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Abstract

In this paper we design a new family of biorthogonal wavelet transforms that are
based on polynomial and discrete splines. The wavelet transforms are constructed from
various types of interpolatory and quasi-interpolatory splines. The transforms use finite
and infinite impulse response filters and are implemented in a fast lifting mode. We
analyze properties of the generated wavelets. We describe successful applications of

the designed transforms to still image compression.

1 Introduction

In this paper we describe a new generic technique for the design of biorthogonal wavelet
transforms. Some of the results that are presented in this paper have already appeared in
[6]-[9]. However, this paper contains a unified theory that combines a full theoretical justifi-
cations of the previous results with new facts about the spline-based wavelet transforms. The
developed technique enables us to construct a wide family of transforms with various prop-
erties. It supports flexible adaptation of the transforms to the problems under consideration.
In particular, the newly designed transforms prove to be efficient for distinct computational
problems such as image compression, feature extraction for signal identification, to name a
few. The performance of the suggested transforms for still image compression is similar to the

performance of the transform with 9/7 wavelets ([4]) on most of the benchmark images. Our



approach combines custom-design capabilities which are inherent in the lifting schemes [46]
with the usage of the well-developed theory of interpolatory, quasi-interpolatory, continuous
and discrete splines [34, 43, 55, 56].

Polynomial splines are a common source for wavelet constructions. Until recently, two
approaches governed the construction of wavelet schemes that use splines. One is based on
orthogonal ([10, 26]) and semi-orthogonal wavelets in spline spaces [12, 49, 57|. This approach
produces, in particular, compactly supported spline wavelets. However, their dual wavelets
have infinite support. The other approach, which employs splines in wavelet analysis, was
introduced by Cohen, Daubechies and Feauveau [14], who constructed symmetric compactly
supported spline wavelets whose dual wavelets remain compactly supported and symmetric
but do not belong to a spline space.

However, since the introduction of the lifting scheme for the design of wavelet trans-
forms [46], a new way has been opened for the use of splines as a tool for devising wavelet
transforms.

The basic lifting scheme for the wavelet transform of a discrete-time signal consists of

three steps:

Split — The signal is split into even and odd subarrays.

Predict — The filtered even array is used to predict the odd array. Then, the odd array
is redefined as the difference between the existing array and the predicted one. If
the predictor is correctly chosen then this step decorrelates the signal and reveals its

high-frequency component.

Update — To eliminate aliasing, which appears while downsampling the original signal,
and to obtain the low-frequency component of the signal, the even array is updated

using the filtered new odd array.

The newly produced even and odd subarrays are the coefficients from a single decomposition

step of the wavelet transform. The inverse transform is implemented in a reverse order.
The transform generates biorthogonal wavelet bases for the signal space. The structure

of the transform and its generated wavelets are determined by the choice of the predicting

and updating filters. In the construction by Donoho [21], an odd sample is predicted from
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a polynomial interpolation of neighboring even samples. We propose to construct a spline,
which interpolates or quasi-interpolates even samples of a signal and to use values of this
spline at midpoints between the (quasi-)interpolation points as predictions for odd samples
of the signal. By using splines of various types and orders we obtain a variety of filters for
the predict step. After a proper modification, these filters can be used for the update step
in the lifting scheme. Different combinations of the prediction and update filters that are
derived from splines, generate a wide family of biorthogonal symmetric wavelet transforms
with diverse properties. In the following we specify how to use different types of splines for

the design of filters.

Continuous interpolatory splines: There is a difference between using interpolatory
splines of even and odd orders for prediction. A spline of order p (degree p — 1), which
interpolates a polynomial of degree p — 1, coincides identically with this polynomial.
In particular, it exactly restores values of the polynomial at midpoints between the
interpolation points. This property results in p vanishing moments of the analysis
wavelets. However, the interpolatory spline of odd order (even degree) with equidistant
nodes possesses the so-called super-convergence property at the midpoints [55]. To be
specific, if a spline of order p = 2r — 1 interpolates a polynomial of degree p = 2r—1 on
the grid {2kh} then it predicts exactly the values of the polynomial at points {2kh+1}.
Here h is a step of the grid. Thus, the spline of order p = 2r — 1 generates an analysis
wavelet with the same number 27 of vanishing moments as a spline of order p = 2r.
But the computational cost of the implementation of the filter derived from the spline

of order p = 2r — 1 is lower than the cost for computing with the spline of order p = 2r.

Discrete interpolatory splines: Another option is to use the discrete interpolatory splines
[31]. Discrete splines are functions that are defined on Z, which are the counterparts
of polynomial splines. In this case, explicit formulas for the transforms that have any
number of vanishing moments are established. Moreover, our investigation reveals an
interesting relation between discrete splines and Butterworth filters, which are com-
monly used in signal processing [30]. The filter banks used in our scheme, comprise
filters which act as bi-directional half-band Butterworth filters. The frequency response

of a Butterworth filter is maximally flat and we succeed in the construction of dual



filters with a similar property.

One-directional causal Butterworth filters were used for devising orthogonal non-symmetric
wavelets [25]. The computations there were conducted in time domain using recursive
filtering. A scheme that used recursive filters for the construction of biorthogonal sym-

metric wavelets and their application to image processing was presented in [29, 33].

Unlike the construction in [21], the above transforms use pairs of causal and anticausal
filters with infinite impulse response (IIR). Fortunately, the transfer functions of the
employed filters are rational. Therefore, filtering can be performed recursively. Note
that the application of a pair of causal and anticausal filters to a signal, however fast it
may be, cannot be implemented in real-time. Therefore finite impulse response (FIR)

filters are more suitable for real-time processing.

Quasi-interpolatory splines: There is a way to devise wavelet transforms that employ
FIR filters whose properties are similar to the properties of the above mentioned in-
terpolatory transforms. It can be done using the so-called local quasi-interpolatory
polynomial splines [55]. Like the interpolatory splines, the quasi-interpolatory splines

of odd order also possess the super-convergence property.

Parametric splines: Analysis of approximation properties of interpolatory and
quasi-interpolatory splines enables us to devise parameterized sets of splines, that are
used for the prediction. In particular, specific choices of the parameters result in

increasing numbers of vanishing moments.

Lifting implementation of a wavelet transform of a signal is equivalent to processing the
signal by a perfect reconstruction filter bank. This filter bank generates analysis and syn-
thesis scaling functions which are solutions for the refinement equations [16]. These scaling
functions are constructed via a cascade algorithm, which is closely related to subdivision
schemes. We investigate convergence of the cascade algorithm and the regularity of the de-
rived scaling functions and wavelets. For this purpose we employ methods that are developed
in the theory of subdivision schemes [22, 23| for the schemes that employ FIR filters. The

extension of the technique to schemes with IIR filters requires some modifications.



When the filter bank consists of FIR filters, the corresponding scaling functions are
compactly supported. This is not the case for IIR filters. We prove that the scaling functions
generated by filters with rational transfer functions decay exponentially as their arguments
tend to infinity. Obviously this result is not surprising there are hints to this fact in [15, 25].
But the authors never saw a proof of this result. In some sense, a reciprocal fact was
established in [17]. Under certain assumptions exponential decay of a refined function implies
exponential decay of the refinement mask.

Note that IIR filters with rational transfer functions, which allow recursive implemen-
tation, appear in signal processing algorithms using spline functions. Construction and
implementation of these filters was studied in [47, 48]. Our scheme that implements these
filters is close to that of [48].

The rest of the paper is organized as follows. In the introductory Section 2 we outline
the lifting scheme of wavelet transforms and discuss its relation to the conventional setting
of wavelet transforms. Namely, we describe filter banks and bases of the space of signals,
which originated from the prediction and update filters. In Section 3 we establish some
necessary properties of polynomial splines and describe the derivation of the prediction filters
from interpolatory and local quasi-interpolatory splines. We also construct parameterized
sets of splines and corresponding prediction filters, which have rational and polynomial
transfer functions. In Section 4 we design prediction filters using discrete splines and explain
the relation of these filters to Butterworth filters. In Section 5 we indicate that slightly
updated prediction filters can be employed as update filters. In Section 6 we discuss the
implementation of filters with rational transfer functions and, in particular, application of
recursive filters to finite-length signals. Section 7 is devoted to the analysis of the convergence
of the cascade algorithm with TIR filter banks and of the properties of the corresponding
scaling functions and wavelets. In particular, a theorem about the exponential decay of
the scaling functions is proved. We prove that when the prediction filter originates from
the polynomial interpolatory splines of even order 2r, the corresponding synthesis scaling
function coincides with the fundamental spline of order 2r. From the superconvergence
property, the scaling functions derived from splines of odd order are smoother than the

splines themselves. In Section 8 we list a number of filters that were derived from splines



and, by combining these filters, we construct a number of biorthogonal wavelet transforms.
We provide graphical illustrations and summarize the properties of these transforms. Then,
in Section 9, we present image compression results after applying these transforms. In
Appendix I (Section 10) we describe a direct 2D implementation of a transform, which uses
FIR filters. The above theory was developed for the signals that belong to l;. However
a parallel theory can be developed for periodic signals using the discrete Fourier transform
(DFT). The construction is carried out in the Fourier domain and calculations are performed
via the fast Fourier transform (FFT). We outline briefly the periodic scheme in Appendix
IT (Section 11). An advantage of the periodic scheme lies in the fact that an increase in the
order of the spline used for prediction, which leads to an increase in the number of vanishing
moments, does not affect the computational complexity of the implementation. Therefore,

periodic wavelets with any number of vanishing moments can be explicitly constructed.

2 Preliminaries: Biorthogonal wavelet transforms

In this section we outline known facts, which are needed for the construction of biorthogonal
wavelet transforms.
We call the sequences x = {zx}, k € 7z, which belong to the space [, discrete-time
signals. The z-transform of a signal x is defined as
X(2) 2 > 2 Fay.
keZ

Throughout the paper we assume that z = €. We recall the following properties of the

z-transform:

Ty = ZEZZ bioicr = X(2) = B(2) C(2) (2.1)
X,(:2) & b o g %(X@) + X(=2) (2.2)
Xo() 2 Y 2 g = 2 (X(2) = X(==2)) (2.3)
X(2) = Xie(?) + 271X, (27). (2.4)

The input z,, and the output y, of a linear discrete time shift-invariant system are linked



as

Yn = Z kan—k- (25)

keZ
Such a processing of the signal x is called digital filtering and the sequence {f,,} is called the

impulse response of the filter f. Its z-transform F(z) = Y00 z7"f, is called the transfer
function of the filter. Usually, a filter is designated by its transfer function F'(z). Denote by
X(w)= Y e ™z, Y(w) = > e Y, Flw) = > e
neZ nez ne,

the discrete-time Fourier transforms of the sequences. The function F(w) is called the

frequency response of the digital filter. Then, we have from (2.5)

o~

Y(z) = F(2)X(z), and Y (w) = F(w)X (w).

2.1 Lifting scheme of the wavelet transform

We use for the construction and implementation of biorthogonal wavelet transforms the so-
called lifting scheme, which was introduced by Sweldens [46]. The lifting scheme of a wavelet
transform of a signal x can be implemented in either primal or dual mode. We outline both

modes.

2.1.1 Primal decomposition

Generally, the primal lifting mode of the wavelet transform consists of four steps: 1. Split.

2. Predict. 3. Update or lifting. 4. Normalization.

Split - The array x is split into even and odd sub-arrays: e! = {ei = za.}, o' = {o} =

Toptr}. k€ Z.

Predict - The even array e is filtered by some filter U(z), in order for the filtered version
of e! to predict the odd array o!. Then, the existing array o' is replaced by the array
o}, which is the difference between o' and the predicted array. The filter U(z) is called

the prediction filter. In the z-domain the operations are described as follows:
OL(z) = O'(z) = U(2) B\ (), (2.6)
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where O}(2), O'(z2), E*(z) are the z-transforms of the signals o', o, e', respectively.
From now on the subscript v designates the new array. We assume that the function
U(z) is regular at a certain vicinity of the unit circle |z| = 1 including the circle. In
addition, we assume that z7'U(2?) is a real-valued function as |z| = 1. If the filtered

version of e! well approximates o' then, after this step, the signal is decorrelated.

Update (lifting) - Generally, downsampling the original signal x into e! depletes the
smoothness of the signal. To obtain a sparse signal similar to the original x, the new
odd array is filtered by an update filter, which we prefer to denote V' (2)/2. The filtered

array is used to increase the smoothness of the even array el:
1
El(z) = EY(2) + §V(z) OL(2). (2.7)

The assumption about the filter V' (z) is similar to the assumption about U: the function
V(z) must be regular at a certain vicinity of the unit circle |z| = 1 including the circle
and 2V (z?) must be a real-valued function as |z| = 1. Provided that the filter V is
properly chosen, the even array e! is transformed into a smoothed and downsampled

replica of x.

Normalization - Finally, the smoothed array s' and the array of details d! are obtained

by the following operation: s' = v2e}, d' =o}/v2.
The key issue in the lifting scheme is the proper choice of the filters U and V. We address
this issue in subsequent sections.
2.1.2 Primal reconstruction

One of the most attractive features of lifting schemes is that the reconstruction of the signal

x from the arrays s' and d?! is implemented by the reverse decomposition:
Undo Normalization - el =s'/v2 o}l =+/2d'.
Undo Lifting - The even array
F'(2) = By(2) — gV(2)04(2) (2.8)

is restored.



Undo Predict - The odd array
O'(2) = O)(2) + U(2)E'(2) (2.9)
is restored.

Undo Split - The last step is the standard restoration of the signal from its even and odd

components. In the z-domain it appears as:

X(2) = E'(2*) + 270" (2?). (2.10)

2.1.3 Dual mode

In the above primal construction the update step followed the prediction. In some applica-
tions it is preferable to apply the update before the prediction and to control the prediction
step. In particular, such a dual scheme provides an adaptive nonlinear wavelet transform
[13] by choosing different predictors for different fragments of the signal. So, in the dual
mode the update step precedes the predict step:

Update— The even array is averaged with the filtered odd array:
El(z) = (EY(2) + 271U (2) O(2)) /2.

Predict — The odd array is predicted by the filtered new even array:
OL(z) = OYz) — 2V (2) EL(2).

In the reconstruction the operations are reversed.

2.2 Filter banks

A

Let ®(2) = (1+ 27'U(2?))/2 and define the following filters

G(2) 2 V2:10(—2), H(z) 2 V2(1+ 2V (:2)®(—2)), (2.11)

H(z) 2V20(2),  G(2) & V27 (1 - 2V (22)0(2)). (2.12)

Here H(z) and G(z) are the low- and high-pass primal analysis filters, respectively, and
H(z) and G(z) are the low- and high-pass primal synthesis filters, respectively. These four

filters form a perfect reconstruction filter bank for any choice of the filters U and V.
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Proposition 2.1 If 27'U(2?) and 2V (2?) are real valued on the unit circle z = ™ then the

decomposition and reconstruction equations can be represented as follows:

S = (AR X(:) + H(-2) X(~2)

Dl(z2) — ;(@X(z)+é(—z)X(—z))

X(z) = H(2)S'(z%) + G(2) D'(2%),

where S*(z) and D*(z) are the z-transforms of the arrays s* and d*, respectively.

In addition the perfect reconstruction property holds

H(z)H(z)+G(z)G(z) =2 H(z)H(—2) + G(2) G(—2) =0,

and the transfer functions are linked to each other as follows:

G(2)=2"H(~z2); G(z)=z"H(—2).

(2.16)

(2.17)

Proof: We start with the primal decomposition formula (2.14). We modify Eq. (2.6) using

Eqgs. (2.2) and (2.3). So, we have:

ON) = © (X(2)~ X(-2) - U (X() + X(-2))
= (X1 ) - X1+ E)).

(2.18)

To obtain (2.14), it is sufficient to note that the function G(z) = 27 '(1 — 2 'U(2%))/v2
possesses the property G(—z) = —z (1+z’1U(22)>/\/§ and z~1U(2?) is a real-valued function

as |z| = 1. Thus, we see that (2.18) is equivalent to (2.14).

To prove (2.13) we use the already proved relation (2.14). Then, the decomposition

formula (2.7) can be rewritten as
1

EL(2%) = = (X(2) + X (=2)) + %22) (G(2) X(2) + G(—2) X (~2))

2
= (KGO VE)B(-2) + X (=2)(1+ V() (-2)8(2)))

Hence, (2.13) follows.

To verify the reconstruction formula (2.15), we first rewrite Eq. (2.9) using Eq. (2.8),

0'(:4) = 04 + U (8302 - Vs 0y

= 0}(2%) <1 - @U(zg)) + U(22)EL(2?).
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Then, we substitute (2.8) and (2.19) into (2.10).

From the definitions of the filters we immediately derive

H(z) H(z) + G(z) G(z) = 2(P(2) + B(—2)) = 2.

The second equation in (2.16) can be similarly checked. The relations (2.17) are apparent.

Similar facts hold for the dual transforms. Let us denote by H? and G the transfer
functions of the dual analysis filters and by H? and G¢ the transfer functions of the dual
synthesis filters. The transfer functions of dual analysis filters coincide (up to constant

factors) with the primal synthesis filters and vice versa, i.e.

HYz) = H(2)/2, GU2) = G(z), H%z)=2H(2), G%z) = G(2). (2.20)

2.3 Bases for signal space

The perfect reconstruction filter banks, described above, are associated with the biorthogonal
pairs of bases in the space of discrete-time signals.

In section 2.2 we introduced a family of filters by their transfer functions H(z), G(2),
H(z), G(z). Their impulse responses are {hx}, {gr}, {hx}. {Gc}, k € Z, respectively. It
means, for example, that H(z) = ;.7 2z "hi. On the other hand, h £ {hy} is the signal,
which emerges as a result of the application of the filter H(z) to the impulse signal §,, (the
Kroneker delta). Similar relations hold for the other functions. The shifts of these impulse

response signals form a biorthogonal pair of bases for the signal space.

Proposition 2.2 Any signal x € I* can be represented as follows:
Ty = Z St Pi_ak Z dy, Uy,
keZ keZ
where o} £ hy, Yy 2 gi, k € Z.

The coordinates si. and d}. are the following inner products:

S= D Proanns A=) Ur o, (2.21)
nel neZ
where @} 2 I, ) 20 ke
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Proof: We start with the reconstruction formula (2.15), which we rewrite as:
X(2) = X"(2) + X9(z) where X"(2) = H(2)S*(%), X9(z) = G(z) D*(z%). (2.22)
We can write

“1.h_ “n—2k 11 _ n—2k.1 1 ho_ 101
ZZ Ty = Z < Sphn = Z < SpPp > T = Z Sk Pr—ok-
leZ k,neZ kneZ keZ

Similarly, we derive the relation
af =) dy, Yoy,
keZ
Let us consider the decomposition formula (2.13). From Property (2.1) we conclude that

H(z) X () is the z-transform of the sequence

A 7 ~1
ay = Z hp—rx, = Z O T
neZ neZ

Now from (2.13) and (2.2) we have s} = agx = Y,c7 $r_opTn, Which proves the first

equation in (2.21). The second equation is similarly proved. [ ]

Proposition 2.2 justifies the following definition.

Definition 2.1 The discrete time signals ' 2 {1} and ¥* £ {1}, k € Z, are called the
low- and high-frequency synthesis discrete wavelets of the first scale, respectively. The signals
Pl 2 {pi} and e 2 {1%}, k € Z are called the low- and high-frequency analysis discrete

wavelets of the first scale, respectively.

Corollary 2.1 The following biorthogonal relations hold:

~1 1 1 71 I ~1 1 71 1
Z Pnok Pn2l = Z Vo Yp—ar = Ok Z Prn—2k Yn—21 = Z Yy Pp—or = 0, VI, k.
neZ nEZ nEZ nEZ

We say that a discrete wavelet 1) has m vanishing moments if the following relations hold:
Ykez B =0, s=0,1,...,m—1.
Proposition 2.3 Let the transfer functions U(z) and V(z), which are used for the predict
and update steps, respectively, be rational and have no poles on the unit circle |z| = 1. If
1+ 271U (2%) comprises the factor (z+ 2+ z"1)" then the high-frequency analysis wavelet 121
has 2r vanishing moments. If the above condition is satisfied and, in addition, 1 + 2V (z?)
comprises the factor (z + 2 + z7')P then the high-frequency synthesis wavelet ' has 2s

vanishing moments, where s = min(p,r).
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Proof: It follows from the conditions of the proposition that 1 — z7'U(2?) comprises the
factor (z — 2+ 2z7')". Let us ignore for a moment the assumption |z| = 1 and examine the
function
i) 2 G = Y M
keZ
of the complex variable z. We have §(z) = 2 1(1—2U(272))/v2 = (1 — 2)” Q(z
is a regular function at the vicinity of z = 1. It is clear that ¢©* (1) = 0, s = 0,

On the other hand,

), where Q(z)
1...,2r—1.

q(s)(l) = Z k[s]i)i, where k¥l 2 k(k—1)(k—2)---(k—s+1).
keZ

Note that any monomial k' can be represented as a linear combination of the polynomials
kM n =0,...,1. Thus, the wavelet ¢)! has 2r vanishing moments. Denote ¢(z) 2 G(z 1) =
Swez 2Fk. I 1 — 2V (2?) comprises the factor (z — 2+ z7!)P then we have

o) = V2 (1 Ve zU(ﬂ)))

(1= 27V () + (1 - 2U(2) + 20 (1 - 27V () = (1- 27 Q(2),

oz
V2
where s = min(p, r) and Q(z) is a regular function in the vicinity of z = 1. Thus, the wavelet

! has 2s vanishing moments. B

2.4 Multiscale wavelet transforms

We described in Sections 2.1 — 2.3 one step of a wavelet transform of a signal from a fine scale
to a coarse one. Expansion of the transform to coarser scales is implemented in a recursive
way. In this transform we store the array d' and decompose the array s'. The transformed
arrays so and ds of the second scale are derived from the even and odd sub-arrays of the
array s with the same lifting steps as those described in Section 2.1. As a result we get that
the signal x is transformed into three subarrays: x «+» d' UdyUss. The coefficients of the

transform are linked as follows:

$2(22) %(ﬁ[(z) SH(z) + A(—2) S'(~2)), (2.23)
D(:2) — %(é(z) S1(2) + G(—2) $(~2))
SY(z) = H(2)S*(2%) + G(2) D*(2?). (2.24)



Again, the transform leads to expansion of the signal with a biorthogonal pair of bases.

We describe this re-expansion in more detail.

Definition 2.2 The discrete time signals

A A
<P12 = Z hk9011—2ka 7»/112 = Z gk%l—zk (2.25)
ke keZ

are called the low- and high-frequency discrete synthesis wavelets of the second scale, respec-

tively. The discrete time signals

~2 A T o~ T2 A ~ ~
‘Plz = Z hmp},mw 1/112 = Z 9k901172k (2.26)
keZ keZ

are called the low- and high-frequency discrete analysis wavelets of the second scale, respec-

tively.
Proposition 2.4 The signal x can be expanded as follows:

=) St P + > di ¥f g + > di Vo (2.27)
keZ keZ keZ

The coordinates in (2.27) are the following inner products:

2 ~2 2 "
Sk = Z Tn Pyapy i = Z T Yy -
nel neZ

Proof: Using (2.24) and (2.22) we represent the z-transform of the signal x as follows:

X(z) = X" (2) + X™"(2) + X9(z), where
X"(z) & H(z)H(2*)S%(z%), X"(2) 2 H(2)G(z%) D*(z).

We can write

Yot = Y 2T o =D 2T Y s D el okam

e, k,n,me”Z e mel keZ
hh __ 2 2
T = Z SmPr—ams
meZ,

and ¢? is defined in (2.25). Similarly, we derive the relation ¥ = 3,7 d®? ;. where ?
is defined in (2.25).

14



It is seen from (2.23) that s? = boy, where

e > hi_ps) = > hi—g > Pu—oin

leZ leZ nez
- Z Ln Z hlgarltf2lf2k = Z xn@ifgk,
neZ el neZ
where @2 is defined in (2.26). Formulas for di are derived similarly. n

The discrete wavelets related to the subsequent scales are defined iteratively via the

two-scale equations

1A A
]+ Z hk@l 2> ]+ Z QkSOz 2k

keZ keZ

~J+1 b G i+l A = 50
Z k90l72ka T = Z IkPr ok
keZ keZ

3 Design of prediction filters using polynomial splines

We derive the prediction filters from splines in the following way: We construct a spline,
which interpolates or quasi-interpolates even samples of a signal and predict odd sam-
ples as the values of the spline calculated at the midpoints between the points of (quasi-
)interpolation. Analytically, this operation reduces to filtering the even array. We will show
that splines of odd order are more suitable for this design due to the property of supercon-

vergence of splines of odd order at the midpoints.

3.1 B-splines

We outline here some known properties of B-splines and establish some facts needed for our
constructions.

The central B-spline of first order is the characteristic function of the interval [—1/2,1/2].
The central B-spline of order p is the convolution M?(z) = M?~Y(x) x M'(z) p > 2. Note
that the B-spline of order p is supported on the interval (—p/2,p/2). It is positive within
its support and symmetric around zero. The B-spline M? consists of pieces of polynomials
of degree p — 1 that are linked to each other at the nodes such that AM? € C?=2. Nodes of
B-splines of even order are located at points {k} and of odd order, at points {k+1/2}, k € Z.
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The Fourier transform of the B-spline of order p is

Mr(w) 2 /_ Z e~ MY () dor = (SIZ;UQ/ 2) . (3.1)

We introduce two sequences which are important for further construction:
1
llpé {le}a VVpé {Mp (k+§>}, k € 7. (32)

Due to the compact support of B-splines, these sequences are finite. In Table 1 we present

the sequences u? and w? for some values of p.

ke 4|32 |-1 0 1 2 |34
u 000 |o 1 0 0 100
ud x 8 000 |1 6 1 0 |00
ut x 6 000 |1 4 1 0 100
wx38 |00 |1 |76 [230 |76 |1 |00
wbx120 |0 |0 |1 |76 [230 |76 |1 |00
ul x 46080 | 0 | 1 | 722 | 10543 | 23548 | 10543 | 722 | 1| 0
w? x 2 000 |1 1 0 0 |0]0
wixd48 |0 |0 |1 |23 |23 |1 0 |00
wix24 0|0 |1 |11 1|1 0 |0]0
wl %3840 |0 |1 [237]1682 | 1682 |237 |1 |00
wix720 |0 |1 |57 [302 [302 |57 |1 |00

Table 1: Values of the sequences u? and w? .

The discrete-time Fourier transforms of these sequences are

W (w) & S e WEME = PP (COS %) : (3.3)

— e : 1
wP(w) 2 Ze”‘"kMp (k‘ + 5) = 2P <cos %) )

Here the functions PP and @ are real-valued polynomials. If p = 2r — 1 then P? is a
polynomial of degree 2r — 2 and @” is a polynomial of degree 2r — 3. If p = 2r then P? is a

polynomial of degree 2r — 2 and @Q” is a polynomial of degree 2r — 1.
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These polynomials were extensively studied in [39, 41]. In particular the following facts

were established.

Proposition 3.1 ([39]) The polynomials PP and QP can be derived via the recurrence re-

lations
1—y° dP?(y) 1
Q" (y) = yP'(y , Py =1,
v) )+ LS Py
1 —y* dQ(y)
Pri(y) = yQ"(y) + , Py =1
v) R ()
The z-transforms of the sequences u” and w” are
w(z) =Y 2 "M = El(2), wP(z) =Yz "M"(k+1/2) = EY (), (3.4)

where E(z) and E}(z) are the so-called Euler-Frobenius polynomials [41].

Proposition 3.2 ([41]) On the circle z = € the Laurent polynomials EY(z) are strictly
positive. Their roots are all simple and negative. Fach root v can be paired with a dual root

3 such that vy = 1. Thus, if p=2r — 1, p = 2r then u”(z) can be represented as follows:

[y

=1

We introduce a rational function.

<

1
7— T+ 7m2) (1 +7m2™), 0<m<mn<...<y_1 <L (3.5)

Rr(y) 2 ?ngzg (3.6)
Examples:
— )2 2
P =142 QW =u 1- R0 = Y0 14 ) - {0
2 3
Py = 1 Q) = 2EY
_ =y (-y+2) (1+y)°(y+2)
L= R(y) = T Ri(y) = 2(1 + 22)
2 4 3
Pily) = 2 oy = 2
_ (=9’ (-y+5) _ (L+y)’(y+5)
L= 1) = 54 18y2 +y* LRy = 5+ 18y? + y*

17



Properties of the rational functions R?. Using Eq. (3.1) we have

0o 3 p o0 . . 1
A]\410(3j _ k}) _ i/ eiw(mfk) <Slnw/2> dw = Z 627rilx /1 627riv(:rfk) (SlIl ﬂ-v)p( 1) i dv

27 J—- w/2 Pt 0 m(l +v))P
= / 1 e 7k mP (v)dv,  where m®(v) 2 2™ (sin 7rv)P Z 627”176 (=" (3.7)
g ’ v L (@)

The relation (3.7) means that M?(x — k) is a Fourier coefficient of the 1-periodic function

m2(v) and this function can be represented as a sum:

mP(v) = i e 2R NP (2 + k). (3.8)

k=—o0
Equations (3.3) and (3.8) imply the following representations:
o0 (_1)lp

Pp(COS CU/Q) = ?/J/\p(CU) = mg(w/Qﬂ') = (Sin W/Q)p l:z_:oo m (39)
o o0 (_1)l(p+1)
QP (cosw/2) = e PP (w) = e “/*m (w/27r) (sinw/2)? l:z;oo CEE0
It is obvious from (3.9) that
PP(1) = Qr(1) = 1. (3.10)
Proposition 3.3 If p = 2r then
2(cosw/4)? P (cosw/4)*
1 2r 2) =
+ R (cosw/2) P2 (cosw/2)
Proof: From Egs.(3.9), (3.10) we have
Q*(cosw/2)  2(sinw/2)* 2 (w2l + w/2)7?
1+ R¥ 2)=1 = >
R (cosw/2) * P2 (cosw/2) P2 (cosw/2)
2(cosw/4)* (sinw/4)* 2 (wl+w/4)7*  2(cosw/4)* P¥(cosw/4)
B P? (cosw/?2) B P? (cosw/2) '
]
Lemma 3.1 If p=2r — 1 then at the vicinity of w =0
w\? 4" -1
1 — R* Ycosw/2) = Ay <2) +OW ), Ay, 2 T((QT — 2))! |bar |, (3.11)

where by is the Bernoulli number of order s.

18



Proof: From Egs. (3.9), (3.10) we have

P2 cosw/2) — QM (cosw/2)  —2(sinw/2)* T,y (w)
P (cosw)2) o P?=1(cosw/2) ’

IS 1

where Ty, 1(w) = l;@ (T2 + 1) +w/2)r L

1 — R* cosw/2) =

The function 75, 1(w) is infinitely differentiable at the point w = 0 and its vicinity and the

Taylor expansion holds
> T(,@ 0
TQr—l( ) 2 : 2 1( )

n=0

n
n!

We can write

> 27 2r —1)...(2r+n—2)

(n) _ n
T2r71(0) - (_1) l:z_:oo (27T(2l + 1))2r—1+n

Hence, we see that
> 1
TQT—I(O) = ;oo (71.(21 + 1))27’—1 -

l

Similarly, TQ(TQE)I(O) = 0 Vk € N. This is not the case for the odd order derivatives:

(@202 +E) - ) & 1
92k+172(r+k) (21 + 1))2(r+k)'

T2(2k+1)(0) _
1=0

Using a known formula [1]

%) (22n _ 1)7?'2”
— 21+ 1)) 2(2n)!

|b2n|a
l

we get

2r —1)...(2(r + k) — 1) (220+0) — 1) o)
92k+1 2(2(r + k))! 2(r+k)

T (0) = -

(22(r+k) - 1) )
-~ 92(k+1) (7” + k) (27” _ 2)! | 2(T+k)|-

Finally,

(3.12)

) (22(7"—|—k) _ 1)
N Z < 20 (5 + k) (2r — 2)!(2k + 1)! [Pl
(4’" - 1)
4 (2r —2)!

(2k+1)

|bgr|w + O(w?).
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Note that the polynomial P?"~!(cosw/2) of degree 2r —2 can be represented as a polynomial
of the argument sin(w/4). For w = 0, P*~!(cosw/2) = 1, we have

2r—2

P Ycosw/2) =1+ w** (sin2 %) , wil <sin2 %) El Z a,, sin®" % (3.13)
n=1

Equations (3.12) and (3.13) imply (3.11).m

Corollary 3.1 If p = 2r — 1 then the following factorization formulas hold

.2
2r—1 I _ pr—Q(SID Q)/4)
1-R (COS W/2) - (Sln w/4)pr(w)a p7‘<w) - 1+ w2r,1(sin2 w/4)7 (314)
where p._o are polynomials of degree r — 2. The rational functions p, can be represented as
pr(w) =4"Ag. 1 + Z Y SN2 % (3.15)

n=1

The coefficients 7y, in (3.15) are such that the series converges absolutely for all real w.

This claim follows from Lemma 3.1. It follows from Proposition 3.2 that in the representation
(3.13) the absolute value of the polynomial @ ~*(sin®w/4) remains less than 1 for all real

w. This implies the absolute convergence of the series in (3.15).

3.2 Interpolatory splines

Shifts of B-splines form a basis in the space of splines of order p on the grid {2k}. Namely,

any spline S? has the following representation:
SP(z) = qMP(z/2 —1). (3.16)
]

Denote q £ {g} and let Q(z) be the z-transform of q. We also introduce the sequences
s & {2 2 57(2k)}, sP 2 {sPF 2 SP(2k + 1)} and s” = {s? 2 SP(k)} of values of the
spline on the grid points, on the midpoints and on the whole set {k}. The z-transform of

the sequence s? is

sP(z) = sP(2%) + 2P (27). (3.17)
We have
1
sip= aMP(k=1), shy=> aM” (k—l—|—§> .
! 1
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Thus, s2(z) = Q(z)uP(2) and s2(z) = Q(2)wP(z), where uP(z) and w”(z) are the functions
defined in (3.4). From these formulas we can derive expressions for the coefficients of a spline

SP which interpolates a given sequence e 2 {e;} € I* at grid points:

SP(2k) = ek, k € 2,<—= Q(2)u”(2) = e(z)

= Q) = 52

= q = i N(l —n)e(n), (3.18)

where AP £ {0} is the sequence which is defined via its z—transform:
N(z) = i 27RND = L )
ur(2)

k=—o0

(3.19)

It follows immediately from (3.5) that the coefficients {\}} decay exponentially as |k| — oo.
Substitution of (3.18) into (3.16) results in an alternative representation of the interpolatory
spline:

SP(x)= S e LP(x/2—1), where LP(x) 23" M MP(zx —1). (3.20)

I=—c0
The spline LP(z) defined in (3.20) is called the fundamental spline. It interpolates the
Kroneker delta sequence 9y, i.e. it vanishes at all the integer points except x = 0, where
LP(0) = 1. By decaying the coefficients {\}}, the spline L?(z) decays exponentially as
|z| — o0. Therefore, the representation (3.20) of the interpolatory spline remains valid for
the sequences {ey}, which may grow no faster than a power of k [42]. The values of the
fundamental spline at midpoints are

Lp<k+%>:2)\f]\/[p<k—l+%). (3.21)

l

Denote by U?(z) the z-transform of the sequence {L? (k +1/2)}, k € Z. Then, we obtain
from Eqgs. (3.19) and (3.21)

~—

Ur(z) = L”;D((; (3.22)

Hence the values of the interpolatory spline at the midpoints are

So = zﬂ: L? (k: + % — n) en < sP(z) = Ul (2)e(z). (3.23)
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Switching into the signal processing terminology, we say that, in order to derive the values of
the interpolatory spline at the midpoints {2k + 1} between the points {2k} of interpolation,
we have to filter the data {e;} by the filter U whose impulse response {L? (k + 1/2)}, k € Z
is infinite but decays exponentially as |k| — oo (IIR filter). As we mentioned above, if a
spline interpolates even samples of a signal the values of the spline at the midpoints are used
as a prediction of the odd samples of the signal. Thus, the filters U’ may serve as prediction

filters in the lifting scheme of a wavelet transform.

Properties of the rational functions U(z). If we substitute z = ¢ then we see that
27 1UP(2%) = RP(cos(w) (the function R? was defined in (3.6)). Thus, the properties of the
functions U?(z) follow immediately from the properties of R” that were established in Section

3.1. We outline these properties.

Proposition 3.4 1. The function 2~ U?(z?) is real valued on the unit circle z = e™.

2. If p=2r then

(1 + 2)*ug,(2) (z =2+ 27Uy (2)

14 2 12r(22) — Ly (s2) = (3.94
+z U (Z ) 227'—1zru2r(z2) ’ z U (Z ) 227'—1u2r(22) (3 )
3. If p=2r —1 then the following factorization formulas hold
r— —2 -1
1= P (2) () = (2 — 24 2 ) 0,(2) Popa(z) = E2EZ2EET) g oy

u2r1(22)
where q,._o are polynomials of degree r — 2. The rational function ¥2._1 can be repre-

sented as

RO

Vor_1(z) = Agry + Z €n(2 =24 271)", where Ay = r(2r —2)

n=1
bs is the Bernoulli number of order s and the coefficients {€,} in (3.26) are such that

the series absolutely converges for all z, |z| = 1.

Combining these results with Proposition 2.3, we come to the following corollary.

Corollary 3.2 If the filter U? is used as a prediction filter in the lifting scheme then, either

by p =2r—1 or by p = 2r, the high-frequency analysis wavelet 1/?1 has 2r vanishing moments.
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Super-convergence property. Proposition 3.4 implies the super-convergence property of
the interpolatory splines of odd order (even degree). Recall, that in general the interpolatory
spline of order p (degree p — 1), which interpolates the values of a polynomial of degree not
exceeding p — 1, coincides with this polynomial (in other words, the spline is exact on
polynomials of degree not exceeding p — 1). However, we will show that the spline S# ! of
odd order 2r — 1 (degree 2r — 2), which interpolates the values of a polynomial of degree
2r — 1 on the grid {2k} restores the values of this polynomial at the mid-points {2k + 1)}
between the grid points. Therefore, we claim that {2k + 1)} are points of super-convergence
of the spline S?"~*. This property results in the vanishing moments property of the wavelets
constructed using the filters U2 1.

We denote by D? the operator of central second difference: D*f, = fu_1 — 2fi + fir1.
It is applied to a signal via filtering with the transfer function D?(z) = z — 2 + z~'. The
Laurent polynomial D*"(z) = (z — 2+ 27')" corresponds to the difference of order 2r, which

is denoted as D*".

Proposition 3.5 Let a function f(x), which may grow no faster than a power of x as
|z| — oo, be sampled on the grid {k} and f 2 {fr},k € 2. Let the spline S7"~' of order
2r — 1 interpolate f on the grid {2k}. Then

STk +1) = f(2k+1) — Ay D" f(2k + 1) = 3 €, DX f(2k + 1),

n=1
. a (4 -1
where Ag,_1 = r(2r —2)1

bs is the Bernoulli number of order s and the set {e,} of coefficients guarantees the absolute

|b27' |7

convergence of the series.

Proof: The difference between the odd subarray {f(2k+ 1)} and the array {sgr 1 of values

of the spline at the midpoints is
FE+1) =2t = f2h+1) = L k + S n> f(2n) (3.27)

8, if k=21

=> db.; ,f(n), whered =
; 2 T —mae1y2), k=241

23



Equation (3.27) means that to obtain the difference f(2k + 1) — s2(k) we must apply the
filter a? 2 {aP} to the array f and take odd samples of the generated array. The z-transform
of the filter a1 is A 1(z) = 1 — 21U~ (2?). Due to (3.25) and (3.26), the function
A*=1(2) is factorized into A% 71(2) = (z — 2 + 2z71)"9?"~1(2), where

Vor_1(2) = Agpq + Z en(z — 24+ 27H"

n=1

The series converges absolutely as |z| = 1. Hence, the assertion of the proposition follows. B

Corollary 3.3 Let the function f be a polynomial of degree 2r — 1. Then, S *(2k + 1)
f(2k + 1) Vk € z. If f(x) is a polynomial of degree 2r + 1 then

STV +1) = f(2k+1) — Ay 1 D¥ f(2k+1) = [ (2k + 1) — A1 f®)(2k +1). (3.28)

Originally this property was proved differently in [55].

Remark. It can be easily derived from (3.24) that the splines of order 2r restore only

polynomials of degree 2r — 1 at the midpoints between the points of interpolation.

Examples:

Interpolatory quadratic spline: p = 3

1+=z _ (z+2+271)2
Ulz)=4— ", 1 W)y =-"-—-" 2. 3.29
M) =, 14U = (329)

The corresponding analysis wavelet has four vanishing moments.

Interpolatory cubic polynomial spline: p =4
(z+ 1)z +22+2) ' 4+2+2)2%(2+4+27h
8(z+4+271) 8(272+ 4+ 22) '

The corresponding analysis wavelet has four vanishing moments.

(2

1+ 27UN?) =

?

Interpolatory spline of fourth degree: p =5

US(z) = 16(z + 10+ 27H(1 + 2)

’ 224+ 7624230 + 76271 + 272’

(z+2+ 213 (24271 = 10)
24+ 7622 +230 + 76272 + 24

The corresponding analysis wavelet has six vanishing moments.

(3.30)

1+ 271U (2°%) =
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Remark: Due to the superconvergence property of the splines of odd order, the wavelets
originating from the interpolatory splines of odd order 2r — 1 and of even order 2r have
the same number of vanishing moments. But the structure of the filter U? ! is simpler
than the structure of U?" (compare, for example, U?(z) with U?(z)). This means that the
computational cost of implementation of the wavelet transform with the filter U* ™ is lower
than with the filter U2". Moreover, the wavelets originating from U?" ! are better localized
in time domain. Therefore, for most applications it is preferable to use filters derived from

the odd-order splines.

3.3 Local quasi-interpolatory splines

We can see from Eq. (3.23) that in order to find the values at the midpoints of the spline
that interpolates the array e, the array has to be filtered with the filter whose transfer
function is UP(z). This filter has infinite impulse response (IIR). Further on we discuss
a fast implementation of this operation via recursive filtering, which is commonly used in
signal processing. But this procedure can not be used in real-time processing. Also the
recursive filtering is not appropriate when the length of a signal to be processed is large.
In these situations finite impulse response (FIR) filters are better suited. In this section we
describe the construction of FIR prediction filters on the base of the so-called local quasi-
interpolatory (LQI) splines. Their properties are similar to the properties of filters derived
from interpolatory splines. Even the property of super-convergence at midpoints remains

valid for the quasi-interpolatory splines of odd order.

Definition 3.1 Let a function f be sampled on the grid {k}, f 2 {fx}, and F(z) be the
z-transform of £. A spline SP of order p represented in the form (3.16) is called local if the
array q of its coefficients is derived by FIR filtering of the array f:

Q(z) =T(2)F(2), (3.31)

where I'(2) is a Laurent polynomial. The local spline of order p is called quasi-interpolatory

(LQI) if it is exact on polynomials of degree not exceeding p — 1.

It means that if f is a polynomial of degree p — 1, then the spline S?(z) = f(x).
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To predict the odd samples we use the values at the midpoints of the splines, which
quasi-interpolate the even samples. If w? is the sequence defined in (3.4) then the FIR

prediction filter, which stems from an LQI spline of order p, is
UP(z) £ T(z)uw(2). (3.32)

Explicit formulas for the construction of quasi-interpolatory splines were given in [39)].
Properties of quasi-interpolatory splines and, in particular, their approximation accuracy
were studied in [55]. In this work we are interested in splines of odd order p = 2r — 1. There
are many FIR filters, which generate quasi-interpolatory splines, but there is only one filter

whose impulse response has minimal length 2r — 1 for each order p = 2r — 1.

Proposition 3.6 ([39]) An LQI spline of order p = 2r — 1 can be produced by filtering
(3.31) with filters I' of length no less than 2r — 1. There exists a unique filter T, whose
impulse response is of length 2r — 1, which produces the minimal quasi-interpolatory spline

S2r=Y(z). Its transfer function is:
r—1
T(2) =14 677 (271 =2+ 2), (3.33)
k=1

where the coefficients B; " are derived from the generating function
2arcsint/2)” &
(F ) = S
k=0

Proposition 3.7 ([55]) If f is a polynomial of degree 2r and £ 2 {f(2k)} then the following
relation holds for the minimal quasi-interpolatory spline S of order 2r —1 (degree 2r —2)

fort=Q2k+1+71), 7€]0,1]:

SZL(g) = f(1) — 22 LD () f;;—i(;)' 492 pn) ((27” —(212;)!27-(7') B ﬂ?rl) 7

where bs(T) is the Bernoulli polynomial of degree s.

We recall that the values b, = bs(0) are called the Bernoulli numbers [1]. If s > 1 is odd then
by, = 0. Hence, we obtain the super-convergence property, which is similar to the property

of interpolatory splines of odd order.
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Corollary 3.4 If f is a polynomial of degree 2r — 1 | f 2 {f(2K)} and S~ is a minimal
LQI spline of order 2r — 1 (degree 2r — 2 ) then S~ 12k +1) = f(2k + 1), k€ z. If f is a
polynomial of degree 2r then

(27’ — ].)bgr

Sy 2k +1) = f(2k+ 1)+ 27 fCVBy, 1, By 1 2 2r)!

— gt (3.34)

3.4 Parametric splines
3.4.1 Upgrade of LQI splines

The representation (3.34) provides tools for custom design of predicting splines that retain
or even enhance the approximation accuracy of the minimal LQI spline at the midpoints.

This is achieved via an upgrade of the filter T',.

Proposition 3.8 Let f be a polynomial of degree 2r — 1 and £ 2 {f(2k)}. If the coefficients
of a spline Sg’”*l of order 2r — 1 are derived using Eq. (3.31) and the filter T, of length

2r + 1 with the transfer function
U,(2) =To(2) + p(z7 =24 2) (3.35)

then Sir_l(Qk +1) = f(2k+ 1), k € Z by any real p. However, if p = —Bay,._1 then the
identity Sﬁ’”_l@k‘ + 1) = f(2k + 1) remains valid when f is a polynomial of degree 2r.

Proof: The spline Sﬁr_l, which is constructed using the filter I',, can be represented by the

su:

S = 2= 4 pSArTl S () £ 3T (D F(20) M (/2 — D). (3.36)
leZ

We evaluate the spline S3" ! using the well-known asymptotic relation for a function ¢ € C*

([40]):

ST G(hl) MP(t/h —1) = o(t) + ]%;(t) + O(h*¢)). (3.37)

Hence, if f is a polynomial of degree 2r then we have S3"~'(t) = D f = 22" f®") and

Sir_l(t) — [(t) — 221D (522;_1(;)' L+ 92 fn) ((27" —(217?)l)lgr(7) gy p) ’
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At midpoints we have
STV 2k 4+ 1) = f(2k + 1) + 22 @) . (By,_1 + p). (3.38)
The equation (3.38) proves the proposition.

If the parameter p is chosen such that p = (=1)"""|p| then the spline S>~" possesses the
smoothing property [56]. In the case when p = —B" we call the spline the extended LQI
spline and denote it as S* .

We recall that, given a filter ['(2), the prediction filter is derived from Eq. (3.32).

Examples:

Minimal LQI quadratic spline: The filters are

-1 _ 2 _ 1 9 9y — 2
Do(z) =1- 205 o) = 222 3.39)
| =B (22) = (' —2+2)2:"1+4+ z).
16
The corresponding analysis wavelet has four vanishing moments.
Extended LQI quadratic spline:
Fe(2) =T(2) + i(z_1 — 2+ 2)?
e m 128 J
3272 — 25271 + 150 + 1502 — 2522 + 323
U2 (2) = oo , (3.40)
(7' +2+2)332 241821 + 38+ 182 + 32?)

1+ 27'U3(2%) =

256

The corresponding analysis wavelet has six vanishing moments.

Remark: Donoho [21] presented a scheme where an odd sample is predicted by the
value at the central point of a polynomial of odd degree which interpolates adjacent
even samples. One can observe that our filter U2 (3.39) coincides with the filter
derived by Donoho’s scheme using a cubic interpolatory polynomial. The filter U?
(3.40) coincides with the filter derived using an interpolatory polynomial of fifth degree.

Note that in Donoho’s construction the update step does not exist. On the other hand,
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the filters 1+ 271U3 (2?) and 1+ z7'U3(2?) are the autocorrelations of 4-tap and G-tap
filters by Daubechies, respectively [37].

Minimal LQI spline of fifth order (fourth degree):

B S, 47 5

[(z)=1 24(z 2+z)+1152(z 2+ 2)%,
4 -3 4 —2 3\ _ 29 -1 2 1 1
U5 (2) = (272 4+ 2*) +89(27% + 27) T7(27" + 2%) + 15965(1 + 2) (3.41)
27648
—(z7t =2+ 2)3
1 — =15 (22) — (2
7 Un(#) 27648

x (47(z7" + 2*) + 282(z77 + 2°) + 1076(272 + 22) + B166(z~" + z) + 5414).

Like the quadratic extended spline the minimal spline of fourth degree produces an
analysis wavelet with six vanishing moments. But the computational cost of the im-
plementation of the transform with the filter U is higher than that with the filter
Us.

3.4.2 Upgrade of interpolatory splines

We can use a similar approach for increasing the approximation accuracy of interpolatory
splines of odd order at midpoints. It can be done in two ways. Let S?~! be a spline of order

2r — 1, which interpolates a sequence {ex} on the grid {2k}.

Upgrade of the numerator of the transfer function: We introduce a new spline Sﬁ“l

as follows:

Syt =St syl ST R (D) M (t/2 - 1) (342)
l

Then an assertion similar to Proposition 3.8 holds.

Proposition 3.9 Let f be a polynomial of degree 2r — 1 and ey, 2 {f(2k)}, k € Z.

Then for any real p the spline
Q2r—1 — Q2r—1 —
STk +1) = f(2k+ 1), S)T(2k) = f(2k), k ez

Howewver, if f is a polynomial of degree 2r+1 and p = 47" Ag,_1, where Ag,_4 is defined
in (3.11), then the spline restores values of f at the midpoints {2k + 1}, k € Z.
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We denote the spline with p = 47" Ay, by gir_l. As before, we use values of the
spline at midpoints as prediction of the odd subarray of the processed signal. Using
(3.22) and (3.4), we get that the corresponding prediction filter is

U3 =1(2) = U H2) + 47" Agqw™ H2) (2 — 24 271"

w2 (1 + 47" Ay 1 u*1(2) (2 — 2+ 271)7)
u2r71(z) :

By this means we update the numerator of the rational transfer function of the filter

U 1(2). In other words, we change the FIR component of the filter.

Upgrade of the denominator of the transfer function: Another way consists of mod-
ifying the denominator rather than the numerator of the transfer function. As is
seen from (3.5), the Laurent polynomial u?*~!(z) can be represented as the sum

u? N 2) =14+ 52 an(z — 2+ 27 YR,

We introduce a new Laurent polynomial

r—1
w7 (2) S 1+ ap(z =242 p(z =242 ) = T () Fp(z =24 271) (343)
k=1

and the rational function
. 27"71(2)
0r-Y(z) & 2
p u?)r—l( 2)

Similarly to the construction of the interpolatory splines we define the quasi-fundamental

(3.44)

spline
0 1
Ly @ SN M e =), 3 N = s (345)

] k——oo ugr(z)

Given a sequence {ey}, we construct the spline

oo

SNty = > e L¥Mt/2-1). (3.46)

l=—00

Proposition 3.10 Let [ be a polynomial of degree 2r — 1 and £ 2 {f(2k)}. Then for

any real real p such that w2~ (") # 0 Yw € R, the spline

ST 2k +1) = f(2k+ 1), STY(2k) = f(2k), k € 7.
However, if f(t) is a polynomial of degree 2r + 1 and p = —A" /4", where Ay, 1 is

defined in (3.11), then the spline restores its values at the midpoints {2k + 1}, k € Z.
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Proof: Similarly to (3.27) we can represent the difference as

f(2k +1) — SQT Y2k +1) Zap2k+1 _f(n),
nel

where the z-transform of the sequence {a,} is A2(z) = 1 —2z"U?~!(2?). Then, using
(3.25) we have
rr-2(2 =24+ 27 +p(z+2+270)
U2r—1(z2) + p(ZQ _ 2 + Z—Q)r
A+ pd" + 5 vp(z — 24 27 1P
u2r—1(22) + p(22 -9 + 2—2)1“

Hence, the assertion of the proposition concerning the midpoints {2k + 1} follows.

— z_llv]p%_l(f) =(z—2+271

=(z—=2+z7Y

As for the points {2k}, it is seen from (3.45) that the difference is

F(2k) = SFH(2k) = 3 V)4 f(2n),

n

where the z-transform of the sequence {0}, } is

)1 U2r—1(z) _ p(z_ 2+Z—1)r
BP< ) 1 u%r—l(z) u?)r—l(z)

Therefore, if f(t) is a polynomial of degree 2r — 1 then the spline interpolates it at the
points {2k}. [

Examples:

Quadratic spline with upgraded numerator:
(1+2)(1024+ (27 + 6+ 2)(27F — 2+ 2)?)
256(271 +6 + 2)
(z—2+271)
256 (2246 +272)
x (' 4627+ 2427 + T4z + 174+ T4z + 2427246270 + 271).

057 (2) =

1— 27107 1(22) =

Quadratic spline with upgraded denominator:

64(1 + 2)
16(271+6+2) — (271 —2+42)2
—(z=2+2Y>2(=+62+1/z2)
16(272+ 6+ 22) — (272 — 2+ 22)2°

U2r 1( ):

1 _Z71U2r 1( )
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4 Design of prediction filters using discrete splines

In this section we derive prediction filters for lifting wavelet transforms using the so-called
discrete splines. We will show that these filters are intimately related to the Butterworth

filters which are commonly used in signal processing [30].

4.1 Discrete splines

We outline briefly the properties of discrete splines, which will be needed for further con-
structions. For a detailed description of the subject, see [31, 34]. The discrete splines are
defined on the grid {k} and present a counterpart to the continuous polynomial splines.

The discrete B-spline of first order is defined by the following sequence for k € Z:

in 1 ifk=0,...,2n—1, n €N,
0, otherwise.
We define by recurrence the higher order B-splines via the discrete convolutions:

Br = BLn x Br=Lln Obviously, the z-transform of the B-spline of order p is
BP'(z) =14z 42724 4272y p=1,2,....

In this paper we are interested only in the case when p = 2r, r € N and n = 1. In this
case we have B2!(z) = (1 + 2z~ 1)¥. The B-spline B;"' is symmetric about the point k = 7
where it attains its maximal value. We define the central B-spline Q%" of order 2r as the

shift of the B-spline:
PEBTk+r), Q¥(2)=2"BM(2) =2 (1+ 27 (4.2)

The discrete spline of order 27 is defined as a linear combination, with real-valued coefficients,

o0

SA N qQFy, (4.3)

|=—0o0
of shifts of the central B-spline of order 2r. Our scheme to design prediction filters using
the discrete splines remains the same as the above scheme, that is based on polynomial
interpolatory splines. Namely, we construct the discrete spline, which interpolates even

samples {e, = fa} of a signal £2 {f,}, k € Z, and use the values S3r.q for the prediction
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of even samples {oy = for+1}. As in Section 3.2 we denote by s¢ = {sk = 522 }, 8% = {so K=
SZ Y and s = {s; 2 S2} the values of the spline at grid points, at midpoints and in the
whole set {k}, respectively.

We construct the spline S3" such that

SQk = ( e)k = e, k € Z. (44)

Let [z] denote rounding the number z toward zero and E(z) be the z-transform of the

sequence {ey}.

Proposition 4.1 The z—transform of the sequence s° of values of the discrete spline at

midpoints is

s°(z) = U (2)E(z), where U7 (z) 2 32:23 (4.5)
1— ZflU(?r(ZQ) _ 2(_1)T (1 — 271)21” (46)

(L+2 )% + (=1 (1— 21>

Rl [(r41)/2 5
T A r I A T
and v (z) = (r—Qk)zk’ 0> (2) = > (r—2k+1)zk. (4.7)

k=—[r/2] k=[(-r+1)/2]

Proof: Applying the z-transform to Eq. (4.3), we get:
s(2) = C(21)Q (%) + 27 C(21) Q2 (2%) = sc(2%) + 27 15,(2%),

where C(z) is the z-transform of the sequence of coefficients {¢;} and

Qr(2) = 3 HQY = - (2 (1 27)" 4 o (1= 7)) = o), (@)

keZ

QY (%) = Q5 = (zr (1 + zfl)% — (—2)" (1 — zl)w) = 0%"(2?). (4.9)

keZ
Equations (4.4), (4.8) and (4.9) imply that
C(z) = BE(2) /v (2), $°(2) =C(2)0*(2) = E<Z)7912:Z)

To make sure that the ratio has no poles on the unit circle, we substitute z = €™ into v?"(2?).

We have

~—

U2r(z2) — [eim)(l + efiw)Qr =+ (_1)r€iTw(1 o efiw)Qr}

2r 2r
[(2 CoS %) + (2 sin g)
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Thus the filters U2"(z) can be used as the prediction filters in the lifting scheme. They

are closely related to the so-called discrete-time Butterworth filters.

4.2 Discrete-time Butterworth filters

We recall briefly the notion of Butterworth filter. For details we refer to [30]. The magnitude
squared frequency responses Fy (w) and F (w) of the low- and high-pass digital Butterworth
filters of order r, respectively, are given by the formulas

1 ~ ~ 1
Fr 2 _ 1—|F" 2 _
1+ (tan %/ tan <)%’ 5 @)l (@)l 1 + (tan %/ tan %)%

| (W)]* =

where w, is the so-called cutoff frequency.

We are interested in the half-band Butterworth filters, that is w. = 7/2. In this case

~ 1 ~ ~ 1
F’l” 2 — F?" 2 — 1 _ F’r 2 _
WP = g P = 1= = Sy

If 2 = €™ then we obtain that the magnitude squared transfer function of the low-pass filter
is: .
1) (1 — —1\2r\ — 1+ —1\2r
FP = (1e EXUZE0 ) A
(1+2z71) (I+zH)" + (1) (1-z
Similarly, the magnitude squared transfer function of the high-pass filter is:
(=D (1—z”
(14279 + (=1 (1= 2™
)

It is readily seen that the function U2, defined in (4.5), is related to these transfer functions:

17 (2)]” =

L @) = @R 5 (- ) = IFER @10)

We will show that the structure of the filters U7 is similar to the structure of the
filters U?" ! derived from polynomial interpolatory splines. For this purpose we analyze the

denominator of the rational function UZ"(z).

Proposition 4.2 Ifr =2p+ 1 then:

P

1 — T
H ? (14527 (1 +952), (4.11)
k=1 'k



where

k
v,g—cotQ(pjL )" 1, k=1,....p
2r
If r = 2p then
P
1
v (z) =[] —(1+ ez (1 + 452) (4.12)
k=1 Tk
where
2p + 2k — 1
o EEEDT gy
4r
Proof: Denote
D(2) 222707 (27%) = (2 + 1) + (=1)"(z — 1) (4.13)

Suppose that r = 2p + 1. The equation D,(z) = 0 is equivalent to (z + 1)* = (z — 1)*"

Hence, zy = 0 and nonzero roots of D,(z) = 0 can be found from the relation z, + 1 =

e2m‘k/2v"(zk —1), k=1,2,...,2r — 1. Hence, we have
27rik;/2r +1 k
Zk:m ZCOtZT F=12..2r =1 1y

The points z, = Cot 2T are symmetric about zero and %oy = @, = 1/x). Therefore we

can write

p
D,(2) f4rzH 2 413) = H 242+ ()™
fm1 it

where v;, = 272 ,. Hence, (4.11) follows.
When 7 = 2p the roots are derived from the equation z; + 1 = e?™*=1/2/27(z 1), So

we have
(2k + 1)rm

L k=0,1,....2r — 1. 4.15
4T' ’ ) ’T ( )

2 = —1cot

Hence, (4.12) is derived.

Remark. We recall that the function v?"(z?) coincides with the denominator of the mag-
nitude squared transfer functions |F;(2)]? and |F},(2)]? of the half-band Butterworth filters
2

of order r. In [25] the formulas for the poles of the functions |f;(z)|* are given without a

proof. These formulas are equivalent to Eqs. (4.14) and (4.15).
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Examples:

The simplest case, » = 1: We have

1+ 2 _
U3(z) = —— 1= 27 U3() = —

219242

5 (4.16)

The filter U? is FIR. From Proposition 2.3, the high-frequency analysis wavelet ¥ has

two vanishing moments.

Cubic discrete spline, r = 2:

(z—2+271)2
2246422

142
2+6+ 271

Ui(z) =4 1— 27U (%) = (4.17)

It is readily seen that the filter UJ coincides with the filter U} derived from the quadratic
polynomial spline (see (3.29). The high-frequency analysis wavelet ¢! has four vanish-

ing moments.

Discrete spline of sixth order, » = 3: We have

124 2)3
gt — - # . 4.1
F i) = 2 20 4 62 (4.18)

(z+14+27H(1 +2)
6271 4+ 20 + 62)

Ui(z) =
The high-frequency analysis wavelet ¢)! has six vanishing moments.

Discrete spline of eighth order, r = 4:

8(1+2)(z7t+6+2)

8 — 4.1
Ua(2) 272428271 + 70 + 28z + 22 (4.19)
(z71—2+2)4

274428272 4 70 + 2822 + 247

1— 2 1US(2?) =

The high-frequency analysis wavelet ¢! has eight vanishing moments.

5 Filters for the update step

In Sections 3 and 4 we presented a family of filters U for the predict step, which was derived
from splines of various types. To complete the construction of the transform we need to
define the filter V' for the update part. The fact that any choice of these filters retains the

perfect reconstruction property of the transform is a great advantage of the lifting scheme.
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Proposition 2.3 indicates that, in order to produce synthesis and analysis filters with similar
properties, it is advisable to choose V(z) = U(z)/z, where U is one of the filters U presented
above. In particular, the filter U may coincide with the filter U, which is used for the
prediction. In this case the numbers of vanishing moments of the high-frequency analysis
and synthesis wavelets are equal to each other. On the other hand, by combining various
pairs of the prediction U and the update V(z) = U(z)/z filters, we obtain a wide family of

biorthogonal wavelet transforms with diverse properties.

6 Implementation of filters with rational transfer func-

tions

6.1 Recursive filtering

Most of the presented prediction and update filters have infinite impulse response. However,
the rational structure of their transfer functions enables us to implement transforms via fast
recursive filtering, which is commonly used in signal processing. Recursive filtering can be
carried out in either cascade or parallel mode. We illustrate these procedures on the filter
U? as an example. This filter is based on the quadratic interpolatory spline (see (3.29)). The

rational function U2(2) is represented as:

Ul) = REREPR) = 1 (R(2) + 2R (2)) (6.1)
where v = 3 — 2y/2 ~ 0.172 and
A 1 =, a 1 A
R(z) 2 T HOES v P(z) & 4(1 + 2).

Thus, filtering Y(z) = U?(2) X (2) can be implemented via the following cascade:
Yi(z) = P(2)X(2),— Y%(2) = R(2)Y'(z) — Y(2) = R(2)Y?(z) <= (6.2
Y = 470k + Thp1, = Yo = Yo — Wi — Yk = Y — Vi1,

or in parallel mode:

—Y(2) = ——(Y(2) + Y*(2)) <= (6.3)



1 1
Y = Tk — VYp—1 1

; (W T W)
Ye = Tht1 — VY v

Due to Propositions 4.2 and 3.2, all the presented rational transfer functions can be expanded
into products or sums of the elementary recursive blocks of type (6.1). Therefore this example

is instructive.

6.2 Finite-length signals

Application of wavelet transforms to finite-length signals and, in particular, to images, re-
quires an extension of the signals beyond their boundaries [11]. The extension is even more
important in our scheme since we implicitly assumed in our construction that the signals
are defined on infinite intervals. When the filter banks are symmetric, the HH extension in
the terminology of [11] is most efficient. It means that the signal x = {xx}, k=1,... N, is
symmetrically extended with the repetition of boundary samples through both ends of the in-
terval. Namely, 2 T1, T 1 2 To,...T g 2 Try1 and Ty 2 TN, TN42 2 TN 15+« TNk 2
TN_ky- This results in periodization of the signal with period 2N. This extended signal is
denoted by % and its z transform is X (z).

Recursive filtering of finite-length signals requires additional treatment of the boundaries.
We describe the application of the filter U?(2) to a finite-length signal x. We begin with the
parallel mode. Note that, in principle, the filters ﬁ(z)X (z) and z?(z) can be applied to
the signal X in a non-recursive mode:

1 - > zZ & >

ST = T;(—v)"z‘”ff (2), Y2(2) = 1= X = g—v)”znﬂf((z).
(6.4)

Then, the signals yi and y? can be computed in time domain in either recursive or non-

Yi(2)

recursive modes:

Yk =Tk~ VWicts Ui = Ter — Wit & (6.5)
y]i = jk + Z(_’Y)ni‘k—na y/% = i'k:-i-l + Z(_’y)njk-l—n—i—l- (66)
n=1 n=1
We can use (6.5) for the computation of y;, and ¥ on the interval k = 1,2, ..., N provided we

know y} and y?(N +1), respectively. To evaluate these samples, we employ the non-recursive
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equation (6.6). We have

[e%e) d
Yo =To+ Y (=) "F_n =1+ Y (=) 20, (6.7)
n=1 n=2
[e's] d
Ynar = Engz + D (=) Ennsz ®ano1) + O (=) TNon (6.8)
n=1 n=2

where d < N is the prescribed depth of the initialization. The whole operation is called the
initialization of the filter.
Recursive parallel filtering of the finite-length signal x by the filter U? is implemented as

follows:
1. Evaluate y} from (6.7) and y*(N + 1) from (6.8).
2. Calculate yi = zp —yy;_y, k=1,...N and y§ = 2p41 — Wiy, k=N,...1
3. The result of filtering is yx, = (v} +y3)/(1+~), k=1...N.

Equations (6.6) and (6.8) imply that % = yj. Hence, it follows that

1 2 1
Yn + YN 2yn

= = . 6.9

YN 1+~ 1+~ (6.9)

The cascade algorithm has the following form:
1. Evaluate y} from (6.7).
2. Calculate yi =z — yyi_y, k=2,...N.
3. Evaluate yy from (6.9).
4. Calculate yr, = Yp + Ypy1 — YW1, k=N-—1,...1

Note that the depth of the initialization does not affect the perfect reconstruction property
of the transforms since in lifting schemes the reconstruction steps are the reversed decom-

position steps. But the results of lossy compression deteriorate if this depth is insufficient.
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7 Scaling functions generated by rational filters

7.1 Cascade algorithm and subdivision schemes

We presented in previous sections a set of filters U and V', which are used as prediction and
update filters in lifting schemes. They produce a family of perfect reconstruction filter banks
H, G, H and G (see Section 2.2). These filter banks generate analysis and synthesis scaling
functions @, which are solutions for the refinement equations [16]:

Gt) = @2t —k), ot) = hpp(2t — k). (7.1)
keZ keZ

The cascade algorithm for the construction of scaling functions, which is described in
[16], consists of infinite iterations of the subdivision scheme whose mask is either the low-
pass synthesis filter H or the analysis filter H of the wavelet transform. This scheme is
applied to the initial data, which is the Kroneker delta 6,. If this process converges then
the limit function is the scaling function generated by either the filter H or H. Therefore,
methods of analysis of convergence and of regularity of limit functions, which have been
developed in the theory of subdivision schemes, can be applied to the analysis of scaling
functions. Our analysis is based on a technique developed in [22, 23] for the schemes that
employ FIR filters. The extension of the technique to schemes with IIR filters requires some
modifications. Further we provide necessary definitions and preliminary results.

A univariate stationary uniform subdivision scheme (SS) S, that is based on a filter
a(z) = Yrez 2 *ay, consists of the following:

Given the initial data f® = {f{}, k& € Z, one refinement step is an extension of the
function f7, j =0,1,..., defined on the grid GI = {k/27},.z: f/(k/27) = fI, onto the grid
G3+1 by multirate filtering the array {f}}:

igﬂ - Z kamflj- (7.2)

leZ

The insertion rule (7.2) splits into two separate rules:
J+1 _ J J+1 J
o = anfis, B =2 alf

leZ leZ

where af, 2 4o, and ay 2 Goryr. The impulse response a = {ar} of the filter a(z) is called

the refinement mask of the SS, S,. If ag = 1, agr = 0 Vk # 0 then the SS is interpolatory
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(ISS). Tn this case fJ;/' = fi. The transfer function of the filter, a(z), is called the symbol
of the SS, S,. Provided f7 and f/*! belong to the space I', Eq. (7.2) is equivalent to the

following relation in the z-domain:

FH (=) = a(2) f1(2%). (7.3)

Comparing (7.3) with (2.15), we see that this refinement step is completely identical to the
reconstruction of the signal x from the array s', provided a(z) = H(z). It is apparent that
all the filters presented in Sections 3 and 4 are associated with the interpolatory subdivision

schemes.

Definition 7.1 Let the initial data be f° = {fY}, k € 7 and f7(t) be the sequence of
continuous functions that interpolates the data that was generated by S, at the corresponding
refinement level: {f7(277k) = fl = (SIfO)%}, k € Z . If {f(t)} converges uniformly at any
finite interval to a continuous function f>(t) as j — oo then we say that the subdivision

scheme S, converges on the initial data £° and f>(t) is called its limit function.

Remark Usually polygonal lines (second order splines) are employed as the interpolating
continuous functions f7(¢). However, in Section 7.5 we will use splines of arbitrary even

order for this purpose.

Definition 7.2 If the scheme converges on the initial data {fY = 0x}, k € Z, where &y, is

the Kroneker delta, then the limit function, which we denote as ¢,, is called the basic limit

function (BLF) of the scheme S.

Proposition 7.1 ([16]) The BLF of the scheme S, is the scaling function of the wavelet

transform whose low-pass filter is a(z).

All the above designed filters generate subdivision schemes S,, whose symbols a(z) =

T(z)/P(z) are rational functions and possess the following properties:

P1: The Laurent polynomials P(z) and T'(z) are invariant under the inversion P(z7') =

P(2), T(27') = T(z) and thus are real on the unit circle |z| = 1.
P2: Roots of the denominator P(z) are real, simple and do not lie on the unit circle |z| = 1.
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P3: P(z) can be represented as follows:

r

1
P(z) =[] —(I+%m2) (0 +7z""), O<|nul<..lwl=€e?<1g>0, (74)

n=1 Tn

and, for all £ Imvy; = 0. If P1 and P2 hold then they imply P3.

P4: The symbol a(z) can be factorized as follows:
a(z) = (1+2)q(2), q¢(1) =1L (7.5)

Definition 7.3 We say that a rational function a(z) belongs to Class P if it possesses all
the properties P1  P4. If the symbol a(z) of a scheme S, belongs to Class P then we call
Sy the scheme of Class P.

The above properties imply in particular that the coefficients a; of the mask of a Class P

scheme S, are symmetric about zero.

Proposition 7.2 If a(z) = T(z)/P(z) is the symbol of a subdivision scheme S, and Eq.
(7.4) holds then the mask

Jar| < Ae 9,

where A is a positive constant.

Proof: If Eq. (7.4) holds then the symbol can be represented as follows:

o) = 3 (T ) = 2 (A D+ St

n=1 1 + ’Y’ﬂz n=1 k=0

=3 (af e +ap=) af = 3 AT o = 3 An ()
k=0 n=1 n=1

T T
jaf| < [l DO JAT] < A ag | < et DD [A, | < Ae

n=1 n=1

Lemma 7.1 If a(z) = T(2)/P(z) is the symbol of a subdivision scheme S, and Eq. (7.4)

holds then for any initial data £° € Iy the following inequalities are true:

1l < Aje T =12 (7.6)
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Proof: The mask of the scheme S, decays exponentially: |ax| < Ae=9. Due to (7.3)

T'(2)

10,y 0(,2) _

where T'(z) £ T(2)f°(z%) and P(z) = P(z). Hence, the roots of Pi(z) are: p. = —v,, 1 <
n < r and, therefore, |f}| < A'e 9%, The next refinement step produces the following

z-transform:

_ Ty(z)
PQ(Z) '

The roots of Py(z) satisfy the inequality [p2| < \/|7.-| = e79/2. Hence, |f2| < Ay e 9%/2. Then
(7.6) is derived by induction. m

f2(z) = a(2)f1(2%) Py(z) = P(2)P(2?).

Let S, be the subdivision scheme of Class P and S, be the scheme with the symbol
q(z), which is defined in (7.5). Since the denominator of the symbol ¢(z) is the same as the

denominator of a(z), the mask {gx} of the scheme S, satisfies the inequality
|ak| < Qe M. (7.7)
Denote by A the difference operator: A fr = fii1 — [fx-
Proposition 7.3 ([23]) If the scheme S, is of Class P then
A(S.f) = S,Af
for any data set £ that belongs to I*.
Proof: Obviously, (Af)(z) = (2 — 1)f(z) and, using (7.3), we have

(AS.f)(2) = (z = D)(Saf)(2) = (z = 1) a(2) f(z?)
=q(2)(z> = 1) f(z%) = q(z) (Af)(2*) & A(S.f) = S,Af.

Denote ||fi]|o £ max,ez |f7]. Equation (7.2) implies that

j+1 j j+1 ;
w = Z agk-afis  fopi = Z Qopr1-2fi -
leZ 1€
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Hence, it follows that

keZ keZ

16 s < [1Sall 191, where ||, 2 max{z az, Y }

Similarly, after L refinement steps we have

i+2Lk

18+ oo < S0 1891, where [1S71] 2 mgx{z a7 e 10 <0 <28 1}
k

and {(ILL]} is the mask of the operator SE.

Definition 7.4 If for some L € N the following inequality holds
||S£||émgxx{2|a£ﬁ]2%|:0§i§2L—1}=u<1 (7.8)
k

then the scheme S, is called contractive.

7.2 Convergence of the cascade algorithm and regularity of scaling

functions

Let S, be a subdivision scheme, whose mask a = {ax, k£ € Z} and symbol is a(z). To
establish the existence of the continuous scaling function associated with the filter a(z),
it is sufficient to prove the convergence of the subdivision scheme S, on the initial data
fO = {6y, k € z}. However, we prove a more general proposition, using a slightly modified

version of the proof of a related proposition in [23].

Proposition 7.4 Let S, be a subdivision scheme of Class P and S, be the scheme, whose
symbol is q(z) and mask is {qx}, k € Z. If the scheme S, is contractive then the scheme S,

converges on any initial data £ € [,

Proof: We recall that due to Lemma 7.1, for all j € N the sequences fi belong to [;. Let
{f7(t), 7 € N} be the sequence of the second order splines, which interpolate the subsequently
refined data, that is, f/(277k) = fl, k € z. We have to show that {f7(t)} converges to a

continuous function f*°(t) as j — oo, provided {f?} € I;. Denote
DI £ ) — ). (7.9)
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The maximum absolute value of this piecewise function is reached at its breakpoints. There-

fore, if t =277 (k+7), 0 <7 < 1, then

D)) < fit Jeu| (7.10)

i1
fék+1 -

Let mj;" = fi, mifl, = (fl + fi.)/2, k € Z. Then the z-transform mi*'(2) is equal to

Zfl

mit () = 1(2) f1(2?), l(z)é%<z_1—|—2+z)— 5 (L 2)?

and we obtain

sup |[DITH(H)| = || — mITY| . (7.11)
teR

Equation (7.5) implies
I z) =m? T (2) = (1 + 2)q(2) = U(2)) f7(2?)
= (14 2) (g(z) = (1 + 2)/(22)) f/(%)
= (1+2)(1 — 2)r(2) f7(2*) = r(2) W (%), (7.12)

where B/ (z) = (A(f7))(z) and r(z) = Shez ez © is a rational function with the same

denominator P(z) as the symbol a(z). Hence
ry| < Re 9, (7.13)

In the equality (7.12) we used the fact that ¢(z) — (14 z)/(22) is divisible by z — 1 since it
vanishes at z = 1.

Combining (7.11) and (7.12), we derive

sup [177(0) = (0] = [169% =¥ o < pmgae |~ ]
te

= lIAE) oo < plISG(AL)]|oc.
where p = Y",c7 |ri|. If (7.8) holds then

sup | fI71(t) — f1(8)] < pplt] max |[(AF)" |, <CO 02 T < 1. (7.14)

teR 0sn<L

Equation (7.14) implies that the sequence of the second order splines {f’(¢)} converges

uniformly to a continuous function f*(t). m
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Proposition 7.5 ([22]) Let S, be a subdivision scheme of Class P and in addition let the
symbol be factorized as follows:

(I+2)™

o b(z).

If for some initial data £° € 1y the subdivision scheme Sy, whose symbol is b(z), converges

a(z) =

on the data g° 2 A™F0 (o g continuous function g (t) then the scheme S, converges on the
data f° to a function f>*(t), t € R, which has m continuous derivatives and
am .

() = 970,

7.3 Exponential decay of BLF’s

In this section we prove that, provided a subdivision scheme with the rational symbol con-
verges, its basic limit function (scaling function) decays exponentially as its argument tends

to infinity.

Theorem 7.1 Let S, be a subdivision scheme of Class P and S, be the scheme, whose
symbol is q(z) and mask is {qx}, k € Z. If the scheme S, is contractive then there exists a
continuous BLEF ¢,(t) of the scheme S,, which decays exponentially as |t| — oco. Namely,
if (7.4) holds then for any € > 0 there exists a constant ®. > 0 such that the following
mequality

[fa(t)] < e,

18 true.

Proof: To simplify the calculations we assume that in (7.8) L = 1 (the case L > 1 is treated
similarly). Thus,

1S, = max{z s |qz|} <, (7.15)
k k

where g £ g and ¢f 2 gop 11

Note that, due to Lemma 7.1, each second order spline, which interpolates the refined
data f,g, k € z, j > 0 decays exponentially as |[t| — oco. Equation (3.46) implies that if
t=277(k+7), 0<7<1 then

|f7(1)] < max{|f|, lffc]+1|} <A et < g et B, A Ay e
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The completion of the proof depends on establishing the exponential decay of the difference
d’(t) = ¢a(t) — f7(t) for a fixed index J. For this purpose we analyze the local behavior
of the function D’*1(¢) defined in (7.9). Due to (7.10) it reduces to evaluation of the odd

subsequence of the sequence yJ*1:

o ) )
y{ﬂé f%,j+1—(f,i+fi+1) /27 [ =2k+1; ke,
07 l:2k,

Equation (7.12) implies that
Y (z) =r()l(2%), W (z) = (Sj(Af)(2). (7.16)

We denote
bl = {hi}keZ = SZ h?, h% = Op+1 — Oy and H, = max |hi|

The rest of the proof is split into four major steps.
Analysis of the sequence hi: By Lemma 7.1 and inequality (7.15) we have
[Bl| < Bye /T Hy < IS [| AR o < 417, (7.17)

where B} is a positive constant. Let £ € Z,. Then

hl}lﬂ = Z Qk—2zhi] <~ hg/jl = Z qfhi_l, hglj_—f}l = Z qlohg—l' (7.18)

l=—0 l=—00 I=—o0
We split the even subsequence into two sums: kgt = x*(s) + x2(s), where
A s A —s—1 00
J J J
X'(s) = D qihiny, and xo(s) = D0 qihi + Y. aihi.
l=—s I=—00 I=s5+1

It follows from (7.17) and (7.7) that

o0

X ()] < Byem#®=97 0 N gi < By pemt B2
l=—o0
00 e—2gs
()l <2Hy - gl < 20" Qr——;-
I=s+1 —¢€
Let s = k277, Then we have
A 2MJ71Q

< 0,ue” 9" where n, 2
|X2<S)| > vgpue , where ny 1 — 6_97

|X1(8)| S BJ Me_g(l_QfJ)k27J+1 _ BJ'UJegk272J+1 e_gk27J+1‘
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Combining the estimates, we obtain
B! < p (Bye™ ™ 4ny) e
The same estimate is true for the odd subsequence. So, finally we have:
\h{ T < uBsB, e 9277 where 8, 2 (69}6272‘] + 77J> -

Similarly, we derive the inequality

—J-1

\h 72| < p? ByByBre1 e ;

and by iterating, we get

) . R
Wi < @ Byem T T B

1=0

Evaluation of the sequence yi*!: As follows from Eq. (7.16), the odd terms of the se-
quence y? 1 are:
J+j+1 07 J+j
y2;+j1+ = Z i hid. (7.19)
leZ

Recall that the filter r = {r,} satisfies the inequality (7.13). Thus it is obvious that

equation (7.19) is similar to (7.18) and by similar means we obtain the estimate

j—1
J+j+1 j _gk2—J—i+1
Yaritr | < pu’ Bre™? €; H Brti: (7.20)
1=0
where
. J-l—j—lR ]
A gk2—2(J+)+1 2# k2—2(J+7)+1
= r €= 1|e€ + —— | < C¥¢ )
p=S ik o2 o <

Estimation of the difference D’/*/(t) = f/i(t) — f/*i-1(t) for t € 27Tk, 277 (k + 1)]:

D7 (0] < | < pBye'e # < CpB et e 0k

< CpByes? e e 0, (7.21)

At the half-interval ¢ = 27/71(2k + 1), 0 < 7! < 1, we have

D7) < Jygid | < mpBrBrese T < CupB e gk

9—J—1

< CupBy(1 +n,)e?tHD e 9" (7.22)
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Employing yg(;,z +1)41 instead of yé’é‘z) 41, We obtain a similar estimate for the second

half-interval ¢t = 27771 (2k + 1 + 1), 0 < 7, < 1. So, inequality (7.22) is true at the
whole interval [k/27, (k + 1)/27]. Denote the converging infinite product by

A2 00 2,u‘]_1+jQ
Ny(p) = [T +ns45) =11 (1 t e |
J=0 j=0

and note that

j=0 =0

Then, the estimates (7.21) and (7.22) can be combined as follows
| D7+ (1)) < Cp/ NypBed 32 7e=at 5 — 0,1, (7.23)
One can observe that by (7.20) the latter inequality is true for any j € N.

Completion of the proof: Inequality (7.23) enables us to evaluate the difference d”(t) =
Ga(t) = f7(1):

[ee} ) _ 00 ) O 3
@(0)] < 3 IDTI)] < NapByet T et Y Ol = e L (7.24)

j=0 7=0

Hence, we derive that the BLF

C ! ]
[6a(B)] < [/ (O] + 187 (1)] < Bye o + e 920 < o2

For any € > 0 we can choose J(g) € N such that g2~ < . Then, we have

|pa(t)] < P. e~ (9—e)t

7.4 Scaling functions and wavelets

The above analysis of subdivision schemes in Sections 7.2 and 7.3 provides the following

results concerning the scaling functions.
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Corollary 7.1 If a low-pass filter a(z) is a function of Class P and the subdivision scheme
Sy, whose symbol is q(z), is contractive then this filter generates a continuous scaling function
©a(t), which decays exponentially as |t| — oco. Namely, if (7.4) holds then for any ¢ > 0

there exists a constant ®. > 0 such that the following inequality is true:

|palt)] < Poe 0O, (7.25)

Corollary 7.2 Let the filter a(z) satisfy the conditions of Corollary 7.1 and in addition be

factorized as follows:

1 m+1
a(z) = %q[m] (2), where ¢™(1) = 1. (7.26)

If the subdivision scheme Stgm], whose symbol is '™ (2), is contractive then the scaling function

©wa(t) has m continuous derivatives.

The analysis and synthesis scaling functions ¢ and ¢, which satisfy the refinement equa-
tions (7.1) generate the analysis and synthesis wavelets 15 and 1, respectively, via the two-

scale equations

@Z(t) - Z gk(ﬁ(Qt - k)a ¢(t) = Z gk(p<2t - k)a (727)

kel keZ
where {gx} and {gx} are the impulse responses of the high-pass filters G and G, respectively.
Equations (2.11) and (2.12) imply that the denominator of the rational function G/(z) is
the same as the denominator of H(z). Therefore, if H(z) = Q(z)/P(z) belongs to Class
P and Eq. (7.4) holds then the impulse response {g,} satisfies the inequality |g,| < e=9*.
If H(z) = Q(z)/P(z) belongs to Class P then a similar inequality is true for the impulse
response {gx}. These inequalities together with equations (7.27) imply that if the scaling
functions ¢ and ¢ decay exponentially then the wavelets 7,5 and v do the same. Moreover, the
smoothness of the wavelets 1,5 and 1 is the same as the smoothness of the scaling functions

¢ and @, respectively.

Definition 7.5 A wavelet 1 has n vanishing moments if the following relations hold

/OO () dt =0, k=0,...n—1, (7.28)
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Proposition 7.6 ([38]) If the low-pass synthesis filter H(z) has n zeros at z = 1 then the
analysis wavelet VZ has n vanishing moments. If the low-pass analysis filter ﬁ(z) has n zeros

at z = 1 then the synthesis wavelet ¥ has i vanishing moments.
In our scheme this fact can be reformulated in a form similar to Proposition 2.3

Proposition 7.7 Let the transfer functions U(z) and V(z), which are used for the predict
and update steps, respectively, be rational and have no poles on the unit circle |z| = 1.
Let 1 + z7'U(2%) comprise the factor (z + 2+ 271" and 1 + 2V (2?) comprise the factor
(z 42+ z7HP. If the analysis and synthesis scaling functions exist then the analysis wavelet
¥ has 2r vanishing moments and the synthesis wavelet 1 has 2s vanishing moments, where

s = min(p,r).

7.5 Scaling functions generated by polynomial splines of even or-

der

In the case when the prediction filter is derived from a polynomial interpolatory spline of
even order, as was described in Section 3.2, the synthesis scaling function and wavelet are

splines of the same order.

Theorem 7.2 1. If the prediction filter in the lifting scheme U (2) is derived from a poly-
nomial interpolatory spline of order 2r then the cascade algorithm for the construction
of the synthesis scaling function ¢(t) converges for any v and @(t) = L*"(t), where
L*(t) is the fundamental spline of order 2r with nodes on the grid {k},cy. This spline
was defined in (3.20).

2. If, in addition, the update filter V(2) is chosen as suggested in Section 5 then the synthesis
wavelet ) (t) is the spline o (t), which interpolates the impulse response {gy} of the
synthesis high-pass filter

G(z) 2 V2! (1 - Zvézg) (1+ leiQT(22)> (7.29)

on the grid {k/2}, k € 7.
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Proof:

1. We consider a subdivision scheme S, with symbol a(z) = 1+ z71U?"(2?) derived from an
interpolatory spline of degree 2r. Let the initial data be f = {&;} and {f7(t)}, 7 =
0,1,... be a sequence of splines of order 2r constructed on the grid {277k} that in-
terpolate the subsequently refined data at grid points, that is, f/(27k) = fi. k € Z.
We show by induction that for all non-negative integers j the splines f7(t) = L?"(¢).
Obviously, it is true for fO(t).

Suppose that for some j € N we have fi=1(t) = L?"(t). Due to the well known property

of minimal norm [2], the integral

Mé/m (L2 |2dt</ (02 dt,

where ¢(t) is any function such that ¢("(¢) is square summable and q(k) = 6. The
refined data is f{ = f/~1(277k) = L*(277k). For the spline f7(¢), which interpolates

this data, we have the inequality
y_/ (7)) |2dt</ QW (1) dt,

where Q(t) is any function such that QU)(t) is square summable and Q(277k) =
L*(277k). Hence, v < p. On the other hand, f{ = §; and, therefore, u < v. Thus,

[ aanmwEd= [ 00w d.
Hence, it follows that f7(t) = L*"(t). Thus the first claim of the theorem is proved.

2. Under conditions of the theorem the synthesis wavelet 1(t) is derived from the scaling

function ¢(t) = L*(t) via the two-scale equation

V(t) = gLl (2t — k), (7.30)

keZ

where {g} is the impulse response of the high-pass filter G. But the series in (7.30)
represents a spline of order 2r, which interpolates {gx} on the grid {k/2}, k € Z.
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Remark. Note that the analysis scaling function and wavelet are not splines. Also for the
schemes that use splines of odd order, the synthesis as well as the analysis scaling functions
and wavelets are not splines. However, due to the super-convergence property, in this case

the synthesis scaling function and wavelet are smoother then the generating splines.

7.6 Evaluation of the subdivision mask coefficients via the dis-

crete Fourier transform

The above propositions yield a practical algorithm that establishes the convergence of a
subdivision scheme and analyzes its regularity. The key operation is the evaluation of sums
of type (7.8) of the mask coefficients. For subdivision schemes with finite masks these sums
can be calculated directly. But for infinite masks different methods of evaluation of the
coefficients are required.

Again we consider the case when the number L in Eq. (7.8) is 1. The cases L > 1 are
similarly treated. We assume that N = 2P, p € N and >} stands for ZN/ 2 A} /2- The discrete

Fourier transform (DFT) of an array x? = {a:k}N/ °y /o and its inverse (IDF'T) are

P P
=P —2mikn/N ,.p D 27rzkn/N
m=>e x, and z, = g e

n

As before, y(z) denotes the z-transform of a sequence {y} € I*. We assume that z = e ™.
The coefficients of the masks that we deal with are evaluated as follows:

a

lar| < av* = > |a] < BYY, B=

, (7.31)
k=N =~

where 0 < v < 1 and a is some positive constant.

We need to evaluate the sums o.(a) = 332 |ask|, 0o(a) =332 o |asks1|. We denote

o

Aw) =ale™) =Q(e™™)/Pe™™) = Y e “Fa.

k=—o0
Let us calculate the function A in the discrete set of points:

N/2-1

_A(27m> Z eferum _ Z 67271;"”97,,

k=—o00 ’[‘:—N/2

o0
= Z Ar+IN = Qp + Ky, Ky = Z Qr4IN-
l=—00 1eZ./0
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It follows from (7.31) that

k.| <2BaN = |a,| = 10,] +af, || <2ByN. (7.32)

The samples 0y, are available via the IDFT: 0, = £ Y@ 2 "/NG, . Using (7.32) we can

evaluate the sums we are interested in as follows:

N/4—1 00 N/4-1
oc(a) = > lanl+2 D lanl= D> [0x|+pn,
k=—N/4 k=N/4 r=—N/4
N/4—1 9]
pv= > lan(2k)+2 Y lanl, |on| < BN + 24V,
r=—N/4 k=N/4

Hence, it follows that by doubling N, we can approximate the infinite series o.(a) by the

finite sum o (a) = Nyt

. =2, N |0ax|, whose terms are available via the DFT. An appropriate
value of N can be found theoretically using estimations of the roots of the denominator
P(z). But practically, we can iterate calculations by gradually doubling N until the result of

calculating 02V (a) becomes identical to 0¥ (a) (up to machine precision). The same approach

[L]

is valid for evaluating the sum o0,(a) and the sums >4 [¢; "z,

| for any L.

8 Examples

In this section we outline the properties and present graphical illustrations of several par-
ticular wavelet transforms based on the prediction and update filters, which were designed
in Sections 3 and 4. For this illustration we selected transforms that proved to be efficient
in our image compression experiments. The results of these experiments are presented in

Section 9.

8.1 List of filters

We describe transforms, which use the following six filters:

1+2
z2+6+2z71
(IIR filter derived from a quadratic interpolatory spline, see (3.29))

-1 2
A -2 4+9492z— 2
Fa(z) 2 U3 (2) = =

Fi(2) 2Uz) =4
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(FIR filter derived from a quadratic minimal quasi-interpolatory spline, see (3.39))
(z4+14+2H1+2)
6271 4+ 20 4 62)
(IIR filter derived from an interpolatory discrete spline of sixth degree, see (4.18))
3272 — 25271 + 150 + 1502 — 2522 + 327
256
(FIR filter derived from a quadratic extended quasi-interpolatory spline, see (3.40)),
8(1+2)(z1+6+2)
272428271+ 70 + 28z + 22
(IIR filter derived from an interpolatory discrete spline of eighth degree, see (4.19)),
16(z+ 10+ 271)(1 + 2)
22 4 762 + 230 + 762~ + 272’
(IIR filter derived from an interpolatory spline of fourth degree, see (3.30)).

Fy(z) £ Uj(z) =

Fy(z) £ U3(2) =

Fy(z) £ US(2) =

Fy(2) 2 UP(2) =

Remark: It follows from Remark 3.4.1 that the synthesis scaling function generated by
the FIR filters F?(z) and Fy(z) are the autocorrelations of the scaling functions generated
by the 4-tap and 6-tap Daubechies filters, respectively (see [37]).

By combining the above six filters we construct a number of transforms, which we label
as P,U,. Here p means the index of the filter Fj,, which is used for the predict step in
the lifting scheme and u is the index of the filter, which is used for the update step. For
example, P1Ujs designates the transform, which performs the predict step using the filter

F1(z) and the update step using the filter F3(z)/z.

Proposition 8.1 The synthesis p(z) and the analysis p(x) scaling functions associated with

the transforms P, U, are continuous and
if the filters [, and F), are FIR then ¢(z) and ¢(x) have compact support;

if F, is IIR and F}, is FIR then ¢(z) decays exponentially as || — oo and ¢(x) has

compact support;
if F, is IIR and F, is FIR then o(x) and ¢(z) decay exponentially as |z| — oo;

if ), and [}, are IIR then o(x) and ¢(x) decay exponentially as |x| — oc.
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8.2 Analysis of regularity of the scaling function: Example

We illustrate the scheme of analysis of the convergence and regularity of the scaling function,
that was described in Sections 7.2 and 7.4. As an example, we use the scaling function ¢(t)
generated by the filter Fy(z) = U?(z). We recall that this filter originates from the quadratic
interpolatory spline, which belongs to C*. The symbol of the corresponding subdivision

scheme is

o(z) = 1+ 270() = 5o~ (14 2)0(2), a(2) =

(1+2)°
24+ 62241

Obviously, a(z) is a function of class P. To establish the convergence, we have to prove that

the scheme S, with the rational symbol ¢(z) and the infinite mask {g;} is contractive. For

this purpose, we evaluate the norms ||S}| = max {Zk |q£f]2Lk|} using the DFT as it was

explained in Section 7.6. We begin with L = 1. In this case

B og3 imn
2e N Cos ~

2 2mn
1+ cos ~

(’/]\r[Ll] _ q(e—Qwin/N) —

The sums >22 _ |qz[1_]2k| ~ 2712/4_}1/4 |0ak+i], @ = 0, 1, provided N is sufficiently large. The
values 0, are calculated via the IDFT: 6, = N~13? e2mikn/N j[nl]. Direct calculation yields
the estimate: ||S;|| < 0.7071. Thus, the scheme converges and there exists a continuous
scaling function ¢.

To establish the differentiability of the limit function f*° of the scheme S, we have to
prove that the scheme SIY with the symbol ¢!'(z) = 2(1+2)% a(z) is contractive. The norm
of the operator S[! does not meet the requirement [|S[|| < 1. But, using two iterations,
L =2, we found that [|(S[")?|| < 0.6667. Hence, the scaling function ¢ € C*.

But an even stronger claim is true: the scaling function ¢ € C?. To establish this, we
prove that the scheme SII with the symbol ¢(z) = 4(1 + 2)~a(z) is contractive. As in
the previous case, our calculations with L = 2 lead to [[(SI)2|| < 0.6667, which proves the

statement.

8.3 Summary of the properties of the wavelet transforms

We sumimarize in Table 2 the properties of the transforms, which we employed in our image

compression experiments. In those experiments we compare the results produced by our
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transforms with the results achieved by application of the popular 9/7 biorthogonal transform
([4]), which we denote by B9/7. Therefore, we add to the table the properties of B9/7.

The following abbreviations are used in the table:
VmA: Number of vanishing moments of the analysis wavelet 1.
VmS: Number of vanishing moments of the synthesis wavelet ).

RegA: Regularity of the analysis scaling function ¢. C* means that ¢ is continuous together

with its k derivatives.
RegS: Regularity of the synthesis scaling function .

Add: Number of additions per pixel in the implementation of one step of the two-dimensional

transforms.
Mult: The same for multiplications.
LFA: Length of the analysis filter H.

LFS: Length of the synthesis filter H.

Transform | VmA | VmmS | RegA | RegS | Add | Mult | LFA | LFS
P,U,; 4 4 Ct C? 8 6 00 00
P,U, 4 4 0 ct |8 4 1 |5
P.;U; 6 6 C? c* 12 |6 00 00
P,U, 6 6 ok C? 12 6 15 7
P,U; 4 6 C1 s 10 7 00 00
P,U, 4 6 o C? 10 ) 13 )
P;U; 8 8 c4 C® 16 12 00 00
PsUsg 6 6 C? o 16 12 o0 00
B7/9 4 4 P ct 8 4 9 7

Table 2: Properties of the transforms employed in the image compression experiments.
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Comments on Table 2.

e The computational complexity is calculated under the assumption that all the pre-
sented transforms are carried out through lifting steps and filtering with IIR filters is

implemented in cascade mode with special treatment of the boundaries of the images

(Section 6).

e Factorization of the B9/7 transform as suggested in [5, 18], speeds up the computation.
The number of operations in Table 2 is computed with respect to this factorization
algorithm. The two-dimensional wavelet transforms are applied separately to the rows
and columns of the 2D array. However, for the lifting implementation of 2D P,U,,
P,U; and B9/7 transforms, which use FIR filters, it is possible to merge row and
column operations. This merge reduces the computational cost of the implementation

([5], Appendix I - Section 10).

e [t is clear from the table that the cost of the implementation of the transforms P;Uj,

P;U; and P Uj; is close to the cost of the implementation of the transform B9/7.

8.4 Graphical illustrations

In the next seven figures we display several filters, sc