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Abstract

We deal with the problem of storing a set ofK elements that are taken from a large universe of sizeN , such that membership
in the set can be determined with high probability by looking at just one bit of the representation. Buhrman et al. show an
explicit construction with aboutK2 logN storing bits. We show an explicit construction with aboutK1+o(1) storing bits, that
gets closer to the optimalK logN bound.

Our technique is of independent interest. Buhrman et al. show anon-explicitoptimal (up to constant factors) construction
that is based on the existence of certain good unbalanced expanders. To make the construction explicit one needs to be able
to explicitly ‘encode’ and ‘decode’ such expanding graphs. We generalize the notion of loss-less condensers of Ta-Shma et al.
[Proc. 33rd Annual ACM Symposium on Theory of Computing, 2001, pp. 143–152] and build such graphs. We further show
how to efficiently decode such graphs using an observation from Ta-Shma and Zuckerman [Manuscript, 2001] about Trevisan’s
extractor. 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

One immediate way of storing a set ofK elements
is writing down a sorted list of theK elements in the
set. Thus a sizeK set is represented byK logN bits,
which is close to optimal. Given an elementx ∈ [N],
checking whetherx belongs to the set requires reading
logK · logN bits from the representation. Yao [15]
asked whether we can do better?

The problem attracted a lot of attention. Later
research proceeded in two paths. One path studied the
cell probemodel suggested by Yao in [15], where one
can only store and read elements from the universe
[N]. Up until recently most of the work done was

E-mail address:amnon@post.tau.ac.il (A. Ta-Shma).

in that model. Fredman, Komlos and Szemeredi [3]
showed how to solve the problem in this model using
only a constant number of queries and linear in the
optimal space. Later the space complexity was further
improved [4,1,7]. Yet, obviously any algorithm in
this model has to query at least one element of the
universe, hence queries at least logN bits.

Minsky and Papert [6] first studied thebit probe
model where information can be stored in an arbitrary
way. Recently, Buhrman et al. showed [2] that non-
explicitly there are schemes which store sets of size
K using O((K logN)/ε) bits, and determine member-
ship with at mostε error while reading only asingle
bit of the representation. We first explain the error
model. An

(
N
K

) →ε p([M]) storing scheme consists
of:
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Table 1(N
K

)
storing schemes

No. of bits probed Space complexity Reference

O(logN) O(K logN) [3], explicit

1 O(K
2 logN
ε2 ) [2], explicit

1 K · 2O((log logN
ε )3) This paper, explicit

1 AboutK logN
ε Lower bound and non-explicit [2]

• A deterministic storing functionf :
([N]
K

) →
p([M]) that maps a setA ⊆ [N] with K elements
to a subset of[M]. f is efficient if it can be com-
puted in time polynomial inK and logN .

• A probabilisticmembership functiong :p([M])×
[N] → {0,1} that gets the output of the storing
scheme, and an inputx ∈ [N], and returns a
Boolean value.g is explicit if it can be computed
in time polynomial in logN . (Notice that its input
length is much bigger,M + logN .)

It should hold that for everyA ∈ ([N]
K

)
the encoding

f (A) is such that:

∀x ∈ A Pr
[
g(f (A), x)= 1

]
� 1− ε, and

∀x /∈ A Pr
[
g(f (A), x)= 1

]
� ε.

The storing space of the scheme isM. The storing
scheme is one probe if for everyA and x the
probabilistic membership functiong probes a single
bit of f (A).

The Buhrman et al. result shows that with optimal
storing space (only a constant factor times the best
possible) one can determine membership by looking
at just one bit of the representation. This nice result
is, however, mainly a proof of feasibility rather than a
construction as the storing and membership functions
are non-explicit and might take space exponential
in N to be expressed. Constructively, using designs,
Buhrman et al. [2] show to build efficient one-probe
storing schemes withM = O((K2 logN)/ε2).

Our main result is the construction of an explicit
one-probe storing scheme withK · 2O((log(logN)/ε)3)

space complexity. We summarize these results in
Table 1.

Our bound is better than that of [2] as long as

logK = k ��
(
log logN + log 1

ε

)3
.

Table 2
Explicit

(N
K

)
one-probe storing schemes,K = 2

√
n, ε = 1/poly(n)

Space complexity Reference

K2+o(1) [2]
K1+o(1) This paper

AboutK logN
ε Lower bound

To demonstrate the improvement we compare in
Table 2 the space complexity of

(
N
K

) →ε p([M]) one
probe storing schemes whenN = 2n, ε = 1/poly(n)
and, say,K = 2

√
n.

1.1. The Buhrman et al. technique

Buhrman et al. prove that one can get a one-probe
storing scheme by using good, highly unbalanced and
highly expanding bipartite graphs. We start with an
intuitive explanation of their result. The construction
uses a bipartite graphG(V1 = [N = 2n],V2 = [M =
2m],E) with left degreeD = 2d . We identify elements
of {0,1}n with vertices ofV1. We also identify set
representations (that areM bit long) with zero/one
assignments to all theM vertices ofV2. The storing
function takes a subsetA ⊂ V1 and represents it as a
zero/one assignment to theM vertices ofV2 (therefore
takingM bits of space). The assignment should have
the property that for everyx ∈ A most of its graph
neighbors have assignment ‘1’, while for everyx /∈ A
most of its graph neighbors have assignment ‘0’. The
probabilistic membership functiong then getsx ∈
V1, picks i ∈ [1..D] uniformly at random and checks
whether theith neighbor ofx in the graphG is set
to 0 or 1. Buhrman et al. show that if the graph is
expanding such an assignment exists.

We now formalize these notions. We can view a
functionF : {0,1}n × {0,1}d → {0,1}m as a bipartite
graphGF(V1 = [N = 2n],V2 = [M = 2m],E) where
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eachv1 in V1 has degreeD = 2d , andv2 is the ith
neighbor ofv1 iff F(v1, i)= v2. Forv1 ∈ V we denote
by Γ (v1) the set ofV2 vertices that are connected to
v1. For a setA ⊂ V2, the density ofA is ρ(A) =
|A|/|V2|.

We sayF has explicitencodingif there is an al-
gorithm that givenv1 ∈ V1 and i ∈ [D], computes
F(v1, i) in time polynomial in the input length. A bi-
partite graphG = (V1,V2,E) is (K, c) expanding if
for everyA ⊆ V1 of cardinality at mostK, |Γ (A)| �
c|A|, whereΓ (A) is the set of neighbors ofA.

We sayF (andGF ) has efficientδ decodingif there
is a deterministic algorithm that given a setA ⊂ V2
finds all elementsx ∈ V1 for which |Γ (x) ∩ A| �
(ρ(A) + δ)D and whose running time is at most
poly(D, |V2|,1/δ).

Buhrman et al. show:

Theorem 1 [2]. If for K =K(N) < N andε = ε(N)

there exists a family of graphs{GN = (V1 = [N],
V2 = [M],E)} of some degreeD = D(N) that is
(2K,(1 − ε)D) expanding, then there exist

(
N
K

) →4ε
p([M]) one-probe storing schemes. Furthermore,

• If the family of expanding graphs has explicit
encoding then the storing scheme has an efficient
probabilistic membership function.

• If M = poly(K) and the family of expanding
graphs has efficient2ε decoding then the storing
scheme has an efficient storing function.

Our contribution is the construction of good ex-
panders that have explicit encoding and efficient de-
coding.

1.2. Our technique

We want to build a(2K,(1−ε)D) expanding graph
G = (V1,V2,E) of degreeD. This means that if for
everyv1 ∈ V1 we color all the edges leavingv1 with
the colors 1..D (in an arbitrary way), then for every
subsetA⊆ V1 of cardinality at mostK, for almost all
colors i, the ith color mapsA to V2 almost one-to-

one. This leads to our definition of an(n, k)
1:1−→ε m

strong condenser (see below). A useful generalization

of this is that of an(n, k)
P :1−→ε m strong condenser,

where the mapping isP : 1 rather than 1: 1. Given an

appropriate strong condenserF : {0,1}n × {0,1}d →
{0,1}m the desired graph is thenGF as defined in
Section 1.1.

The strong condenser we want to build should have
the following properties:

• it should have explicit encoding,
• it should have efficient decoding, and
• V2 should be small (or more preciselym should

bek + o(k)).

We show that one can build such an entity by
concatenating many little strong condensers used as
building blocks. We show that if each has explicit
encoding so does the concatenation, and if each has
efficient decoding so does the concatenation (well,
here the precise statement is a bit more careful).

We observe that strong universal extractors (defined
below) give goodP : 1 strong condensers, whereP
depends on the entropy loss. This builds on ideas from
[9,11]. Furthermore, by repeatedly concatenating ex-
tractors we can make the entropy loss, andP , order
of magnitudes smaller then the original problem. Re-
peating that enough times we makeP so small that by
using very simple objects we can make the whole con-
struction 1 : 1. This is similar in spirit to ideas in [14,
8]. Doing this carefully we getm small enough, and
we also get explicit encoding. For efficient decoding
we choose the strong extractor to be Trevisan’s extrac-
tor [10]. Raz et al. [9] showed that Trevisan’s extractor
is strong and universal, and Ta-Shma and Zuckerman
[12] showed that Trevisan’s extractor has efficient de-
coding. We then get:

Theorem 2. For everyK =K(N) < N andε = ε(N)

there exists a family of graphs{GN = (V1 = [N =
2n],V2 = [M],E)} of degreeD =D(N), that is,

• (2K,(1− ε)D) expanding with

M =K · 2O((log(logN/ε))3),

• has explicit encoding, and
• has efficientε decoding.

We note that a variant of Trevisan’s extractor
was shown to be a good expander in [11]. That
construction, however, is not good enough for us as
it has poor dependence onε, specifically,M is at
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least 21/ε. We also note that the construction here is
somewhat atypical in that it does not care how large
the degreeD is (as long asM is relatively small).

By Theorem 1 this translates to an explicit one-
probe scheme:

Theorem 3. There exists an
(
N
K

) →4ε p([M]) explicit
one-probe storing schemes, withε error and M =
K · 2O((log(logN/ε))3) space.

2. Strong condensers

Definition 1. A function F : {0,1}n × {0,1}d →
{0,1}m is an(n, k)

P :1−→ε m strong condenser if in the
graphGF = (V1 = [N = 2n],V2 = [M = 2m],E)

• there are no parallel edges (i.e., for everyx ∈ V1
there areD = 2d distinct edges leavingx), and

• for everyA ⊆ V1 of cardinality at mostK = 2k,
the induced graphGF (A) = (A,Γ (A),E) has a
subgraphE′ ⊆E with at least(1− ε)D|A| edges
and right degree at mostP .

In words, the second condition says that for every
A ⊂ V1 of cardinality at most 2k we can ignore
an ε fraction of theD|A| edges leavingA and the
remaining edges map at mostP elements ofA to the
same element ofV2.

Definition 2 (Concatenation). LetF1 : {0,1}n×{0,1}d1

→ {0,1}m1 andF2 : {0,1}n × {0,1}d2 → {0,1}m2. De-
fine F1 ◦ F2 : {0,1}n × {0,1}d1+d2 → {0,1}m1+m2 by
F1 ◦F2(x;y1, y2)= F(x, y1) ◦F(x, y2).

Similarly we define concatenationF1 ◦ · · · ◦ Fr
for every r � 1. We first state the obvious fact that
concatenating two strong condensers gives an even
better strong condenser:

Lemma 1. Suppose thatF1 is (n, k)
P1:1−→ε1 m1 strong

condenser andF2 is (n, logP1)
P2:1−→ε2 m2 strong

condenser. ThenF1 ◦ F2 is (n, k)
P2:1−→ε1+ε2 m1 +m2

strong condenser.

Proof. Let A ⊂ {0,1}n be a subset of cardinality at
most 2k. Think of the graphGF1◦F2. We can ignoreε1

fraction of theD1|A| edges leavingA in GF1 (where
D1 is the degree ofGF1) and be left with aP1 : 1
mapping, that is, everyw1 ∈ {0,1}m1 is reached by at
mostP1 elements ofA. Now, if we ignoreε2 fraction
of the edges ofGF2 leaving this set we are left with a
P2 : 1 mapping. ✷

Now we want to show that given that the little
blocks have explicit decoding then so does the con-
catenation.

Lemma 2. Let Fi : {0,1}n × {0,1}di → {0,1}mi , and
let the concatenation beF = F1◦· · ·◦Fr ,F : {0,1}n×
{0,1}d → {0,1}m, d = d1 + · · · + dr , m=m1 + · · · +
mr . Assumed � log(n). Further assume:

• eachFi is an(n, ki)
Pi :1−→εi mi strong condenser,

• eachFi has explicit encoding, and
• eachFi has efficientδ decoding.

ThenF has efficientrδ decoding.

Proof. GivenA ⊂ {0,1}m our decoding algorithm is
the following. For everyi = 1, . . . , r, for every possi-
ble valuezj ∈ {0,1}mj for j �= i, fix i, z1, . . . , zi−1,

zi+1, . . . , zr .

• DefineSi,zj j �=i = {si | (z1, . . . , zi−1, si, zi+1, . . . ,

zr ) ∈ A}.
• LetL be the output of the decoding algorithm for
Fi with the setSi,zj j �=i andδ.

• Output x ∈ L iff for at least (ρ(A) + δr)D

valuesy = y1 . . . yd , F(x, y) = F1(x, y1) ◦ · · · ◦
Fr(x, yr) ∈ A.

We first bound the running time. We have at most
r ·2m1+···+mr = poly(M)ways to fixi andzj for j �= i.
For each possibility,Si,zj j �=i ⊆ {0,1}mi and decoding
Fi takes time at most poly(D2mi /δ). In particular
|L| � poly(DM/δ). Finally, for each element ofL
we compute itsD neighbors in timeD · poly(n) =
poly(D). Altogether, the running time is bounded by
poly(MD/δ).

We now prove correctness. LetA ⊂ {0,1}m be a
set of cardinality at mostS, and letx ′ ∈ {0,1}n be an
element that should be in the output, i.e.,
∣∣Γ (x ′)∩A

∣∣ �
(
ρ(A)+ δr

)
D.
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We notice that the testT that givenw ∈ {0,1}m re-
turns 1 iff w ∈ A, accepts the uniform distribution
with probabilityρ(A) while it accepts the distribution
F(x ′, [D]) obtained by pickingy ∈ [D] and comput-
ing F(x ′, y), with probability at leastρ(A)+ rδ.

We now proceed with a standard hybrid argument.
We defineVi the distribution obtained by picking
yj uniformly from [Dj ] for j = 1, . . . , i, and zj
uniformly from {0,1}mj for j = i + 1, . . . , r, and
computingF1(x

′, y1) ◦ · · · ◦Fi(x ′, yi) ◦ zi+1 ◦ · · · ◦ zr .
Notice thatV0 is the uniform distribution and hence
Pr(T (V0) = 1) = ρ(A) and Vr is the distribution
F(x ′, [D]) and hence Pr(T (Vr) = 1)� ρ(A)+ δr. It
follows that there is ani ∈ [1..r] for which

Pr
(
T (Vi)= 1

) − Pr
(
T (Vi−1)= 1

)
� δ.

Notice that in both distributions thei + 1, . . . , r
blocks are chosen at random from{0,1}mj and in par-
ticular there is a way to fix them to valueszi+1, . . . , zr
that preserve the gap. Also, theith block depends only
on yi and is independent ofy1, . . . , yi−1, hence there
is a way to fixy1, . . . , yi−1 and still preserve the gap.
In particular there is a way to fix the firsti−1 blocks to
z1, . . . , zi−1 and still preserve theδ gap. Hence, when
we try these values fori, zj , j �= i, and we apply the
decoding algorithm ofFi we must havex among the
outputs. Hence, it will also appear in the final output.
Finally, everything that appears in the final output is
checked, and hence correct.✷

3. The building blocks

3.1. Universal extractors

We first give some standard definitions. Two distri-
butionsX1,X2 on the same universeΛ areε-close if
their ,1 distance is small, i.e.,
∑

a∈Λ

∣∣X1(a)−X2(a)
∣∣ � ε.

The min-entropy of a distributionX onΛ is

H∞(X)= min
a∈Λ

{− log2X(a)
}
.

A functionE : {0,1}n × {0,1}t → {0,1}m is a strong
(k, ε)-extractor if for every distributionX having
k min-entropy, the distribution obtained by drawing
x from X, y uniformly from {0,1}t and evaluating

y ◦ E(x,y), is within statistical distanceε from the
uniform distribution on{0,1}t × {0,1}m. The entropy
loss ofE is k + t −m, i.e., the difference between the
entropy in the system, and the number of output bits.

Intuitively, extractors get an inputx from a weak
random source having at leastk min-entropy, and
with the help of a short truly random stringy output
m(k) bits that are close to uniform. Notice, however,
that the extractor is required to work only when the
distributionX has enough min-entropy. We introduce
new objects, that were first defined without a name
in [9], to rectify this situation. We sayE′ : {0,1}n ×
{0,1}t → {0,1}m(k′) is a restriction ofE : {0,1}n ×
{0,1}t → {0,1}m(k) if there arem(k′) output bits such
that for everyx ∈ {0,1}n, y ∈ {0,1}t the value of
E′(x;y) is the valueE(x;y) restricted to these bits.
We sayE is a strong(k, ε) universal extractor if
for every k′ � k there is a restrictionE′ : {0,1}n ×
{0,1}t → {0,1}m(k′) of E which is a strong(k′, ε)
extractor.

Lemma 3. Let E : {0,1}n × {0,1}t → {0,1}m be
a strong, universal(k, ε) extractor with k − m(k)

monotone ink. ThenF : {0,1}n × {0,1}t → {0,1}t+m
defined byF(x, y) = y ◦ E(x,y) is a (n, k)

2k−m:1−→ 2ε
t +m strong condenser.

Proof. As F(x, y) has y as part of its output, we
have no parallel edges inGF . We are left to show
property (2) of Definition 1. LetA ⊆ {0,1}n be any
subset of cardinality at most 2k . It is enough to prove
that forA of size a power of two, we can throw away
εD|A| edges leavingA in GF and get the desired
2k−m : 1 graph. So let us assume the cardinality ofA
is a power of two, say, 2k

′
.

E is a strong universal extractor, hence we can
choosem′ =m′(k′) output bits ofE and get a function
E′ : {0,1}n × {0,1}t → {0,1}m′

that is a strong(k′, ε)
extractor. We show that we can removeε|A|D edges
leavingA inGF ′ (whereF ′(x, y)= y ◦E′(x, y)) such
that at most 2k

′−m′ � 2k−m elements ofA are mapped
to the same vertex. AsF ′(x, y) is a subset of the bits
of F(x, y) this clearly implies the same result forGF .

Given a vertex inV2(GF ′), namely, a fixedy ∈
{0,1}t and a fixedw′ ∈ {0,1}m′

let εy
w′ be

∣∣∣∣Pra∈A,u
(
F ′(a,u)= (y,w′)

) − 1

M ′D

∣∣∣∣,
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where D = 2t and M ′ = 2m
′
. As E′ is a strong

extractor we know that
∑

y,w′ ε
y

w′ � ε. Let us also

denoteT y
w′ the number of elementsa ∈ A such that

E′(a, y)=w′. Then

ε
y

w′ =
∣∣∣∣
|T y
w′ |

|A|D − 1

M ′D

∣∣∣∣,

and therefore
∣∣T y
w′

∣∣ � |A|
M ′ + |A|Dεy

w′ .

Both |T y
w′ | and |A|

M ′ = 2k
′−m′

are integers and therefore

∣∣T y
w′

∣∣ � |A|
M ′ + ⌊|A|Dεy

w′
⌋
.

By erasing
∑

w′,y�|A|Dεy
w′ � � |A|Dε edges, every

vertex (w′, y) has at most|A|/M ′ = 2k
′−m′ � 2k−m

edges going into it. ✷
3.2. Trevisan’s extractor

Raz et al. [9] modified Trevisan’s extractor and built
a strong(k, ε) universal extractor

E
k,ε
TR : {0,1}n × {0,1}t → {0,1}m(k)

with t = O(log2(n/ε)) andm(k) = k/2. 1 We denote
F
k,ε
TR (x, y)= y ◦Ek,ε

TR(x, y). We thus get:

Lemma 4. Let k � n, m = k/2 and ε > 0. Set t =
O(log2(n/ε)). There is an(n, k)

2k−m:1−→ 2ε m+ t strong
condenserFk,ε

TR .

Furthermore, Ta-Shma and Zuckerman [13] proved:2

1 An informal statement of this, with a brief explanation, appears
in the conclusions section of [9]. We briefly sketch how to get this
result from the Raz et al. [9] paper. Raz et al. [9] define weak
designs, and also discuss a variant of it where

∑
j<i 2|Si∩Sj | �

ρ(i − 1). We need the variant, and we name it prefix-weak design.
Raz et al. [9] study Trevisan’s extractor with prefix-weak design and
show that for everyk′ � k if we look at just the firstm(k′) output
bits we get a strong extractor. This gives a strong universal extractor
with t = O(log2(n/ε)) andm(k′)= k′/2.

2 Ta-Shma and Zuckerman’s [13] is a revised (and generalized)
version of [12]. In [12] Ta-Shma and Zuckerman prove a similar
result but with a probabilistic decoder that has exponentially small
(in n) probability of missing solutions that should appear in the
output. Minor modifications to [12] give the deterministic decoder
of [13] and Lemma 5.

Lemma 5 [12]. For every ε > 0, Fk,ε
TR has efficient

δ = O(kε1/4) decoding.

3.3. Error correcting codes

C ⊆ {0,1}n̄ is an[n̄, n, d]2 binary error correcting
code if it is a subspace of{0,1}n̄ of dimensionn
and the Hamming distance between any two elements
in C is at leastd . C is explicit if given k the kth
codeword inC can be computed in time polynomial
in n̄. A binary [n̄, n, d]2 code has combinatorial list
decoding propertyα if every Hamming ball of radius
(1

2 − α)n̄ has O(1/α2) codewords. Any[n̄, n, (1
2 −

ε)n̄]2 code has combinatorial list decoding property√
ε. We say a code has list decoding propertyα if for

everyw ∈ {0,1}n̄ one can find in poly(n̄ · 1/α) time
all the codewords that lie in a ball of radius(1

2 − α)n̄

aroundw.
We will use an explicit[n̄, n, (1

2 − ε)n̄]2 binary
error correcting codeCn,ε with n̄ = poly(n/ε). Such
a code can be obtained, e.g., by concatenating a Reed–
Solomon code with a Hadamard code (see, e.g., [10]).
Furthermore, in [5] it is shown that the above code has
list decoding propertyβ = √

ε.

3.4. A simple condenser

Our second building block is the following strong
condenser: letx ∈ {0,1}n, andy1, . . . , y, ∈ {0,1}logn̄.
Define,

C(,)n,ε(x;y1, . . . , y,)

= y1 ◦ · · · ◦ y, ◦Cn,ε(x)y1 ◦ · · · ◦Cn,ε(x)y, .

Lemma 6. Supposek � log(1/ε) � 2. C(9k)n,ε is a

(n, k)
1:1−→ε O(k log(n/ε)).

Proof. For every pairx1 �= x2, the probability over
y1, . . . , y, they collide is smaller than(3

4)
, and for,=

9k this is smaller than 2−3k. Therefore the probability
over y1, . . . , y, that there is any collision is at most
22k2−3k � 2−k � ε. Hence, for all butε fraction of the
y, the mapping is 1: 1. ✷
Lemma 7. Let δ > 0 and setε = δ2. C(1)n,ε has efficient
δ decoding.
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Proof. Let A ⊆ {0,1}d+1, d = log(n̄).
For a fixedb ∈ {0,1} our decoding algorithm finds

a setLb ⊆ {0,1}n as follows:

• For everyy ∈ {0,1}d if y ◦ b ∈ A setzy to beb
otherwise to¬b.

• Look at z ∈ {0,1}n̄ that has in theyth place the
valuezy . Cn,ε has list decoding property

√
ε = δ.

Run the list decoding algorithm onz ∈ {0,1}n̄ and
get a listLb ⊂ {0,1}n of size O(1/ε) containing
all inputs that correspond to codewords given by
the list decoding algorithm.

The decoding algorithm, then, checks every element
in L = L0 ∪ L1 to see if it is indeed a good solution.
Altogether, the running time of the decoding algorithm
is poly(n̄,1/δ).

Now supposex ∈ {0,1}n is such that|Γ (x)∩A| �
(ρ(A) + δ)D whereD = 2d . Define a testT that
returns 1 iff x ∈ A. Then Pr(T (Ud+1) = 1) = ρ(A)
whereUd+1 is the uniform distribution on{0,1}d+1,
while Pr(T (C(1)(x,Ud))) = 1 � ρ(A) + δ where
C(1)(x,Ud) is obtained by pickingu uniformly from
{0,1}d and computingC(1)(x,u)= u ◦ Cn,ε(x)u. The
first d bits in both distributions are truly uniform and
so there is no gap there. The gap must be at the last bit.
The by-now standard argument due to Yao (see, e.g.,
[10]) shows then that

Prb,y
[
zy = C(x)y

]
� 1

2 + δ.

In particular, there is someb ∈ {0,1} such that

Pry
[
zy = C(x)y

]
� 1

2 + δ

andx appears inLb ⊆ L. ✷
Lemma 7 can be viewed as an algorithm that given

A1, . . . ,An̄ with eachAi ⊆ {0,1}, finds all codewords
c ∈ {0,1}n̄ that haveci ∈Ai too often. The case where
|Ai | = 1 is the standard list decoding problem. Thus,
Lemma 7 solves a generalization of the list decoding
problem.

3.5. Putting it together

We now want to prove Theorem 2. For every
K = K(N) < N and ε = ε(N) we look for a graph
GF = (V1 = [N = 2n],V2 = [M = 2m],E), that
is, (2K,(1 − ε)D) expanding and has explicit 2ε

decoding, withM being small. Alternatively, we look
for a functionF : {0,1}n × {0,1}d → {0,1}m that is a
good condenser,M = 2m,D = 2d . We setε′ = ε/n,
and letk = log(K). We define the function

F = F
k,((ε′/n))4
TR ◦ F (k/2),((ε′/n))4

TR ◦ · · ·
◦ Fk′,(ε′/n)4

TR ◦C(9k′)
n,(ε′)2,

wherek′ is of order O(log2(n/ε′)).3

Lemma 8. F : {0,1}n × {0,1}d → {0,1}m is a

(n, k)
1:1−→ε k + O(log3n/ε),

and thereforeGF is (K, (1−ε)D) expanding, forK =
2k,D = 2d . Furthermore,F has efficientε decoding.

Proof. The number of output bits of

F
k,(ε′/n)4
TR ◦Fk/2,(ε′/n)4

TR ◦ · · · ◦ Fk′,(ε′/n)4
TR

is at mostk. We also have O(k′) = O(log2(n/ε))

invocations ofC(1) with O(log(n̄)) = O(log(n/ε))
output bits each. This totals tok + O(log3n/ε).
Lemma 1 says the graph is a 1: 1 condenser up to
O(log(n)ε′) + O(k′2−�(k′)) � ε error. Finally, notice
that C(,) is a concatenation of, C(1) codes. Each
concatenated condenser hasε′ decoding. Lemma 2
then tells usF has O(log2(n/ε))ε′ < ε decoding.
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3 We note that Raz et al. [9] also show how to reduce the entropy
loss by repeatedly taking the basic extractor until the entropy loss
is small enough to allow using an extractor with an optimal entropy
loss. One can see that the repeated extractor is also universal; for
k′ � k one can take the firstm(k′) output bits of the first extractor
(with entropy lossk′′ = k′ − m(k′)), and the firstm(k′′) of the
second extractor and so on, and then one gets a strong(k′, ε)
strong extractor. Thus, one can get a universal extractor witht =
O(log3(n/ε)) and optimal entropy loss. Indeed, we could have used
this universal extractor, as long as we also show that this special
extractor has also efficient decoding.
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