.5 we get:

Lemma 6.12. Every quantum-proof (n, f, k, ϵ) strong extractor for flat distributions, is an (n, f, f−
k, ϵ) strong extractor against quantum storage.

6.1.3 Lossless condensers

Definition 6.13 (strong condenser). A mapping C : {0, 1}n × {0, 1}d → {0, 1}n
′

is an (n, k1) →ϵ

(n′, k2) strong condenser if for every distribution X with k1 min-entropy, Ud ◦C(X,Ud) is ϵ-close
to a distribution with d+ k2 min-entropy.

One typically wants to maximize k2 and bring it close to k1 while minimizing n′ (it can be as
small as k1+O(log ϵ−1)) and d (it can be as small as log((n−k)/(n′−k))+ log ϵ−1+O(1)). For
a discussion of the parameters, see [35, Appendix B]. We call the condenser lossless if k2 = k1.

The property of lossless condensers that we shall use is the following.

Fact 6.14 ([131, Lemma 2.2.1]). Let C : {0, 1}n × {0, 1}d → {0, 1}n
′

be an (n, k) →ϵ (n′, k)

lossless condenser. Consider the mapping

C ′ : {0, 1}n × {0, 1}d → {0, 1}n
′
× {0, 1}d

C ′(x, y) = C(x, y) ◦ y.

Then, for every set X ⊆ {0, 1}n of size |X| ≤ 2k, there exists a mapping C ′′ : {0, 1}n×{0, 1}d →
{0, 1}n

′
× {0, 1}d that is injective on X × {0, 1}d and agrees with C ′ on at least 1 − ϵ fraction of

the set X × {0, 1}d.
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6.2 A reduction to full classical entropy

A popular approach for constructing explicit extractors in the classical setting is as follows:

• Construct an explicit extractor for the high min-entropy regime, i.e. for sources X distributed
over {0, 1}n that have k min-entropy for some large k close to n, and,

• Show a reduction from the general case to the high min-entropy case.

In the classical setting this is often achieved by composing an extractor for the high min-entropy
regime with a classical lossless condenser. Specifically, assume:

• C : {0, 1}n × {0, 1}d → {0, 1}n
′

is an (n, k) →ϵ1 (n′, k) strong lossless condenser, and,

• E : {0, 1}d+n′
× {0, 1}t → {0, 1}m is a (d+ n′, d+ k, ϵ2) strong extractor.

Define EC : {0, 1}n × ({0, 1}d × {0, 1}t) → {0, 1}m by

EC(x, (y1, y2)) = E((C(x, y1), y1), y2).

In the classical setting, [132, Section 5] prove that EC is a strong (n, k, ϵ1 + ϵ2) extractor. In
this section we try to generalize this result to the quantum setting. We prove:

Theorem 6.15. Let C and EC be as above.

• If E is a quantum-proof (d+n′, d+ k, k2, ϵ2) strong extractor for flat distributions, then EC
is a (n, k, k2, ϵ = ϵ2 + 2ϵ1) strong extractor for flat distributions.

• If E is a (d + n′, d + k, d + b, ϵ2) strong extractor against quantum storage, then EC is an
(n, k, b, ϵ = ϵ2 + 2ϵ1) strong extractor against quantum storage.

The intuition behind the theorem is the following. When the condenser C is applied on a flat
source, it is essentially a one-to-one mapping between the sourceX and its imageC(X). Therefore,
roughly speaking, any quantum information about x can be translated to quantum information about
C(x) and vice-versa. To make this precise we need to take care of the condenser’s seed, and this
incurs a small loss in the parameters.

We first prove the second item.

Proof (second item): Assume, by contradiction that EC is not an (n, k, b, ϵ = ϵ2 + 2ϵ1) strong
extractor against quantum storage. Then, by Lemma 6.11, there exists a subset X ⊆ {0, 1}n of
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cardinality 2k and a b-storage encoding ρ of X such that, given this encoding, the output of the
extractor EC is not ϵ-close to uniform. That is,

∥Ut+d ◦ EC(X,Ut+d) ◦ ρ(X)− Ut+d+m × ρ̄X∥tr > ϵ.

In particular, by Fact 6.1, there exists some Boolean measurement that ϵ-distinguishes the
two distributions. Since the first two components are classical, we can represent this measure-
ment as follows. For every y ∈ {0, 1}t+d and z ∈ {0, 1}m there exists a Boolean measurement
{F y,z, I − F y,z} on the quantum component such that∣∣∣∣ E

x∼X, y∼U

[
Tr
(
F y,EC(x,y)ρ(x)

)]
− E

y,z∼U

[
Tr
(
F y,zρ̄X

)]∣∣∣∣ > ϵ.

We now show how this can be used to break the extractor E. Consider the set A = X×{0, 1}d.
By Fact 6.14, there exists a mapping D that is injective on A and agrees with the condenser on at
least 1− ϵ1 fraction of A. Denoting B = D(A), it is clear that H∞(B) ≥ d+ k.

For (x̃, ỹ) ∈ B we define the encoding

ρ′(x̃, ỹ) = |y1⟩⟨y1| ⊗ρ(D←(x̃, ỹ)),

where (x, y1) = D−1(x̃, ỹ) ∈ A is the unique element such thatD(x, y1) = (x̃, ỹ), andD←(x̃, ỹ) =

x.

Next, we define a measurement
{
F

y2,z, I − F
y2,z} that given the input y2 ∈ {0, 1}t, z ∈

{0, 1}m and ρ′(x̃, ỹ) = |y1⟩⟨y1| ⊗ρ(x), sets y = (y1, y2) and applies the measurement {F y,z, I − F y,z}
on the quantum register ρ(x).

Now,∣∣∣∣ E
b∼B, y2∼Ut

[
Tr
(
F

y2,E(b,y2)ρ′(b)
)]

− E
x∼X, y∼Ud+t

[
Tr
(
F y,EC(x,y)ρ(x)

)]∣∣∣∣ ≤ ϵ1,

since the flat distribution overB is ϵ1-close to the distribution obtained by sampling x ∈ X , y1 ∈ Ud

and outputting (C(x, y1), y1). For the same reason, averaging over B for F is almost as averaging
over X for F . Namely,∣∣∣∣ E

y2,z∼U

[
Tr
(
F

y2,zρ̄′B
)]

− E
y,z∼U

[
Tr
(
F y,zρ̄X

)]∣∣∣∣ ≤ ϵ1.
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It follows that∣∣∣∣ E
b∼B, y2∼U

[
Tr
(
F

y2,E(b,y2)ρ′(b)
)]

− E
y2,z∼U

[
Tr
(
F

y2,zρ̄′B
)]∣∣∣∣ ≥∣∣∣∣ E

x∼X, y∼U

[
Tr
(
F y,EC(x,y)ρ(x)

)]
− E

y,z∼U

[
Tr
(
F y,zρ̄X

)]∣∣∣∣− 2ϵ1 > ϵ− 2ϵ1 = ϵ2.

Clearly ρ′ is a (d+b)-storage encoding ofB. This contradicts the fact thatE is a strong extractor
against d+ b quantum storage.

We now prove the first item.

Proof (first item): Assume, for contradiction, that EC is not a quantum-proof (n, k, k2, ϵ) strong
extractor for flat distributions. Then there exists a subset X ⊆ {0, 1}n of cardinality exactly 2k

and an encoding ρ of X such that the conditional min-entropy is at least k2 but given this encoding
the output of the extractor EC is not ϵ-close to uniform. The proof proceeds as before, defining
the Boolean measurement F , the sets A and B, the encoding ρ′ and the measurement F . If we can
show that H∞(B; ρ′) ≥ k2 then we break the extractor E and reach a contradiction. Indeed:

Claim 6.16. H∞(B; ρ′) ≥ k2.

Proof: Assume, for contradiction, that H∞(B; ρ′) < k2. Then, there exists a predictor W ′ such
that

Prb∼B[W ′(ρ′(b)) = b] > 2−k2 .

Define a new predictor, W , that given ρ(x) works as follows. First W chooses y∼Ud and runs W ′

on |y⟩⟨y| ⊗ρ(x) to get some answer b̃. It then outputs D←(̃b).

The success probability of the predictor W is

Prx∼X [W (ρ(x)) = x] = Prx∼X,y∈{0,1}d [D
←(W ′(|y⟩⟨y| ⊗ρ(x))) = x]

≥ Prx∼X,y∈{0,1}d [W
′(|y⟩⟨y| ⊗ρ(x)) = D(x, y)]

= Prb∼B[W ′(ρ′(b)) = b] > 2−k2 .

This contradicts the fact that H∞(X; ρ) ≥ k2.

We remark that we do not know how to extend the proof to work with lossy condensers.
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6.3 An explicit quantum-proof extractor for the high-entropy regime

In this section we describe a construction of a short-seed quantum-proof (n, k, ϵ) strong extractor
that works whenever k ≫ n/2. In the classical setting this scenario was studied in [35], developing
and improving techniques from [110] and other papers. Here we only need the techniques developed
in [110].

Intuitively, the extractor E that we construct works as follows. First, it divides the source to two
parts of equal length. Since the min-entropy is larger than n/2, for almost any fixing of the first
part of the source, the distribution on the second part has Ω(n) min-entropy. Hence, applying an
extractor E2 on the second part results in output bits that are close to uniform. Since this is true for
almost every fixing of the first part, these output bits are essentially independent of the first part of
the source. Therefore, these output bits can serve as a seed for another extractor, E1, that is applied
on the first part of the source.

Formally, assume:

• E1 : {0, 1}n/2×{0, 1}d1 → {0, 1}m1 is a quantum-proof (n2 ,
n
2 −b, ϵ1) strong extractor, and,

• E2 : {0, 1}n/2 × {0, 1}d2 → {0, 1}d1 is a quantum-proof (n2 , k, ϵ2) strong extractor.

Define E : {0, 1}n × {0, 1}d2 → {0, 1}m1 by

E(x, y) = E1(x1, E2(x2, y)),

where x = x1 ◦ x2 and x1, x2 ∈ {0, 1}n/2.

Theorem 6.17. LetE1, E2 andE be as above with k = n
2 −b− log ϵ−1. ThenE is a quantum-proof

(n, n− b, ϵ+ ϵ1 + ϵ2) strong extractor.

Proof: LetX = X1◦X2 be a distribution on {0, 1}n = {0, 1}n/2×{0, 1}n/2 and ρ be an encoding
such that H∞(X; ρ) ≥ n− b. For a prefix x1 ∈ {0, 1}n/2, let ρx1 be the encoding of X2 defined by
ρx1(x2) = ρ(x1◦x2). A prefix x1 is said to be bad ifH∞(X2 |X1 = x1; ρx1) ≤ k. By Lemma 6.7,
the probability x1 (sampled from X1) is bad is at most

2n/2 · 2k

2n−b
=

2n/2 · 2n/2−b−log ϵ−1

2n−b
= ϵ.

Whenever x1 is not bad, H∞(X2 | X1 = x1; ρx1) > k, that is, the extractor E2 is applied on
a distribution with k min-entropy. Therefore, by the assumption on E2, its output is ϵ2-close to
uniform. That is, for every good x1,

∥Ud2 ◦ x1 ◦ E2(X2, Ud2) ◦ ρx1(X2)− Ud2 ◦ x1 ◦ Ud1 ◦ ρx1(X2)∥tr ≤ ϵ2.
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Hence, the distribution Ud2 ◦X1◦E2(X2, Ud2)◦ρ(X) is (ϵ+ϵ2)-close to Ud2 ◦X1◦Ud1 ◦ρ(X).
In particular,

∥Ud2 ◦ E(X,Ud2) ◦ ρ(X)− Ud2+d1 ◦ ρ̄X∥tr
= ∥Ud2 ◦ E1(X1, E2(X2, Ud2)) ◦ ρ(X)− Ud2+d1 ◦ ρ̄X∥tr
≤ ϵ+ ϵ2 + ∥Ud2 ◦ E1(X1, Ud1) ◦ ρ(X)− Ud2+d1 ◦ ρ̄X∥tr ,

where the last inequality follows from Fact 6.2.
Since, H∞(X; ρ) ≥ n − b, by Lemma 6.6, if we define an encoding ρ′ of X1 by ρ′(x1) =

Ex∼(X|X1=x1)[ρ(x)], then H∞(X1; ρ
′) ≥ n− b−n/2 = n/2− b. Therefore, by the assumption on

E1 we get
∥E1(X1, Ud1) ◦ ρ(X)− Um1⊗ρ̄X∥tr ≤ ϵ1,

and thus

∥Ud2 ◦E(X,Ud2) ◦ ρ(X)− Ud2+d1⊗ρ̄X∥tr ≤ ϵ+ ϵ1 + ϵ2.

6.3.1 Plugging in explicit constructions

We use Trevisan’s extractor, which was already shown to be quantum-proof in [41, 40]. Specifically,
we use the following two instantiations of this extractor:

Theorem 6.18 ([40]). For every constant δ > 0, there exists E1 : {0, 1}
n
2 × {0, 1}O(log2(n/ϵ1)) →

{0, 1}(1−δ)(
n
2
−b) which is a quantum-proof (n2 ,

n
2 − b, ϵ1) strong extractor.

Theorem 6.19 ([40]). For every constants γ1, γ2 > 0, there existsE2 : {0, 1}
n
2 ×{0, 1}O(log(n/ϵ2)) →

{0, 1}k
1−γ1 which is a quantum-proof (n2 , k, ϵ2) strong extractor, for k > nγ2 .

Plugging these two constructions into Theorem 6.17 gives Theorem 1.3 which we now restate.

Theorem 1.3. For any β < 1
2 , γ > 0 and ϵ ≥ 2−n

(1−γ)/2
, there exists an explicit quantum-proof

(n, (1− β)n, ϵ) strong extractor E : {0, 1}n × {0, 1}t → {0, 1}m, with seed length t = O(log n+

log ϵ−1) and output length m = Ω(n).

Proof: We set ϵ1 = ϵ2 = ϵ, b = βn, k = n
2 − βn − log ϵ−1, γ2 = δ = 1

2 and γ1 < γ. In order
to apply Theorem 6.17 we need to verify that the output length of E2 is not shorter than the seed
length of E1. This is indeed the case since

k1−γ1 ≥ (
n

2
− βn− n

1−γ
2 )1−γ1 ≥ n1−γ ≥ O(log2(

n

ϵ
)).
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The output length of E is 1
2(

1
2 − β)n = Ω(n).

6.4 The final extractor for the bounded storage model

We need the classical lossless condenser of [59].

Theorem 6.20 ([59]). For every α > 0 there exists an (n, k) →ϵ ((1 + α)k, k) strong lossless
condenser C with seed length O(log n+ log ϵ−1).

Plugging the condenser C and the extractor E of Theorem 1.3 into Theorem 6.15 gives Theo-
rem 1.2, which we now restate.

Theorem 1.2. For any β < 1
2 and ϵ ≥ 2−k

β
, there exists an explicit (n, k, βk, ϵ) strong extractor

against quantum storage, E : {0, 1}n×{0, 1}t → {0, 1}m, with seed length t = O(log n+log ϵ−1)

and output length m = Ω(k).

Proof: Let ζ > 0 be a constant to be fixed later. The extractor E from Theorem 1.3, when the
source length is set to be 2(1 − β)(1 − ζ)k, is a quantum-proof

(
2(1 − β)(1 − ζ)k, (1 − β)k, ϵ

)
strong extractor. In particular, it is a

(
2(1− β)(1− ζ)k, k, βk, ϵ

)
strong extractor against quantum

storage. Its output length is Ω(k). The theorem follows by applying Theorem 6.15, using the
condenser of Theorem 6.20 with α = 2(1− β)(1− ζ)− 1. Since β < 1

2 there is a way to fix ζ such
that α > 0.

Since Theorem 6.15 works in the more general model of flat distributions, and since the extractor
from Theorem 1.3 already works in the most general setting, we get Theorem 1.1:

Theorem 1.1. For any β < 1
2 and ϵ ≥ 2−k

β
, there exists an explicit quantum-proof (n, k, (1 −

β)k, ϵ) strong extractor for flat distributions, E : {0, 1}n × {0, 1}t → {0, 1}m, with seed length
t = O(log n+ log ϵ−1) and output length m = Ω(k).
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