


Now we define composure of many extractors by:

DEFINITION 4.4 Suppose Ei is an (n,my, b, g1 +
Sit+1, () ~extractor, for ¢ = 1,...,k, s, > 0 and
s3 = 0. Suppose M, is an (n, t,+2 +s,+2,u,,t,+2,c,)
~somewhere random merger, for any 1 = 1...k —

My
1. We define by induction the function Ex ©
k

My M, M,
Fra ® ...Ex ® Ei to equal E; ®
My My
(Ex-1 © ...E2 © Ev).
Theorem 5 Suppose E,, M, are as above, then for
My 1
any safety parameter s > 0, £ = Ep ©
My_o M, ) &
Ex., & ...Ez © E isan (n,Z;-;m, +

(k= 1)s,t1 + SF e, tegs, S50 6 + ZE00G + (K -
1)n27%/°*2) _egtractor. If E., M, are ezplicit, then
sois E.

REMARK 4.1 It may appear that left associativity is
more economic in terms of number of truly ran-
dom bits used. However, we know how to implement
reight associativity composure in polynomial time (us-
ing a dynamic programming procedure) and we do
not know of such an algorithm for left associativity
composure-s.

4,4 Good Somewhere Random Mergers Imply
good Extractors

Assume for every m > 7 we have a good somewhere
M
random merger M. Then we can let £ = A, ®©

o Apzg, g Apm g Am, where A, is the extractor
of lemma 3.1 and b is some constant, 1 < b < c¢s,
to get an extractor that extracts £2(m) bits from
sources having m min-entropy. Using lemma 3.5, we
get an extractor that extracts m bits. Thus, we see
that good somewhere random mergers imply good
extractors. We prove the following lemma in detail
in Appendix A :

Lemma 4.3 Suppose m = m(n) is a funclion s.t.
for every m > m(n) there is an ezplicit (n, m,t,m —
2 ¢) somewhere random merger, where  is the con-
stant —:“T’ and c¢sz 13 the constant in lemma 3.1.
Then for any m there 1s an explicit (n,m,0(m -
log(n)-log(1)+1log®(n)-t), m, poly(n)-€)- extractor.

Unfortunately, corollary 4.2 asserts the existence

of good mergers only for m > 2V'°9(") and therefore
plugging this into lemma 4.3 we get:

Corollary 4.4 For every m thexe 18 an

(n,m, 02V log(n) -polylog(n) -log(%)), m, poly(n)-€)-
extractor B,

4.5 Putting It Together

The extractor B in corollary 4.4 uses O(2V'°9(™)

polylog(n) - log(%)) truly random bits to extract
all of the randomness in the given source. Al-
though O(2V'°%™ . polylog(n) - log(1)) is quite a
large amount of truly random bits, we can use the
[SZ94] extractor, to extract n*/® bits from n/ min-

entropy, and then use these nt/? >> 0(2\/“’9(”) .
polylog(n) - log(2)) bits, to further extract all of the
remaining min-entropy. More precisely, if B is the
extractor in corollary 4.4, E,, the extractor from
lemma 3.2 and M the merger from corollary 4.2,

M
then £ = B © Fs, extracts Q(m) bits from sources
having m > n%/® min-entropy, using only polylog(n)
truly random bits! That is, we get the following
lemma (whose proof appears in Appendix A) :

Lemma 4.5 Let ¢ > 2™ for some constant vy <
1. There is some constant < 1 s.t. for ev-
ery m > n? there is an explicit (n, m, polylog(n) -

log(), Q(m),poly(n) - €) extractor.

Now that we know how to extract all the random-
ness from sources having Q(n”) min-entropy with
only polylog(n) truly random bits, by lemmas 3.5
and Theorem 3 we have good somewhere random
mergers, for every m. Thus by lemma 4.3 we have
good extractors for every m. We prove in detail in
Appendix A that:

Theorem: For every constant v < 1 , ¢ >
27" and every m = m(n) there is an explicit
(n, m, polylog(n) - log(L), m, €)-extractor.

5 Explicit Somewhere Random Mergers

In this section we build explicit somewhere random
mergers. We observe that a 2-block merger can be
obtained from the previously designed extractors of
[NZ93, 5Z94]. Once such a merger is obtained, any
number of blocks can be merged in a binary-tree
fashion.

5.1 A 2-block somewhere random merger

A d-block (m,€,n)-somewhere random source X,
can be viewed intuitively as a source composed of
d strings of length m, with a selector that for all but
an 7 fraction of the inputs, can find a block that
is € quasi-random. Thus, it is natural to suspect
that X is € + 7 close to a distribution with = min-
entropy. The following lemma (proved in appendix
B.1) states this precisely:

Lemma 5.1 (1) Any (m,¢,n) somewhere random
source X is € + 5 close to an (m,0,0)-somewhere
random source X'. (2) For any (m,0,0) somewhere
random source X, Hoo(X) > m.
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Since a (2m,m,t, m’, ¢)-extractor E extracts
randomness from any source X with Heo(X) >
m, in particular it extracts randomness from any
(m,0,0) somewhere random source, and therefore
by definition E is a (2,m,t,m’, ¢)-somewhere ran-
dom merger. Thus:

Corollary 5.2 Any (2m,m,t,m', €)-extractor 1s a
(2, m,t,m’, ¢)~somewhere random merger.

5.2 A d-block somewhere random merger

Given a d-block somewhere random source, we
merge the blocks in pairs in a tree like fashion, re-
sulting in a single block. We show that after each
level of merges we still have a somewhere random
source, and thus the resulting single block is neces-
sarily quasi-random.

ALGORITHM 5.1 Assume we can build
a (2,m,t(m),m — k(m), e(m))-somewhere random
merger E, for some monotone functionst andk. We
build M, - {0,1}2'™ x {0, 1} 1™ — {0, 1} 1K)
by induction on l:

Input : z' =zlo. ..z'z,, where each ¢ € {0,1}™.

Output : Tosst =1, 0...1, wheret; € {0, 1}t<m).
If l =0 output xl, otherunse:

o Let 37 = E(zh,_y0zh, , 1), fori=

1,...,2"1,
o Let the output be
Mi—i(ei™ ozl o i),

Theorem: [Same as Theorem 8] My 1s a (2!, m,1-
t(m), m—1-k(m),l-e(m)) somewhere random merger.
Proof: Tor j=1,...,0 denote by Z’ the random
variable whose value is &’ = #] o...z},, where the
input & is chosen according to X, and t is uniform.
Notice that Z! is the distribution X, and Z° is the
distribution of the output.

The theorem follows immediately from the fol-
lowing claim:

Claim 5.1 Denote my, = m — (I — 3)k(m). If X
is an (my,0,0) somewhere random source, then for
any 1 <1+ < 2, 4d( (27 |Y € 277 - 1) +
1,2793) , U, ) <(I—3)-€e(m)

O

The proof of the claim is by downward induction
on j. The basis 3 = I simply says that for any 7 ,
d(X. | Y =14), Unr ) = 0, which is exactly the
hypothesis. Suppose it is true for 3. Informally, the
induction hypothesis says that if Y “points” to Z3,_,

then ZJ, _, is uniform, and if Y “points” to Z3, then
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Z3, is uniform. Thus, it is natural to suspect that if
Y “points” to Z3, or to ZJ,, then Z3,_, 0 Z] is a 2-
block somewhere random source. Indeed, we show
that ZJ,_, o ZJ, with the right conditioning on Y is
(I — 5) - €(m) close to some W with Hoo(W) > m,.
Since Z77* E(Z),_, 02} ,t) and E is an
extractor the claim follows. A full proof appears in
Appendix B.

REMARK 5.1 Notice that we use the same random
string t, for all merges occuring in the j'th layer,
and that this is possible because in a somewhere ran-
dom source we do not care about dependencies be-
tween different blocks. Also notice that the error is
additive in the depth of the tree of merges (i.e. n
1), rather than in the size of the tree (2').

6 Composing Extractors

In subsection 6.1 we show how to efficiently compose
two extractors, and in subsection 6.2 we compose
many extractors.

6.1 Composing Two Extractors

The algorithm computing the composed extractor
was presented before as algorithm 4.1, along with
Theorem 4, that we prove here.

Proof: [Of Theorem 4}

Obviously, it is enough to show that £1 S E, is an
(ta, (1 + (2, 8n2_5/3)—somewhere random source. To
prove this, assume Ho(X) > m1 + m2 + s. Denote
by Q. and Z, the random variables with values ¢,
and z, respectively. Also, let €3 = 2_3/3, €2 = 2¢€3,
and €; = 2¢3. We define a selector for 7 Z10
...00n Fi © E; in two phases: first we define
a function f which is almost the selector but has
few “bad” values, then we correct f to obtain the
selector Y.

DEFINITION 6.1 Define f(w) to be the last 1 s.t
Prob(Xpm = W) | Xjpp—1y] = wie-11) < (€2 —
€3)+ 27,

DEFINITION 6.2 Define w to be “bad” if f(w) = 1

and:

1. Probsex(f(z) =1) < e, or,

2. Probzex(f(x) = i | @[p,—1) = wpi,.—1)) < €2,
or,

3. Probeex(X, = w. | $[1,-1] = Ww[1,-1)) € €3

We denote by B the set of all bad w. We denote
by B, (i =1,2, 3) the set of all w satisfying condition

(@)



DEFINITION 6.3 Let Y be the random variable, ob-
tained by taking the input a and letting Y = Y(a)
where Y(w) = 0 if w is bad, and f(w) otherwise.

It holds that Prob(w is bad) < n(es + €2 + €a) <
8n-27*/* ( the proof is easy, see appendix C.2). We
complete the proof by showing that (Z, | Y = 1) is
¢1 + (2—close to uniform.

Claim 6.1 ]f PTOb(Y =1 | X[l,z——l] = w[l,t—l]) >0
then Hoo ( Xy | Y = 1 and Xpg o) = Wpe—a)) 2
ma

Therefore, for any such wp,—q, (@ | Y =
v and X[,_1] = wp,.-1)) is (1—close to random
(since Ej is an extractorg. Hence by lemma 3.3,
the distribution (Xp,,—q} | Y = ) x (Q. | ¥ =
i and X 1] = wi,.—1)) is {1—~close to the distri-
bution (Xjy,—q | Y =1) x U. But,

Claim 6.2 HOO(‘Y[I,:—lj I Y = Z) _>_ ma2.

Therefore, using the extractor E» we get that
(Z, | Y = 1) is {1 + §z—close to uniform.

O

The proofs of claims 6.1 and 6.2 appear in ap-
pendix C.

6.2 Composing Many Extractors

In this subsection we prove Theorem 5, which claims
M M

that E» @ ... ® E1 can be efficiently calculated:

Proof: [of Theorem 5]

Correctness :

By induction on k. For k = 2 this follows from
theorem 4. For larger k’s this is a straight for-
ward combination of the induction hypothesis
and Theorem 4.

Running time :

My My -2 My
We compute By, ® FEiox O ...E2 © B
using a dynamic programming procedure:

e Given 7 € X, we toss y € {0,1}1 and v, €
{0,1}#s for 3 =1,...,k.

e Next, we compute the matrix M where
) M]—-l MJ—2 M1
M = (E, & E. O ..E ®
E)(zpnpy0910...0y;), for 1 <i < nand
1<j<k
The eniries of the first row of M, M[1,1] can
be filled by calculating Ei(z[,n),¥). Suppose
we know how to fill the 7’th row of M. We
show how to fill the 3 4+ 1’th row.

— Denote ¢ = M[j,{] forl = 1,...,n, and
let z1 = Ejq1(5p,0-19, @1)-
— Let M[j+1,3] = M;(z.0...2n,9)-

By the composition definition MT{7,:] has the
correct value, and clearly, the computation
takes polynomial time in n.

[
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A Main Theorem

A.1 Proof of lemma 4.1

e By lemma 3.2 there is an
explicit (m, 755, O(log®m - log(%)), ey €
extractor.

e By lemma 3.4 there is an ex-
plicit (2m,m, O(f*(m) - log®m - log(lg)), m —
%,poly(m) - €)— extractor.

e By Theorem 3 there is an
explicit (n, m,O(log(n) - polylog(m) - A (m) -
log(%),m —log(n) - 77y, log(n) - poly(m) - €)-
somewhere random merger. For any m > mo
—-—f(’fn) < sl lo"g‘(n), hence log(n) - —————~f(":n) <2

A.2 Proof of lemma 4.3

Proof: The lemma follows easily from lemma A.1
using lemma 3.5.

Lemma A.1 Suppose for any m < m < m there
is an explicit (n,m,t,m — 2, ¢) somewhere random
merger, where € 1s the constant in lemma 4.3. Then,
for any m < m < ™ there 15 an explicit (n, m,O(m -

log(%) + log(n) - 1), Q2(m), poly(n) - €), estractor E.
Proof: Letb =c..-(1—1). Clearly bis a constant,
and 1 < b < ¢s;. Define m, =b"-m - log(lg), and let

I be the first integer s.t. Ti_,2m, < =.

My My
Define E=F, ® Ei_1... ® F;, where:
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e B, is the (n,2m.,,my,cer - m,, 27 ™/?)-
extractor A,,, from lemma 3.1

o M, is the (n,csz muy1,t,b-mig1, €)-somewhere
random merger promised in the hypothesis of

the lemma.
Now we use theorem 5 with ¢, = m, and s, =
(csz — b)m,—1, and we also take s = Z. By

Theorem 5, E is an (n,S!_;2m, + (I — 1)s,t:1 +
BIi t, Tisa 2707 4+ BiTe + (1 - 1n2” o9
~extractor. Since I = O(log(n)) and ¢ > 27°/% (oth-
erwise the result is trivial), £ is an extractor as re-
quired, Since A,, M, are exphcit, so is E. O

A.3 Proof of lemma 4.5

Proof: Choose § = 352 and # =1 — . Let the
M
extractor £ be £ = By, ® F., where

o E,, is the (n,n”, O(log*n - log(-le-)), n21 ey -
extractor of lemma 3.2.

e B, is the extractor from corollary 4.4.

o M is the merger from corollary 4.2.

2p5~1 — 'n'5 . n’y = Q(ZV tag(n) . l()g(%)),

M
E = B, ® E,, is well-defined. By theorem 4, for
every m, E is an explicit (n, m~+n®+n?, polylog(n)-
log(1),Q(m),poly(n) - €)-extractor. In particular if
Hoo(X) = QnP) we extract Q(Hoo (X)) as required.
d

Since n

A.4 Proof of theorem 4.5

¢ By lemma 3.5, lemma 4.5 implies an explicit
(2n, n, polylog(n) - log(%),n - nﬁ,poly(n) - €)
extractor.

o There is some constant d (that depends only on
v) s.t. for every log®n < m < n, log(n) - m? <
%, Therefore by theorem 3, for every m there
is an explicit (n,m,polylog(n) - log(L),m —
2 poly(n) - €) somewhere random merger.

e By lemma 4.3, this implies an ex-
plicit (n, m, polylog(n) - log(%), m, poly(n) - ¢)-
extractor, for any m. Plugging ¢ =
gives the theorem.

<
poly(n)?’

B Somewhere Random Mergers

B.1 A Somewhere Random source has large min-
entropy

Lemma B.1 If X = X;0...0X4 15 an (m,€,n)
somewhere random source, then X 1s n—close to an
(m,€,0) somewhere random source X'.



Proof: [of lemma B.1]

Let Y be an (m,¢,7) selector for X. D(ﬂote p=
Prob(Y = 0) < 5. Define the distribution D by:

— 0 If:=0
D, z) =19 Prov( (viX)=(,2) ) :
@, { s e L otherwise

It is easy to see that D is a distribution. Define the
random variable Y’ o X' as the result of the pick-
ing (4,z) € D, 1e. Y'o X' = D. It is clear that
dX, XY <d(YoX,YoX)=p<n.

Now we want to show that Y’ is an (m,¢,0) se-

lector for X’. It is clear that Prob(Y' = 0) = 0O

It is not hard to see that for any ¢ > 0 we have:
Prob(X' =z |Y' =i) = Prob(X ==z |Y =1).

Therefore, since we know that (X,|Y = i) is e~close
to Um, we also know that (X||Y’ = 1) is € close to
Us, thus completing the proof.

O

Lemma B.2 Let X = X10...0X4 be an (m,¢,0)-
somewhere random source, then X is ¢ close to an
(m, 0, 0)--somewhere random source Z.

Proof: [of lemma B.2]

Let Y be an (m, ¢, 0) selector for X. Fix some
i € [1..d]. We know that d((X, | ¥ =1),Un) < e
Define a distribution Z(*) by:

ZW(z) = 54 Prob(X =z | X, = 2, and ¥V =1)
- if Prob(X, =z, and Y = 1) > 0, ZW(z) = -
if Prob(X, =z, and Y =1i) =0, and Z(W(z) = 0
otherwise.

It is easy to check that Z®™ is indeed a distri-
bution, and that Z") = U,,. Define Y o Z to be
the random variable obtained by choosing @ accord-
ing to Y, then choosing z according to Z(, ie.,
forall s > 0, (Z | Y = 1) = Z". Also, denote
X = (X |Y =1). Then:

Prob(Z, =z |Y =13 = ZW(z) = 277
We soon prove that:
Claim B.1 4(X®,Z(") < e.

Thus:
dX,2)<d(YoX,YoZ) =

Tiso Pr(Y =4) - d(X | Y =4),(Z|Y =) =

Yiso Pr(Y =1) - d(X(‘),Z(i)) <e

Hence Z satisfies the requirements of the lemma.

O
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Proof: [of claim B.1]

We need to show that for any A C Ax, | XV(A4)~
Z(A)| < e. Tt is sufficient to show this for the set
A containing all z € Ax s.t. X®(z) > Z()(z). This
can be easily seen, using the fact that for any z € A:
Pr(Z=z|Zi=a, and Y =) = FrtZ=s | ¥=u)

Pr(Z,=a, | Y=1) =
PrX=z|X,=a, and Y =1).
O

Lemma B.3 Let X = X;0...0 Xq be an (m,0,0)
somewhere random source, then Hoo(X) > m.
Proof: Suppose Y is an (m,0, 0) selector for X.
Prob(X =12) =
Tiepn o Prob(Y =1d) - Prob(X, =1z, | Y =1) <

Eze[l,.d] PTOb(Y = z) LT g™
g

Combining lemmas B.1, B.2 and lemma B.3 we
get lemma 5.1.

B.2 Proof of claim 5.1

Proof:

The proof is by downward induction on 3. The
basis j = ! simply says that for any 1 , d({X, | Y =
i), Um ) = 0, which is exactly the hypothesis. Sup-
pose it is true for j, we prove it for 3 — 1. By the
induction hypothesis:

o d( (Z3,_, 1Y € [2'77(2i — 2) + 1,2"77(2 —
D)) s Um, ) < (= j)e(m)
o d( (23, ] Y €

[2°77(2i—1)+1,2"724]), Um, ) < (I—5)-€(m)
Soon we prove the following lemma:

Lemma B.4 Let A, B and Y be any random vari-
ables. Suppose that d((A | Y € 51),Un) < € and
d((B | Y € 52),Um) < € for some disjoint sets S
and S2. Then (Ao B | Y € 53 US,) is e~close to
some X with Ho(X) > m.

Therefore:

o (Z_,0Z2 |Y €20 (1=1) 41,2771 4]) s
(I—7) - e(m) close to some W with Ho, (W) >
m,.

e Since Z}™' = E(Z},_, 02}, , t,), it follows
that (Z/7' | Y e 2" (i —1) 41,277 4)) is
(I —7) - €(m) close to Em, (z,tx) where ¢ € X
and Hoo(X) > m,. Therefore, it is (I — §) -
¢(m) + ¢(m) close to random, as required.

a



B.2.1 Proof of lemma B.4

Proof:
follows:

We define random variables Y', A’ o B’ as

e Pick Y =4 € S1 U S, with: Pr(Y’ = i) =
PT(Y:Z'YESlLJSz).

¢ Choose a’ob’ € (A0 B |Y =1).

it is easy to prove that:

Claim: Pr(A'=d |Y' =1) = Pr(A =
¢ |Y=1)and Pr(B' =0 |Y' =1i) = Pr(B =
VY =)

Define

s _f1 Iy es
T 1 2 Otherwise, ie. Y' € 5,

It is not hard to see that:

ClaimB.2 (A | 7/ = 1) = (A| Y € S) and
(B'"|Z'=2)=(B|Y €S5).
Hence, Z’ is an (m, ¢, 0) selector for A’ o B'.

Therefore by lemma 5.1, A’0 B’ is e—~<lose to
some X with HOO(X) > m. However, it is not hard

to see that:
Claim: A'oB' = (AoB|Y € S1US;).

Thus,_(AoB | Y E__S'l USs) = A’o B'is e-close
to some X with Hoo(X) > m, completing the proof.
O

C Composing Extractors

C.1 Composing Two Extractors

Proof: [of claim 6.1]
For any w s.t. Y{(w) =«

Prob(Xpu,n) = wppn| X012 = Wi o1, Y (2) = 1)
Prob( X[, nj=®,n) | X[1,0=1)5%[1,0-1] )
Prob(Y(z)=2 | X[l,z——l]:w[l,z—l] )
(e2—e€3)2" ™1
Prob(Y(z)=t | X[ ,—117W,1-1] )
€2—€3)2™™1 _ 5—m
€p—e3 =2 !
Prob( A

The first line is true since Prob(4 | B) < 55755

the second line since f(w) = ¢, and the third follows
Claim C.1.

Proof: [of claim 6.2]

Take any wy;,_1) that can be extended to some
w with Y{w) = 1.

IA IN

IA

Prob(Xp,i—1] = wp,em1)) =

Prob(Xp1,n) = wp,n)

Prob(Xpu,n = wpn) | Xp1,0-1) = wp1,-1)
Prob(Xp1 n) = wp,m)

PTOb(X; = w,|X[1,,~_1])Prob(X[,+1yn] = w[l+1,n]lX[1,z])

However,

Prob(Xpy1,n = Wig1,n)| X)) 2 (€2 —ea)27™
Prob(X, = w, | Xj1,0-1] = wp1,,-1]) > €2
PTOb(X[l,n] = w[l,n]) < 9—(mi+ma+ts)

The first line is true since f(w) = i, the second

since w & Bj, the third since Hoo(X) > m1+ma+s.
Thus,

Prob(Xp 1) = Wi ,-1)

The first line is true since Prob(A | B) <

g—mg—s

ey

& (2~ €)

Therefore,
Prob(Xpy,mqy = wp,—1) | Y(z) =14) <
Prob( Xy,,—1y=w[,:—1])
Prob(Y(x)=1) <
—mg—s —<_

e3-(eg—e3) Prob(Y(z)=1)

2”m2—s = 9~m2
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The second by Eq. (1). The third by Claim (C.2).
O

C.2 Technical Lemmas

In this subsection we state some easy technical lem-
mas used in subsection 6.1.

Claim C.1 For
PTObzeX(Y(z) =1 | Tl1,p—1] = w[l,z—l])

any 1 and wp

,e—1]s Zf
> 0, Then

P?‘Obmex(Y(:D) =1 T[1,0-1] = w[l,z-—l]) > €2 — €3.

Claim C.2 For any i, if Probzex(Y(z) =1) > 0,
then Probzex(Y(z) =1) > €1 — €2 — €3.

Claim C.3
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. Prob(z € B,) < ne,, fori1=1,2,3.
. For anyi: Prob(f(z)=1and t € Bz2) < €2
3. For any 1 and wp,—11: Prob(f(z) =1 and ¢ €

Bs |

TM,e-1] = w[l,z——l]) <e

. For anyi: Prob(f(z)=1iand z € Bs) < €3



