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ABSTRACT

We define new error correcting codes based on extractors.
We show that for certain choices of parameters these codes
have better list decoding properties than are known for other
codes, and are provably better than Reed-Solomon codes.
We further show that codes with strong list decoding prop-
erties are equivalent to slice extractors, a variant of extrac-
tors. We give an application of extractor codes to extract-
ing many hardcore bits from a one-way function, using few
auxiliary random bits. Finally, we show that explicit slice
extractors for certain other parameters would yield optimal
bipartite Ramsey graphs.

1. INTRODUCTION

An error-correcting code is used to transmit information
over noisy channels. If the received word differs from the
transmitted word in not too many places, the closest code-
word to the received word will equal the transmitted word.
If such unique decoding is required, then error correcting
codes cannot correct a number of errors which is more than
half the minimum distance of the code. In particular, error
correcting codes cannot give unique decoding for error rate
greater than half.

List decoding allows recovery from a larger number of er-
rors; in fact, for large alphabets the error rate can be close
to 1. In this case, the list decoding problem requires that all
codewords with modest agreement with the received word
be output. If the number of errors is not overwhelmingly
large, then the transmitted word will appear on this list.
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List decoding may be possible under even harsher condi-
tions. Imagine an extremely noisy channel, where for the
ith alphabet symbol sent, the receiver only knows that the
ith received symbol belongs to some S; whose size is half the
alphabet size. Then the appropriate list decoding problem
is to find all codewords w = (w1, ... ,wr) such that w; € S;
for every i. An even harder problem is to to find all code-
words w = (w1,... ,wt) such that the fraction of w; € S; is
significantly more than 1/2.

1.1 Some d€finitions

Let C C [M]" be a code of size C.! We call the elements of
[T] x [M] points. We can view a word w € [M]" as the set of
points {(i,w;) : i € [T]}. The agreement between a word w
and a set of points S is Ag(w,S) = |{(3,bi) €S : b; = w;}|.
The list decoding problem comes in two flavors, combinato-
rial and algorithmic. In both we are given a set S of points.
The combinatorial version is to compute the number of code-
words that have large agreement with S, while the algorith-
mic version is to actually find all these codewords. Formally,

DEFINITION 1.1  (COMBINATORIAL VERSION). Let C C
IM]™ be a code and S C [T] x [M] a set of points. The A-
netghborhood of a set S isTA(S) ={w €C : Ag(w,S) > A}.
The neighborhood size function is

NSc(S,A) =

r
smax Pa(S)]
We say C can be list decoded for parameters S = S(T,M), A =
A(T,M) if NSc(S, A) = poly(M, T).

Of course, for the poly to make sense we need an infinite
family of codes, which we implicity assume throughout the

paper.

DEFINITION 1.2 (ALGORITHMIC VERSION). We sayC has
an efficient list decoding for parameters S, A if there is a
polynomial-time algorithm that given oracle access to the
characteristic function of a set of points S of size S, out-
puts all codewords in T'a(S) in time poly(M,T). We say
C has efficient encoding if there is a polynomial-time algo-
rithm that given i computes the i’th codeword of C in time
poly(M, T).

Notice that we can represent a set S C [T'] x [M] with MT
bits, so we could have replaced the above definition with one

'As usual, [M] denotes the set {1,2,...,M}. We use un-
conventional letters because we avoid N, K, and D, which
are standard for both extractors and coding theory.




that says that given a description of S the algorithm outputs
all codewords in 's(S) in time poly(M,T). However, in
many settings the oracle version is more natural as all we
need is just to check membership in § and not to compute
all the elements of S.

We generally are interested in the following quantities,
which are only well defined in an asymptotic sense.

DEFINITION 1.3. Let C C [M]" be a code. The min-agreement

min_agree; (S) is the minimum A such that C can be list de-
coded for parameters S and A. If for a given S, NS(S,T)
is super-polynomial then we say min_agree,(S) = co. When
the code is clear we may drop the subscript C. The extra-
agreement of C, extra_agree,, is the minimum A such that
for all S € [MT], min_agree,(S) < & + A.

1.2 Reed-Solomon and Random codes

Although list decoding was defined independently by Elias
[3] and Wozencraft [19] in the 1950’s, no non-trivial list de-
coding algorithm was known until the late 1980’s. Since
then, there have been several [4, 14, 6, 1]. For example, the
work of Guruswami & Sudan [6], building upon Sudan [14],
showed the following.

THEOREM 1. [6] Let RS C [M]" be a Reed-Solomon code,
T <M, |RS| = M". Then min_agree(S) < v/rS. Further-
more, RS has an efficient list decoding for these parameters.

Note that the bound is useless whenever v/rS > T. In
particular it is useless for the noise model above where for
every i, |Si| = ¥ and |S| = M. Indeed, we show that

Reed-Solomon codes are poor for large S.
THEOREM 2. Let RS C [M]T be a Reed-Solomon code,
T <M, |RS|=M". Then

(M+1)T
2

1. min_agreeg¢( ) = oo.

2. extra_agreep g > T/2.

On the other hand, we use the probabilistic method to
prove the existence of good codes for combinatorial list de-
coding.

THEOREM 3. Let M > 2,T > r and S € [MT].
exist codes C C [M]" of size C = M" such that:

1. For & < li‘g—c, min_agree(S) < log C = rlog M.

2. extra_agree, < 2y/Tlog C.

The second case of this theorem applies, for example, to
binary codes with M = 2 and S = T. The needed agreement
is then T + O(VTr) and it can be explicitly achieved by
many binary codes (e.g., Hadamard or Reed-Solomon con-
catenated with Hadamard), see [15].

We focus on the first case, where M = T (which is typical
for Reed-Solomon codes) and S = MT (ie., the set S is
large).

There

In that case, the bound of Theorem 1 is useless,
and the bound of Theorem 2 shows that no list decoding
is possible with these parameters for Reed-Solomon codes.
On the other hand Theorem 3 shows that there are codes
that can list decode well even with these parameters, and
furthermore the required agreement is only log C.

A natural and important question is then to find explicit
list decodable codes for larger alphabets that come close to
these bounds, or at least that are better than Reed-Solomon
codes.
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1.3 Extractor codes

Before defining extractor codes, we discuss extractors. An
extractor is a procedure to extract randomness from a de-
fective random source, using a small additional number of
truly random bits. Extractors were first defined and con-
structed in [10], and have since been improved by several
authors. Extractors have found numerous applications to
pseudo-randomness and explicit constructions [10, 18, 20,
16]. This paper gives yet another application.

We need a weaker variant of extractors called “slice ex-
tractors”. The output of an extractor needs to be almost
random with respect to any statistical test; the output of a
slice extractor just needs to be almost random with respect
to tests of a certain size. In fact, we just need the one-sided
version of slice extractors. The definition we give is not quite
analogous to the usual definition of extractors, but rather to
an alternate definition. See Section 2 for more discussion on
this point.

DEFINITION 1.4
[11] F : [C] x [T] — [M] is an (L,€,p) one-sided strong slice
extractor if for every B C [T] x [M] of cardinality [p - TM],

HUE[C] w>%+e}‘§L

T
Our codes are simple to define. We associate a code to a
one-sided slice extractor as follows:

DEFINITION 1.5. For F' : [C]x [T] — [M], the correspond-
ing extractor code Cr C [M]T is defined as follows. For each
v € [C] there is a codeword w = w(v) = (wi,... ,wMm) €
IM]T defined by w; = F(v,1).

We observe that one-sided slice extractors are equivalent
to list decodable codes.

THEOREM 4. Let A > 2. Then F : [C] x [T] — [M] s
a (Lye= % - %,p = % strong one-sided slice extractor
iff NSc(S,A) < L. If C <2 and if F is efficient then Cp

has efficient encoding.

Although a good extractor yields a good list decodable
code with efficient encoding, we do not in general have an
efficient decoding algorithm for such codes. We are able
to show, however, that Trevisan’s extractor [17] yields an
efficient decoding algorithm:

THEOREM b. For every M,C < 2M and € > % there is
a code Crr C [M]" of size C such that

o T — 90 ((loglog C«Hogs_l)z)’

o extra_agree(Crr) < Te.
e Efficient encoding and efficient probabilistic decoding.

For the special case M = T we can take € so that (loge™!)? =
log M, i.e., € is about 27 V18 M — 9=VIeT Tp particular we
can take any constant e. We summarize this in Table 1.3.

We note that Trevisan [17] used list decodable binary
codes to improve his extractor. However, he viewed it as
less important than the use of pseudo-random generators,
since he obtained good extractors without the use of codes.
Our result is quite different, in that we use extractors to
build codes over larger alphabets. Also, Sipser and Spiel-
man [13] used expanders, which are related to extractors, to
build codes. Again, our construction is quite different.

(ONE—SIDED STRONG SLICE EXTRACTOR).



| Code | min_agree(%T) |
Crs 00
Crr (% +¢€)T
Non-explicit | £ +/T'logC

Table 1: The case M =T,S = %

1.4 Hardcore bits

The first application of list decoding [4] was obtaining
hardcore bits, though it wasn’t noticed as a list decoding al-
gorithm at the time. For this use of list decoding, our notion
of list decoding is more useful than the original notion.

The hardcore bits problem is: given a one-way function
f:{0,1}" — {0,1}", can we obtain a hardcore function
h:{0,1}" — {0,1}™, such that h(z) is hard to predict given
f(z)? It is impossible to give one fixed h that works for all
f, so Goldreich and Levin [4] allowed h to depend on some
random bits y. We then want h(z,y) that is unpredictable
given f(z) and y. Goldreich and Levin showed that the
length of y could be taken to be r. Impagliazzo [8] gave
a generic construction based on list decodable codes. This
allowed him to get one hardcore bit while adding O(logr)
auxiliary random bits. Using our codes, we can output many
hardcore bits while adding O(log? r) auxiliary random bits.

1.5 Ramsey graphs

We conclude the paper with further evidence of the power
of slice extractors. We show that slice extractors for cer-
tain parameters are equivalent to bipartite Ramsey graphs.
While optimal extractors in the usual sense won’t beat known
constructions, optimal slice extractors will yield optimal bi-
partite Ramsey graphs.

2. EQUIVALENCEOFSLICEEXTRACTORS
AND LIST DECODABLE CODES

We begin with the equivalence of slice extractors and list
decodable codes, which is Theorem 4.

PRrROOF. NS¢, (S,A) < L iff for every set of points S of
size at most S, the number of codewords with agreement A
with S is at most L. This, however, happens iff V § C [T] x
[M] with |S| =S we have |[{v € [C] : [T'(v)NS|> A} <L.
We finish the proof by noticing that this is equivalent to the
definition of F' being a (L,e = % — %,p = %) one-sided
strong slice extractor.

If F is efficient then F'(v,1), the ith bit of the vth code-
word, can be computed in time polynomial in log C +log T.
Since log C < T the running time is polynomial in T. []

We remark that our definition of slice extractor is not
analogous to the usual definition of extractors, but rather
for an alternate version as discussed in [20]. A definition
analogous to the usual extractor definition is the following,
which we differentiate from the earlier definition by adding
“in the original sense.”

DEFINITION 2.1  (ONE-SIDED STRONG SLICE EXTRACTOR).
[11] F : [C] x [T] — [M] is an (L,€,p) one-sided strong slice
extractor in the original sense if for every X C [C] of cardi-
nality more than L, and every B C [T] x [M] of cardinality
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[p-TM], if x is chosen uniformly from X and y is chosen
uniformly from T, then

1Bl
Pr[F(z,y) € B] < ™ e

A one-sided strong slice extractor in the original sense is
also a one-sided strong slice extractor, with the same param-
eters. Conversely, an (L, ¢, p) one-sided strong slice extractor
is an (L/¢, 2¢, p) one-sided strong slice extractor in the orig-
inal sense. See [20] for proofs of the analogous statements
for extractors.

3. EXTRACTORCODESWITHEFFICIENT
DECODING

Our extractor codes with efficient decoding are based on
Trevisan’s extractor [17] and the improved version given in
[12]. These extractors are based on weak designs and list
decodable binary codes.

3.1 Weak Designs

DEFINITION 3.1 (WEAK DESIGN). [12] A family of sets
Z1,Zs, ... yZm C[t] is a weak (¢, p) design if

1. Vi |Z;| = ¢, and

2. Vi, 3,270 < p- (m—1).

We have:

LEMMA 3.1. [12] For every {,m and p > 1, there exists
a weak (£,p) design Z1,Z>,...Zm C [t] with t = "ﬁ-l - L.
Such a family can be found in time poly(m,t).
3.2 Binary codes

We need the following standard construction of list decod-
able binary codes (see [17]):

LEMMA 3.2. For every r and (3, there is an efficient en-
coding BC = BC, : {0,1}" — {0,1}", where ¥ = poly(r,1/3),
such that every Hamming ball of radius (1/2 — B)7 contains
at most 1/3% codewords.

3.3 Using Trevisan's extractor

Trevisan’s extractor [17].

Parameters : r,r < 2™, € > sz, and p = 2. Set

8=

Binary code : Let BC = BC,z : {0,1}" — {0,1}"
denote the binary code given by Lemma 3.2, and
denote = BC(z).

Weak Design : A weak ({,p) design Z1,...,Zn
[t], with:

N

o L =log7=0(logr +loge™!),

o t =[] =O((logr +loge 1)?),
Input : z € {0,1}".
Random coins : A random string y € {0,1}".

Output : The output has m bits, TR(z;y); =
2(y|Zi).




Letting T = 2% and M = 2™, note that Crr C [M]T is of
size 2". We now describe one step of the decoding procedure
fOI‘ GTR~

Algorithm 3.3: One step in decoding Crr.

Input : S C[T] x [M], |S]| =S.

Random coins : Random strings a € {0,1}" and
B € {0,1}'*, where M = 2™ and T = 2¢.

Algorithm : For every 1 < ¢ < m, and every set of
possible truth tables Pi,... , P;_1, where P; has
size 2/ZiNZil | construct an output list as follows:

e For every v € {0,1}":
— Define b € {0,1}™ by:

=

— Denote y =~Zi o B[t]\zi, i.e., v in posi-
tions Z; and S in positions [t] \ Z;.

— If (y,b) € S we let z, = b; otherwise
Zy = 1- b,

o We view z : {0,1}* — {0,1} as z € {0,1}".
For every codeword ¢ € BC with agreement
at least (3 + 3= )7 with z, we output the
corresponding v € {0,1}".

Pi(vlzinz;) ifj <i
o ifg >34

We claim:

LEmMA 3.3. For every S C [T] x [M] and z € {0,1}" for
which |T(z)NS| > A = 2 + Te, the probability x appears in
the output list of Algorithm 3.3 is at least 5—.

PROOF. The proof mostly follows Trevisan’s proof [17],
so we skip some details. Fix any = € {0,1}" such that
|IT(z) N S| > A. Define the test

ls : {0,1}*™ — {0,1}
which answers 1s(y,w) =1 iff (y,w) € S. Then

A S
Pr (1s(y,TR(z,y)) = 1 2 2y
ye{ofl}t(s(y (@y)=1) > T 2 g te
> Pr  (Is(u)=1)+e€
uE{O,l}'er

Define the hybrid distributions Dy, ... , D, where D; picks
y uniformly, then takes the first ¢ bits from T'R(z,y) and
the rest ajti1,...,am chosen at random. Let us denote
Qit1,m] = Qi+l,... ,0m. Then thereis an i, 1 < i < m,
such that

Pr
y€{0,1} 511 m]

(1s(Dy))=1) >

€
PryG{O,l}t,a[i’m](1S(Di*1) =1)+ m

We can split y € {0,1} into those bits in locations indexed
by Z;, which we denote by «y, and the rest of the bits in
locations [t] \ Z; which we denote by 8. Let us call the pair
(57a[i+1,m]) gOOd if

€
+ —

Pr .
2m

P (s(D)=1D> P
v 5

T ye{0,1} 0y
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An averaging argument shows that

Pr B, rit1.m1) is good] >
ﬁe{o,l}*—‘,a[iJrl,m][( » Oi41,m]) is good] om

For every good (8, aj;.+1,m]) we check all truth tables Pi, ...
and, in particular, check the truth tables where P;(y) =
#(BM\Zi 0 4Zi) for all j < 4. Yao’s trick then implies that

LA

Pr
-2 2m

76{0,1}[[2'7 = ]

and therefore z appears in the output. Thus, the algo-

rithm is successful if (8, a[i+1,m)) are good, which occurs
with probability at least 5--.

When Algorithm 3.3 is repeated 27 times, the probabil-
ity ¢ does not appear in the output list is at most e™". As
the number of codewords is C = 2" the probability there is a
codeword v € C with Ag(v,S) > A that does not appear in
the output list is at most (2/e)”. The number of elements in

the output list is at most O(Zr-m-2°™-(2)?) = WT,
because we repeat the basic decoding step O(™r) times,
each time we try the m possibilities for i, and the 2™ possi-
bilities for the tables Pi,...,P;_1, and then we get at most
O((2)?) possible answers (see Lemma 3.2). Taking p = 2,
r <M and € > 3, we get a running time of poly(M), which
completes the proof of Theorem 5.

4. HARDCOREBITS

Informally, the hardcore bits problem is: given a one-way
function f : {0,1}" — {0,1}", can we obtain a hardcore
function h : {0,1}" — {0,1}"™, such that h(z) is hard to
predict given f(z)? This is formalized as follows.

DEFINITION 4.1. f is a one-way function with security
(K,€) if no probabilistic algorithm running in time K can
invert f with probability at least €, where the probability is
over a random input and the coins of the algorithm.

DEFINITION 4.2. A test e-distinguishes a distribution D
if the probability that the test accepts under D differs from
the probability under the uniform distribution by at least €.

DEFINITION 4.3. h:{0,1}" x{0,1} — {0,1}™ is a hard-
core function with security (K,€) for a one-way function
f :{0,1}" — {0,1}" if there is no probabilistic algorithm
running in time K that, given f(z) and y, can e-distinguish
h(z,y) oy, where the distinguishing probability is over ran-
dom z, y, and the coins of the algorithm. h is hardcore with
security (K,e€) if it is hardcore with security (K,¢) for all
one-way functions with security (K2, ¢/2).

Impagliazzo [8] gave a generic construction based on list
decodable codes. Let C : {0,1}" — {0,1}" be a list decod-
able binary code. Then h(z,y) = C(z)y (the yth bit of the
encoding of z) is a hardcore predicate. This shows that for
m = 1 output bit the length of y could be much smaller
than r. Impagliazzo’s construction generalizes to the case of
more output bits. In this case we have C : {0,1}" — [M]T,
and the hardcore bits are h(z,y) = C(z)y.

THEOREM 6. Let C : {0,1}" — [M]" be a code with extra
agreement at most 3T, and the running time to find the
close codewords is o(K). Then h(z,y) = C(z)y ts hardcore
with security (K, ¢).

aPifla



PROOF. Suppose there is a function f and a statistical
test that given f(z) takes time K and e-distinguishes h(z,y)o
y, where z € {0,1}" and y € [T] are chosen uniformly.
Then this test has the form of an indicator function 1s for a
set § C [M] x[T] of size S. Assume without loss of generality
that

S
— 4 €.

>
Eg[h(w,y) oy€ S| > MT

An averaging argument then gives that there is a set X' of
size at least £27, such that for all z € X',

TAIC@),S) = Prlh(z,y)oy € S]

(1)
S €
— + —

ur tz @

Since C has algorithmic extra agreement T, there is an
algorithm running in time o(K) - K which outputs a list of
all z satisfying (1) (the decoding algorithm takes o(K) time
given the oracle, and each oracle call is an application of the
statistical test which takes K time). To find an element of
f1(z), run this algorithm and apply f to each such z. This
algorithm will be successful if some element of f~!(z) is in
X', which happens with probability at least €/2. The total
running time is at most K2. [

> PrlueS|+: =

‘We can now use the extractor code Crr to obtain a hard-
core function outputting many bits, with auxiliary random-
ness only O(log?(n/e)).

THEOREM 7. Suppose M = 2™ = o(K). Let T = 2
for t = O(log®(n/e)), and assume T = o(K). Then the
function h(z,y) : {0,1}" x {0,1}* — {0,1}™ defined by
h(z,y) = Crr(z)y is hardcore with security (K, €), and re-
quires auxiliary randomness t.

5. REED-SOLOMON CODES

Theorem 2 follows from the following theorem by taking
by = 2.

THEOREM 8. Let RS C [M]" be a Reed Solomon code
with M" elements, T <M and M is a prime power. Suppose
M — 1 = b1b2 for some integers b1 and b2. Then,

r—1
NS=s(T- (b +1),T) > M %2 .

The proof uses the multiplicative subgroups of Fy;, an
idea that was exploited in a more sophisticated way in [5].

PROOF. For b1|M—1, Fy; contains b; distinct solutions to
the equation z°* = 1. Denote these solutions by {wi,... ,wp,
and define wo = 0. Let & = {(i,w;) : i € [T],0<j < b},
|S| = T(b1 +1).

Let B be the set of polynomials p®2 for some p of de-
gree at most Z=t. For every ¢ = p"™ € B and i, either
p(i) = 0 and then ¢(i) = 0 or p(i) # 0 and then (g(i))** =
(D)% = (p(i)™ ! = 1, and 50 ¢(5) € {w,... ,wn, }.
Hence, if RS(q) denotes the codeword corresponding to g,
Ag(RS(q),S) = T. Since distinct ¢ of degree less than r
give distinct codewords RS(q), NSrs(T(b1 +1),T) > |B|.

To lower bound |B|, note that Fi[X] is a unique factor-
ization domain, which implies that for each ¢ € B, the p
such that p®2 = ¢ is uniquely determined up to multiples
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of Fum. Consequently, each ¢ € B can arise from at most

M polynomials p of degree at most Tb_zl (in fact, at most b2

r—1
such polynomials). Therefore |B| > M1+W/M.

O

6. BOUNDS FOR COMBINATORIAL LIST
DECODING

In this section, using the probabilistic method we show
non-constructively that codes with extremely good list de-
coding properties exist, and we also prove that our bounds
are reasonably tight. In order to prove this theorem, we
record a Chernoff bound [2] and some relevant notation.

6.1 Chernoff bound

DEFINITION 6.1. R¥(n, p,€) is the smallest integer k such
that Pr[>-" | Xi > k] < € for X1,..., X, i.i.d. (indepen-
dent and identically distributed) Boolean random variables
with E(Ez X,) =M.

We will use Hoeffding’s result [7] that the largest deviation
for independent Boolean random variables occurs when they
are i.i.d.

LEMMA 6.1. [7] For X1, ..., Xy, independent Boolean ran-
dom variables with E(Y", X;) = p, Pr[> 0, Xi > R (n, p,€)] <

€.
The following implicitly gives an upper bound on R*.

LEMMA 6.2. ([9], Theorem 4.1) Let X1,...,X, indepen-
dent Boolean random wvariables, X = >, X;, p = E(X).
Then, Pr[X > (14 0)u] < [€°/(1 4 §)AT)~.

The special case p < 1 gives:

COROLLARY 6.1. Let X1,...,X, be independent Boolean
random variables, X = >, X;, p = E(z). Assume p < 1.
L

Then Pr[X > L] < ()"

We use the following lemma from [9]:

LEmMMA 6.3. For every n,

1. ([9] Ezercise 4.1) If p < 1%22;1 then RY(n,u,¢)
[loge™'].
2. ([9] Theorem 4.3) If p > lﬁ;e;l then R (n,u,e) <

[2eu], and furthermore R™ (n, u,€) < [u + 24 /,uln(%)] .
6.2 Boundson list decodable codes

Using Lemma 6.3, Theorem 3 follows from the following
theorem. We subtract 1 from R* in the lower bound because
of integral issues.

IN

THEOREM 9. Let M > 2, T > r and S € [MT]. Denote
s
=

e (upper bound) There exist codes C C [M]T of size M"
such that NS¢ (S, RT (T, u,M™")) < 3max {S, \/eTM}.



e (lower bound) For every code C C [M]™ of size M", and
for every t <r, NS¢(S,RT(T,u, M%) — 1) > M" %

Proor. Upper bound:
Fix a set of pairs § = {(ai,b;) : ai € [T],b; € [M]} of size
S. We chose C at random. We show that

e We expect that few elements of C have RT = RT (T, u,M™")

agreement with S.

e The probability there are more than L elements of C
with R* agreement with S is smaller than the recip-
rocal of the number of possible sets of points.

We conclude that almost all codes C are good for any set of
points S.

Formally, let S; = {(i,b;) € S} and S; = |S;|, i.e, S1 +

.4+ St = S. Let Y; be the random variable indicating
that (i,z;) € S, when & = (z1,...,z7) € [M]T is chosen
at random. Then, the Yi,..., YT are independent Boolean
random variables and E(Y;) = S—M Let us denote Y = >, Y5,
EY)=3. S—M = & = pu. We also note that ¥ = Ag(z,S).
Therefore, by Lemma 6.1,

Pr [Ag(z,8)>R"]
zG[M]T

= Pr[lY >RY(T,u,M7")]

< M7

If Ag(z,8) > R' we say z is bad for S. The probabil-
ity that a random z is bad for S is at most M™". C is
a collection of M" independent random strings, hence the
expected number of bad strings in the code C is at most

M"-M™" =1. LetL—3maX{S veTM } We say S is bad

for Cif [{weC : Ag(w,8) > RT}| > L. For 1 <S < TM,
let ps denote the probability there is a set S of size S that
is bad for C. By Corollary 6.1

me (W) (5)

For S > veTM this becomes:

™ _3
( S )(S> S

bs =
< (62M>S~SSS < §5.9735 £ g%
and for S < veTM we have
o (3)m
< (eTM) " (Ve -V

<

In particular, the probability that there exists any bad set
S is at most

Y ps < (TM)(VeTM) V™ « 1.
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Lower bound:

Our method is similar to that in [11]. Fix a code C C [M],
say C = {wl, . ,wc}. We choose a random set of points
S C [T] x [M] of size S. Let us denote W; the random
variable that is 1 if Ag(w’,S) > A = RT(T,u,M™%) —1 and
0 otherwise. On the one hand we will show that EsW; >
M™" and therefore Es 5. W; > CM™" = M"~*. On the
other hand, for every set S of cardinality S we have at most
NSc¢(S,A) codewords that have agreement A with S and
therefore Es 37, W; < NSc(S,A). Together, NS¢ (S,A) >
Mt

We still have to show that Es W; > M~ Indeed, w’ de-
fines a set I"j—{iw) re=1,. T} Let us denote by
Y/ the random variable that is 1 1f (z w!) € § and 0 other-
wise. Then Y7 ... ,Y’ are i.i.d. Boolean random variables.
The random variable Y7 = 3, Yl-j is the agreement between
w and S, Y7 = Ag(w’,S), and p = EY? = 2. Therefore,
using Lemma 6.1

Priy’ > A] = Pr[y? > RY(T,p,M™) —1] > M~*

O

7. SLICE EXTRACTORS AND RAMSEY
GRAPHS

DEFINITION 7.1. Let G = (Vi = [N],Vo = [N], E) be a
bipartite graph. We say G is b—Ramsey if for every two
subsets A1 C Vi, As C V> of cardinality b, there is an edge
and a non-edge between A1 and As.

Non-explicitly a random bipartite graph with degree T =
& is almost always O(log N)-Ramsey. Explicitly, it is known
how to build graphs G that are about v/N-Ramsey. The
following is a well known generalization.

DEFINITION 7.2. Let G = (Vi = [N],Vo = [N], E) be a
bipartite graph with degree T. We say G is a (b,e)-Ramsey
graph if for every two subsets Ay C Vi, Ay C Vi of cardi-

|E(A;,42)] _ |Az]

nality b, AT = <e

Indeed, if G is (b,e = %%Ramsey and b < ¥ then it
is b-Ramsey. Being (b,€)-Ramsey is equivalent to being a
slice extractor. Before proving that, we first define slice ex-
tractors (as opposed to the one-sided strong version defined
earlier). For this application, it is more useful to define slice
extractors analogously to the original extractor definition.

DEFINITION 7.3  (SLICE EXTRACTOR). [11] F : [C]x[T] —
[M] is an (L, €, p) slice extractor if for every X C [C] of car-
dinality at least L, and every B C [M] of cardinality [p-M],
if © is chosen uniformly from X and y is chosen uniformly
from T, then
< €.

Pr[F(z,y) € B] —

18]
M
The following lemma is easy to check.

LEMMA 7.1. G is (b,
slice extractor.

)

2z

€)-Ramsey iff it is a (bye,p =

Non-explicitly, we show that slice extractors exist with
degree which is a factor p smaller than the corresponding
extractor.



LEMMA 7.2 (UPPER BOUND). For everyN,M <N, e >

0 and p > € there exists an (L = pM,e€,p) slice extractor
G = (Vi = N], V2 = [M], E) with degree T = O(log(T)Z%).

PRrROOF. We take a random bipartite graph G = (V1 =
[N],V2 = [M], E) of degree T. If G is not a (L,¢,p) slice
extractors then there are sets A; C Vi of cardinality L, and
As C V3 of cardinality pM such that each of the vertices of
A; e misses Az2. In particular half of the vertices of A1 devi-
ate by having too many or too few neighbors in A>. In IEeit};er

2 Te

it )
(See [9]. The lower deviation follows from Theorem 4.2, the
upper deviation from Theorem 4.3 for % < 2e — 1). Thus,

case the probability for that event is at most exp (—

the probability the graph is not a (L, ¢, p) slice extractor is
at most

N\ (M) LT < (Ne ZLeX _LTé
L) \pMm P\ "5 )= \T P\ )7

n(X
which is less than one as long as T > Wp. O

Thus, while a (L, €) extractor requires degree 9(1352—1\1), a
(L, €, p) slice extractor requires degree @)(l—ofzﬁp). The factor
p gain does not come from the fact that there are fewer
subsets A; and As of cardinality pM then arbitrary subsets,
but rather from the fact that when p is small the expectation
of hitting A» is small and better Chernoff bounds apply.

This factor p is important. Indeed, if we try to use extrac-
tors for building Ramsey graphs we get a bottleneck at % =
e < ﬁ and hence we can only get, roughly, v/ N-Ramsey

graphs. Slice extractors have dependence only T = Q(%)
and hence still work for very small b values. One can won-
der whether the result can be improved. A matching lower
bound was proved in [11]

LEMMA 7.3. [11] [Lower bound] There exists a constant
¢ >0, such that if G = (V1 = [N], V2 = [M], E) is a (L, ¢, p)
slice extractor of degree T with T < M/2, L < N/¢, p <
1/10,pM > 1 and € < p/25, then

p N
T> —In—.
— ce? IlcL
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