


Our goal is to understand the Fourier transform of f. As
mentioned above, the probability of observing p is ” f(p) “

> lf f(p))i.]*. Our choice to measure only the representa-

tion p (and not the matrix indices) depends on the following
key fact about the Fourier transform, also relevant to the
Abelian solution:

CLaM 1. The probability of observing p is independent
of the coset.

PRrOOF. f(p) Phen plch)
since p(c) is a unitary matrix,

(©) > p(h)

heH

= p(c) Xpen p(h) and,

2 2

“f(p)” = (> oh)

h€H

O

Given this, we may assume that our function f is positive
on the subgroup H itself, and zero elsewhere.

3. THE PROBABILITY OF MEASURING ,

The primary question is that of the the probability of observ-
ing p. We have seen that this is determined by Y, p(h)
which, being a sum of the linear transformations p(h), is
a linear transformation. We being by showing that it is a
projection:

LEmMMA 1. f(p) is a projection.

With the right basis, then, f(p) will be diagonal, and the
diagonal entries will consists of ones and zeros. The prob-
ability of observing a particular representation p will then
correspond to the number of ones appearing on the diagonal
(i.e., on the dimension of the image of F(p)).

leen an irreducible representation p of G, we are interested
in the sum of the matrices p(h) for all k € H. Since we only
evaluate p on H, we can instead consider Resyp without
changing anything. As mentioned before, though p is irre-
ducible (over G), Resgp may not be irreducible on H. We
may, however, decompose Resyp into irreducible represen-
tations over H. Then the Fourier transform of f at p is
comprised of blocks, each corresponding to a representation
in the decomposition of Resgp. In partlcular, the matrix

ZheH p(h) is:

Shen 01(h) 0 0
g T B0y
0 0 ZheH O't(h)

2)
for some unitary transformation U and some irreducible rep-
resentations o; of H (with possible repetitions). We know
that the sum is nonzero only when the irreducible represen-
tation is trivial, in which case it is |H|. Then the probability
of observing p is

dp 1
G1 ]

|Fon| = HP (x5, X110)

Zh>

hEH

H
ll—G_i"dP<XP) XlH)H'

‘We have proved:
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THEOREM 4. ”f(p)”2 = %dp(xp,xl,,)a

Observe that one consequence of the theorem is that the
probability of observing a representation p depends only on
the character of p. It turns out that characters are class
functions, i.e., x(g) = x{(hgh™') for any character x and
h,g € G. Hence conjugate subgroups (gH g~ ! for some
g € G is a conjugate subgroup of H) produce exactly the
same distribution; this rules out using the paradigm of Algo-
rithm 2 with representations names alone to solve the HSP
for any group containing a non-normal subgroup.

3.1 Induced Representations

We have discussed the restriction of a representation p on
G to a subgroup H of G. There is a dual operation, called
induction. This extends to all of G a representation p de-
fined on a subgroup H. We will only need to work with the

representation induced from the trivial representation on H.

Let G/H def {a1,...,a:} be a collection of representatives

for the left cosets of H in G,sothat G = a1 HU--- U a:H,
this union being disjoint. Then the induced representation
Ind§ 1y : G — GL(W) is defined over the vector space W
that has one basis vector ey, for each coset a;H. It is
defined by linearly extending the rule

Indng(g) ' €la;] T €[ga;] = €[aj)

where ga; belongs to the coset a; H. Observe that this rep-
resentation is a permutation representation. As suggested
by the notation, the representation is independent of the
choice of a;.

EXAMPLE 2. Ind{41(ia) = rege-

LEMMA 2. (A special case of Frobenius reciprocity) [12,
§3.20]): Let H C G and let p: G = GL(V) be an irreducible
representation of G. Then

{(x1y IXP)H = <Xlndng lXp>G

the first inner product being computed over H and the second
over G.

Hence the number of times that the trivial representa-
tion of H appears in Respp is the same as the number
of times that p appears in Ind§1y. Theorem 4 shows
that the probability of measuring the representation p in
algorithm 2 is J%‘Ldp (x1|Xp)y- By Frobenius reciprocity,

(x1|xe)g = <X1ndg1ﬂ |XP>G1 proving Theorem 1.

4. A POSITIVE RESULT: NORMAL SUB-
GROUPS

‘We begin this section by showing that a polynomial number
of samples suffices to reconstruct normal subgroups. The
proof uses a Chernoff bound and Lemma 3, which we will
prove in the next section. The lemma is the interesting part,
and sections §4.1 and §4.2 are devoted to two proofs of the
lemma, one from the perspective of restriction, the other
from the perspective of induction.

For a normal subgroup H of G, let Dy denote the distri-
bution induced on G by the quantum experiment of Algo-
rithm 2. Lemma 3 below states that under this distribution
o € G is sampled with probability Jl%lldg if H C kero, and



zero otherwise’. We will see also that 3 ced, 2 = |G/H]|.
HCkero

Now, we are ready to prove:

THEOREM 5. Let oi,... ,0s be independent random vari-
ables distributed according to Dy with s = clog, |G|. Then

{c—2 2
Pi[H # ﬂker 0;) <e 2 log2lCl

PROOF. Let N; ﬂ;__:l kerog; and Np = G. As an
intersection of normal subgroups, each N; is normal in

G. Also, we know that H C kero;, for any i. Hence,
HCN; CNyo1 C€--- C No=G. We claim:
Cramv 2. If N; # H then Pro, ,epy(Nig1 = N;) < 1

Now, we measure
1&d2, by Lemma 3.

PRrooF. Ni+1 = N; if N; Q ker Oitl1.
o € G with H C ker o with probability
Hence,

|H]|

_ 2
B (Ni Ckero) = AZ IGldp
pEG:N;Cker p
_ el _ 1
Gl N NG T2
O
For each ¢ = 1,...,s, let X; be the indicator random

variable taking value 1 if N; = H or N; # N;_; and
zero otherwise. The random variables Xi,...,X, are
not necessarily independent, but by the previous claim,
Pr[Xi=0]|p1,...,pi-1] < 3. We can therefore define new
independent random variables Y1,... Y, with Pr(¥; = 0) =

5 L and such that YYi<YXiis always true. We now apply
the Chernoff bound.

Chernoff bound [1, A.1] Let ¥;, i = 1,... , s be a collection
of independent random variables, uniformly distributed in

{0,1}. Then Pr| R e—TZQ‘.

2
Hence, Pr(3{_; X; < log|G]) < e~ 1552 logs1 Gl However,
whenever ¥7_; X; > log(|G|) we must have N, = H, because
each time N;11 G N; the size of Ny, is reduced by at least
half, and we can repeat this no more than log(|G]|) times.

1c—2!2
Hence, except for probability at most e~ ¢ l082/Gl

have N; = H, which completes the proof.

, we

We now give two proofs for the facts stated at the beginning
of this section.

4.1 Proof 1: Restricted representations

With this view, the main question, given the theorem of
the last section, is whether or not the number of ones on
the diagonal behaves in a useful way. We show that for
normal subgroups, the Fourier transform at an irreducible
representation is either (a multiple of) the identity or the
zero matrix.

"We remind the reader that a representation ¢ is a homo-
morphism o : G — GL(V). The kernel of p is the set
ker(c) = {g € Glo(g) = 1v} and is a normal subgroup of
G, which we write kero < G.
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LEMMA 3. Let HQAG. If H C kerp then p is obse'rved
with probability J@ldz If H € ker p then p is observed with
probability 0.

Proor. If H C kerp then p(h) is the identity for every

_h € H, so Resgp must contain d, copies of the trivial repre-

sentation of H, and by theorem 1 the probability is ll—G—Id2
Now we will use a simple counting argument to show that
no other representations can contain a trivial representation
of H. First we compute how many times the trivial repre-
sentation of H appears in the regular representation of G
restricted to H:

(Xrege» X1 ) H 'HI Zxregc(h) X1 (R™ )
h€eH

1 el
re €

On the other hand, let d1, ... ,d; be the dimensions of those
representations with H in their kernel. Each occurs in the re-
striction of the regular representatlon of G dimension many
times, so we get a total of 3 d? copies of the trivial repre-
sentation of H that we already counted. Using Equation 1
from Section 2 Y d? = {71—%, so there can be no more.

The final fact follows from group theory. Let groups G, G
and H <G be given. The number of homomorphisms of G
that map H to the identity in G is the same as the number
of homomorphisms of the quotient group G/H to G;.

O

4.2 Proof 2: Induced representations

We now provide an alternative proof for Lemma 3. Lemma 4
restates the result in Lemma 3 using induced representa-
tions.

LEMMA 4. Let H<G. Then

D

s€G:HCkera

Ind$1y = doo.

PrOOF. We may think of 7 = Ind§ 1 as the natural per-
mutation representation on the cosets of G/H (see Section
3.1). When H < G the coset h - gH is just the coset gH.
Hence, for any h € H, 7(h) = 1y and H C kerInd$1y.
In particular, if we express 7 = @ »cé Mpp, then for any p
with m, > 0 it must be that H C ker p.

On the other hand, let p € G with H C ker p. Then,
1

—5 h

] rerXp(h)

(x| Xp)c (x| Xp>H

= xo(e) = d,

where the first equality is by Frobenius reciprocity, and the
third is because H C kerp. We conclude that Ind§ 1y
D, e rcrero o0, as desired. [

The dimension of Ind$ 14 is %, which yields the following
corollary:

COROLLARY 1. Let H<G.

T ,eq do =|G/H|.
HCkero



5. A NEGATIVE RESULT: DETERMINING
TRIVIALITY IN Sy

In this section we show that a well known reduction of graph
isomorphism to finding a hidden subgroup over S, will not
work using Algorithm 2. Some representation theory of S,
is needed and is in the appendix.

Graph Automorphism is the problem of determining if a
graph G has a nontrivial automorphism, and is easier than
Graph Isomorphism [14]. A natural special case occurs when
the graph G consists of two disjoint connected rigid graphs
G1,G> (ie., Aut(G1) = Aut(G2) = {e}). In this case there
are two possibilities for the automorphism group of G:

CrLamMm 3.

o If G1 % Ga, then Aut(G) = {e}.

o If G1 = G2 then Aut(G) = {e,0} where 0 € S, 15 a
permutation with n/2 disjoint 2—cycles.

Proor. For the first part notice that any automorphism

maps a connected component onto a connect component.
In our case we have two connected components G and Ga2.
However, G1 and G2 are not isomorphic and have no non-
trivial automorphisms.
For the second part, let ¢ reflect an automorphism between
G: and G.. Now, suppose there was another non-trivial
automorphism 7. Then o7 is also an automorphism, and
o7 maps the connected component of G1 onto G, and G2
onto Go. As G1 and G2 have no non-trivial automorphisms
it follows that o1 =1, 7 =0~ ' =0. O

Thus, if one knows how to solve the HSP for Sy, or if one
knows how to distinguish between cosets of a trivial sub-
group and the cosets of a non-trivial subgroup, one can give
an efficient quantum algorithm for Graph Automorphism.
In particular, one might try the following algorithm for re-
constructing H = Aut(G).

ALGORITHM 3. Input o graph G s.t. either Aut(G) =
{e} or Aut(G) = {e,o}.

1. Compute Zres, |7, m(G)) and measure the sec-
ond register w(G). The resulting super-position
is Shen|ch) ® |f(ch)) for some coset cH of H.
Furthermore, ¢ is uniformly distributed over G.

Compute the Fourier transform of the coset state,
which s

2,/%””/%(2;@)) 19y, 3).
el heH i,j

Measure the first register and observe a represen-
tation p.

We show that even for this particular case of Graph Iso-
morphism (and Graph Automorphism) the algorithm fails.

THEOREM 6. Let p, be the probability of sampling p in
Algorithm 8 when G1 # G2, and g, when G1 = G2 and
Gi1, G2 are connected and rigid. Then |p — g < 2= 9
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PROOF. When G # G2, H = Aut(G) = {e}. Then
Indf," 1 is the regular representation, and so { x, | Xy, aSn 1>,

the multiplicity of p in the regular representation, is d,.
d2
Hence, p, = -%.

When G = G2 and G1,G2 are connected and rigid, A =
H = {e,o0}. By Theorem 4

H
4 = ll_GTldp O lxe)u
H has only two elements, e and o, hence

O X6 = 3 000() + X6(0)) = 5(ds + X5(0)).

That is, g, = %ﬁ_—(dp + xp{(0)) and so,

d
Ipp —gol = ;‘; {xp ()]
We will soon prove:
LEMMA 5. |x,(0)] < 20 /n%.

Therefore,

2, |pp — g0l
zp%z"(")\/ﬁ"/ 2

lp—gh

IA

!
zp——‘/’FzOW\/n‘"/ 2
!

2O(n) \/ﬁ"/z
Vnl

VVi©
n!

IA

IA

20(71,)

90(m) 1
V{n/2)!

where the second inequality is due to the fact that the ev-
ery irreducible representation p has dimension d, < Vnl,
for £,d2 = n!. The third inequality follows from the fact
that the number of irreducible representation is the par-
tition number and is about 2¥™ (see Equation (3) in the
appendix). [

& 2—0(71)

PRrROOF OF LEMMA 5. We use the Murnaghan-Nakayama
rule. We refer the reader to the appendix for more back-
ground about representations of S, and an explanation of
the rule.

THEOREM 7 (THE MURNAGAN-NAKAYAMA RULE).
Let ¢ be a permutation with cycle structure (ci,...,ct),
c1>...>c¢t. Then

@)= 3o (1) (-1,
814---,5¢

where each s; is a skew hook of length ¢; of the diagram A
after s1,... ,si—1 have been removed, and v(s:) denotes the
number of vertical steps in s;.

A sequence s1,... , s: where each s; is a skew hook of length
c; of the diagram X after s1,... , si—1 have been removed, is
called an ordered decomposition of A into ¢. The (unordered)
decomposition of si,... ,s: is the set {s1,...,st}.



We first claim that the number of unordered decompositions
is at most 4™. To see that notice that a decomposition is
in particular a domino covering. For each cell in the shape,
there is a unique neighbor (up,down left or right) such that
the two are covered together by a domino. In particular,
one way to completely specify such a covering is to write,
for each cell in the shape, which neighbor (up,down,left or
right) is covered with this cell. If the shape has n cells, this
takes 2n bits, and therefore the number of such coverings is
at most 2°",

We now bound the number of ordered decomposition that
correspond to the same unordered decomposition A. A con-
tains n/2 dominos (skew-hooks of length 2). An ordered
decomposition with unordered decomposition A, must con-
secutively pick a domino from A that lies on the boundary
of the current shape. However,

CLAIM 4. For any shape A with m cells, the number of
dominos from A that lie on the boundary of X\ is at most

O(vm)

PROOF. Let B()) be the set of cells that belong to a
domino that lie on the boundary of A. We prove by in-
duction that if A covers m cells then |B(\)] < 4y/m. It
then follows that the number of dominos of A that lie on
the boundary of A is at most 2,/m.

'The base case (m = 1) is clearly true. Now, let X be a
shape with m cells. If a cell (i,5) € B(\) then (i, 5) is one
of the last two cells on the i’th row, and one of the last
two cells on the j’th column. Now, A covers m cells, hence
either the first row or the first column contains at least /m
cells. W.l.o.g. let us assume the first row contains at least
v/m cells. Let A’ be the shape A without the first row. A
contains m' < m—+/m cells. By induction, [B(\')| < 4v/m/.
Now, |[B(A)] < |[B(X)|+2 < 4y/m — y/m + 2 < 4/m and

the induction follows. [

Hence, the number of ordered decompositions that corre-
spond to A is at most (2/n)™2. By the Murnaghan-
Nakayama rule x,(0) < 4™(2/n)™/2.
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APPENDIX

A. THE IRREDUCIBLE REPRESENTA-
TIONS OF sy

The irreducible representations of S, may be placed into
one-to-one correspondence with the partitions of n. A par-
tition of n is a sequence (A1,..., ) of positive integers,
with A1 > ... > A for which }_ A\; = n. The number of
distinct partitions of n (also called the partition number of
n and denoted p(n)) is a very well-studied function. Though
no explicit formula is known,

Bvn

1
p(n) ~ —e

3)



where o = 4v/3, 8 = 74/2/3 and the notation f ~ g means
that limp—oo f(n)/g(n) = 1. It is customary to identify the
partition A = (A1,..., ) with a diagram consisting of k
rows of boxes, the ith row containing A; boxes. We will let
A stand for both the partition and the associated diagram.
For example, the diagram corresponding to the partition
A = (6,4,3,3,2) is shown in figure 1.

The irreducible representation associated with A is denoted
pxr- There is an explicit formula for the dimension of pj.
This involves the notion of a hook: for a cell (¢, 7) of a Young
tableau A, the (i, j)-hook h; ; is the collection of all cells of A
which are beneath (,7) (but in the same column) or to the
right of (4,7) (but in the same row), including the cell (3, j).
The length of the hook £(h) is the number of cells appearing
in the hook. With this notation, the dimension of py may
be expressed:

n!
dy = =—m,
Hi,j £(hi,;)

this product being taken over all hooks h of A.

Fixing a partition ), the function x(-) is invariant on con-
jugacy classes of S, (that is, depends only on the conjugacy
class of its argument). Conjugacy classes in S, consist of all
elements with like cycle structure. Let ¢ = (c1,... ,¢t), with
c1 > -+ > ¢, denote the class of permutations = which can
be written as a disjoint product of cycles # = C1C>---C}
with each C; having length ¢;. Though no explicit formula
for xx(c) is known, the remarkable Murnaghan-Nakayama
rule will be sufficient for our needs.

DEFINITION 3. A skew hook s of a Young diagram X is
a connected collection of boundary bozes such that their re-
moval from X\ results in a (smaller) diagram. The set of
skew hooks of a diagram X\ may be placed in o natural one-
to-one correspondence with the set of hooks as indicated in
Figure 2.

THEOREM 8 (THE MURNAGHAN-NAKAYAMA RULE).
Let ¢ be a permutation with a cycle structure (c1,...,ct),
c1>...2¢t.

X)\(c) — Z (_1)11(81) I (_1)1)(8:)’
81,.40 55¢

where each s; is a skew hook of length c¢; of the diagram A
after s1,...,8i—1 have been removed, and v(s;) denotes the
number of vertical steps in s;.

A sequence $1, ... , st where each s; is a skew hook of length
ci of the diagram X after s1,...,s;—1 have been removed, is
called an ordered decomposition of X into ¢. The {unordered)
decomposition of s1,... , st is the set {s1,...,s:}.

EXAMPLE 3. For A = (2,2,1,1) there are three possible
ordered decomposition; the first is (2,2,1,1), (2,2), (1,1);

Figure 1: The diagram for A = (6,4, 3,3,2).
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Figure 2: A hook with it’s associated skew hook in A =
(6,4,3,3,2).

the second is (2,2,1,1), (2,2), (2,0); the third is (2,2,1,1),
(1,1,1,1), (1,1). Notice that as sets there are only two pos-
sible decompositions, the first and the third coincide. The
first decomposition has three vertical steps, the second has
one vertical step, and the third three vertical steps. In all
those cases the sign is —1, so the rule says that x,(c) = —3.

B. THE
GROUPS

HSP FOR HAMILTONIAN

B.1 Abelian HSP

‘We now show how the above gives an efficient procedure for
solving the hsp for abelian groups.

G =Z, . Any abelian group is isomorphic to a product of
cyclic groups, so we start with cyclic groups G = Zn.
G has n one-dimensional irreducible representations,
pr : G — C defined by pi(z) = w*® where w is a
primitive n root of unity, say w = e?™/™ When we
sample py, € G we see the value k. The kernel is

ker(pi) = {:c D wt = 1} ={z : nlkz} ={z : m|z}

Clearly, given n and k
we can easily compute m. Now, to find H
we take s samples. Suppose that we sampled
ki,...,ks and computed ma,... ,ms;. Then, wh.p,
H MN; kero; {z€G : milz,... ,ms|z}
{z €G : lem(my,...,ms)|z}. We can easily com-
pute g = L.eem(ma, ... ,ms). We then know that w.h.p.
H is generated by g.

Z% . Next, we do the easy case of G Z5.
G has 2™ one-dimensional irreducible representations
Plar,.an) : G = C , a1,...,an € {0,1}, defined
bY Plar,....an)(T1, .00 ,Zn) = (—1)32i®i_ The kernel is
ker(p(al’._.,an)) = {(.’.Cl, . ,(En) : (_1))3:1,-1,» = 1}
{(z1,...,2n) : Zaiz; =0 ( mod 2)}. To find H we
do s samples and get s linear equations over the field
Zs. We solve the system of linear equations for those
(z1,...,Tn) that satisfy all of the s equations. This is
Simon’s algorithm {17].

Zyx xZ; . We now deal with a product of two cyclic
groups: G = Zy, x Z,;. Before getting into the solution,
the reader might want to play with the following exam-
ple: G = Zg x Zg and the subgroup H is generated by
{(4,0),(0,4),(2,2)}-

G has k - | one-dimensional irreducible representations
Pa,b : G — C defined by pa p(z1,22) = wzzlwf”, where
wy, is a primitive k root of unity, and w; is a primitive

n
where m W .



I root of unity. The kernel is
ker(pas) = {(z1,00) ¢ ePmiom/itinima/t g}

= {(731,172) . g2rillazy+kbz2)/ (k) =1}
= {(z1,22) : laz1 +kbzs =0 ( mod ki)

To find H we do s samples and get s linear equations
over the ring Zy. Even though Zj; is a ring (and not
a field) we can still diagonlize the system of equations,
and sample a random solution [9], which, wh.p., is a
random element of H. Doing that O(log(|G|)) times
we get, w.h.p., a set of generators for H.

Any product of cyclic groups . The general case where
G is a product of cyclic group is similar.
We note that even though any abelian group is isomor-
phic to a product of cyclic group, it is not always easy
to find this isomorphism. E.g., it might not be easy to
find a representations of the subgroup H as a product
of cyclic groups.

B.2 The HSP for the Hamiltonian Group

A group is Hamiltonian if every subgroup is normal. Ev-
ery abelian group is Hamiltonian. The only non-abelian,
Hamiltonian group is G = Z5 @ B & Q for some abelian
group B with exponent b coprime with 2. The irreducible
representations of G are )

G’ = {p(al,...,ak) ® pp ® pq I Play,...,ap) € Zécapb € Bipq S Q

A and B are abelian and we know /i, B. The
quaternin group @ = {+1,+i,+j5 +k}. has a nor-
mal subgroup A = {1,-1}. @Q/A has four cosets,
{{1, -1}, {¢,~4}, {5, -5}, {k,—k}}. Furthermore, Q/A is
isomorphic to Zyx Z; with {1, —1} mapping to (0, 0), {%, —i}
mapping to (1, 1), {j,~j} mapping to (0,1) and {k, —k)
mapping to (1,0). Hence, Q/A is abelian. Therefore, Q has
four irreducible one dimensional representations Pler,c2) (=)
that given z € Q give (—1)°111°2%2 where the coset of z in
/A is isomorphic to (z1,z2) € Z2XZs. The last irreducible
representation p of @) is obtained by realizing @ as SU(2),
the group of 2x 2 matrices with determinant 1. We associate

. 1 0 . 0 1 o i 0
1w1'ch(0 1),1W1th<_1 0>,_7w1th(0 —-i)’

and k with _Oz BZ . —z is associated with minus the
corresponding matrix.

Now, suppose we measure p = po ® pp ® pe. If pc is one
dimensional, we are like in the abelian case, and

!
ker(p) = {z=(z1,...,9): Zdizi =0( mod N),
i=1
and the coset of g in Q/A is
isomorphic to (zi—1,2:)}

where d; and N are known integers. If p. is two dimensional,
then there are eight possibilities for the matrix p(c). We
group all equations with a particular matrix together, and
then we are back to the abelian case. We solve each systems
of equations separately, and we find a generating set for each
of them. Finally, we find the intersections of the nine sets
of equations.

}

}
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