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A COMBINATORIAL CONSTRUCTION OF ALMOST-RAMANUJAN
GRAPHS USING THE ZIG-ZAG PRODUCT∗
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Abstract. Reingold, Vadhan, and Wigderson [Ann. of Math. (2), 155 (2002), pp. 157–187]
introduced the graph zig-zag product. This product combines a large and a small graph into one, such
that the resulting graph inherits its size from the large graph, its degree from the small graph, and
its spectral gap from both. Using this product, they gave a fully explicit combinatorial construction

of D-regular graphs having spectral gap 1 − O(D− 1
3 ). In the same paper, they posed the open

problem of whether a similar graph product could be used to achieve the almost optimal spectral

gap 1− O(D− 1
2 ). In this paper we propose a generalization of the zig-zag product that combines a

large graph and several small graphs. The new product gives a better relation between the degree and
the spectral gap of the resulting graph. We use the new product to give a fully explicit combinatorial

construction of D-regular graphs having spectral gap 1−D− 1
2
+o(1).
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1. Introduction. Expander graphs are graphs of low degree and high connec-
tivity. Pinsker [19] observed that random D-regular graphs have almost optimal set
expansion; i.e., every not-too-large set S has close to (D − 1)|S| distinct neighbors.
Finding explicit D-regular graphs with a large set expansion turned out to be a chal-
lenging task. A related task is that of finding explicit D-regular graphs with large
algebraic expansion, i.e., graphs with a large gap between the first and second largest
eigenvalues of the operator defined by the adjacency matrix of the graph. Most of the
earlier work on the subject focused on constructing explicit D-regular graphs with
good (and sometimes even almost optimal) algebraic expansion [14, 8, 11, 13, 15, 17].
Optimal algebraic expansion guarantees a set expansion factor of about D/2 rather
than the optimal D −O(1) [6, 3, 1, 12].

Ten years ago, Reingold, Vadhan, and Wigderson [21] gave another construction
of algebraic expanders. Unlike previous constructions, their construction is combi-
natorial in nature and has an intuitive analysis that is based on elementary linear
algebra. At the heart of this construction lies a graph product, named the zig-zag
product. Following their work, Capalbo et al. [5] used a variant of the zig-zag product
to explicitly construct D-regular graphs with set expansion close to D, improving over
the D/2 factor that is achieved by graphs with almost optimal algebraic expansion.
Also, in a seemingly different setting, Reingold [20] gave a log-space algorithm for
undirected connectivity, settling a long-standing open problem by taking advantage
of the simple combinatorial composition of the zig-zag product, among other things.
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Using the zig-zag product, [21] gave an expander construction with spectral gap

1−O(D− 1
4 ). Another construction that appeared in [21] had an improved spectral gap

of 1−O(D− 1
3 ) by using a modified version of the zig-zag product. In the same paper,

Reingold, Vadhan, andWigderson posed the question of finding a variant of the zig-zag
product that gives rise to constructions with almost optimal spectral gap 1−O(D− 1

2 ).
Bilu and Linial [4] gave a different iterative construction of algebraic expanders that

is based on 2-lifts, with a close to optimal spectral gap 1−O(log1.5(D) ·D− 1
2 ). Their

construction, however, is only mildly explicit, meaning that, given N , one can build
a graph GN on N vertices in poly(N) time. Ultimately, we would like to find a fully
explicit construction, meaning that, given a vertex v ∈ V = [N ] and an index i ∈ [D],
we can compute the ith neighbor of v in poly(log(N)) time. The zig-zag construction
and many other explicit constructions are fully explicit, and this stronger notion of
explicitness is crucial for some applications.

Several works studied different aspects of the zig-zag product. Alon, Lubotzky,
and Wigderson [2] showed, somewhat surprisingly, an algebraic interpretation of the
zig-zag product over non-Abelian Cayley graphs. This led to new iterative construc-
tions of Cayley expanders [16, 22], which were once again based on algebraic struc-
tures. While these constructions are not optimal, they contribute to our understand-
ing of the power of the zig-zag product.

Our main result is a new variant of the zig-zag product that retains most of
the properties of the standard zig-zag product while giving a better spectral gap.
Specifically, we use the new variant of the zig-zag product to construct an explicit
family of D-regular expanders with spectral gap 1−D− 1

2+o(1), thus nearly resolving
the open problem of [21].

1.1. An intuitive description of the new product.

1.1.1. The zig-zag product. Let us review the zig-zag product of [21]. The
purpose of the zig-zag operation is to decrease the degree of a graph without harming
its spectral gap too much. This product, in turn, is based on the replacement product.
The replacement product takes as input two graphs:

• The first graph, G1, has N1 vertices and is D1-regular. We think of G1 as
being the “large” graph, with many vertices N1 and a large degree D1.

• The second graph, H , is the “small” graph. We require that it have N2 = D1

vertices; i.e., the number of vertices of H equals the degree of G1.

Another perquisite of the product is that the edges of the graph G1 are la-
beled, namely, that each vertex labels its D1 edges, each with a unique number from
{1, . . . , D1}. The ith edge leaving a vertex v is simply the edge that v labeled with
label i.

The replacement product results in a graph with N1N2 vertices, where every
vertex v of G1 is replaced with a cloud of D1 vertices {(v, i)}i∈[D1]. There is an
“intercloud” edge between (v, i) and (w, j) if e = (v, w) is an edge in G1 and e is the
ith edge leaving v and the jth edge leaving w. Besides these intercloud edges there
are only edges that connect vertices within the same cloud. The “intracloud” edges
inside each cloud are simply a copy of the edges of H . That is, for every cloud v there
is an edge between (v, i) and (v, j) if (i, j) is an edge in H . Figure 1 illustrates the
replacement product between the the 3-dimensional cube and the 3-cycle.

The zig-zag product graph corresponds to 3-step walks on the replacement prod-
uct graph, where the first and last steps are intracloud edges and the middle step is
an intercloud edge. Namely, the vertices of the zig-zag product graph G1 z©H are the
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r© =

Fig. 1. The replacement product between the cube and the 3-cycle.

same as the those of the replacement product graph, and there is an edge between
(v, i) and (w, j) if (w, j) can be reached from (v, i) by taking a 3-step walk: first an
H step on the cloud of v, then an intercloud step from the cloud of v to the cloud
of w, and finally an H step on the cloud of w. Thus, the number of vertices of G1 z©H
is N1N2 and the degree is D2

2 ; i.e., G1 z©H inherits its size from the large graph and
its degree from the small graph.

The main thing to analyze is the spectral gap of G1 z©H . Let us recall the defi-
nition of the spectral gap. Given a D-regular graph G we may view G as a Markov
chain, where the states are the vertices of the graph, and the transition matrix of the
chain is A = 1

DA
′, where A′ is the adjacency matrix of the graph. If G has N vertices,

then A is an N × N matrix. As in Markov chain theory, one may extend A to act
on the whole vector space V = C

N (rather than just on probability distributions)
and then use linear algebra to analyze A. The spectral gap of G is the gap between
the largest eigenvalue of A (which is 1 because G is regular) and the second largest
eigenvalue (in absolute value) λ̄(A) of A. In the next section we give an overview of
the proof (from [21]) that the second largest eigenvalue of G1 z©H is small.

1.1.2. The analysis of the zig-zag product.
Entropy waves. Before attempting the formal algebraic analysis, let us consider a

more intuitive, entropy-based analysis. If a graph is a good expander, then, given an
entropy-deficient distribution (a distribution with not-too-high entropy) over its ver-
tices, taking a random step over the graph results in a distribution with substantially
more (Rényi) entropy.1

We shall consider two special distributions and we shall see that taking a ran-
dom step over G1 z©H when starting from either of these distributions substantially
increases their entropy (assuming G1 and H have this property). These two cases are
representative in the sense that every distribution is essentially a linear combination
of them, and therefore once we handle these cases we can handle any distribution.

Let us now describe the two distributions. Recall that a vertex (v, i) ∈ [N1]× [N2]
of G1 z©H is composed of two components; the first indicates the cloud in which the
vertex resides, and the second corresponds to its position inside the cloud.

The first case we consider is a distribution P = (P1, P2) that is entropy-deficient
on the second component (meaning P2 is entropy-deficient). In this case the first

1To see that, decompose the input distribution to a uniform component and a perpendicular
component. Then, the expander keeps the uniform part in place while shrinking the perpendicular
component.
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H step adds entropy due to the fact that this step has the same effect of taking a
step over H starting from the distribution P2. The G1 step is a permutation, i.e.,
it defines a bijection on the vertex set [N1] × [N2]. As such it does not change the
distribution’s entropy. The second H step can never decrease entropy. Altogether,
the final distribution has more entropy than P , and the amount of the added entropy
is at least the amount that H adds to entropy-deficient distributions.

The second case is an entropy-deficient distribution P = (P1, P2) that is “uniform
over clouds”—a distribution that assigns the same probability to any two vertices
inside the same cloud, i.e., for all v ∈ [N1] and i, j ∈ [N2], P (v, i) = P (v, j). We call
such a distribution a parallel distribution. Notice that since P is entropy-deficient,
P1 is entropy-deficient as well (since P2 is uniform). Consider what happens when we
apply the Markov chain defined by G1 z©H on a parallel distribution:

• The first H step keeps P unchanged because H is a regular graph and hence
it maps the uniform distribution on [N2] to itself.2

• The G1 step is a permutation and does not change the entropy of P . As P is
uniform over clouds, for any v1 ∈ [N1] in the support of P1, the conditional
distribution (P2|P1 = v) over the second component is uniform. Hence, the
G1 step maps any such cloud v1 uniformly to the neighboring clouds, which
are the clouds associated with the neighbors of v1 in G1. As G1 is a good
expander (and P1 is entropy-deficient), the entropy of the first component of
the distribution increases. Since the total entropy is unchanged, we conclude
that the entropy in the second component decreases.

• Finally, as the second H step is applied when the second component is
entropy-deficient, it must add entropy. Thus, the three steps together in-
crease the entropy.

The algebraic analysis we describe next also works by analyzing two special
cases—two orthogonal subspaces, each roughly corresponding to one of the above
cases. In fact, the algebraic analysis also shows that it is sufficient to consider these
two subspaces, as any vector can be decomposed to the sum of its two projections on
them.

The algebraic analysis. Let H̃ denote the operator corresponding to an intra-
cloud step and let Ġ1 denote the transformation corresponding to an intercloud step.
Namely, H̃ is the transition matrix of the subgraph of the replacement product graph
that contains only the intracloud edges, and Ġ1 is the transition matrix of the sub-
graph that contains all the intercloud edges. In particular, a linear combination of
H̃ and Ġ1 (with appropriate normalization according to the degrees) is the transition
matrix of the replacement product graph. The transformation associated with the
zig-zag product graph is H̃Ġ1H̃, corresponding to an intracloud step followed by an
intercloud and another intracloud steps.

The spectral gap of G1 z©H is 1 − λ̄, where λ̄ is the second largest eigenvalue of
H̃Ġ1H̃ in absolute value. We can write λ̄ as

λ̄ = max
a,b⊥1,‖a‖=‖b‖=1

|a†H̃Ġ1H̃b|.

Our goal is to show that λ̄ is small.
We consider vectors coming from two orthogonal subspaces. The first is the vector

space V || of all vectors a that H̃ keeps in place. A vector a ∈ CN1D1 belongs to this

2One may interpret this as saying that the first H step is “wasted,” and thus even though the
degree of G z©H is D2

2 , the quality of the graph can be at most that of the best graph with degree
D2.
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subspace if av,i = av,j for all v ∈ [N1] and i, j ∈ [N2]. We call such a vector a
parallel vector. (Notice that every parallel distribution, when represented as a vector,
is contained in V ||.) The second vector space is the orthogonal complement of V ||,
denoted by V⊥. The vectors in V⊥ are called perpendicular vectors.

Now,

• if a is a parallel vector, then H̃a = a;
• if a is a perpendicular vector, then ‖H̃a‖ ≤ λ̄(H)‖a‖;
• if both a and b are parallel, then aĠ1b is essentially equivalent to the operation
of G1 on a and b.3

We need to analyze a†H̃Ġ1H̃b for arbitrary unit vectors a, b perpendicular to 1.
We decompose a and b to their parallel and perpendicular components, denoting
a = a|| + a⊥, b = b|| + b⊥, and we get four terms as follows:

• In the term (a||)†H̃Ġ1H̃b
||, the operator Ġ1 acts on parallel vectors (since

they are unchanged by H̃) and is essentially identical to the operation of G.
A simple analysis shows that this term contributes at most λ̄(G1). In other
words, for b ∈ V ||, the parallel component of Ġ1b is very small and therefore
Ġ1b lies almost entirely in V⊥.

• In the terms (a||)†H̃Ġ1H̃b
⊥ and (a⊥)†H̃Ġ1H̃b

||, one H step shrinks a per-
pendicular vector by a factor of at least λ̄(H). Thus, this term contributes
at most λ̄(H).

• In the term (a⊥)†H̃Ġ1H̃b
⊥, both H steps shrink a⊥ and b⊥ by a factor of at

least λ̄(H). Hence, this term contributes at most λ̄(H)2.

Therefore, altogether, λ̄(H̃Ġ1H̃) ≤ λ̄(G) + 2λ̄(H) + λ̄(H)2. A tighter analysis some-
what improves this bound.

The nonoptimality of the zig-zag product stems from the fact that the degree
of the zig-zag graph is D2

2, corresponding to two steps on H , while the guaranteed
spectral gap is dominated by a term of magnitude λ̄(H), corresponding to a single
step on H . Looking at the analysis, we see that this may happen, e.g., when a is
parallel and b is perpendicular. In this case H̃a = a, so one H step is lost. Also, as
b is perpendicular, H̃ shrinks it by a factor of λ̄(H). Now we are left with the inner
product between Ġ1 applied to a and some arbitrary perpendicular vector. This inner
product can be very close to 1 and this means that the entire expression cannot be
smaller than λ̄(H).

1.1.3. The k-step zig-zag product. In this paper we consider the variant of
the zig-zag product, where we take k steps on H rather than just two steps. That is,
we consider the graph whose transition matrix is H̃Ġ1H̃ . . . H̃Ġ1H̃ with k steps on
H . How small is the second largest eigenvalue going to be? Analyzing each H̃Ġ1H̃
term on its own, we see that the second largest eigenvalue is at most about λ̄(H)�k/2	.
Clearly, we must lose at least one H step, e.g., if we start with a parallel vector. Our
goal is to find a variant of the construction where the second largest eigenvalue is at
most about λ̄(H)k−1.

The problem. Let us consider what happens when we take three H steps. The
operator we consider is H̃Ġ1H̃Ġ1H̃ , and to bound the spectral gap we look at
a†H̃Ġ1H̃Ġ1H̃b. We focus on the case where b is a parallel distribution.

• The first H step is lost (because b is parallel).

3Formally, the vectors a and b belong to CN1D1 , while G1 acts on the space CN1 . However, in
the introduction we choose to ignore this technical issue, so as not to obscure the ideas underlying
the analysis.
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• This is immediately followed by an intercloud step which propagates entropy
from the second component (within the cloud) to the first component (the dis-
tribution over clouds). Equivalently, in algebraic notation, Ġ1H̃b lies almost
entirely in V⊥.

• Next we apply a second H step which adds entropy (because the second
component is entropy-deficient). Notice that H̃Ġ1H̃b lies almost entirely in

V⊥, as V⊥ is invariant under H̃ .
• Following that we apply Ġ1 again. The first Ġ1 application was applied on
a parallel vector, and because of that we knew that it increases the entropy
of the first component and decreases the entropy of the second component.
However, now the Ġ1 operator is applied on a vector (mostly) from V⊥, and
therefore we have no guarantee on the output and, in particular, it is possible
that the resulting vector Ġ1H̃Ġ1H̃b lies in V ||; i.e., applying Ġ1 increases
the entropy of the second component and decreases the entropy of the first
component. In other words, we might have entropy flowing backwards. If this
happens, then the final H̃ step is wasted again. Thus, we have three H steps,
but only one is guaranteed to add entropy.

The first idea. We would like to make sure that entropy does not flow in the
wrong direction. That is, our goal is to guarantee that whenever an H step does
not add entropy, all of the following Ġ1 applications move entropy from the second
component (the distribution within the cloud) to the first component (the distribution
over clouds). If we can guarantee that, then a single failure of an H step guarantees
that all other H steps are successful.

When an H step fails, the distribution over the second component is close to
uniform and contains about log(|V2|) bits of entropy. To facilitate the above idea, we
make the second component large enough such that log(|V2|) bits of entropy suffice for
a k-step random walk on G. For example, we can make the cloud size |V2| equal D4k

1 .
The graph G1 still has degree D1, and so when the second component is uniform, it
contains enough entropy for taking k independent steps on G1.

Sure enough, now the size of V2 is not the same as D1 and we need to specify how
to translate a cloud vertex (indexed by [D1]

4k) to an edge label (indexed by [D1]).
For concreteness, let us assume that we take the edge label from the first log(D1) bits
of the cloud vertex. Now, all we need for the operator Ġ1 to move entropy in the
right direction is that the second component is uniform only on its first few bits.

Let us take a closer look at the situation. We start with a uniform distribution
over the second component (because we are considering the case where H̃ fails) with
about 4k log(D1) entropy. We apply Ġ1, and up to log(D1) entropy flows from the
second component to the first component. Thus, there is still a lot of entropy left in
the second component. We now apply H̃ . Our goal is to guarantee that H̃ moves
the entropy in the second component such that the first log(D1) bits become close
to uniform. If this happens, then the next Ġ1 application moves more entropy from
the second component to the first component and the entropy keeps flowing in the
“right” direction.

A second problem. What does it take for the above idea to work? A simple
probabilistic method argument shows that for any fixed distribution on the second
component that has a lot of entropy, most small degree graphs H will indeed be good
and make the first log(D1) bits close to uniform.

Our problem is that we need to deal with more than just one fixed distribution.
Instead, the distribution on the second component is determined by the action of
H̃Ġ1, and as Ġ1 may correlate the first and second components, the distribution
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on the second component may depend on the value of the first component. This is
problematic to us because from our point of view D1 and k are constants while N1 is a
growing parameter. Thus, it seems inevitable that for any graph H there exists some
value of the first component for which H fails. Therefore, it seems that this approach
is bound to fail.

A second idea. To solve the above problem we restrict ourselves to graphs G1 of a
special type. For example, let us assume for simplicity that the labeling in G1 is such
that if e = (v, w) is the ith edge leaving v, then e is also the ith edge leaving w (the
actual property we use is a bit weaker). In such graphs the operator Ġ1 has no effect
at all on the second component. Thus, in particular, the number of distributions we
have to work with does not depend on N1 and the probabilistic argument mentioned
above works.

Indeed, for such nicely labeled graphs G1, and using k different graphs Hi instead
of the single graph H used above for all the k steps, one can easily show that random
D2-regular graphs (H1, . . . , Hk) are good. Namely, if we start with a parallel vector
(or, equivalently, if an H step fails), then the following G steps constantly move
entropy from the second component to the first component, and later H steps are not
wasted.

Redoing the analysis with algebraic notation. Let us now state the first problem
above in algebraic notation. Starting with a vector b ∈ V ||, we know that H̃b ∈ V ||.
Moreover, Ġ1H̃b and H̃Ġ1H̃b (mostly) belong to V⊥. The question is whether we
can guarantee that Ġ1H̃2Ġ1H̃1b also (mostly) belongs to V⊥, in which case the next
H̃ operator will work for us.

Recall that Ġ1H̃b mostly belongs to V⊥ due to the fact that for parallel unit
vectors a, b ∈ V ||, a†Ġ1b behaves like the action of G1 on a, b, and hence

(1) |a†Ġ1b| ≤ λ̄(G1).

In particular, Ġ1b has only a very small parallel component and mostly belongs to V⊥.
Our main technical lemma states that in our variant of the zig-zag product, for any
parallel unit vectors a, b ∈ V ||, a†Ġ1H̃Ġ1b behaves like the action of G2

1 on a, b, and
this implies

(2) |a†Ġ1H̃Ġ1b| ≤ λ̄(G1)
2.

In particular, Ġ1H̃Ġ1b has only a very small parallel component and mostly belongs to
V⊥. This is stated and proved in section 4.1. The above phenomenon generalizes to an
arbitrary number of steps; i.e., for any parallel unit vectors a, b ∈ V ||, a†(Ġ1H̃)k−1Ġ1b
behaves like the action of Gk−1

1 on a, b, and this implies |a†(Ġ1H̃)k−1Ġ1b| ≤ λ̄(G1)
k.

Figure 2 illustrates the entire process that parallel vectors undergo.
Armed with that we go back to the zig-zag analysis. Doing it carefully, we get

that composing G1 (of degree D1 and second eigenvalue λ1) with k graphs Hi (each of
degree D2 and second eigenvalue λ2) we get a new graph with degree Dk

2 and second
eigenvalue about λk−1

2 + λk2 + 2λ1. We can think of λ1 as being arbitrarily small, as
it can be decreased to any constant by increasing D1 without affecting D2 and the
degree of the resulting graph (see subsection 1.1.4 for a more detailed explanation).
One can interpret the above result as saying that k − 1 out of the k steps worked for
us!

1.1.4. An almost-Ramanujan expander construction. We now go back to
the iterative expander construction of [21] and replace the zig-zag component there
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V||

V⊥

H̃Ġ1H̃Ġ1H̃

v = v(0) v(1) v
||
(2)

v⊥(2) v⊥(3)

v
||
(4)

v⊥(4) v⊥(5)

Fig. 2. The action of a 3-step zig-zag on a parallel vector v ∈ V ||. The process is composed of
five steps, and v(t) denotes the vector after the tth step. Notice that H̃ sends perpendicular (parallel)

vectors to perpendicular (parallel) vectors. Also, the parallel part of Ġ1v(1) is small by (1). Similarly,

the parallel part of Ġ1v⊥(3) is small by (2). These small parts are represented by dotted lines.

with the k-step zig-zag product. We wish to construct D-regular graphs with second

eigenvalue that is as close as possible to the optimal λRam(D) = 2
√
D−1
D . For simplicity

we start with the case where D = Dk
2 for some integer k (the general case is addressed

in section 7). Doing the iterative construction we get a degree D expander by taking
k steps over the graphs {Hi}, each of degree D2 and overD4k

1 vertices. It will turn out
that in this iterative construction we have the freedom of choosing any large enough
D1 without affecting the degree of the resulting graph. Taking D1 large enough, the

resulting second largest eigenvalue is about λk−1
2 , where λ2 = λRam(D2) =

2
√
D2−1
D2

.
Comparing the second largest eigenvalue that we get with the optimal one, we

see that the bound we get is roughly 2k−1D
−(k−1)/2
2 , whereas the bound we would

have liked to get is roughly 2D
−k/2
2 (the optimal value for graphs with degree Dk

2 ).
We do not achieve the optimal value for two reasons. First, we lose one application
of H out of the k applications, and this loss amounts roughly to a

√
D2 multiplicative

factor. We also have a second loss of a 2k−1 multiplicative factor that corresponds
to the fact that Hk is not optimal even when H is. Balancing these losses gives the
following theorem.

Theorem 1. For every D > 0, there exists a fully explicit family of graphs
{Gi}, with an increasing number of vertices, such that each Gi is D-regular and

λ̄(Gi) ≤ D
− 1

2+O( 1√
log D

)
.

1.2. Organization of the paper. In section 2 we give preliminary definitions.
Section 3 contains the formal definition of the k-step zig-zag product. Section 4 gives
the proof of the main statement regarding the k-step zig-zag product, assuming that
good small graphs exist. The fact that such graphs exist is proven in section 5.
In section 6 we use the product to give an iterative construction of expanders for
degrees of a specific form. Finally, in section 7 we describe how to make the expander
construction work for any degree.

2. Preliminaries.

Spectral gap. We associate a (directed or undirected) graph G = (V,E) with its
transition matrix, also denoted by G, i.e.,

Gv,u =

{ 1
degout(v)

, (v, u) ∈ E,

0 otherwise.

For a matrix G we denote by si(G) the ith largest singular value of G. If the graph
G is regular (i.e., degin(v) = degout(v) = D for all v ∈ V ), then s1(G) = 1.
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We define λ̄(G) = s2(G). We say that a graph G is an (N,D, λ) graph if it is
D-regular over N vertices and λ̄(G) ≤ λ. We sometimes omit the parameter N and
say that G is a (D,λ) graph. If G is undirected, then the matrix G is Hermitian,
G has an orthonormal eigenvector basis, and the eigenvalues λ1 ≥ · · · ≥ λN are real.
In this case,

λ̄(G) = s2(G) = max {λ2,−λN}.
We say that an undirected, D-regular graph G is Ramanujan if

λ̄(G) ≤ λRam(D)
def
=

2
√
D − 1

D
.

Ramanujan graphs are essentially optimal algebraic expanders [18].
We can convert a directed graph G to an undirected graph U by undirecting the

edges, i.e., U = 1
2 [G+G†]. If G is D-regular, then 1

def
= 1√

N
(1, . . . , 1)t is an eigenvector

of both G and G†. Therefore,

s2(U) =
1

2
s2(G+G†) =

1

2
max

u,v⊥1,‖u‖=‖v‖=1
|u†(G+G†)v| ≤ 1

2
(s2(G)+s2(G

†)) = s2(G),

and it follows that U is an (N, 2D,λ) graph.
Taking the transition matrix of a graph G and raising it to some power � results

in the transition matrix of another graph. This graph has the same set of vertices as
G, and two vertices in this graph are connected if and only if there is a path of length
� between them in G.

Fact 2. If G is an (N,D, λ) graph, then G� is an (N,D�, λ�) graph.
Similarly, taking the tensor product of the transition matrices of two graphs G1

and G2 results in the transition matrix of another graph. The set of vertices of this
graph is the direct product of the sets of vertices of G1 and G2. In this graph, (v1, v2)
is connected to (u1, u2) if and only if vj is connected to uj in Gj for j = 1, 2.

Fact 3. If Gj is an (Nj , Dj , λj) graph for j = 1, 2, then G1 ⊗G2 is an (N1 ·N2,
D1 ·D2,max {λ1, λ2}) graph.

Rotation maps. Following [21] we represent graphs using rotation maps, as we
explain now. Let G be a directed D-regular graph G = (V,E). Recall that G†

denotes the graph where the direction of each edge in E is reversed. We assume that
the outgoing edges of G and G† are labeled with D labels {1, . . . , D} such that for
every v ∈ V , its D outgoing edges (either in G or in G†) are labeled with different
labels. Let vG[i] denote the ith neighbor of v in G. We define the rotation map of G,
RotG : V × [D] → V × [D], by

RotG(v, i) = (w, j) ⇐⇒ vG[i] = w and wG† [j] = v.

In other words, the ith neighbor of v in G is w, and the jth neighbor of w in the
reversed graph G† is v. Notice that if RotG(v, i) = (w, j), then RotG†(w, j) = (v, i).

The standard choice for the rotation maps of the graphs resulting from the oper-
ations of powering, tensoring, and undirecting is as follows.

Powering. If for all j = 1, . . . , � we have RotG(vj , ij) = (vj+1, i
′
j), then

(3) RotG� (v1, (i1, . . . , i�)) = (v�+1, (i
′
�, . . . , i

′
1)) .

Tensoring. If for j = 1, 2 we have RotGj (vj , ij) = (uj , i
′
j), then

(4) RotG1⊗G2 ((v1, v2), (i1, i2)) = ((u1, u2), (i
′
1, i

′
2)) .
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Undirecting. For a directed graph G we have

(5) RotG(v, i) = (u, i′) =⇒ Rot 1
2 [G+G†] (v, (b, i)) = (u, (1− b, i′)) .4

We single out a special family of rotation functions.
Definition 4. A graph G is locally invertible if its rotation map is of the form

RotG(v, i) = (v[i], φ(i)) for some permutation φ : [d] → [d]. We say that φ is the local
inversion function.

In [20], a “π-consistently labeled graph” denotes a graph with local inversion π.
Thus, a graph is locally invertible if and only if it is π-consistently labeled for some
permutation π.5

A simple fact follows immediately from (3)–(5).

Fact 5. If G1, G2 are locally invertible, then G�
1, G1 ⊗G2, and

1
2 [G1 +G†

1] are
locally invertible.

Miscellaneous notation. We often use vectors coming from a tensor vector space
V = V1 ⊗ V2, as well as vertices coming from a product vertex set V = V1 × V2.
In such cases we use superscripts to indicate the universe a certain object resides
in. For example, we denote vectors from V1 by x(1), y(1), etc. In particular, when
x ∈ V = V1 ⊗V2 is a product vector, x(1) denotes the V1 component, x(2) denotes the
V2 component, and x = x(1) ⊗ x(2).

We denote by 1V the all-ones vector over the vector space V , normalized to have
unit length. When the vector space is clear from the context we simply denote this
vector by 1.

SΛ denotes the symmetric group over Λ. GN,D, for an even D, is the following
distribution over D-regular, undirected graphs. First, uniformly choose D/2 permu-
tations γ1, . . . , γD/2 ∈ S[N ]. Then, output the graph G = (V = [N ], E), whose edges
are the undirected edges formed by the D/2 permutations.

Finally, for an n-dimensional vector x we let |x|1 =
∑n

i=1 |xi| and ‖x‖ =
√〈x, x〉.

We measure the distance between two distributions P,Q by |P −Q|1. The operator
norm of a linear operator L is ‖L‖∞ = maxx:‖x‖=1 ‖Lx‖.

We will need the following claim, which states that if we average linear operators
according to two statistically close distributions, we get essentially the same linear
operator.

Claim 6. Let P,Q be two distributions over Ω and let {Li}i∈Ω be a set of linear
operators over Λ, each with operator norm bounded by 1. Define P = Ex∼P [Lx] and
Q = Ex∼Q[Lx]. Then, for any τ, ξ ∈ Λ,

| 〈Pτ, ξ〉 − 〈Qτ, ξ〉 | ≤ |P −Q|1 · ‖τ‖ · ‖ξ‖.

Proof. First, notice that

‖P −Q‖∞ ≤
∑
x

|P (x)−Q(x)| · ‖Lx‖∞ ≤ |P −Q|1.

4Undirecting a graph doubles the degree. This is reflected in the addition of a bit b ∈ {0, 1} to
the edge label.

5Perhaps a more appropriate name for “locally invertible graph” is “consistently labeled graph”
(without the addition of the permutation π). However, the term “consistently labeled graph” is
already used in the literature to denote a different property of the labeling of the edges [9]. An
example of a graph that is consistently labeled, yet is not locally invertible, can be observed by
taking the disjoint union of two graphs of the same degree that are locally invertible, each with a
different inversion function.
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Therefore, it follows that

| 〈Pτ, ξ〉−〈Qτ, ξ〉 | = | 〈(P−Q)τ, ξ〉 | ≤ ‖P−Q‖∞ ·‖τ‖·‖ξ‖ ≤ |P −Q|1 ·‖τ‖·‖ξ‖.

3. The k-step zig-zag product.

3.1. The product. The input to the product is
• an undirected graph G1 = (V1 = [N1], E1) that is a (D1, λ1) graph. We as-
sume that G1 has a local inversion function φ = φG1 . That is, RotG1(v

(1), d1)
= (v(1)[d1], φG1(d1));

• k undirected graphs H̄ = (H1, . . . , Hk), where each Hi is an (N2, D2, λ2)
graph over the vertex set V2.

In the replacement product (and also in the zig-zag product), the parameters are
set such that the cardinality of V2 equals the degree D1 of G1. An element v2 ∈ V2
is then interpreted as a label d1 ∈ [D1]. However, as explained in the introduction,
we take larger graphs Hi with V2 = [D1]

4k. That is, we have D4k
1 vertices in V2

rather than D1 in the replacement product. Therefore, we need to explain how to
map a vertex v(2) ∈ V2 = [D1]

4k to a label d1 ∈ [D1] of G1. For that we use a map
π : V2 → [D1] that is regular, i.e., every element of [D1] has the same number of
π preimages in V2. For simplicity we fix one concrete such π as follows. For j ∈ [4k]
and w = (w1, . . . , w4k) ∈ [D1]

4k, we define πj to be the projection of w on the jth
coordinate, i.e., πj(w) = wj . The map π that we choose is π = π1.

The graph Gnew = G1 z©H̄ that we construct is related to a k-step walk over
this new replacement product. The vertices of Gnew are V1 × V2. The degree of the
graph is Dk

2 , and the edges are indexed by ī = (i1, . . . , ik) ∈ [D2]
k. We next define

the rotation map RotGnew of the new graph. For v = (v(1), v(2)) ∈ V1 × V2 and
ī = (i1, . . . , ik) ∈ [D2]

k, RotGnew(v, ī) is defined as follows:

• We start the walk at v = (v(1), v(2)) = (v
(1)
0 , v

(2)
0 ).

• For t = 1, . . . , k,
– take one Ht(·, it) step on the second component. That is, the first

component is left untouched, v
(1)
2t−1 = v

(1)
2(t−1), and we set (v

(2)
2t−1, i

′
t) =

RotHt(v
(2)
2(t−1), it);

– if t < k, we take one step on G1 with π1(v
(2)
2t−1) as the [D1] label to be

used, i.e.,

v
(1)
2t = v

(1)
2t−1[π1(v

(2)
2t−1)].

We also set v
(2)
2t = ψ(v

(2)
2t−1), where

(6) ψ(v(2)) = (φG1(π1(v
(2))), π2(v

(2)), π3(v
(2)), . . . , π4k(v

(2))).

Namely, for the first [D1] coordinate of the second component we use
the local inversion function of G1, and all other coordinates are left
unchanged.

Finally, we specify

(7) RotGnew(v, ī) =
(
(v

(1)
2k−1, v

(2)
2k−1), (i

′
k, . . . , i

′
1)
)
.

It is straightforward to verify that RotGnew is indeed a rotation map.
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To summarize, we start with a locally invertibleD1-regular graph overN1 vertices.
We replace each degree D1 vertex with a “cloud” of D4k

1 vertices, and map a cloud
vertex to aD1 instruction using π1. We then take a (2k−1)-step walk, with alternating
H and G1 steps, over the resulting graph. Observe that the resulting graph is directed
since, for instance, H1 might be different from Hk. One can obtain an undirected
graph simply by undirecting each edge. This transformation doubles the degree while
retaining the spectral gap, as explained in section 2.

The following is immediate from the definition of the rotation map in (7).
Fact 7. If, for 1 ≤ i ≤ k, the graph Hi is locally invertible with the local inver-

sion function φHi , then G1 z©(H1, . . . , Hk) is locally invertible with the local inversion
function

φ(i1, . . . , ik) = (φHk
(ik), . . . , φH1 (i1)).

3.2. The linear operators. We want to express the k-step walk described in
section 3.1 as a composition of linear operators. For i ∈ {1, 2}, we define a vector
space Vi with dim(Vi) = |Vi| = Ni, and we identify an element v(i) ∈ Vi with a basis

vector
−→
v(i) ∈ Vi. Notice that{−−→

v(1) ⊗
−−→
v(2) | v(1) ∈ V1, v

(2) ∈ V2

}

is a basis for V = V1 ⊗ V2. On this basis we define the linear operators

H̃i

(−−→
v(1) ⊗

−−→
v(2)

)
=

−−→
v(1) ⊗

−−−−→
Hiv

(2)

and

Ġ1

(−−→
v(1) ⊗

−−→
v(2)

)
=

−−−−−−−−−→
v(1)[π1(v

(2))]⊗
−−−−→
ψ(v(2)),

where ψ is as defined in (6). Having this terminology, the transition matrix of the new
graph Gnew is the linear transformation on V defined by H̃kĠ1H̃k−1Ġ1 . . . H̃2Ġ1H̃1.

3.3. The action of the composition. Next we take advantage of the simple
structure of locally invertible graphs, revealing how H̃kĠ1H̃k−1Ġ1 . . . H̃2Ġ1H̃1 corre-
lates the first and second components. Fix a D1-regular graph G1 with local inversion
function φ. As G1 is D1-regular, it can be represented as

G1 =
1

D1

D1∑
i=1

Gi,

where Gi is the transition matrix of some permutation in SV1 . We can similarly
decompose each graph Hi to a sum of D2 permutations on V2. We focus our attention
on the case where the action of Hi is replaced with a single permutation, and the
general case (where each Hi is a convex combination of D2 permutations) follows by
linearity.

Lemma 8. Assume that G1 has a local inversion function φ that is extended to a
permutation ψ : V2 → V2 as in (6). Let γ1, . . . , γ� be � permutations on V2. Let Γi be
the linear operator on V2 corresponding to the permutation γi and Γ̃i = I ⊗ Γi.
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For vertices u(1) ∈ V1, u
(2) ∈ V2 define w0 =

−−→
u(1) ⊗

−−→
u(2) and wi = Γ̃iĠ1 . . .

Γ̃1Ġ1(
−−→
u(1) ⊗

−−→
u(2)). Then, wi is a product vector, and

wi = Gπ1(qi−1(u(2))) . . .Gπ1(q0(u(2)))(
−−→
u(1))⊗

−−−−→
qi(u

(2)),

where

q0(u
(2)) = u(2),(8)

qi(u
(2)) = γi(ψ(qi−1(u

(2)))).(9)

Proof. We prove by induction. For i = 0, w0 = (
−−→
u(1) ⊗

−−→
u(2)). The induction step

follows immediately from the fact that ui+1 = Γ̃i+1Ġ1ui and the definitions of Γ̃i+1

and Ġ1.
We also capture from the proof the behavior qi(u

(2)) of the second component
values. We define the following.

Definition 9. Let G1 be an undirected graph with local inversion function φ
that is extended to a permutation ψ : V2 → V2 as in (6). Let γ̄ = (γ1, . . . , γ�) be a
sequence of � permutations over V2. The permutation sequence induced by (γ̄, φ) is
q̄ = (q0, . . . , q�), defined as in (8) and (9).

Corollary 10. Assume that G1 has a local inversion function φ. Let γ1, . . . , γ�
be � permutations on V2. Let Γi be the linear operator on V2 corresponding to the
permutation γi and Γ̃i = I ⊗ Γi.

Then, there exists σ ∈ SV2 such that for any u(1) ∈ V1 and u(2) ∈ V2

Ġ1Γ̃�Ġ1 . . . Γ̃1Ġ1(
−−→
u(1) ⊗

−−→
u(2)) = Gπ1(q�(u(2))) . . .Gπ1(q0(u(2)))(

−−→
u(1))⊗

−−−−→
σ(u(2)),

where (q0, . . . , q�) is the permutation sequence induced by ((γ1, . . . , γ�), φ).

3.4. A condition guaranteeing good algebraic expansion. We say that
γ̄ = (γ1, . . . , γ�) is ε-pseudorandom with respect to φ if the distribution of the first
log(D1) bits in each of the �+ 1 labels we encounter is ε-close to uniform. We define
the following.

Definition 11. Let G1 be an undirected graph with local inversion function φ.
Let q̄ be the permutations induced by (γ̄, φ). We say that γ̄ is ε-pseudorandom with
respect to φ (or, equivalently, ε-pseudorandom with respect to G1) if∣∣π1(q0(U)) ◦ · · · ◦ π1(q�(U))− U[D1]�+1

∣∣
1
≤ ε,

where π1(q0(U)) ◦ · · · ◦ π1(q�(U)) is the distribution obtained by picking v(2) ∈ V2
uniformly at random and outputting (π1(q0(v

(2))), . . . , π1(q�(v
(2)))), and U[D1]�+1 is

the uniform distribution over [D1]
�+1.

Any D2-regular graph H can be expressed as H = 1
D2

∑D2

j=1 Hj , where Hj is
the transition matrix of a permutation γj ∈ SV2 . We now extend Definition 11 to a
sequence of k D2-regular graphs.

Definition 12. Let G1 and φ be as above. Let H̄ = (H1, . . . , Hk) be a k-tuple
of D2-regular graphs over V2. We say that H̄ is ε-pseudorandom with respect to φ
(or G1) if we can express each graph Hi as Hi =

1
D2

∑D2

j=1 Hi,j such that
• Hi,j is the transition matrix of a permutation γi,j ∈ SV2 ;
• for any 1 ≤ �1 ≤ �2 ≤ k, j�1 , . . . , j�2 ∈ [D2], the sequence γ�1,j�1 , . . . , γ�2,j�2 is
ε-pseudorandom with respect to φ.
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If, in addition, for each i = 1, . . . , k we have λ̄(Hi) ≤ λRam(D2) + ε, we say that
H̄ is ε-good with respect to φ (or G1).

Our main result states that whenever H̄ is good with respect to G1, the k-step zig-
zag product does not lose much in the spectral gap. Formally, we have the following
result.

Theorem 13. Let G1 = (V1 = [N1], E1) be a (D1, λ1) locally invertible graph. Let
H̄ = (H1, . . . , Hk) be a sequence of (N2 = D4k

1 , D2, λ2) graphs that is ε-good with re-
spect to G1, and assume λ2 ≤ 1

2 . Then, Gnew = G1 z©H̄ is an (N1·N2, D
k
2 , f(λ1, λ2, ε, k))

graph for

f(λ1, λ2, ε, k) = λk−1
2 + 2(ε+ λ1) + λk2 .

Our ultimate goal is constructing a family of D-regular graphs with a spectral
gap as large as we can for some given degree D = Dk

2 . In section 6 we will present an
iterative construction doing that using the k-step zig-zag product. It will turn out that
in this iterative construction we have the freedom of choosing any large enough D1,
without affecting the degree of the resulting graph.

Thus, we may think of D2 and k as fixed quantities while D1 is unbounded. By
choosing D1 large enough, we can guarantee that λ1 is negligible compared to λk2 . It
will also turn out that for this choice of D1, we can find H̄ that is ε-good for ε which
is negligible compared to λk2 . Thus the graph we construct has λ̄ ≈ λk−1

2 + λk2 . In
other words, we do k zig-zag steps and almost all of them (k− 1 out of k) “work” for
us.

Thus, we are left with two tasks:
1. Prove Theorem 13, which is done in the following section.
2. Find an ε-good sequence H̄ . In fact, in section 5, we prove that almost all

sequences are good.

4. A top-down view of the proof.
Proof of Theorem 13. Gnew is a regular directed graph, and we wish to bound

s2(Gnew). Fix unit vectors x, y ⊥ 1 for which s2(Gnew) = 〈Gnewx, y〉. As in the analy-
sis of the zig-zag product, we decompose V = V1⊗V2 to its parallel and perpendicular
parts. The subspace V || is defined by

V || = Span

{−−→
v(1) ⊗ 1 : v(1) ∈ V1

}
,

and V⊥ is its orthogonal complement. For any vector τ ∈ V we denote by τ || and τ⊥

the projections of τ on V || and V⊥, respectively. Notice that V || is exactly the set of
parallel vectors defined in the introduction, and V⊥ is the set of perpendicular vectors.
Also notice that v ∈ V || if and only if v = v1 ⊗ 1 for some v1 ∈ V1. Recall that for
v ∈ V ||, Hv = v, while for v ∈ V⊥, ‖H̃v‖ ≤ λ2‖v‖.

For the analysis we decompose not only x0 = x and y0 = y, but also the vectors
x1, . . . , xk−1 and y1, . . . , yk−1, where

xi = Ġ1H̃ix
⊥
i−1 and yi = Ġ1H̃k−i+1 y

⊥
i−1.

Observe that ‖xi‖ ≤ λi2‖x0‖ and ‖yi‖ ≤ λi2‖y0‖.
We now consider y†0H̃kĠ1 . . . H̃2Ġ1H̃1x0 and decompose x0 = x

||
0 + x⊥0 . Focusing

on x⊥0 we see that, by definition,

y†0H̃kĠ1 . . . H̃2Ġ1H̃1x
⊥
0 = y†0H̃kĠ1 . . . H̃3Ġ1H̃2x1.
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We continue by decomposing x1, x2, . . . , and eventually this results in

y†0H̃kĠ1 . . . H̃2Ġ1H̃1x0 = y†0H̃kx
⊥
k−1 +

k∑
i=1

y†0H̃kĠ1 . . . H̃i+1Ġ1H̃ix
||
i−1.

Doing the same decomposition on y0 (and using the fact that both Ġ1 and H̃j

are Hermitian and so (y⊥j )
†H̃k−jĠ1 = (Ġ1H̃k−jy

⊥
j )

† = y†j+1), we get

y†0H̃kĠ1 . . . H̃2Ġ1H̃1x0 = y†0H̃kx
⊥
k−1 +

k∑
i=1

(y⊥k−i)
†x||i−1 +

k∑
i=1

(y
||
k−i)

†x||i−1

+
∑

1≤i<j≤k

(y
||
k−j)

†Ġ1H̃j−1 . . . H̃i+1Ġ1x
||
i−1.

Now,
• ∣∣∣y†0H̃kx

⊥
k−1

∣∣∣ ≤ ∥∥∥H̃kx
⊥
k−1

∥∥∥ ≤ λ2
∥∥x⊥k−1

∥∥ ≤ λ2‖xk−1‖ ≤ λ2λ
k−1
2 ‖x0‖ = λk2 .

In the terminology of Figure 2 (from the introduction), this term corresponds
to a path that always stays in V⊥. The value such a term contributes is small
because each application of H̃ shrinks the vector by a λ2 factor.

• The term
∑k

i=1(y
⊥
k−i)

†x||i−1 is simply 0 because V⊥ ⊥ V ||.
• Each term in the sum

∣∣∑k
i=1(y

||
k−i)

†x||i−1

∣∣ corresponds to a path in Figure 2

that stays in V⊥, except for one step where it goes to V ||. Such a term is
small since all applications of H̃ except one shrink the vector by a λ2 factor.
A trivial argument thus bounds the sum by kλk−1

2 . We can do slightly better,
i.e., ∣∣∣∣∣

k∑
i=1

(y
||
k−i)

†x||i−1

∣∣∣∣∣ ≤
k∑

i=1

∥∥∥y||k−i

∥∥∥ ·
∥∥∥x||i−1

∥∥∥,
and in Lemma 16 we bound the right-hand side by λk−1

2 .
• Finally, we are left with the term

(10)
∑

1≤i<j≤k

(y
||
k−j)

†Ġ1H̃j−1 . . . H̃i+1Ġ1x
||
i−1.

To gain insight about this term, consider k = 3 and the term y
||
0 Ġ1H̃2Ġ1x

||
0 .

This term corresponds to the weight of the path between v(1) and v
||
(4) in

Figure 2. The core of the analysis shows that this term is small.
Formally, in Theorem 14 we show, assuming that H̄ is good for G1, that∣∣∣(y||k−j)

†Ġ1H̃j−1 . . . H̃i+1Ġ1x
||
i−1

∣∣∣ ≤ (λj−i
1 + ε)

∥∥∥y||k−j

∥∥∥∥∥∥x||i−1

∥∥∥.
Therefore, the term in (10) is bounded by

∑
1≤i<j≤k

(λj−i
1 + ε)

∥∥∥y||k−j

∥∥∥∥∥∥x||i−1

∥∥∥ =

k−1∑
t=1

(λt1 + ε)

k−t∑
i=1

∥∥∥y||k−i−t

∥∥∥∥∥∥x||i−1

∥∥∥
≤

k−1∑
t=1

(λt1 + ε)λk−t−1
2 ≤ (λ1 + ε)

k−1∑
t=1

λk−t−1
2 = (λ1 + ε)

k−2∑
i=0

λi2 ≤ 2(λ1 + ε),
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where the first inequality follows from Lemma 16 and the second uses the
assumption λ2 ≤ 1

2 .

Altogether, |y†Gnewx| ≤ λk−1
2 + 2(ε+ λ1) + λk2 , as desired.

4.1. The action of the operator on parallel vectors. The action of our
operator on parallel vectors is captured in the following theorem.

Theorem 14. For every i, � ≥ 1 and τ, ξ ∈ V ||, τ, ξ ⊥ 1V ,∣∣∣〈Ġ1H̃i+�Ġ1 . . . H̃i+1Ġ1τ, ξ
〉∣∣∣ ≤ (λ�+1

1 + ε)‖τ‖‖ξ‖.

For the proof we need the following lemma. Informally, it states that the action
of Ġ1H̃i+�Ġ1 . . . H̃i+1Ġ1 on V || is essentially the same as the action of G�+1 on V1.

Lemma 15. Suppose that γ̄ = (γ1, . . . , γ�) is ε-pseudorandom with respect to G1,
and denote by Γ̃1, . . . , Γ̃� the operators corresponding to γ1, . . . , γ�. Any τ, ξ ∈ V || can
be written as τ = τ (1) ⊗ 1V2 and ξ = ξ(1) ⊗ 1V2 . For any such τ, ξ∣∣∣〈Ġ1Γ̃�Ġ1 . . . Γ̃1Ġ1τ, ξ

〉
−
〈
G�+1τ (1), ξ(1)

〉∣∣∣ ≤ ε · ‖τ‖ · ‖ξ‖.

Proof. G1 is D1-regular with local inversion function φ. We express G1 =
1
D1

∑D1

i=1 Gi, where Gi is the transition matrix of some permutation in SV1 . We let
q̄ = (q0, . . . , qk−1) be the permutations induced by (γ̄, φ). By definition (and noting
that 1V2 = 1√

N2

∑
v(2)∈V2

v(2)) we get

〈
Ġ1Γ̃�Ġ1 . . . Γ̃1Ġ1τ, ξ

〉
=

1

N2

〈 ∑
v(2),u(2)∈V2

Ġ1Γ̃�Ġ1 . . . Γ̃1Ġ1(τ
(1) ⊗

−−→
v(2)), ξ(1) ⊗

−−→
u(2)

〉
.

By Corollary 10,〈
Ġ1Γ̃�Ġ1 . . . Γ̃1Ġ1τ, ξ

〉

=
1

N2

〈 ∑
v(2),u(2)∈V2

Gπ1(q�(v(2))) . . .Gπ1(q0(v(2)))(τ
(1))⊗

−−−−→
σ(v(2)), ξ(1) ⊗

−−→
u(2)

〉

=
1

N2

∑
v(2),u(2)∈V2

〈
Gπ1(q�(v(2))) . . .Gπ1(q0(v(2)))τ

(1), ξ(1)
〉
·
〈−−−−→
σ(v(2)),

−−→
u(2)

〉
.

However, as σ is a permutation over V2, for every v
(2) ∈ V2 there is exactly one u(2)

that does not vanish. Hence,

〈
Ġ1Γ̃�Ġ1 . . . Γ̃1Ġ1τ, ξ

〉
=

1

N2

∑
v(2)∈V2

〈
Gπ1(q�(v(2))) . . .Gπ1(q0(v(2)))τ

(1), ξ(1)
〉

= Ez1,...,z�∼Z
[〈

Gz� . . .Gz1τ
(1), ξ(1)

〉]
,

where Z is the distribution on [D1]
� obtained by picking v(2) uniformly at random in

V2 and outputting z1, . . . , z�, where zi = π1(qi(v
(2))). Notice also that

Gk
1 = Ez∈[D1]k [Gz� . . .Gz1 ].
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As (γ1, . . . , γk) is ε-pseudorandom with respect to G1, we know that |Z−U[D1]k |1 ≤ ε.
By Claim 6,∣∣∣〈Ġ1Γ̃�Ġ1 . . . Γ̃1Ġ1τ, ξ

〉
−
〈
G�+1τ (1), ξ(1)

〉∣∣∣
=

∣∣∣∣Ez1,...,z�∼Z
[〈

Gz� . . .Gz1τ
(1), ξ(1)

〉]
− Ez∈[D1]k

[〈
Gz� . . .Gz1τ

(1), ξ(1)
〉]∣∣∣∣

≤ ∣∣Z − U[D1]k
∣∣
1
· ∥∥τ (1)∥∥ · ∥∥ξ(1)∥∥ ≤ ε · ∥∥τ (1)∥∥ · ∥∥ξ(1)∥∥ = ε · ‖τ‖ · ‖ξ‖

(since ‖τ‖ = ‖τ (1) ⊗ 1‖ = ‖τ (1)‖ · ‖1‖ = ‖τ (1)‖), and this completes the proof of
Lemma 15.

Having proved Lemma 15, we can now prove Theorem 14.
Proof of Theorem 14. Since H̄ is ε-good with respect to G1, we can express each

Hi as Hi = 1
D2

∑D2

j=1 Hi,j such that Hi,j is the transition matrix of a permutation

γi,j ∈ SV2 and each of theDk
2 sequences γ1,j1 , . . . , γk,jk is ε-pseudorandomwith respect

to G1. Let Γi,j be the operator on V2 corresponding to the permutation γi,j and let

Γ̃i,j = I ⊗ Γi,j be the corresponding operator on V1 ⊗ V2. Observe that〈
Ġ1H̃i+�Ġ1 . . . H̃i+1Ġ1τ, ξ

〉
= Ej1,...,j�∈[D2]

[〈
Ġ1Γ̃i+�,j�Ġ1 . . . Γ̃i+1,j1Ġ1τ, ξ

〉]
.

Thus, by Lemma 15,∣∣∣〈Ġ1H̃i+�Ġ1 . . . H̃i+1Ġ1τ, ξ
〉
−
〈
G�+1τ (1), ξ(1)

〉∣∣∣ ≤ ε · ‖τ‖ · ‖ξ‖.

Since τ, ξ ⊥ 1, we also have that τ (1), ξ(1) ⊥ 1. Therefore,∣∣∣〈G�+1τ (1), ξ(1)
〉∣∣∣ ≤ λ�+1

1

∥∥∥τ (1)∥∥∥∥∥∥ξ(1)∥∥∥.
The fact that ‖τ‖ = ‖τ (1)‖ and ‖ξ‖ = ‖ξ(1)‖ completes the proof.

4.2. A lemma on partial sums. We conclude this section with a bound on

k−t∑
i=1

∥∥∥y||k−i−t

∥∥∥ ·
∥∥∥x||i−1

∥∥∥.
The trivial bound is (k − t)λk−t−1

2 using the fact that ‖xi‖, ‖yi‖ ≤ λi2. Here we give
a tighter bound.

Lemma 16. Let t ≥ 0. Then

k−t∑
i=1

∥∥∥y||k−i−t

∥∥∥ ·
∥∥∥x||i−1

∥∥∥ ≤ λk−t−1
2 .

Proof.

k−t∑
i=1

∥∥∥y||k−i−t

∥∥∥ ·
∥∥∥x||i−1

∥∥∥ = λk−t−1
2

k−t∑
i=1

∥∥∥∥∥ y
||
k−i−t

λk−i−t
2

∥∥∥∥∥ ·
∥∥∥∥∥ x

||
i−i

λi−1
2

∥∥∥∥∥
≤ λk−t−1

2 · 1
2

⎛
⎝k−t−1∑

i=0

∥∥∥∥∥y
||
i

λi2

∥∥∥∥∥
2

+
k−t−1∑
i=0

∥∥∥∥∥x
||
i

λi2

∥∥∥∥∥
2
⎞
⎠ .
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Now we bound
∑k−t−1

i=0 ‖x||i /λi2‖2, and the bound for the expression
∑k−t−1

i=0 ‖y||i /λi2‖2
is similarly obtained. Denote

Δ� =

∥∥∥∥x⊥�λ�2
∥∥∥∥
2

+
�∑

i=0

∥∥∥∥∥x
||
i

λi2

∥∥∥∥∥
2

.

Then

Δ� =

∥∥∥∥x�λ�2
∥∥∥∥
2

+

�−1∑
i=0

∥∥∥∥∥x
||
i

λi2

∥∥∥∥∥
2

≤
∥∥∥∥∥λ2x

⊥
�−1

λ�2

∥∥∥∥∥
2

+

�−1∑
i=0

∥∥∥∥∥x
||
i

λi2

∥∥∥∥∥
2

= Δ�−1.

In particular, Δk−t−1 ≤ Δ0 = ‖x||0‖2. It follows that
k−t−1∑
i=0

∥∥∥∥∥x
||
i

λi2

∥∥∥∥∥
2

≤
∥∥∥x||0∥∥∥2

−
∥∥∥∥∥x

⊥
k−t−1

λk−t−1
2

∥∥∥∥∥
2

≤ ‖x0‖2 = 1.

5. Almost any H̄ is good.

5.1. A hypergeometric lemma. We shall need the following tail estimate.
Theorem 17 (see [10, Theorem 2.10]). Let Ω be a universe and S1 ⊆ Ω a

fixed subset of size m1. Let S2 ⊆ Ω be a uniformly random subset of size m2. Set
μ = ES2 [|S1 ∩ S2|] = m1m2

|Ω| . Then, for every ε > 0,

Pr
S2

[| |S1 ∩ S2| − μ| ≥ εμ] ≤ 2e−
ε2

3 μ.

A simple generalization of this gives the following lemma.
Lemma 18. Let Ω be a universe and S1 ⊆ Ω a fixed subset of size m. Let

S2, . . . , Sk ⊆ Ω be uniformly random subsets of size m. Set μk = ES2,...,Sk
[ |S1 ∩ S2 ∩

· · · ∩ Sk | ] = mk

|Ω|k−1 . Then, for every ε > 0,

Pr
S2,...,Sk

[(1 − ε)k−1μk ≤ |S1 ∩ S2 ∩ · · · ∩ Sk| ≤ (1 + ε)k−1μk]

≥ 1− 2(k − 1)e−
ε2

3 (1−ε)k−1μk .

In particular, for ε ≤ 1
4k ,

Pr
S2,...,Sk

[| |S1 ∩ S2 ∩ · · · ∩ Sk| − μk| ≥ 2kεμk] ≤ 2ke−
ε2

6 μk .

Proof (by induction on k). The case k = 2 follows from Theorem 17. Assume for
k, and let us prove for k+1. Let A = S1 ∩ · · · ∩Sk ⊆ Ω. By the induction hypothesis

we know that, except for probability δk = 2(k − 1)e−
ε2

3 (1−ε)k−1μk , the set A has size

in the range [(1 − ε)k−1μk, (1 + ε)k−1μk] for μk = mk

|Ω|k−1 . When this happens, by

Theorem 17, |A ∩ Sk+1| is in the range[
(1− ε)

|A|m
|Ω| , (1 + ε)

|A|m
|Ω|

]
⊆ [(1− ε)kμk, (1 + ε)kμk]

except for probability

2e−
ε2

3
|A|m
|Ω| ≤ 2e−

ε2

3 (1−ε)kμk+1 .

Thus, |A∩Sk+1| is in the required range except for probability δk+2e−
ε2

3 (1−ε)kμk+1 ≤
2ke−

ε2

3 (1−ε)kμk+1 , and this completes the proof.
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5.2. Almost any γ̄ is pseudorandom. The main lemma we prove in this
section is the following.

Lemma 19. For every ε ≤ 1
2 , a sequence of uniformly random and independent

permutations (γ1, . . . , γk−1) satisfies

Pr
γ1,...,γk−1

[(γ1, . . . , γk−1) is not ε-pseudorandom with respect to G1]

≤ Dk
1 · 2ke−Ω(

ε2D3k
1

k2 ).

Proof. Let q0, . . . , qk−1 : V2 → V2 be the permutations induced by (γ̄ = (γ1, . . . ,
γk−1), ψ), where ψ is as defined in (6). Let A denote the distribution π1(q1(U)) ◦ · · · ◦
π1(qk(U)) and let UDk

1
denote the uniform distribution over [D1]

k. Fix an arbitrary

r̄ = (r1, . . . , rk) ∈ [D1]
k. We will show that

(11) Pr
γ1,...,γk−1

[|A(r̄)− UDk
1
(r̄)| ≥ εD−k

1 ] ≤ 2ke−Ω(
ε2D3k

1
k2 ).

Therefore, using a simple union bound, the event ∃r̄ |A(r̄) − UDk
1
(r̄)| ≥ εD−k

1

happens with probability at most Dk
1 ·2ke−Ω(

ε2D3k
1

k2 ), and whenever it does not happen,∣∣∣A− UDk
1

∣∣∣
1
=

∑
r̄

|A(r̄)− UDk
1
(r̄)| ≤ Dk

1 ·max
r̄

{
|A(r̄)− UDk

1
(r̄)|

}
≤ ε.

We now prove the inequality in (11). Let Si = {x ∈ V2 | π1(qi(x)) = ri} for

1 ≤ i ≤ k. Since qi is a permutation and π1 is a regular function, |Si| = |V2|
D1

. Also, for
each i, qi is a random permutation distributed uniformly in SV2 , and the permutations

{qi} are independent. It follows that the sets S2, . . . , Sk are random |V2|
D1

subsets of V2,
and they are independent as well.

By definition, A(r̄) = |S1∩S2∩···∩Sk|
|V2| . Also,

μk = E[|S1 ∩ S2 ∩ · · · ∩ Sk|] = (|V2|/D1)
k

|V2|k−1
=

|V2|
Dk

1

= D3k
1

and UDk
1
(r̄) = μk

|V2| = D−k
1 . Thus, by Lemma 18, and setting ζ = ε

2k ≤ 1
4k ,

Pr
γ1,...,γk−1

[|A(r̄)− UDk
1
(r̄)| ≥ εD−k

1 ] = Pr
S2,...,Sk

[∣∣∣∣ |S1 ∩ S2 ∩ · · · ∩ Sk|
|V2| − μk

|V2|
∣∣∣∣ ≥ 2kζμk

|V2|
]

≤ 2ke−Ω(ζ2μk) = 2ke−Ω(
ε2D3k

1
k2 ),

as stated in (11).

5.3. The spectrum of random D-regular graphs. Friedman [7] proved the
following theorem regarding the spectrum of random regular graphs. The distribution
GN,D is described in section 2.

Theorem 20 (see [7]). For every δ > 0 and for every even D, there exists a
constant c > 0, independent of N , such that

Pr
G∼GN,D

[ λ̄(G) > λRam(D) + δ ] ≤ c ·N−�(√D−1+1)/2�−1.
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5.4. Almost any H̄ is good.
Theorem 21. For every even D2 ≥ 4, integer k ≥ 3, and ε = D−k

2 , there exists
a constant B such that for every D1 ≥ B there exists a sequence H̄ = (H1, . . . , Hk)
of (N2 = D4k

1 , D2) graphs such that
• each Hi is locally invertible;
• H̄ is ε-good with respect to any D1-regular locally invertible graph.

Proof. For a value D1, let us randomly pick H̄ = (H1, . . . , Hk) with each Hi

sampled independently and uniformly fromGN2=Dk
1 ,D2

. That is, let {γi,j}i∈[k], j∈[D2/2]

be a set of random permutations chosen uniformly and independently from SV2 . For
1 ≤ i ≤ k, let Hi be the undirected graph over V2 formed from the permutations
{γi,j}j∈[D2/2] and their inverses. We use the following labeling on the edges: we label

the directed edge (v, γi,j(v)) with the label j and the edge (v, γ−1
i,j (v)) with the label

D2/2+ j (recall that each edge needs to be labeled twice, once by each of its vertices).
By definition, each Hi is locally invertible.

We show that for a large enough D1 the probability that H̄ is ε-pseudorandom
with respect to any D1-regular locally invertible graph is at least half, and therefore
a good sequence exists. Fix a D1-regular locally invertible graph G1. We notice
that the inverse of a uniform random permutation is also a uniform random permu-
tation. Therefore, for every j1, . . . , jk ∈ [D2/2] and for every p1, . . . , pk ∈ {1,−1},
the k-tuple γ̄ = (γp1

1,j1
, . . . , γpk

k,jk
) is uniform in (S|V2|)

k. Thus, by Lemma 19, H̄ is not

ε-pseudorandomwith respect toG1 with probability at most k2·Dk
2 ·Dk

1 ·2ke−Ω(
ε2D3k

1
k2 ).6

Taking D1 ≥ D2, the error term is at most δ
def
= D3k

1 e−Ω(
Dk

1
k2 ).

There are only D1! local inversion functions over D1 vertices (compared to the
N2! permutations over V2). We have seen that the probability a random H̄ is bad for
any of them is at most δ, and therefore the probability over H̄ that it is bad for any
of them is at most D1! · δ. Taking D1 large enough, this term is at most 1

10 .
Finally, by Theorem 20, the probability that there exists a graph Hi in H̄ with

λ̄(Hi) ≥ λRam(D2) + ε is at most

k · c · |V2|−�(√D2−1+1)/2�−1 ≤ k · c · |V2|−1 =
kc

D1
4k

for some universal constant c independent of |V2| and therefore also independent of
D1. Taking D1 large enough (depending on the unspecified constant c), this term also
becomes smaller than 1

10 . Altogether, with probability at least 1/2, H̄ is ε-good with
respect to any D1-regular locally invertible graph.

6. The iterative construction. In [21] an iterative construction of expanders
was given, starting with constant-size expanders and constructing at each step larger
constant-degree expanders. Each iteration is a sequence of tensoring (which makes
the graph much larger, the degree larger, and the spectral gap the same), powering
(which keeps the graph size the same and increases the spectral gap and the degree),
and a zig-zag product (which reduces the degree back to what it should be without
harming the spectral gap much). Here we follow the same strategy using the same
sequence of tensoring, powering, and degree reduction, albeit using the k-step zig-zag
product rather than the zig-zag product to reduce the degree. We do it for degrees D
of the special form D = 2Dk

2 .

6The Dk
2 factor is for a union bound over all possible permutation sequences γ̄; the k2 factor is

for a union bound over all possible consecutive subsequences 1 ≤ �1 ≤ �2 ≤ k.
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We are given an arbitrary even number D2 ≥ 4 and an integer k. Our goal is
to construct an infinite sequence of degree D = 2Dk

2 -regular graphs {Gt} with close
to optimal spectral gap. Set ε = D−k

2 and λ2 = λRam(D2) + ε. By Theorem 21,
there exists some integer B such that for every even integer D1 ≥ B there exists a
sequence H̄ = (H1, . . . , Hk) of (N2 = D4k

1 , D2, λ2) graphs that is ε-good with respect
to D1-regular locally invertible graphs. We take the first integer m ≥ 1 such that
D4m ≥ B and we set D1 = D4m. We can verify that a given H̄ is good in time
depending only on D, D1, D2, and k, independent of N1, and we find such a good
sequence by brute force search.

We start with two constant-size, locally invertible graphs G1 and G2. G1 is an
(N2, D, λ) graph, and G2 is an (N2

2 , D, λ) graph, for λ = λk−1
2 + 2λk2 . We find both

graphs by a brute force search; the existence of these graphs follows from the existence
of (N2, D2, λ2) graphs guaranteed above. Now, for t ≥ 3, define

• Gtemp
t = (G� t−1

2 	 ⊗G� t−1
2 �)

2m;

• Gt =
1
2

[
Gtemp

t z©H̄ + (Gtemp
t z©H̄)†

]
.

Theorem 22. For every even D2 ≥ 4 and every k ≥ 50, the family of undirected
graphs {Gt} is fully explicit, and each graph Gt is an (N t

2, D, λ) graph.
The theorem follows from the following two lemmas.
Lemma 23. For every even D2 ≥ 4 and every k ≥ 50,
• for every t ≥ 1, Gt is an (N t

2, D, λ) undirected locally invertible graph;
• for every t ≥ 3, Gtemp

t is an (N t−1
2 , D1 = D4m, λ2m) undirected locally in-

vertible graph.
Proof. The fact that Gt and Gtemp

t are locally invertible follows by induction.
Facts 5 and 7 guarantee that all the operations in the construction preserve the
locality property.

The claims regarding the number of vertices and the degree follow by induction
using Facts 2 and 3 and Theorem 13.

The only nontrivial part is proving the claim regarding the spectral gap of Gt and
Gtemp

t . For t = 1, 2, this follows from the way G1 and G2 were chosen. Let us assume
for all i ≤ t and prove for t+ 1.

Let αt denote the second largest eigenvalue of Gt. Using the properties of tensor-
ing, powering, and the induction hypothesis, the second largest eigenvalue of Gtemp

t+1

is at most λ2m. By Theorem 13,

αt+1 ≤ λk−1
2 + λk2 + 2(λ2m + ε).

For D2 ≥ 4 and k ≥ 50, and plugging λ = λk−1
2 + 2λk2 , ε = D−k

2 ≤ λ2k2 , and
m ≥ 1, one can check that the above term is bounded by λ, as desired.

Lemma 24. {Gt} is a fully explicit family of graphs.
Proof. To compute the rotation map of RotGt on a given vertex and edge label,

we make two calls for computing RotGtemp
t z©H̄ . Each such call requires k − 1 calls to

RotGtemp
t

and k calls to RotHi . A call to RotGtemp
t

requires O(m) calls to RotGt′ for

t′ ≤ � t
2�. Altogether, we have (km)O(log t) = poly(t) calls to the rotation maps of the

base graphs G1, G2, H1, . . . , Hk (each of constant size). The number of vertices of Gt

is N t
2 = 2Θ(t); thus {Gt} is fully explicit.

The resulting eigenvalue is λ ≤ 2λk−1
2 ≤ 2k√

D
, whereas the best we can hope

for is λ̄Ram(D) = 2
√
D−1
D . As explained in the introduction, our losses come from

two different sources. First we lose one application of H out of the k different H
applications, and this loss amounts roughly to a

√
D2 multiplicative factor. We



288 AVRAHAM BEN-AROYA AND AMNON TA-SHMA

also have a second loss of a 2k−1 multiplicative factor emanating from the fact
that λRam(D2)

k ≈ 2k−1λRam(D
k
2 ). Balancing losses we roughly have D = Dk

2 and

D2 = 2k, which is solved by k = log(D2) and D = 2log
2(D2). Namely, our loss is about

2k = 2
√

log(D). Formally, we have the following corollary.
Corollary 25. Let D2 be an arbitrary even number that is greater than 2, and

let D = 2DlogD2

2 . Then, there exists a fully explicit family of (D,D
− 1

2+O( 1√
log D

)
)

graphs.
Proof. Set k = logD2 in the above construction. Clearly the resulting graphs are

D-regular and fully explicit. Also, for every graph G in the family,

λ̄(G) ≤ 2(λRam(D2) +D−k
2 )k−1 ≤ D

− 1
2+O( 1√

log D
)
.

7. A construction for any degree. The construction in section 6 is applicable
only when D = 2DlogD2

2 for some even D2 > 2. Now we show how it can be used to
construct graphs of arbitrary degree with about the same asymptotic spectral gap.
In particular, this will prove Theorem 1.

Let D be an arbitrary integer, and say we wish to build an expander of even
degree 2D. (To construct a graph with an odd degree, we simply add another self-
loop.) As in the previous section, we shall construct a directed graph of degree D

and then we will undirect it. Set D2 = 2 · �2
√
logD� and let k be an integer such

that Dk
2 ≤ D < Dk+1

2 (k is about logD
logD2

). Ideally, we would like to do a k-step zig-
zag between a large graph with some small spectral gap and a sequence of k degree
D2 graphs. This, however, will result in a degree Dk

2 graph, and not degree D. So
instead, we express the integer D in base D2 and take care of the remainders by
adding self-loops.

Formally, set λ2 = λRam(D2) +D−k
2 and λ1 = λk−1

2 and assume that D is large
enough so that k ≥ 50.

• Construct a locally invertible (N,D1, λ1) graph, G1, where D1 depends only
on D. This can be done using Corollary 25.

• Find H̄ = (H1, . . . , Hk) that is λ1-good with respect to D1-regular graphs,
and where each Hi is a (D4k

1 , D2, λ2) graph. (Such an H̄ exists by Theo-
rem 21.)

We express D in base D2. Let A0 = D, Ai+1 = � Ai

D2
�, and Bi+1 = Ai(mod D2).

That is,

∀0 ≤ i ≤ k, Ai = Ai+1 ·D2 +Bi+1.

Notice that D = A0 > A1 > · · · > Ak ≥ 1 > Ak+1 = 0 and Bk+1 = Ak.
Define a sequence of directed graphs {Zi} by the following:
• Zk is the graph with Bk+1 self-loops.
• For 0 ≤ i ≤ k, Zi is the graph H̃i+1Ġ1Zi+1, with the addition of Bi+1 self-
loops.

• The output graph is 1
2 (Z0 + Z†

0).
Observe that deg(Zk) = Ak and that for every i < k, deg(Zi) = Ai+1 ·D2 +Bi = Ai.
In particular, deg(Z0) = D.

As always, we identify a graph with its transition matrix. The transition matrices
of the graphs {Zi} are given by

Zi =

{
I, i = k,

(1− Bi+1

Ai
)H̃i+1Ġ1Zi+1 +

Bi+1

Ai
I, 0 ≤ i < k.
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For example, say D = 1000. We set D2 = 2 · �2
√
logD� = 18 and express 1000 =

18 · (3 ·18+1)+10. We construct a degree 1000 graph by taking a k-step zig-zag with
self-loops between Ġ1 and H̄ , namely,

10

1000
I +

990

1000
H̃1Ġ1

(
1

990
I +

989

990
H̃2Ġ1

)
.

We now bound λ̄(Z0), and this proves Theorem 1.

Claim 26. λ̄(Z0) ≤ D
− 1

2+O( 1√
log D

)
.

Proof. Resolving the recursive formula for Z0 we get

Z0 =

k∑
i=0

Bi+1

Ai

⎛
⎝ i∏

j=1

(
1− Bj

Aj−1

)
H̃jĠ1

⎞
⎠ .

Since all the graphs here are regular (even though they are directed), they share the
same first eigenvector and therefore we can apply the triangle inequality on s2 to
derive

λ̄(Z0) ≤
k∑

i=0

Bi+1

Ai
· λ̄

⎛
⎝ i∏

j=1

(
1− Bj

Aj−1

)
H̃jĠ1

⎞
⎠ .

Now, since Bi < D2 and Ai ≥ D
Di+1

2

for all i = 0, . . . , k,

(12) λ̄(Z0) ≤
k∑

i=0

Di+2
2

D
· λ̄

⎛
⎝ i∏

j=1

H̃jĠ1

⎞
⎠ .

Note that Ġ1 is a unitary transformation; hence, for any X , λ̄(XĠ1) = λ̄(X). By
Theorem 13, for every i (the cases i = 0, 1 are trivial),

λ̄

⎛
⎝ i∏

j=1

H̃jĠ1

⎞
⎠ ≤ λi−1

2 + 4λ1 + λi2 ≤ 6λi−1
2 .

Plugging this into (12) we get

λ̄(Z0) ≤ 6D2
2

λ2D

k∑
i=0

Di
2 · λi2 ≤ O

(
D3

2

D
·Dk−1

2 λk−1
2

)
= O(D3

2 ·D−k/2
2 ),

which is D
− 1

2+O( 1√
log D

)
by our choice of D2.
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