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Abstract

We introduce a multiscale scheme for scattered sampled data and function exten-

sion, which overcomes some of the limitations of the Kriging interpolation method.

The scheme is based on mutual distances between datapoints. It makes use of a

coarse-to-�ne hierarchy of the multiscale decomposition of a Gaussian kernel. It

generates a sequence of subsamples, which we refer to as adaptive grids, and a

sequence of approximations to a given empirical function on the data, as well as

their extensions to any newly-arrived datapoint. The subsampling is done by a

special decomposition of the associated Gaussian kernel matrix in each scale in the

hierarchical decomposition. In each scale, the data is sampled by an interpolative

decomposition of a low-rank Gaussian kernel matrix that is de�ned on the data.

Keywords: Kriging interpolation, Nyström extension, multiscale, subsampling, Gaus-

sian kernel, di�usion maps, geometric harmonic.

1 Introduction

Many dimensionality reduction methods embed a given data from a metric space, where

only the distances between the datapoints are given, into a low dimensional (vector) space,
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where the data is analyzed. The class of kernel-based methods such as dimensionality

reduction by Di�usion Maps [5] is a typical example. First, a di�usion operator is formed

on the data. Then, by spectral decomposition of the operator, the data is embedded

into the Euclidean space Rn. The Euclidean distances between the embedded datapoints

approximate the di�usion distances between the datapoints in the genuine metric space.

A spectral decomposition of large matrices, whose dimensions are proportional to the size

of the data, has high computational cost. Especially, this procedure can not be repeated

frequently when data is accumulated over time. To avoid repeated application of such

procedure, an extension method is required. The (zeroth order) Kriging interpolation

method [13] is a commonly used extension method in the �eld of geostatistics. This

technique uses a similarity matrix G, which is de�ned on the data, whose (i, j) entry

measures the similarity between the datapoints xi and xj. Given a function f on the

data, a new point x and a vector of similarities (G(x, x1), . . . , G(x, xn)) between x and

the data, the Kriging method extends f to x as follows:

f(x) , (G(x, x1), . . . , G(x, xn))G−1f. (1.1)

In our setup, the data lies in Rd and the a�nities are exp(−‖xi − xj‖2/ε) ([5]) for some

positive ε. The Kriging interpolation scheme has three signi�cant disadvantages: (a)

Inverting G costs O(n3) operations ([8]). (b) G may be ill-conditioned due to the fast

decay of its spectrum, and (c) it is unclear how to choose ε, in other words, the output

is sensitive to the choice of ε. We overcome these limitations by using a multiscale

approach: we de�ne a sequence of Gaussian kernel matrices Ks, s = 0, 1, . . ., whose

entries are (Ks)ij = exp(−‖xi − xj‖2 /εs), where εs is a positive monotonic decreasing

function of s, which tends to zero as the scale parameter s tends to in�nity. For example,

εs = 2−s, s = 0, 1, . . .. By the application of randomized interpolative decomposition

(ID) to Ks, we identify a well-conditioned basis for its numerical range. In each scale, f

(or its residual) is decomposed into sum of its projections on that basis and it is extended

in a similar fashion to Eq. 1.1. In addition, selection of the proper columns in Ks is

equivalent to sampling the data in the associated points. Our method requires no grid.

It automatically generates a sequence of adaptive grids according to the data distribution

(see example 4.1). It is based on the mutual distances between the datapoints and on a

natural extension of Guassian functions.

The paper has the following structure: Section 2 presents related works on (multiscale)

data sampling, data representation and function extensions. In Section 3, we prove

that the numerical rank of a Gaussian kernel, which is de�ned on a dataset in Rn, is
proportional to the volume of the data. A multiscale scheme for data sampling and
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function extension is presented in Section 4. Experimental results are given in Section 5.

2 Related works

The Nyström method [1, 11] is vastly used for an out-of-sample extension in dimen-

sionality reduction methods. It is a numerical scheme for extension of integral operator

eigenfunctions. It �nds numerical approximation for the eigenfunction problem

ˆ 1

0

W (x, y)φ(y)dy = λφ(x). (2.1)

Given a set of equally-spaced points {xj}nj=1 ⊂ [0, 1], Eq. 2.1 can be approximated by

a quadrature rule 1
n

∑n
j=1W (xi, xj)φ(xj) = λφ(xj). Then, the Nyström extension of

φ to a new point x is φ̂(x)
∆
= 1

nλ

∑n
j=1W (x, xj)φ(xj. If the rank of W is full, then,

any vector fT = (f(x1), f(x2), . . . , f(xn)) can be decomposed into a superposition of

its eigenvectors f =
∑n

i=1 aiφ̂i(x). The limitations of the Kriging method, which were

mentioned in Section 1, are also applicable for the Nyström scheme as well where in (a)

instead of inverting the similarity matrix which costs O(n3) operations, we have to apply

the SVD routine to n × n matrix which also costs O(n3) operations - see a review [2].

The method of geometric harmonics is introduced in [6]. First, the function, which is

de�ned on a manifold, is decomposed into a superposition of the eigenfunctions of the

manifold's Laplace-Beltrami operator. Then, these eigenfunction are extended using the

Nyström extension of the eigenfunctions of a sequence of Bessel kernels. It is proved that

the extension is optimal in the sense of maximal energy concentration on the data. This

method is strongly related to the zeroth order of the Kriging method [13], which was

already mentioned in section 1.

3 Numerical rank of a Gaussian Kernel matrix

In this section, we prove that the number of numerically independent columns of an

N × N Gaussian kernel matrix (i.e., its numerical rank) is independent of N . First, we

prove it for the unit circle S1. Then, we generalize the result to R and Rd.
Throughout this paper we will use the notation σj(A) to denote the jth largest singular

value of the matrix A.

Assume C is an N ×N circulant matrix C, whose �rst row is ~γ = (c0, ..., cN−1). It is

denoted by C , circ (~γ). The Nth principal root of unity is denoted by ωN = ei
2π
N .
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Proposition 3.1. (Theorem 3.2.2 in [7]) The eigenvalues of C = circ (~γ) , ~γ = (c0, ..., cN−1)

are

λj =
N−1∑
k=0

ckω
jk
N , j = 0, 1, . . . , N − 1. (3.1)

When C is a real circulant symmetric matrix Proposition 3.1 becomes:

Proposition 3.2. Let C = circ (~γ) be an N×N symmetric matrix, where ~γ = (c0, ..., cN−1) ∈
RN . Then, the eigenvalues of C are

λj =
N−1∑
k=0

ckω
−jk
N , j = 0, 1, . . . , N − 1. (3.2)

In addition, λj = λN−j for any j = 1, 2, . . . , N − 1.

Proof. C is symmetric, hence, its eigenvalues are all real. Since ~γ ∈ RN , by conjugating

Eq. 3.1 we get Eq. 3.2. In addition, since ωNN = 1, we get

λN−j =
N−1∑
k=0

ckω
(N−j)k
N =

N−1∑
k=0

ckω
−jk
N = λj, (3.3)

for any j = 1, . . . , N − 1.

The right hand side of Eq. 3.2 is the jth discrete Fourier coe�cient (see [14]) of

c0, . . . , cN−1. If g : [−π, π]→ R is a Riemann-integrable function and g0, g1, . . . , gN−1 are

equally spaced samples of g on [−π, π], then its discrete Fourier transform ĝ [n] satis�es

lim
N→∞

1

N
ĝ [n] = ĝ (n) , (3.4)

where

ĝ (ω) ,
1

2π

πˆ

−π

g (x) e−iωxdx. (3.5)

De�nition 3.3. The numerical rank Rδ (K) of a matrix K ∈ Cm×n up to precision δ > 0

is Rδ (K) , #
{
j :

σj(K)

σ1(K)
≥ δ
}
.

Lemma 3.4 provides a criterion for a matrix to have a certain numerical rank. In

Lemma 3.5, we prove that the numerical rank of a block diagonal matrix is not bigger

than the sum of the numerical rank of its blocks.

Lemma 3.4. Rδ(K) ≤ l if and only if there exists a matrix M whose rank is l, s.t.

‖K −M‖ < δ‖K‖.
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Proof. If Rδ(K) ≤ l then σl+1(K) < δ‖K‖. De�ne M to be the l-SVD of K. Then,

M is of rank l and ‖K −M‖ ≤ σl+1(K). Now, assume that M is a matrix of rank l

s.t. ‖K −M‖ < δ‖K‖. Then, according to Weyl's inequality (see [3]), we get σl+1(K) =

|σl+1(K)−σl+1(M)| ≤ ‖K−M‖ < δ‖K‖, i.e., σl+1(K)

‖K‖ < δ and particularly Rδ(K) ≤ l.

Lemma 3.5. Let

K =

(
A 0

0 B

)
, (3.6)

where A and B are l × l and m×m matrices, respectively, then

Rδ(K) ≤ Rδ(A) +Rδ(B). (3.7)

Proof. Let rA = Rδ(A) and rB = Rδ(B). According to Lemma 3.4 there exist two

matrices Ã and B̃ whose ranks are rA and rB, respectively, s.t. ‖A − Ã‖ < δ‖A‖ and
‖B − B̃‖ < δ‖B‖. De�ne

K̃ =

(
Ã 0

0 B̃

)
.

Obviously, the rank of K̃ is rA + rB. In addition, ‖K− K̃‖ ≤ max{‖A− Ã‖, ‖B− B̃‖} <
δmax{‖A‖, ‖B‖} = δ‖K‖. Hence, according to Lemma 3.4 we get Rδ(K) ≤ rA + rB.

Our discussion focuses on Gaussian kernel matrices. For a Gaussian function

gε (x) = e−x
2/ε (3.8)

and a �nite subset {xi}Ni=1 in a metric space with metric ‖·‖, we de�ne the associated

kernel matrix Kε to be the real N ×N matrix, whose entries are

(Kε)ij = gε (‖xi − xj‖) , i, j = 1, . . . , N. (3.9)

Due to Bochner's theorem (see [15]), Kε is a positive de�nite matrix. Additionally, Kε is

symmetric, hence, its eigenvalues coincide with its singular values.

We assume that N is su�ciently large, s.t, according to Eq. 3.4, ĝε (ω) ≈ 1
N
ĝε [ω].

Moreover, we will use the following identity [12]:

ˆ ∞
−∞

e
−t2
ε cos(bt)dt =

√
επe

−b2ε
4 . (3.10)

Throughout this paper, we will assume that ε is su�ciently small, such that, according
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to Eqs. 3.4, 3.5, 3.8 and 3.10 and due to fact that gε is an even function, we get

ĝε (ω) =
1

2π

√
επe

−ω2ε
4 . (3.11)

The following de�nitions will be used in Sections 3.2 and 3.3:

De�nition 3.6.

1. η is a numerical zero if any quantity which is less than η is treated as zero.

2. A connectivity component of a dataset X ⊂ Rd, with respect to ε > 0 and η > 0,

is a nonempty subset Y ⊂ X, s.t. dist(Y,X\Y ) ≥
√
ε ln(η−1).

3. The closure Ȳ of a connectivity component Y , is a d-dimensional box that contains

Y , whose volume is minimal. This volume is denoted by |Ȳ |.

4. The closure of a dataset X is X̄ ,
⋃c
j=1 Ȳj, where {Yj}cj=1 are the connectivity

components of X. Its volume is |X̄| ,
∑c

j=1 |Yj|.

3.1 Samples on S1

In this section, {θj}N−1
j=0 is an equally-spaced set on the unit circle S1, where the metric

| · |S1 is the geodesic metric.

According to Proposition 3.2 and Eqs. 3.4, 3.5 and 3.11, the singular values of Kε are

σj(Kε) ≈
N

2π

√
επe

−d j2e2ε
4 , j = 0, 1, . . . , N − 1. (3.12)

Theorem 3.7. For any 0 < δ ≤ 1 and any ε > 0, Rδ (Kε) = 4
√
ε−1 ln (δ−1).

Proof. Kε is a symmetric circulant matrix. Its �rst row is a vector of N equally-spaced

samples of gε on [−π, π]. Assuming that N is su�ciently large, then we get from Eq.

3.12 that its singular values{σj(Kε)}N−1
j=0 satisfy

σj(Kε)

σ0(Kε)
= e

−d j2e2ε
4 . The last quantity is

not less than δ if and only if j
2
≤ 2
√
ε−1 ln(δ−1). Hence, we get Rδ (Kε) = 4

√
ε−1 ln (δ−1).

Theorem 3.8 is a generalized version of Theorem 3.7 to any set of points {θ̃j} on S1,

that are not necessarily equally-spaced.

Theorem 3.8. Let {θ̃j}mj=1 be an arbitrary set on S1 and let K̃ε be the associated kernel

matrix. Then, for any 0 < δ ≤ 1, Rδ(K̃ε) ≤ 4
√
ε−1 ln (δ−1).
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Proof. Let µ > 0, and let {θi}Ni=1 (N > m) be a set of equally spaced points in S1, which

is indexed s.t.

|θ̃i − θi|S1 ≤ µ, i = 1, ...,m. (3.13)

De�ne

µij ,
∣∣∣|θ̃i − θ̃j|S1 − |θi − θj|S1

∣∣∣ . (3.14)

Due to Eq. 3.13 and due to the triangle inequality, we get

0 ≤ µij =
∣∣∣|θ̃i − θ̃j|S1 − |θj − θi|S1

∣∣∣ ≤ |θ̃i − θi|S1 + |θ̃j − θj|S1 = 2µ.

According to Theorem 3.7, Rδ (Kε) = 4
√
ε−1 ln (δ−1), where Kε is the kernel ma-

trix, which is associated with {θi}Ni=1. Then, Rδ (PKεP ) ≤ Rδ (Kε), where P is a

projection operator on {θi}mi=1. Denote by Qε the m × m matrix, whose entries are

(Qε)ij = gε
(
|θi − θj|S1

)
, i, j = 1, . . . ,m. Since Rδ (Qε) = Rδ (PKεP ),

Rδ (Qε) ≤ 4
√
ε−1 ln (δ−1). (3.15)

According to Eq. 3.14, (K̃ε)ij = gε
(
|θi − θj|S1 ± µij

)
. Since gε is analytic, gε (x+ µij) =

gε (x) ± g′ε (ηij)µij for some x ≤ ηij ≤ x + µij. In addition, the �rst derivative of gε is

bounded by a constant p, hence, (K̃ε)ij ≤ (Qε)ij + pµij ≤ (Qε)ij + pµ or, equivalently,

‖K̃ε −Qε‖max ≤ pµ. (3.16)

For any m×m matrix A, the relation between the max-norm and the 2-norm is

‖A‖2 ≤ m ‖A‖max . (3.17)

From Weyl's inequality (see [3])

max
j=1,...,m

|σj(K̃ε)− σj(Qε)| ≤ ‖K̃ε −Qε‖2. (3.18)

Combining Eqs. 3.16, 3.17 and 3.18, we get

max
j=1,...,m

|σj(K̃ε)− σj(Qε)| ≤ mpµ. (3.19)

Since lim
N→∞

µ = 0, N can be chosen s.t. µ is su�ciently small. We get Rδ(K̃ε) = Rδ (Qε).

Due to Eq. 3.15, this completes the proof.
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Corollary 3.9. If the dataset lies on a half circle, then the numerical rank of the asso-

ciated Gaussian kernel matrix is less than 2√
ε

√
ln(δ−1).

3.2 Samples on R

De�ne

C (l, ε, δ) ,
2l
√

ln(δ−1)

π
√
ε

. (3.20)

We generalize Theorem 3.8 to R.

Theorem 3.10. Let {xi}Ni=1 ⊂ [a, b] ⊂ R, and let Kε be the associated kernel matrix.

Then, Rδ (Kε) ≤ C (b− a, ε, δ).

Proof. De�ne yj , xj−a
b−a π. Then, yj ∈ [0, π] , j = 1, . . . , N , hence, the Euclidean and the

geodesic metrics coincide for {yj}Nj=1. We get

|xi − xj| =
b− a
π
|yi − yj| =

b− a
π
|yi − yj|S1 . (3.21)

Then, gε (|xi − xj|) = exp
(
− |yi − yj|2S1 � π2

(b−a)2
ε
)
. Due to Corollary 3.9,

Rδ (Kε) ≤ C (b− a, ε, δ).

Remark 3.11. Theorem 3.10 states that the numerical rank of Ks is proportional to
1√
ε

and to b− a, which is the volume of the dataset.

The bound in Theorem 3.10 can be improved for datasets with �holes�. For example,

if the dataset lies in two distant intervals [a, b] and [c, d] where c� b, then the numerical

rank of the associated Gaussian kernel is proportional to (b− a) + (d− c) rather than to

(d− a).

Theorem 3.12. Let X =
⋃c
j=1 Yj ⊂ R, where {Yj}cj=1 are the connectivity components

of X, and let Kε be the associated Gaussian kernel. Then, Rδ(Kε) ≤
∑c

j=1C(|Ȳj|, ε, δ).

Proof. If c = 1 ,then, due to Theorem 3.10, Rδ(Kε) ≤ C(|X̄|, ε, δ). Otherwise, assume

that Y1 and Y2 are two connectivity sets of X and K
(1)
ε and K

(2)
ε are the associated kernel

matrices, respectively. Then, we get

Kε =

(
K

(1)
ε D

DT K
(2)
ε

)
. (3.22)

Since dist(Y1, Y2) ≥ (ε ln( 1
η
))1/2, numerically D = 0. In this case, due to Lemma 3.5 and

Theorem 3.10, we get Rδ(K) ≤ C(|Ȳ1|, ε, δ) + C(|Ȳ2|, ε, δ).
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Remark 3.13. According to Eq. 3.20 and Theorem 3.12, the numerical rank of a Gaus-

sian kernel matrix, which is associated with a dataset X ⊂ R, is bounded by

2

π

√
ln(δ−1)× {minimal cover of X̄ by intervals of length

√
ε}.

3.3 Samples on Rd

Our next goal is to generalize Theorem 3.12 to Rd:

Theorem 3.14. Let Z = {zi}Ni=1 ⊂ Rd be a connected set (i.e. Z has one connectivity

component), s.t. Z̄ = I1 × I2×, . . . , Id, where I1, I2, . . . , Id are intervals in R. Then,

Rδ (Kε) ≤
d∏
i=1

C(|Ii|, ε, δ), (3.23)

where Kε is the associated Gaussian kernel matrix of Z. In addition,

‖Kε‖ ≥
N

2d|Z̄|
(
√
επ)d. (3.24)

Theorem 3.14 will be proved for d = 2. Generalization to any higher dimension is

straightforward. The proof is based on Lemma 3.15:

Lemma 3.15. (Theorem 4.2.12 in [9]) Let A ∈ Rn×n and B ∈ Rm×m be two matrices

whose eigenvalues are {σj (A)}n−1
j=0 and {σj (B)}m−1

j=0 , respectively. Then, the eigenvalues

of the mn×mn tensor product matrix A⊗B are

σjk (A⊗B) = σj (A)σk (B) , (3.25)

j=0,1,. . . , n-1, k=0,1,. . . ,m-1.

Proof of Theorem 3.14 for d = 2:

Proof. To simplify the proof, we assume that Z = X × Y , where X̄ = I1 and Ȳ = I2.

Then, Kε = KX
ε ⊗KY

ε , where K
X
ε and KY

ε are the Gaussian kernel matrices, which are

associated withX and Y , respectively. Due to Lemma 3.15, Rδ(Kε) ≤ Rδ(K
X
ε )×Rδ(K

Y
ε ).

In addition, due to Lemma 3.15, ‖Kε‖ = ‖KX
ε ‖‖KY

ε ‖. According to Theorem 3.10,

‖KX
ε ‖ ≥ m

2|I1|
√
επ and ‖KY

ε ‖ ≥ n
2|I2|
√
επ. Therefore, ‖Kε‖ ≥ N

22|I1||I2|(
√
επ)2.

The generalization of Theorem 3.14 to dimension d > 2 is straightforward.
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Corollary 3.16. If Z =
⋃c
j=1 Yj, where {Yj}cj=1 are the connectivity components of Z,

then,

Rδ(Kε) ≤
c∑
j=1

{
d∏
i=1

C(|I(j)
i |, ε, δ)

}
,

where Kε is the associated Gaussian kernel matrix of Z and Ȳj = I
(j)
1 × I

(j)
2 . . .× I(j)

d , j =

1, 2, . . . , c, i.e., the numerical rank of Kε is bounded by(
2

π

√
ln(δ−1)

)d
× {minimal cover of X̄ by cubes of volume (

√
ε)d}.

4 Multiscale sampling and functions extension

Given a real function f on a dataset D = {x1, x2, . . . , xN} in Rd. Our goal is to extend

f to any point in Rd by a superposition of Gaussians, which are centered at D. Due to

Bochner's theorem [15], the Gaussian kernel Kε in Eq. 3.9 is strictly positive-de�nite,

therefore, theoretically we could use the zeroth order Kriging [13] by:

1. Calculate the coordinates vector c = (c1, c2, . . . , cN)T of f in the basis of Kε's

columns such that

c = K−1
ε f.

2. Extend f to x ∈ Rd by a natural extension of the Gaussians to x:

f(x) ,
N∑
j=1

Kε(x, xj)cj.

As proved in Section 3, Kε may be ill conditioned, i.e., numerically non-invertible. Thus,

we use the following two-phase scheme:

1. Sampling: a well-conditioned basis to Kε's columns is identi�ed. Accordingly, the

sampled dataset is the set of datapoints, which are associated with these columns.

2. Extension: f is projected on this basis. Then, it is extended by natural extension

of the involved Gaussians to x.

Of course, f is unnecessarily equals to its projection Pf . In this case, we apply the

procedure to f − Pf with Kε/2, whose numerical rank (i.e., its number of numerically

independent columns) is bigger than the numerical rank of Kε, as proved in Section 3.

Thus, we get a multiscale scheme for data sampling and function extension. From now

on we replace the notation Kε by Ks, which is a Gaussian kernel matrix, whose entries
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are (Ks)ij = gεs
(
‖xi − xj‖Rd

)
(see Eq. 3.8), where s denotes the scale and {εs}s is a

decreasing positive sequence.

4.1 Phase 1: Single-scale data sampling

Suppose that ls is the numerical rank of Ks for a �xed scale s. Our goal is to identify

ls columns of Ks, which constitute a well-conditioned basis for its numerical range. In

other words, we are looking for an N × ls matrix Bs, whose columns constitute a subset

of the columns of Ks and an ls×N matrix Ps, s.t. ls of its columns make up the identity

matrix and BsPs ≈ Ks. Such matrix factorization is called interpolative decomposition

(ID). The datapoints Ds =
{
xs1 , xs2 , . . . , xsls

}
, which are associated with the columns of

Bs, constitute the sampled dataset in scale s.

For that purpose we use Algorithm 2, which is a randomized ID algorithm (see [10]).

It produces an ID for a given matrix m× n matrix A and an integer l < min{m,n}, s.t.

‖A−BP‖ . l
√
mnσl+1(A) (4.1)

and costs O(l2n log(n)) �oating-point operations. Algorithm 2 uses Algorithm 1, which

is a deterministic ID algorithm, whose cost is O(mn2) for an m× n matrix ([4]).

Once ls linearly independent columns of Ks are found, f is projected on them. Then,

the projection is being extended to x based on its distances from Ds.
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Algorithm 1: Deterministic interpolative decomposition

Input: An m× n matrix A and an integer k, s.t. k < min {m,n} .
Output: An m× l matrix B, whose columns constitute a subset of the columns of

A, and an l × n matrix P s.t. ‖A−BP‖ ≤
√

4k(n− k) + 1σk+1(A)

1: Apply the pivoted QR routine to W (Algorithm 5.4.1 in [8]),

APR = QR,

where PR is an n× n permutation matrix, Q is an m×m orthogonal matrix and R

is an m× n upper triangular matrix, where the absolute values on the diagonal are

ordered decreasingly.

2: Split R and Q s.t.

R =

(
R11 R12

0 R22

)
,

Q =
(
Q1 Q2

)
,

where R11 is k× k, R12 is k× (n− k), R22 is (m− k)× (n− k), Q1 is m× k and Q2

is m× (n− k).

3: De�ne the m× k matrix

B = Q1R11 (4.2)

4: De�ne the k × n matrix

P =
(
Ik R−1

11 R12

)
,

where Ik is the k × k identity matrix.
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Algorithm 2: Randomized interpolative decomposition

Input: An m×n matrix A and two integers k < l, s.t. l < min{m,n} (for example,

l=k+8).

Output: An m× k matrix B and an k × n matrix P that satis�es Eq. 4.1.

1: Use a random number generator to form a real l ×m matrix G whose entries are

i.i.d Gaussian random variables of zero mean and unit variance. Compute the l × n
product matrix

W = GA.

2: Using Algorithm 1, form an l × k matrix S, whose columns constitute a subset of

the columns of W , and a real k × n matrix P , such that

‖SP −W‖ ≤
√

4k(n− k) + 1σk+1(W ).

3: From Step 2, the columns of S constitute a subset of the columns of W . In other

words, there exists a �nite sequence i1, i2, ..., il−1, il of integers such that, for any

j = 1, 2, ..., l − 1, l, the jth column of S is the ijth column of W . The corresponding

columns of A are collected into a real n× l matrix B, so that, for any

j = 1, 2, ..., l − 1, l, the jth column of B is the ijth column of A. Then, the sampled

dataset is Ds =
{
xi1 , xi2 , ..., xil−1

, xil
}
.

Application of Algorithm 2 to an N ×N Gaussian kernel matrix Ks, whose numerical

rank is ls, results in a well conditioned N × ls matrix Bs, whose columns constitute a

subset of Ks columns in the associated sampled set Ds.

Example 4.1. Figure 4.1 demonstrates the data sampling in six di�erent scales. The

data consists of 1469 datapoints, which are scattered on the square [0, 2π]× [0, 2π]. It is

represented by the white dots in Fig.4.1(f). For each scale s (s = 0, 1, . . . , 5) we formed a

Gaussian kernel Ks = exp(−‖xi−xj‖2
R2/εs), where εs = 4−s. By application of Algorithm

2 toKs we produced a sequence of sampled datasetsDs = xs1 , xs2 , . . . , xsls , s = 0, 1, . . . , 5,

which are represented by the white dots in Figs. 4.1((a)-(f)). The associated Gaussians

constitute a maximal set of (numerically) linearly independent Gaussians on the data in

scale s.

4.2 Phase 2: Single-scale function extension

Once Algorithm 2 was applied to Ks, the columns of Bs constitute a well-conditioned

basis for the columns of Ks. Algorithm 3 describes a procedure to extend the orthogonal

projection of f on Bs to a new datapoint x ∈ Rd\D.
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(a) ε = 1, 13 sample
points

(b) ε = 1
4 , 33 sample

points
(c) ε = 1

42 , 99 sample
points

(d) ε = 1
43 , 348 sample

points
(e) ε = 1

44 , 1332 sample
points

(f) ε = 1
45 , 1469 sample

points

Figure 4.1: Sampled data at di�erent scales

Algorithm 3: Single-scale extension

Input: N × ls matrix Bs, the associated sampled data Ds =
{
xi1 , xi2 , ..., xil−1

, xil
}
,

a new datapoint x and a function f̄ = (f(x1) f(x2) . . . f(xn))T to be extended.

Output: The projection f̄s = (fs(x1), fs(x2), . . . , fs(xn))T of f on the numerical

range of the associated kernel matrix, its extension fs(x) to x, and the sampled

dataset Ds.
1: Apply SVD to Bs, s.t. Bs = UsΣsV

∗
s .

2: Calculate the pseudo-inverse B†s = V Σ−1U∗ of Bs.

3: Calculate the coordinates vector c = (c1, c2, . . . , cls)
T = B†sf of the orthogonal

projection of f̄s on the range of Bs in the basis of Bs's columns.

4: Calculate the orthogonal projection f̄s = Bsc of f on Bs. .

5: Calculate the extension of f̄s to x:

fs (x) =
(
gs(‖x− xs1‖), gs(‖x− xs2‖), . . . , gs(‖x− xsls‖)

)
c. (4.3)

Lemma 4.2. If the dataset D has a single connectivity component then

σls(Bs) ≥
δls

2d|D̄|
(
√
εsπ)d.

14



Proof. De�ne B̃s to be the ls × ls kernel matrix, which is de�ned on the sampled set

Ds. Since B̃s is a submatrix of Bs, σls(Bs) ≥ σls(B̃s) (see Corollary 8.6.3 in [8]) .

According to theorem 3.14, the numerical rank of the Gaussian kernel is independent of

the number of points, hence, σl(B̃)

‖B̃‖ ≥ δ. As a consequence and due to Eq. 3.24, we get

σls(Bs) ≥ σls(B̃s) ≥ δ‖B̃s‖ ≥ δls
2d|D̄|(

√
εsπ)d.

Remark 4.3. Step 4 in Algorithm 3 is equivalent to f̄s = Psf̄ , where Ps = UsU
∗
s is the

projection operator on the columns of Bs.

Due to Eq. 4.3, fs is a �nite linear combination of Gaussians with �xed width.

Hence, fs ∈ C∞(Rd) . Moreover, fs(x) → 0 as dist(x,Ds) → ∞. Theorem 4.4 provides

upper bound for a single-scale function extension. The notations are consistent with the

notations in Algorithm 3.

Theorem 4.4. Let fs be the output of Algorithm 3, then

‖∇fs(x)‖ ≤ O

(
1

ε
d/2+1
s

)
max
xk∈Ds

{gs(‖x− xk‖)‖x− xk‖} , (4.4)

where Ds is the sampled dataset.

Proof. x = (x(1), x(2), . . . , x(d))T ∈ Rd.
∂

∂x(j) gs(‖x− xk‖) = − 2
εs

(x(j) − x(j)
k )gs(‖x− xk‖). According to Eq. 4.3(

∂
∂x(j)fs(x)

)2 ≤
∑l

k=1

(
∂

∂x(j) gs(‖x− xk‖)
)2 ‖B†‖2‖f̄‖2, therefore,

‖∇fs(x)‖2 =
d∑
j=1

(
∂

∂x(j)
fs(x)

)2

≤
d∑
j=1

l∑
k=1

(
∂

∂x(j)
gs(‖x− xk‖)

)2

‖B†‖2‖f̄‖2

= ‖B†‖2‖f̄‖2

d∑
j=1

l∑
k=1

4

ε2s
(x(j) − x(j)

k )2g2
s(‖x− xk‖)

=
4

ε2s
‖B†‖2‖f̄‖2

l∑
k=1

[
g2
s(‖x− xk‖)

d∑
j=1

(x(j) − x(j)
k )2

]

=
4

ε2s
‖B†‖2‖f̄‖2

l∑
k=1

g2
s(‖x− xk‖)‖x− xk‖2,

hence,

‖∇fs(x)‖ ≤ 2
√
ls

εs
‖B†‖‖f̄‖max

xk∈D
{gs(‖x− xk‖)‖x− xk‖} .
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Plugging in Lemma 4.2, we get the theorem proved.

4.3 Multiscale data sampling and function extension

Algorithm 4 is a multiscale scheme that extends f to x while producing a sequence of

sampled datasets. It is based on Algorithms 2 and 3. For s = 0, Algorithm 3 is applied

to f . If ‖f0 − f‖ is not su�ciently small, Algorithm 3 is applied again to f0 with s = 1,

and so on.

Algorithm 4: Multiscale data sampling and function extension

Input: A datasetD = {x1, . . . , xn} in Rd, a positive number T > 0, a new datapoint

x ∈ Rd\D, a function f̄ = (f(x1) f(x2) . . . f(xn))T to be extended and an error

parameter err ≥ 0.

Output: An approximation Ḡ = (G(x1), G(x2), . . . , G(xn))T of f on D and its

extension G(x) to x.

1: Set the scale parameter s = 0, F̄−1 = 0 and F−1(x) = 0.

2: while
∥∥f̄ − F̄s−1

∥∥ > err do

3: Form the Gaussian kernel Ks on D (see Eq. 3.9), with εs = T
2s
.

4: Estimate the numerical rank ls of Ks using Eq. 3.23.

5: Apply Algorithm 2 to Ks and ls to get an n× ls matrix Bs and sampled dataset

Ds.

6: Apply Algorithm 3 to Bs and f̄ . We get the approximation f̄s to f̄ − F̄s−1 at

scale s, and its extension fs(x) to x.

7: Set F̄s = F̄s−1 + f̄s, Fs(x) = Fs−1(x) + fs(x), s = s+ 1.

8: end while

9: Ḡ = F̄s−1 and G(x) = Fs−1(x).

Remark 4.5. The output of Algorithm 4 is

G(x) =
J∑
s=0

fs(x). (4.5)

By combining Theorem 4.4 and Remark 4.5 we get Theorem 4.6:

Theorem 4.6. Let D = {xi}Ni=1 ⊂ Rd be a dataset and let f̄ = (f(x1) f(x2) . . . f(xn))T .

Then G(x), the output of Algorithm 4, satis�es

‖∇G(x)‖ ≤ O

(
1

ε
d/2+1
J

)
max
xk∈D

{g0(‖x− xk‖)‖x− xk‖} , (4.6)
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where J is the last scale in Algorithm 4.

5 experimental results

Example 5.1. Figure 5.1 demonstrates the multiscale function extension of f(θ) =

sin(θ) + sin(5θ) + sin(10θ) from 1000 equally-spaced points on the unit circle to the

square [−3, 3]× [−3, 3]. The sampled dataset in each scale is shown on the left column.

It is represented by the red asterisks, where the full dataset is represented by the black

dots. The multiscale extension of f is shown on the right column. It is represented by

the surface. f is drawn by the black line.

Example 5.2. Figure 5.2 demonstrates an embedding of linear data: the scattered points

represent the original data (20 datapoints, which are distributed uniformly in [0, 1]). The

�lled points are the sample points in each scale. The embedded datapoints are represented

by the red dots (1000 equally-spaced datapoint in [0, 1]). It is shown that if the dataset

lies in R, then the multiscale extension scheme embeds any newly-arrived datapoint to

its exact place.

Conclusions

We introduce a multiscale scheme to perform e�ciently out-of-sample extension for func-

tion on high-dimensional space. The scheme is based on mutual distances between dat-

apoints while utilizing the Kriging interpolation. The method requires no grid. It auto-

matically generates a sequence of adaptive grids according to the data distribution. The

following topics and more extensions will be investigated by us next: 1. Can the con-

stants in Theorem 4.6 be reduced if the function is assumed to be a Lipschitz function?

2. Do we get better energy concentration if the Gaussians in the Kriging are replaced

by prolates? 3. How the L1 minimization is compared with the Kriging interpolation

method.
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(a) ε = 2, 5 sample points

(b) ε = 0.5, 9 sample points

(c) ε = 0.125, 17 sample points

(d) ε = 0.0313, 35 sample points

Figure 5.1: Multiscale Extension
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(a) ε = 0.873, 2 sample points (b) ε = 0.109, 3 sample points

(c) ε = 0.013, 6 sample points (d) ε = 0.001, 10 sample points

Figure 5.2: Linear embedding
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