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ABSTRACT

We study the speed of convergence of decentralized dynam-
ics to approximately optimal solutions in potential games.
We consider a-Nash dynamics in which a player makes a
move if the improvement in his payoff is more than an « fac-
tor of his own payoff. Despite the known polynomial conver-
gence of a-Nash dynamics to approximate Nash equilibria in
symmetric congestion games [7], it has been shown that the
convergence time to approximate Nash equilibria in asym-
metric congestion games is exponential [25]. In contrast to
this negative result, and as the main result of this paper, we
show that for asymmetric congestion games with linear and
polynomial delay functions, the convergence time of a-Nash
dynamics to an approximate optimal solution is polynomial
in the number of players, with approximation ratio that is
arbitrarily close to the price of anarchy of the game. In
particular, we show this polynomial convergence under the
minimal liveness assumption that each player gets at least
one chance to move in every T steps. We also prove that the
same polynomial convergence result does not hold for (ex-
act) best-response dynamics, showing the a-Nash dynamics
is required. We extend these results for congestion games to
other potential games including weighted congestion games
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with linear delay functions, cut games (also called party af-
filiation games) and market sharing games.
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uted Systems; F.2.0 [Analysis of Algorithms and Prob-
lem Complexity]: General; J.4 [Social and Behavioral
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1. INTRODUCTION

Computational game theory has lead already to many im-
portant insights for understanding Nash equilibria in sys-
tems under the control of self-interested agents. Prominent
results for the quality of Nash equilibria include bounds on
the price of anarchy, which is the ratio between the worst
Nash equilibrium and the global optimal solution [23, 10,
26, 21], and for computational complexity [12, 11, 6]. In-
tuitively, a high price of anarchy a system indicates that it
requires a coordination mechanism to achieve good perfor-
mance. On the other hand, low price of anarchy does not
necessarily imply good performance of the system [20, 17].
One main reason for this phenomenon is that in many games
with selfish players acting in a decentralized fashion, the re-
peated selfish behavior of the players may not lead to a Nash
equilibrium [17]. Moreover, the convergence rate might be
very slow [12]. This motivates the question of whether self-
ish players acting in a decentralized fashion, converge to
approximate solutions in a reasonable amount of time [20,
17, 8, 5].

In this paper, we address this question for the general
class of congestion games, which are used to model rout-



ing, network design and other resource sharing scenarios in
distributed systems [23, 2, 16]. We also consider other po-
tential games. In a congestion game there are n players and
a set of resources. The strategy of a player consists of a
subset of these resources. Each resource possesses a delay
function d., which depends on the number of players using
this resource and the delay(cost) of each player is the sum
of the delays associated with his selected resources.

Rosenthal [22] prove that every congestion game has
a pure Nash equilibrium, by showing a potential function
that is strictly decreasing after any strict improvement of a
player. Thus, this property, shows that the natural ”Nash
Dynamics”, in which players iteratively play best response
converges to a pure Nash Equilibrium. It has been shown
that the problem of finding pure Nash equilibria in conges-
tion games is PLS-complete [12] even with linear latency
functions [1]. This result holds even for symmetric con-
gestion games. These results imply examples of congestion
games and initial states from which in the Nash dynamics all
Nash equilibria have distance exponential in the number of
players n. For this reason, Chien and Sinclair [7] study con-
vergence to approximate equilibria in symmetric congestion
games. They consider a-Nash equilibria which are states in
which no player can decrease his cost by more than a factor
of 1 — a by unilaterally changing his strategy. They inves-
tigate the unrestricted a-Nash dynamics, in which we only
allow moves that improve the cost of a player by a factor of
more than 1 —« and under the minimal liveness assumption
that each player gets at least one chance to move in every T’
steps. For symmetric congestion games where each resource
delay satisfies the ”"bounded jump assumption”, they show
that convergence to a-Nash equilibria occurs within a num-
ber of steps that is polynomial in the number of players [7].
Recently, Skopalik and Vocking [25] show examples of asym-
metric congestion games with n players and O(n) resources
and bounded jump delay functions such that there are states
that have distance exponential in the number of players n
to all a-Nash equilibria. Thus, the results for convergence
to a-Nash equilibria appear in [7] cannot be extended to
asymmetric congestion games. These negative results mo-
tivate the study of convergence to approximate solutions in
asymmetric congestion games.

Mirrokni and Vetta [20] initiated the study of convergence
of exact Nash dynamics to approximate solutions and study
the unrestricted Nash dynamics in other games. Later, Goe-
mans et al. [17] studied convergence of random Nash dy-
namics for congestion games, and showed polynomial-time
convergence to constant-factor solutions in a set of conges-
tion games. We note that their result for random Nash dy-
namics does not hold for unrestricted Nash dynamics (see
Theorem 3.4) and thus, we consider convergence of a-Nash
dynamics. Christodoulou et al. [8] study the speed of con-
vergence to approximate solutions in potential games. They
show that after a constant number of rounds of a-Nash dy-
namics the approximation factor of the solution might be
a superconstant. They also show that the approximation
factor of a state after one round of Nash dynamics is ©(n).

Our Results

In this paper, we study the convergence of unrestricted a-
Nash dynamics to an approximately optimal solution in dif-
ferent classes of asymmetric congestion games and other po-
tential games. We consider the unrestricted a-Nash dynam-

ics with a liveness property that each player gets at least
one chance to move in every T steps

We show that for asymmetric congestion games with lin-
ear and polynomial delay functions, the unrestricted a-Nash
dynamics with a liveness property converges to approximate
solutions with approximation ratio of arbitrarily close to the
price of anarchy in time that is polynomial in the number
of players (for details, see Theorem 3.3 and Remark 3.5).
These results are in contrast to the negative results that ap-
pear in [12, 1, 25]. We also prove that the same polynomial
convergence result does not hold for (exact) best-response
dynamics, showing the a-Nash dynamics is required (Theo-
rem 3.4). We extend this result for other potential games.
We first extend this result to weighted congestion games
with linear delay functions for which we show that any un-
restricted a-Nash dynamics satisfying the liveness property
converges to a (2.618 + €)-approximate solution after poly-
nomial number of a-moves. Furthermore, we extend the
results to profit maximizing potential games including cut
games (also called party affiliation games) and market shar-
ing games. In these games, players maximize their pay-
off instead of minimizing their cost. For these games, we
need to assume that players play a best-response a-moves,
i.e., an a-move that has the maximum possible payoff. For
both of these games, we show that any unrestricted a-Nash
best-response dynamics satisfying the liveness property con-
verges to a (2 + €)-approximate solution after polynomial
number of a-moves. This is in contrast to the negative re-
sult of Christodoulou et al. [8] for cut games that shows
that convergence time of (exact) best-response dynamics to
a constant-factor solution in this game is exponential.

Related work

The study of convergence of Nash dynamics is related to
local search problems, and PLS-complete problems intro-
duced by Johnson et al. [18]. Fabrikant et al. [12] proved
that finding a pure Nash equilibrium of network congestion
games is PLS-complete. Ackermann et al. [1] showed that
the same problem for network congestion games with lin-
ear latency functions is PLS-complete as well. Skopalik and
Vocking [25] showed that finding an approximate Nash equi-
librium in congestion games is also PLS-complete.
Mirrokni and Vetta [20] initiated the study of convergence
of unrestricted Nash dynamics (also called covering walks) to
approximate solutions in the context of valid-utility games [26]
and did not consider a-Nash dynamics. Motivated by study-
ing the Nash dynamics and convergence to approximate so-
lutions, Goemans et al. [17] introduced sink equilibria, and
proved that in weighted congestion games, random Nash
dynamics converges to a constant-factor approximately op-
timal solution in expected polynomial time. However, they
do not provide any bound for the convergence time of de-
terministic unrestricted Nash dynamics. In fact, in Theo-
rem 3.4, we show a lower bound for deterministic Nash dy-
namics for these games, showing that the above result only
holds for random Nash dynamics. Christodoulou et al. [§]
showed a tight bound of ©(n) for the approximation fac-
tor of the solution after one round of a-Nash dynamics in
congestion games with linear latency functions. They also
showed that for congestion games with linear latency func-
tions, after a constant rounds of Nash dynamics, players may
not converge to an approximate solution (for more results,
see [13]). Here, we show that after a polynomial rounds



of a-Nash dynamics, players converge to a constant-factor
solution. Chekuri et al. [5] and Charikar et al. [4] studied
convergence of Nash dynamics to approximate solutions in
network cost sharing games (for more results, see, e.g, [14]).

The study of a-moves for convergence to approximate so-
lutions has been also considered by Christoulou [8] in the
context of cut games. They show that for any constant o
(and not for an « = 0(1)) after one round of a-moves of play-
ers in a cut game, the value of the cut is a constant-factor
approximate solution. Their proof does not handle the con-
vergence of unrestricted dynamics. For a more complete list
of results in these areas, see Mirrokni [19].

Cut Games (or party affiliation games) are potential games
defined on an edge-weighted graph [12, 24, 8]. Nash dynam-
ics for these games correspond to the local search algorithm
for the Max-Cut problem. Schaffer and Yannakakis [24]
proved that finding a Nash equilibrium in this game is PLS-
complete. Christodoulou et al. [8] showed an exponential
lower bound for the convergence time of (exact) best-response
dynamics to constant-factor approximate solutions in these
games. In contrast, we show polynomial convergence of a-
Nash best-response dynamics in these games. Market shar-
ing games are a special case of profit maximizing congestion
games and valid-utility games [26] that has been studied for
the content distribution in service provider networks [16].
Mirrokni and Vetta [20] show that after one round of best
responses in which each player get exactly one chance to
play best response, players reach an O(logn)-approximate
solution.

2. PRELIMINARIES

2.1 General Definitions

Strategic games. A strategic game (or a normal-form
game) A =< N, (%;), (u;) > has a finite set N = {1,...,n}
of players. Player ¢ € N has a set 3; of actions (or strate-
gies). We call a game symmetric if all players share the
same set of strategies, otherwise we call it asymmetric. The
joint action set is ¥ = ¥; X --- X X, and a joint action
S € X is also called a profile or strategy profile. The pay-
off function of player ¢ is u; : ¥ — R, which maps the
joint action S € ¥ to a real number. Let S = (S1,...,S5n)
denote the profile of actions taken by the players, and let
S_i = (S1,...,8i-1,Si+1,...,Sn) denote the profile of ac-
tions taken by all players other than player i. Note that
S = (S;,5-;). An improvement move S; for a player i in a
profile S is a move for which u;(S—;, Sj) > u;(S). A best re-
sponsemove S, for a player i in a profile S is an improvement
move that has the maximum payoff. In this paper, we con-
sider two types of games: cost minimizing games and profit
mazimizing games. In cost minimizing games, each player ¢
wants to minimize the cost ¢;(S) = —u;(S) in strategy pro-
file S. This type of games include congestion games with
polynomial latency functions. In profit maximizing games,
each player 7 wants to maximize the profit p;(S) = u;(S)
in strategy profile S. This type of games include market
sharing games and cut games.

Nash equilibria (NE): A joint action S € X is a pure
Nash equilibrium if no player i € N can benefit from uni-
laterally deviating from his action to another action, i.e.,
Vie NVS; €3 @ ui(S-4,5;) <u;(S). We can also define
a-Nash equilibria as follows. For 1 > «a > 0, a state S is
an a-Nash equilibrium if for every player i, c;(S_;,S;) >

(1 —a)c;i(S) for all S € %;.
State graph. Given any game A, the state graph G(A) is
an arc-labelled directed graph as follows. Each vertex in the
graph represents a joint action S. There is an arc from state
S to state S” with label 4 iff there exists player i and action
S; € 3; such that S' = (S_;, S;), i.e., S’ is obtained from S
by a move of a single player ¢ that improves his payoff from
S to S'.
Exact potential games. A game is called an ezact po-
tential game if there is a function ¢ such that for any edge
of the state graph (S, S’) with deviation of player i, we have
d(S") — #(S) = wi(S") — u;(S). We denote the minimal
potential of the game by ¢™.
Social function. Given any game A, in order to measure
the performance of strategy profiles of players, we define a
social function for any strategy profile S. This social func-
tion for minimizing cost games is denoted by cost(S) and we
denote by OPT(A) the minimal social cost of a game A. i.e.,
OPT(A) = minges costa(S). We denote by costz(S), the
sum of the payoffs of the players in the set Z, when the game
A is clear from the context, i.e., costz(S) = >, ., ci(S). For
profit maximizing games, the social function is denoted by
profit(S) and we denote by OPT(A) the maximal social
cost of a game A. i.e., OPT(A) = maxges profita(S). We
denote by profitz(S), the sum of the payoffs of the players
in the set Z, when the game A is clear from the context, i.e.,
profitz(S) = ¥, pi(S).
a-Nash dynamics. For 0 < a < 1, this dynamics allows
only a-moves of the players, where a-move of a player is
a move that improves his cost by a factor more than 1 —
a, i.e., if player i moves from action S; to action S then
¢i(S-4,5]) < (1 — a)ci(S). We consider the unrestricted
a-Nash dynamics with liveness property, which allows an
adversary to order the players moves in each round as long
as every player has at least one chance to move in each
round. The liveness property requirement is that in each
interval of length T every player appears at least once. For
profit maximizing games, an a-move is a move that increases
the payoff by a factor more than 1+ a. In these games, we
study a-Nash dynamics under the assumption that players
play a best response when they get a chance. We call this
dynamics, the a-Nash best-response dynamics. Also, an a-
Nash best-response move is a best response a-move.
a-Nash best-response dynamics is also considered by [19,
8] (called 1+ a-greedy players). The liveness property have
been considered by [7] and [20]. Mirrokni and Vetta [20]
call a round in which each player gets at least a chance to
move, a covering walk.
Nice Potential Games. Consider a potential game A.
Let S be a profile of the players and let S, be the best
response for any player i. For each player i, let A;(S) =
¢i(S) — ci(S—4, S;) and let A(S) = 3, Ay(S). Also, for any
set of players Z, let Az(S) = 3, , Ai(S). We may drop the
(S) part of the terms and denote these terms by A; and Az,
if the profile is determined clearly in the context. The exact
potential games considered in this work has the following
nice property, which relates the social cost of a state S to
the optimal cost by the total gain of the individual best
responses of the players, where 3 is the price of anarchy of
the game.

DEFINITION 2.1. An exact potential game A with poten-
tial function ¢ and social function cost is [(B-nice iff for any



state S, it holds that (i) cost(S) < BOPT(A) 4+ 2A(S), and
(1) ¢(S) < cost(S).

We show that the a-Nash dynamics converges in polyno-
mial time to a state S with A(S) that is arbitrarily close to
zero. Therefore the approximation ratio of the solution S is
arbitrarily close to the price of anarchy.

Bounded Jump Property.

DEFINITION 2.2. (v-Bounded Jump). For any value v >
1, a game A satisfies the v-bounded jump condition if for
every profile S and every player i with improvement move
Si, it holds that

1. for every player j, c;(S) — ¢;(S—:, Si) < ¢i(S).

2. for every improvement action S of player j, it holds
¢ (S—igy: S0, 85) — ¢5(S—5,57) < v+ ei(S—, 8i).

Lemma 4.10 shows that congestion games with resources
that satisfy the v-bounded jump condition, studied in [7,
25], satisfy the y-bounded jump property according to defi-
nition 2.2. Therefore it is sufficient to assume the bounded
jump property according to definition 2.2 for this class of
games.
e-approximate a-equilibria. Given a strategy profile S,
we call the set of players that cannot make an a-move, a-
equilibrium players.

DEFINITION 2.3. A state S is an e-approvimate -
equilibrium if Ao (S) < e - cost(S) where O is the set of
players that can play an a-move.

2.2 Cost Minimizing Congestion Games

In this part, we define cost minimizing congestion games.

Since the focus of this paper is on these games, and for
brevity, we call these games, congestion games.
Unweighted Congestion Games. An unweighted con-
gestion game is defined by a tuple < N, E, (3;)ien, (de)ecE >
where E is a set of facilities, ¥; C 2% the strategy space
of player i, and de : N — Z a delay function associated
with resource e. For a joint action S, we define the con-
gestion n.(S) on resource e by n.(S) = |{ile € S;}|, that
is ne(S) is the number of players that selected an action
containing resource e in S. The cost ¢;(S) of player i in a
joint action S is ¢;(S) = —ui(S) = X g, de(ne(S)). [22]
showed that every congestion game possesses at least one
pure Nash equilibrium by considering the potential function
0(8) = £, T711” de(i).
Weighted Congestion Games. In weighted congestion
games, player ¢ has weighted demand w;. We denote by
lc(S), the congestion(load) on resource e in a state S, i.e.,
le(S) = 3 ces, wi- The cost of a player in a state S is
ci(S) = X .cs, de(le(S)). The total cost is the weighted
sum cost(S) = Y.y wici(S) = Y .cplede(le(S)). Note
that congestion games is a special case of weighted conges-
tion games with w; = 1 for every player i. [15] showed that
every weighted congestion game with linear latency func-
tions possesses at least one pure Nash equilibrium by con-
sidering a potential function equivalent to

8(8) = 3 (Lo Le(S)de(1e(9) + X, Do, wide(w:)). We
use the fact that this potential function is an exact potential
function if the cost of a player in a state S is w;c;(S). To
simplify the presentation of the results we assume that the
cost of any player i in a state S is ¢;(S) = w;cj(S).

2.3 Profit Maximizing Congestion Games

Cut Games. Cut game is a profit maximizing congestion
game that is defined on an edge-weighted undirected graph
G(V, E), with n vertices and edge weights w : E(G) — Q™.
We assume that G is connected, simple, and does not contain
loops. For each v € V(G), let deg(v) be the degree of v,
and let Adj(v) be the set of neighbors of v. Let also w, =
2 ueAdi(w) Wuv- A cut in G is a partition of V(G) into two
sets, T and T = V(G) — T, and is denoted by (T, T). The
value of a cut is the sum of edges between the two sets T
and T, i.e profit(S) = > ver et Wuv-

The cut game on a graph G(V, E), is defined as follows:
each vertex v € V(G) is a player, and the strategy of v is
to choose one side of the cut, i.e. v can choose S, = —1 or
Sy = 1. A strategy profile S = (S1,S2,...,Sy), corresponds
to a cut (T,T), where T = {i|S; = 1}. The payoff of player
v in a strategy profile S, denoted by p,(S), is equal to the
contribution of v in the cut, i.e. py(S) = Zi:Si;ﬁSU Wiy. It
follows that the cut value is equal to 3 Y3 i, pu(S). If S is
clear from the context, we use p, instead of p,(S) to denote
the payoff of v. We denote the maximum value of a cut in
G, by ¢(G). These games are exact potential games, and the
potential function is ¢(S) = profit(S) = > 1 et Wuo-
Market Sharing Games. A market sharing game is
defined by a tuple < N, M, (%;)ien, (vj)jenms > where M
is a set of markets, 3; C 2 the strategy space of player
i, and v; the value of market j. For a joint action S, we
define the congestion n;(S) on market j by n;(S) = |{i|j €
Si}|, that is n;(S) is the number of players that selected
an action containing market j in S. The payoff p;(S) of
player i in a joint action S is pi(S) = ui(S) = 3 cs, %
Market sharing games are maximization congestion games
with potential function ¢(S) = o >y Z:’igs) Y. The

logn 7
social function is the sum of payoff of players or the total

value of the market satisfied, i.e., profit(S) = >, .y pi(S) =
ZjEUiENSi vy

3. CONVERGENCE OF THE «-NASH
DYNAMICS

In this section, we consider the unrestricted a-Nash dy-
namics with a liveness property for nice exact potential
games satisfying the bounded jump property. Throughout
this section, let C be the set of a-equilibrium players and
let O be the set of all other players, i.e., the players that
can make an a-move. First we observe the following simple
lemma.

LEMMA 3.1. If a state S is in an e-approximate -
equilibrium, then A(S) < (o + €)cost(S).

PrOOF. Since C' is the set of a-equilibrium players,
Ac(S) < a-costc(S). Thus, A(S) = Ac(S) + Ao(S) <
(a+¢€)cost(S). O

As a warmup example, we consider a (restricted) basic
dynamics, where in each step, among all players that can
play an a-move, we choose the player with the maximum
absolute improvement, and let him move.

LEMMA 3.2. Let % > § > «a. Consider an ezact poten-
tial game A that satisfies the (3-nice property and any initial
state Sinit. The basic dynamics generates a profile S with



cost(S) < B(1+0(8))OPT(A) in at most O (g 1og(%))
steps.

Proor. Consider a step that starts with profile S. Let

o = Ao(S)/cost(S). By definition 2.3 the state S is an
eo-approximate a-equilibrium. Now, there are two cases:
Case 1: €0 < 4. It follows from Lemma 3.1 that A(S) <
(a+€e0)cost(S) < (a+ d)cost(S). Hence, by definition 2.1,
the dynamics reached 8(1 + 4(a + 4))-approximation of the
optimal cost.

Case 2: eo > 6. It follows that Ao (S) > §- cost(S). Hence,
there exists a player j € O such that A;(S) > Zcost(S).
Thus, A;(S) > 2¢(S), since ¢(S) < cost(S). Therefore the
potential gain is at least 2¢(S). Let ¢(t) denote the poten-
tial in step . Then, ¢(t) < ¢(Sinit)(1—2)". Since ¢(t) > ¢,
the upper bound on the number of steps follows. [

The above basic Nash dynamics requires some coordina-
tion that chooses the player with the maximum gain at each
step. Now we show similar results for unrestricted Nash
dynamics.

THEOREM 3.3. Let é > ¢ > 4a. Consider an exact po-
tential game A that satisfies the (B-nice property and the ~y-
bounded jump condition. For any initial state Sinit, the un-
restricted a-Nash dynamics with liveness property generates
a profile S with cost(S) < B(1 4+ O(8))OPT(A) in at most

0] (% log(L%f“)) . T) steps.

Before proving Theorem 3.3 we point out that the a-Nash
dynamics is necessary for polynomial time convergence to
nearly optimal solutions for nice exact potential games sat-
isfying the bounded jump property, that is, we show that
even after exponentially many steps, the unrestricted exact
Nash dynamics with a liveness property for asymmetric con-
gestion games with linear delay functions, which are 2.5-nice
and 2-bounded jump as we show in section 4, may generate
strategy profiles whose social cost is far from the optimal
solution.

THEOREM 3.4. There exists an exact potential game A
that satisfies the (3-nice property and the ~y-bounded jump
condition (B = 2.5 and v = 2), and an initial state Sinit
from which the unrestricted exact best-response dynamics
with liveness property generates a profile S with cost(S) >
Q(logn)OPT after an exponential number of steps. In par-
ticular, this holds for a congestion game with linear latency
functions.

The proof of this theorem is based on constructing a long
involved example with several components, and is left to the
full version. We now present the proof of Theorem 3.3.

PRrROOF. Let o = 4a. It is sufficient to consider the case
that the players are not in a d-approximate a’-equilibrium,
since otherwise it follows from Lemma 3.1 and Definition 2.1
that the dynamics reached a 3(1+4(a’ + §))-approximation
of the optimal cost. We show that in each interval of T

steps the potential decreases by a factor of at least 4"‘—5.
yn
Let S°, 8% ...,S8T denote the joint actions of the players

in times 0,1,...,7 of this interval respectively. Since S°
is not a d-approximate o’-equilibrium, there exists a player
with an improvement o’-move. Consider player j with the
maximum absolute improvement o’-move and let S;- be his

best response. Recall that A;(S%) = ¢;(S°) — CJ(SQJ,S/)
Let A} = A;(S°) and let ¢’ be the first time in this interval
that player j is allowed to move. We denote by U the set
of times before time t’, where players made a-moves and
we denote by w(t) the player that moved at time ¢ for each
teU. Let A=Y, cu)(S*) be the sum of the costs of
the moving players when they make their moves. Now, we

consider two cases:

Case 1: A < 2. By the first condition of the bounded

jump property, we have for each t € U

¢ (8") = ¢ (8" < cun (5"). (1)
Summing over all times ¢ € U, we obtain:
AL AL
(5 a8 <Y () =A< T <F @

teU

Where the first inequality follows since the sum of the left
hand side of equation (1) telescopes.

Similarly, by the second property of the bounded jump
assumption, we obtain

AL A
By summing inequalities (2) and (3), we get
¢i(S") = ¢i(S5;,85) = ¢i(8%) = (52, 85) -
2 2

By the second property of the bounded jump assumption we
also get
’ A/. A/
¢j(8") < e(S)+v- A< Cj(50)+747] ¢i(5%)+ - @
Hence,

, A A A A A'-
t 0 J
: A Qe B B e e
¢ (8) < (S)+4< +4 < 4a Yer

Where the second inequality follows from the fact that A is
the improvement of player j when making his best response,
which is an a’-move in step 0. Thus, a - ¢;(S*) < %. As
a result, using this inequality and inequality (4), we get
a- (ST < (ST — ¢ (St_],S}). Therefore, player j can
make an a-move at time ¢’ and decrease the potential ¢ by

at least o - c; (S’t/) > a% > 224(59).

Case 2: A > . Since A is the sum of the costs of players
making an a- move when making the move, these players
Al ad 0
7 2 e 9(5)-
Let ¢(i) denote the potential in round ¢. Then, in both

cases (1) < @(Sinit)(1 — f;—‘;)i. Since ¢(i) > ¢, the upper
bound on the number of steps follows. [J

REMARK 3.5. The above theorem shows that we reach a
state with cost at most (1 + O(4)) of the optimum after
polynomial number of a-moves. Eventhough after this state
the cost of solutions can increase, it follows from the proof
of the theorem that the number of states in which the cost
of the solution is more than a (1 4+ O(d))-approximation
is at most O(Z% log(M)T). In addition, since the po-
tential function is always decreasing after any a-move, the



cost(S)
#(S) -
for any strategy profile

cost can increase by a factor of at most It is not

hard to show that the ratio C((’;(té‘)g)
in congestion games with polynomial delay functions of de-
gree d is at most O(d) and for weighted congestion games
with linear functions is at most O(1). As a result, for both
type of congestion games that we consider in Section 4, the
cost of any state after a polynomial number of steps reach
a constant-factor approximate solution and remains within
a constant factor of the optimal solution.

4. CONGESTION GAMES

In this section we consider weighted congestion games
with linear latency functions and congestion games with lin-
ear and polynomial latency functions.

4.1 Linear Latency Functions

In this section we consider weighed and unweighted con-
gestion games with linear latency functions. Specifically
de(z) = acx + be for each resources e € E, where a. and
be are nonnegative reals. For simplicity we only consider
the identity function de(x) = x. It is easy to verify that all
the proofs work for the general case as well.

4.1.1 Weighted Congestion Games

We first show that weighted congestion games with linear
latency functions are 3-nice according to definition 2.1 with
B =315 ~2618.

LEMMA 4.1. Congestion games with linear latency func-
tions are (3-nice potential games with 3 = %
The proof require the following two Lemmas. The first
lemma appears in [3] and the second lemma is a simple fact.

LEMMA 4.2. Consider a weighted congestion game A with
linear delay functions. Let S be any profile and S* be a
profile of the optimal solution, then

Zci(Sﬂ', 57) < v/cost(S)/cost(5*) + cost(S™).

k3

LEMMA 4.3. For every pair of nonnegative integers x,y,
ife? <z 414y, then z® < %JrQy.

PRrROOF. Let S* be a profile of the optimal solution
and let S be any profile. Applying Lemma 4.2, we get
>, ci(S—i, Sf) < \/cost(S)\/cost(S*)+cost(S*). Note that
cost(S) — 3, ¢i(S=:,87) < A(S), since for any player ¢
with best response Sj, ¢;(S—;,S;) < ¢;(S—i, S;). Thus, by
adding A(S) to both sides of the inequality, we get cost(S) <

V/cost(S)/cost(57) + cost(S") + A(S). Let z = /22D
and let y = co?t(i(s.‘s')*)' Now, we divide the above inequality by

cost(S™) and express the result in terms of x and y. Thus,
z? < z+1+4y. Applying Lemma 4.3, we get 22 < % +2y.
This completes the proof of the Lemma.

O

Next we show that weighted congestion game with linear
delay functions satisfy the 1-bounded jump condition.

LEMMA 4.4. Let A be a weighted congestion game with
linear delay functions. Then, the game A satisfies the 1-
bounded jump condition according to definition 2.2.

Proor. Consider any profile S and any player ¢ with im-
proving action S;. We first show the first property in defin-
ition 2.2. Consider any player j. Then,

¢i(S) —¢;(5-4,57)

< w Z

e€(5;\5))NS;

—w Y

1.(S) — (1e(S) — wi)

w; = W; E wy

e€(5;\5))NS; e€(5;\5))N5S;

< w Y (S <w Y L(S)

e€(S;\S))ns; e€S;

For the second property in definition 2.2. Consider any
player j with action S}. Then,

Cj(S—{i,j}vs'27 S;) - CJ(S*JVS;)
< wj Z (le(S—;,55) +w;) —

ee(sg\s,;)msj’.
= wj E Wi = W; E wy
ee(sg\si)m%

ee(sg\s,;)msj’.
1e(S—i,81) Swi Y 1e(S-4,57)

< w; Z

ee(S{\Si)nSJ’ ecS]

= Ci(Sfi, S{)

le(S—j,S;)

O

Theorem 3.3 and Lemmas 4.1, 4.4 yield the following corol-
lary.

COROLLARY 4.5. Let é > § > a. Consider a weighted
congestion game A with linear latency functions and any ini-
tial state Sinit. The unrestricted a-Nash dynamics with live-

ness property generates a profile S with cost(S) < %(1 +

O(0))OPT(A) in at most O (% log(%) -T) steps.

4.1.2 Unweighted Congestion Games

We first show that congestion games with linear latency
functions are 3-nice according to definition 2.1 with 8 = 2.5.

LEMMA 4.6. Congestion games with linear latency func-
tions are (3-nice potential games with § = 2.5.

The proof requires the following two Lemmas which appear
in [9].

LEMMA 4.7. Consider a congestion game A with nonneg-
ative, non-decreasing delay functions. Let S be any profile
and let S* be a profile of the optimal solution, then

D eil(S-i,87) < ne(S)de(ne(S) + 1).

2 eclE

LEMMA 4.8. For every pair of nonnegative integers x,y,
it holds x(y + 1) < 32° + 1¢°.

PROOF. Let S* be a profile of the optimal solution and
let S be any profile. Applying Lemma 4.7, we obtain

S (S0, 57) S Y,epne($)de(ne(S) + 1).  Applying



Lemma 4.8, we get

ZC,’(S,Z',SZ) < Z(gnE(S*)Q"‘%nE(SP)

2 ecE

5 w2, 1 2
= geeZE”e(S )"+ géne(s)
5 " 1
= gcost(S )+ §cost(S).
Recall that cost(S) — >, ¢i(S—s,S7) < A(S), where S is
the best response of any player i. Thus, by multiplying the
inequality by 3/2, adding A(S) to both sides and rearrang-
ing the terms, we get Y. ¢;(S-i,57) < 2.5-cost(S™) + #.
Therefore, cost(S) < 2.5 - cost(S™) + 2A(S).

O

Next we show that unweighted congestion games with re-
sources that satisfy the v-bounded jump condition, satisfy
the v-bounded jump condition according to definition 2.2.

DEFINITION 4.9. (resource y-bounded jump). Resource e
satisfies the y-bounded jump condition if its delay function
satisfies de(x + 1) < 7 - de(x) for every x > 1, for v > 1.

LEMMA 4.10. Let A be a congestion game with nonnega-
tive, non-decreasing delay functions in which every resource
has y-bounded jump. Then, the game A satisfies the -
bounded jump condition according to definition 2.2.

ProoOF. Consider any profile S and any player ¢ with im-
proving action S;. We first show the first property in defin-
ition 2.2. Consider any player j. Then,

() =i (S=i,8) < D de(ne(S)) < eilS).
e€S;NS;

For the second property in definition 2.2. Consider any
player j with action S}. Then,

CJ(S—{l,]}7S:75;) - C](S*J7S;)
S Z de(ne(sf’h S;) + 1)

ee(sg\si)msg

<Yy de(ne(S-i, )
ee(sg\si)msg
S ’}/Cz(S—Z,S-Z)

Where the second inequality uses the assumption that each
resource e has y-bounded jump. []

Theorem 3.3, Lemmas 4.6, 4.10 and the fact that resource
with linear latency function has 2-bounded jump, yield the
following corollary.

COROLLARY 4.11. Let é > § > «. Consider a conges-
tion game A with linear latency functions and any initial
state Sinit. The unrestricted a-Nash dynamics with live-
ness property generates a profile S with cost(S) < 2.5(1 +

O(8))OPT(A) in at most O (& log(%) -T) steps.

4.2 Polynomial Latency Functions

In this section, we consider congestion games with polyno-
mial latency functions of degree d. We show that congestion

games with polynomial latency functions are 3-nice accord-
ing to definition 2.1 with 3 = d¥*~°(M) Price of anarchy
results which appear in [9] imply that for 8 = di—e)
and for every profile S property (i) in definition 2.1 holds.

LEMMA 4.12. Congestion games with polynomial latency

functions of degree d are (-nice potential games with 3 =
gdi—o(1))

Theorem 3.3, Lemmas 4.12, 4.10 and the fact that re-
source with polynomial of degree d latency function has 29-
bounded jump, yield the following corollary.

COROLLARY 4.13. Let £ > § > a.

3 Consider a con-
gestion game A with polynomial latency functions of de-
gree d and any initial state Sinit. The wunrestricted
dynamics with liveness property generates a profile S
with cost(S) < d*=°MW)(1 4+ O(6))OPT(A) in at most

O (2:—5" log(7¢<ij‘1‘“)) . T) steps.

S. PROFIT MAXIMIZING CONGESTION
GAMES

In this section, we extend the results for cost minimizing
congestion games to profit maximizing congestion games.
We first define some preliminaries for these games. Con-
sider an exact potential game A. Let S be a profile of the
players and let S; be a best response strategy for player
i in strategy profile S. The payoff of player ¢ in strat-
egy profile S is denoted by p;(S) and each player wants
to maximize its payoff. In this setting, for each player i, let
AZ(S) = pZ(S,“SZ’) —pi(S) and let A(S) = ZZ AZ(S)

DEFINITION 5.1. An ezact potential game A with poten-
tial function ¢ and social function profit is [B-nice iff for
any state S it holds that

1. B (profit(S) + A(S)) > OPT(A).
2. ¢(S) < profit(S).

DEFINITION 5.2. (v-Bounded Jump). Consider any pro-
file S and any player i with improvement move S;. Then,
for every player j the following properties hold:

1. for every player j, p;(S—i, S;) — p;(S) < pi(S—i, Si)

2. for every improvement action S of player j, it holds

pi(S=j,85) = pi(S_(ijy, 56, 85) < - pi(S—i,57)

5.1 Convergence of profit maximizing games

Similar to the proof of Theorem 3.3 for convergence of the
unrestricted a-Nash dynamics in cost minimizing games, we
can prove the following general theorem for convergence time
of the a-Nash best-response dynamics in profit maximizing
games.

THEOREM 5.3. Let é > § > 4a. Consider an exact po-
tential game A that satisfies the [-nice property and the
y-bounded jump condition. For any initial state Sinit the
unrestricted a-Nash best-response dynamics with liveness
property generates a profile S with (1 + O(9))profit(S) >

OPT(A) in at most O (% log(#’;m) . T) steps.

The proof of this theorem is very similar to that of Theo-
rem 3.3 and is left to the full version.



6. CUT GAMES

In this section, we study convergence in cut games (also
called the party affiliation games). We show that these
games are nice games that satisfy the bounded jump condi-
tion. First, we show that cut games are 2-nice according to
definition 5.1.

LEMMA 6.1. Cut games are (-nice potential games with
p=2.

PrOOF. We need to show that for any strategy profile
S, 2(profit(S) + A(S)) > OPT. To do so, we show that
2(profit(S) + A(S)) = X,cv(g)wo. Given any strategy
profile S, for any player v, either p,(S) > 5, or if p,(S) <
55, then Ay(S) > wo — pu(S) — pu(S), thus 2(p.(S) +
A(S)) = 2(wy — pu(S)) > 2(wy — %) = wy. Therefore,
the cut game is a 2-nice game. [

Next we show that cut games satisfy the 1-bounded jump
condition.

LEMMA 6.2. Cut games satisfy the 1-bounded jump prop-
erty.

Proor. For two players u and v, if player u changes his
strategy and goes to the same side as v, then payoff of v does
not increase at all, thus p,(S—_u, Sy) < po(S) + pu(S—u, Sy)-
Otherwise, if player u changes his strategy to the other
side of player v, the increase in the payoff of player v is
at most wy, v - Thus Po(S—u, Syu) < po(S) + Wu,w < pu(S) +
Pu(S—u,Sy). This implies the first condition of the bounded
jump property.

Now, consider a strategy profile S and two players v and v
with two new strategies S;, and S;,. When player u changes
his strategy to S., if he decreases the payoff of strategy
S, for player v, then it decreases this payoff by at most
Wy,». In this case, the payoff of v from switching to his
strategy is at least wuy,y, therefore, py(S_{uv},Su,Sy) >
Po(S—v,Sy) — pu(S—u, Sy) which is the second condition of
the bounded jump property.

O

Theorem 5.3 and Lemmas 6.1, 6.2 yield the following
corollary.

COROLLARY 6.3. Let > 6§ > 4a. Consider a cut game
A with and any initial state Sinit. The unrestricted o-Nash
best-response dynamics with a liveness property generates
a profile S with profit at least OPT(A) in at most

(0] (% log(%) . T) steps.

(2+0(5))

7. MARKET SHARING GAMES

In this section we consider market sharing games. We
show that these games are 2-nice games that satisfy the 1-
bounded jump condition. First, we show that market shar-
ing games are 2-nice according to definition 5.1.

LEMMA 7.1. Market sharing games are (3-nice potential
games with § = 2.

PrOOF. We need to show that for any strategy profile
S, 2(profit(S) + A) > OPT. To do so, we can show that
profit(S) + 3,y Pi(S—i,5;) > OPT where S is the best
response of player i in strategy profile S. Let S™ be the

strategy profile of the optimal solution. Then p;(S_;, S;) >
pi(S—i, S;). Let T be the set of markets that are satified
in the optimal solution , i.e., OPT = ZJET vj. Let R be
the set of markets in T that are satisfied in S and L be
the rest of markets in 7. All of markets in R are satisfied
in S, thus the sum of profits of markets in R is less than
profit(S). Moreover, for any market j in L, if j € S,
then the profit p;(S—;, S;) contains the whole value v; of
market j, since no other player plays this market. There-
fore, 32, vi <D cn Pi(S—i, S7) < X, n pi(S—i, Si). The
above inequalities imply the 2-nice property as follows:

OPT = Z’UJ'ZZU]'-FZUJ'
JeET JER jeL

+ sz S—la

i€EN

IN

profit(S ) < 2(profit(S) + A).

O

Next we show that market sharing games satisfy the 1-
bounded jump condition.

LEMMA 7.2. Market sharing games satisfy the 1-bounded
jump property.

ProoF. Consider two players i and i’ in strategy profile
S. If player ¢’ changes his best response strategy to S.,, the
congestion of each market j changes from vector n; to n/
where n; —1 < nj < nj;+1. Then the increase in the payoff
of player 7 is at most Zjes (S8, )(Tj—l_ﬁ) The payoff
of player 7' after changing his strategy from S; to S., is at
least des/ Z—JJ For a market j € S; N (Si/\S}/), at least
two players i and i’ are playing market j in S, thus n; > 2,

thus (—2— — %) < % Therefore,
nj—1 n; n;

> (%—%) =<

) 1
JESiN(S;\SY,)

> 2

) PNRLY/
JESIN(S;\S!,)

> L =puls).

JES; J

IN

This implies the first condition of the bounded jump prop-
erty, i.e, the increase in the payoff of player i is at most the
payoff i’

Consider a strategy profile S and two players i and i’
with two best response strategies S; and S;,. When player
' changes his strategy to S;/, if he decreases the payoff of
strategy S; for player 4, then it decreases this payoff by at
most Zyesgm(s;,\s )(ZJ] _ nvil) In this case, the payoff
of i’ from switching to his strategy is at least E]ES;/ #
Since for any market j € S; N (S, \Si’), we have n; > 1,

thus > 2 _% _ These inequalities imply the second

? nJ+1 = ny nj+1'
condition of the 1-bounded jump property as follows:

pi(S—i, Si) — pi(S—(i,iry, Si, Sir)
(F} (OF
< > (ZF-—9
jesgm(s{ \s,y T +1
< < i S71’7S7,
< Z n]+1 < pu( ).
]Esg/



Theorem 5.3 and Lemmas 7.1, 7.2 yield the following
corollary.

COROLLARY 7.3. Let % > § > 4a. Consider a market
sharing game A with and any initial state Sinit. The unre-
stricted a—Nash best-response dynamics with liveness prop-

erty generates a profile S with profit

@TMOPT(A) in at

most O (% log(ﬁ) . T) steps.
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