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Abstract

This paper introduces an algorithm for the registration of rotated and translated volumes
using the 3-D pseudo-polar Fourier transform, which accurately computes the Fourier trans-
form of the registered volumes on a near-spherical 3-D domain without using interpolation.
We propose a three-step procedure. The first estimates the rotation axis. The second com-
putes the planar rotation relative to the rotation axis, and the third recovers the translational
displacement. The rotation estimation is based on Euler’s theorem, which allows to represent
a 3-D rotation as a planar rotation around a 3-D rotation axis. This axis is accurately recovered
by the 3-D pseudo-polar Fourier transform using radial integrations. The residual planar rota-
tion is computed by an extension of the angular difference function [1] to cylindrical motion.

Experimental results show that the algorithm is accurate and robust to noise.

1 Introduction

Rigid volume registration is a major component in 3-D object modeling in a diverse range of
applications. Examples for such applications are the assembly of 3-D models from complementary
patches [2, 3, 4], range imaging [5] and bio-informatics [6, 7]. Vetr) andV; (Z), ¥ = (z,y, 2),

be two partially overlapping volumes that are related by a 3-D rigid transformation
Vi (%) = Vo (RT + AT), (1.1)

where R is a 3-D rotation matrix and\7 = (Ax, Ay, Az) € R3. The goal of the registration
process is to estimate and AZ.

There are several approaches towards 3-D registration, which can be categorized as either fea-
ture or intensity based. Feature based approaches [3, 8, 9, 10] detect a set of features in the regis-

tered volumes, and align the volumes by using the coordinates of these features. Intensity based
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schemes [6, 11] align the volumes by using the intensities of the voxels.

Intensity based algorithms include optimization and Fourier based schemes. Optimization
based schemes formulate the registration problem as the optimization of some cost function, such
as theL, norm [12], and then, use a general-purpose optimization algorithm to optimize the cost
function. [12] extends the widely used gradient methods to 3-D image registration. It uses New-
ton’s method to minimize thé, norm of the intensity differences as a function of motion parame-
ters. Due to the properties of non-linear optimization, these algorithms are unable to estimate large
motions. To estimate large motions, such schemes are used in conjunction with a bootstrapping
method, which computes a pre-alignment that is close to the optimum.

Frequency domain methods are of particular relevance to the current paper. These methods
use the properties of the Fourier transform to separately estimate rotation and translation. This
reduces a problem with six degrees of freedom into two problems with three degrees of freedom
(see [11, 13] as examples for these methods). The algorithm in [11] consists of three steps. The
first recovers the rotation axis, the second recovers the rotation angle, and the third recovers the
translation parameters. To recover the rotation parameters, the algorithm normalizes the Fourier
transform of the input objects and integrates it in the radial direction. The direction in which this
integral is minimal is the direction of the rotation axis. The polar Fourier coefficients are interpo-
lated from the Cartesian Fourier coefficients. As this task is computationally intensive, the entire
set of polar coefficients can not be computed directly. Thus, simulated annealing is used to find
the minimum of the integral. Simulated annealing might not converge to the global minimum and
the performance of such algorithms in terms of speed and accuracy cannot be estimated. This ren-
ders such approaches prohibitive for time critical applications, or applications where the accuracy
must be predictable. Furthermore, the integration in the radial direction suffers from inaccuracies

caused by discretization and interpolation errors, and therefore, such schemes cannot achieve high



accuracy. The planar rotation is recovered using a scheme similar to [14], where again, interpolat-
ing the Fourier coefficients results in inaccuracies and high computational complexity. Once the
rotation parameters are recovered, the translation is recovered using phase correlation [15].

Another frequency domain approach is given in [13]. This algorithm recovers the rotation
parameters by formulating the problem as a linear system, whose entries are computed by the
frequency domain relations of the two objects. As before, the translation parameters are recovered
by using phase correlation. As in [11], the algorithm requires integration in the radial direction,
which incurs inaccuracies. The method proposed in this paper outperforms the method in [11].

The 3-D spherical Fourier transform is used in [7] for Protein-Protein docking. The density
volumes are aligned by computing the magnitude of their polar Fourier transform. As the volumes
are given on Cartesian grids, the polar Fourier transform is interpolated from the Cartesian 3D
Fourier transform coefficients. Thus, rotations are reduced to translations in the spherical coordi-
nate system that are recovered by applying phase correlation [15]. The residual translation is also
estimated by phase correlation.

A different computational approach is suggested in [16]. It uses an extension of Spherical
Harmonics to compute a 2-D Fourier transform of a restriction of the registered volumes to the
surface of a sphere. These are used to evaluate the correlation function of the registered volumes
in spherical coordinates. In contrast, the previously mentioned schemes [7, 11] (as well as ours)
use 3-D Fourier transforms. The work in [16] deals with pure rotations, and by using the Spherical
Harmonics representation, rotations are reduced to translations that can be efficiently recovered.
Moreover, the assumption of pure rotation allows the correlation function to include the phase
information that is often ignored when translations are also considered.

This scheme is extended in [6] to handle both rotations and translations and is successfully

applied to the docking of atomic structures (density maps). The alignment problem is reformulated



using five rotation angles and a single translation parameter. The maximum of the correlation
function in the five dimensional space is efficiently detected by computing the Spherical Harmonics
in a five dimensional space.

In this work we extend the preliminary results given in [17]. We present a Fourier based
approach, which does not require interpolation in the frequency domain. It is based on the 2-D
pseudo-polar Fourier transform (PPFT2D) [18] and 3-D pseudo-polar Fourier transform (PPFT3D)
[19], which compute the Discrete Fourier Transform (DFT) on non-Cartesian grids. This allows
a fast and algebraically accurate registration, which draws on Euler’s theorem to estimate the 3-D
rotation. The algorithm has three steps. First, the 3-D pseudo-polar Fourier transform is used to
recover the rotation axis. Then, the rotation around the axis is estimated using a pseudo-cylindrical
representation computed with the 2-D pseudo-polar Fourier transform. Finally, the translation is
computed by using phase correlation [15].

We provide an algorithm that is both efficient and mathematically rigorous. The scheme effi-
ciently and accurately computes the radial integration, and hence, the execution time and accuracy
of the algorithm are predictable and depend only on the size of the input volumes. In particular, the
algorithm does not use general-purpose optimization techniques, whose performance depend on
the content of the input volumes. Therefore, the complexity of the algorithm is of the same order
as the 3-D FFT. The second step in our scheme is based on an extension of the image registration
scheme given in [1]. We extend it to handle cylindrical geometry, that is, the estimation of the
relative 2-D rotations of a set of planes around a common axis. Unlike [11] and [14], it is fast,
non-iterative, does not use interpolation, guarantees convergence in a predictable time regardless
of the volume’s content, and has a predictable registration error.

The proposed scheme accurately estimates arbitrary large rotations without applying a general-

purpose optimization scheme (gradient based, simulated annealing, etc.). The only “optimization”



required is finding the minimal element in an array. It is fast, robust to noise, and the registration
accuracy can be increased arbitrarily. The implementation requires only 1-D operations and is
therefore appropriate for real-time implementations.

The paper is organized as follows. Sections 2 and 3 present the 3-D pseudo-polar Fourier
transform and apply Euler’s theorem to 3-D rotations, respectively. Planar rotations are recovered
in Section 4, and Section 5 describes the estimation of translations. Experimental results and

concluding remarks are given in Sections 6 and 7, respectively.

2 3-D pseudo-polar Fourier transform

Given a volume! of size N x N x N, its 3-D Fourier transform, denotddw,, w,, w.) or F(I),

is given by
N/2—1
f - - —m(uwm—‘rvw: +wwy)
(Wey wy,wz) = F (1) (g, wy, w,) = Z I(u,v,w)e” ™ v . Wy wy,w, € R
u,v,w=—N/2

(2.1)
We assume for simplicity that has equal dimensions in the y, andz directions and thaiV is

even. Fow,, w,, andw, that are sampled on the Cartesian dtid, w,,w,) = (m, k,1), m,k,l =

—4. ..., % — 1, the Fourier transform in Eq. 2.1 has the form
N/2—1 _
Iowd(m k) £ I(m, kD)= 7 I(u,v,w)er 5 ks, (2.2)
u,v,w=—N/2
wherem, k.l = —%, - % —1, which is usually referred to as the 3-D DFT of the volumé&he

parametenV/ (M > N) sets the frequency resolution of the DFT. It is well-known that the DFT of
I, given by Eq. 2.2, can be computed@®i/® log M) operations.
For some applications it is desirable to compute the Fourier transformro§pherical coor-

dinates. Formally, we want to sample the Fourier transform in Eq. 2.1 on théwgrid,,w.)
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where
Wy = Ty cosOpsing,  wy = rysinfysing;, w, = ry, cos ¢,

rm=m, Op=21k/K, ¢ =ml/L, (2.3)
m=0,....M—1, k=0,...,K—1, 1=0,...,L—1.
The Fourier transform of in spherical coordinates has the form
N/2—1 _
jsph<m7 ka l) é Z ](u’ v, w>6—%(ucos 0} sin ¢;+v sin Oy, sin ¢;+w cos qbl)' (24)
u,v,w=—N/2

The spherical grid in Eqg. 2.3 is equally spaced both in the radial and angular directions

2T

T
Ar =rpp — Ty =1, A9=9k+1—9k=?, A¢:¢z+1—¢z=z-

The 3-D pseudo-polar Fourier transform (PPFT3D) [19] evaluates the 3-D Fourier transform

of a volume on the 3-D pseudo-polar grid, which approximates the 3-D spherical grid, given in Eq.

2.3. Formally, the 3-D pseudo-polar grid is given by the set of samples

P2 P UPUP;, (2.5)
where
2k 2l
P2 {(m, = Frm. —5m)},
2 2
Py 2 (= 2m,m, —2m)},
2k 2l
P3 é {<_Nm7 _Nmu m)}? (26)
andk,l = —& ... &, m= -3 2N See Fig. 1 for an illustration of the se, P, and

P;. We define the 3-D pseudo-polar Fourier transforni ag the samples of the Fourier transform
I, given in Eq. 2.1, on the 3-D pseudo-polar gfid given by Egs. 2.5 — 2.6. Formally, the 3-D

pseudo-polar Fourier transform, denotedf@y, (s = 1,2,3), is a linear transformation, which is



(a) 3-D pseudo-polar (b) 3-D pseudo-polar (c) 3-D pseudo-polar

sectorP; sectorP, sectorPs

Figure 1. The 3-D pseudo-polar grid

defined form = —28, ... 2¥ andk,l = -%,... &, as
N/2—-1
Ihp(m, k1) 2 f(m, —%m, —2—lm) = Z I(u,v, w)e—%(mu—%mv—%mw)’ (2.7)
N N u,v,w=—N/2
2% 2 g
jl%’P(makal) é [(__m7m7 __m) = Z I(u7v’w)ef%(f%mu+mvf%mw)’ (28)
N N u,v,w=—N/2
2k 21 e :
I3 p(m, k1) = I(—Wm, —Nm,m) = Z I(u,v, w)e_%(_%m"—%m”mw)? (2.9)
u,v,w=—N/2

wherel is given by Eq. 2.1.

As we can see from Fig. 1, for fixed anglesind/, the samples of the 3-D pseudo-polar grid
are equally spaced in the radial direction. However, this spacing is different for different angles.
Also, the grid is not equally spaced in the angular direction, but has equally spaced slopes.

The setP, given by Eq. 2.5, can be written in polar coordinates as
P = {(rcosfsin¢,rsinfsin¢,rcoso) | (r,0,¢) € I'}, (2.10)

where the sef’ contains all triplets that correspond to points on the pseudo-polaigrid
Two important properties of the 3-D pseudo-polar Fourier transform are that it is invertible and

that both the forward and inverse pseudo-polar Fourier transforms can be implemented using fast
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algorithms. Moreover, the implementations require only 1-D equispaced FFT’s. In particular, the
algorithms do not require re-gridding or interpolation.

The algorithm for computing the 3-D pseudo-polar Fourier transform is based on the fractional
Fourier transform. The fractional Fourier transform [20], with its generalization given by the chirp
z-transform [21], is an algorithm that evaluates the Fourier transform of a sequemnceany
set of N equally spaced points on the unit circle. Specifically, given a ve&taf length N,

X = (X(u), u=—N/2,...,N/2 — 1), and an arbitraryx € R, the fractional Fourier transform
is defined as
N/2-1
(FoX)(k) = Y X(upe™k/N k= —N/2,... N/2. (2.11)

u=—N/2
The fractional Fourier transform samples the spectrunX odit the frequencies, = ak, k =

—N/2,...,N/2, and its complexity for a given vectof of length N and an arbitraryr € R is
O(N log N) operations.

The algorithm for computing the 3-D pseudo-polar Fourier transform samples the Fourier trans-
form of a volumel on the pseudo-polar grid, with arbitrary frequency resolution in the radial and
angular directions. The algorithm we present uses frequency resolutiN ef 1 in the radial

direction andV + 1 in the angular directions. Denote,

e F— Zero padding operator that accepts a volund size N x N x N and zero pads it to

size(3N + 1) x N x N (along ther direction).
e F;—1-D DFT.
e F3—3-DDFT.

e F° — Fractional Fourier transform with factor. The operatotF* accepts a sequence of
length N, pads it symmetrically to lengthV+1, applies to it the fractional Fourier transform

with factora, and returns thé&/ + 1 central elements.
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° Gk,n é f%/n Offl_

Using this notation, the algorithm for computitﬁgp, given by Eq. 2.7, is given in Algorithm
1. The algorithm for computing’j]%P andfff-,P, given by Egs. 2.8 and 2.9, is similar. The complexity
of the algorithm for computing}P (Algorithm 1) isO(N31og N). Since the complexity of com-
puting f123p andfjip is alsoO(N? log N), the total complexity of computing the 3-D pseudo-polar

Fourier transform i€ (N3 log V).

Algorithm 1 Computing the 3-D pseudo-polar Fourier transform
1: LetI; — F3(E(D)).

2: For eachm andk setU «— I (m, k,-) and computé’y (m, k, -) < Gin(U).
3: For eachn and! setV — Ti(m, -, 1) and computd(m, -, 1) «— Gy (V).

4: For eachn, k, [ setlh,(m, k1) — T|(m, —k,—I).

3 Euler's theorem and 3-D rotation estimation

Rotations in a 3-D Cartesian coordinate system may be represented by various formulations. In
this paper we adopt the Euler angles representation [22], where 3-D rotations are expressed using
three anglesa, 3, v), wherea and 5 specify the direction of the rotation axis andpecifies the

angle of rotation in the plane perpendicular to the rotation axis. We denote the rotation axis by

_ A
= (Ng, Ny, nz).

Euler’s rotation theorem An arbitrary 3-D rotation can be expressed as a rotation by an angle

around an axis given by a unit vector= (n,, n,,n.).
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R=1TIcosy+ (1 —cosv)

The rotation matrix? is given by

2
Lo~

NyMNy

MMy

NNy
2
Ty

NNy

Nz Ny

NyM,

2

n;

+ siny

Ny

(3.1)

(see [22]), wherd is the identity matrix. This representation®fis not unique. The same rotation
can also be obtained by a rotation(efy) around the axi$—1) [22]. Both~ andi can be easily
recovered from the rotation matriX. The three eigenvalues & are \; = 1 and )y 3 = e*7.

The rotation axisi can be computed as= v/ ||

, Wherev is the eigenvector that corresponds to
A1, and~y can be recovered fromy, 3. Any point on the rotation axig is invariant underr as it
is also an eigenvector df. The rotation axisi can be recovered by finding the vector where the
difference between the volume and its rotated replica is minimal. Given voluireasdV5, where

Vi(z) = Vo(Rx), the rotation axis, given by the angles, 3, v), can be recovered by computing

AV (8, 6) = / Vi (1,6, 8) — Vi (1.6, 6)| dr. (3.2)
0

whereV; (r, 0, ¢) andV; (r, 0, ¢) are the representations Bf andV; in spherical coordinates, and
finding («, 3) such that

(o, B) = arg Hglid)nAV 0,90). (3.3)

For non-centered rotations, where the voluriieandV; are translated and rotated, Eq. 3.2 is
applied to the magnitudes of the Fourier transformi,andVs;, denoted\/; and M5, respectively.
Based on the phase shift property of the Fourier transform [23], the magnitddesd M, are

related by a three-dimensional rotation
M, (R,Z) = My(R,,R,%), (3.4)
whereR,, is a 3-D rotation which aligng with the z-axis, andR, , is a rotation of angle; around

the z-axis. Thus, given the volumédg andV;, whereV; is a rotated and translated replicalaf
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we registet; andV; using Algorithm 2.

Algorithm 2 Volume registration
1: Let M; and M, be the magnitudes of the Fourier transform/®iandV;, respectively,

where the modulus is taken element-wise.
2: The rotation axigi is recovered by computindV' (6, ¢), given by Eq. 3.2, and locating its
minimum («, 3), which corresponds to the Euler angles that define the rotationiaxis

3: Given the rotation axig, we denote byR the rotation that aligng with the z-axis. Denote

My = F(Vi(RT)), M, = F(Vy(Ri)). (3.6)

M, and M, are related by a planar rotation of angl@around thez-axis, which can be recov-
ered by the cylindrical motion estimation scheme described in Section 4.

4: Given the rotation parametefs, /3, v), the 3-D rotation matrix? is computed using Eq. 3.1
and is applied td%,. V; (7) andV;(RZ) are related by a 3-D translation, which is recovered by

using phase correlation (Section 5).

We propose a fast and algebraically accurate scheme for the computatiori of step #2,
which is based on the 3-D pseudo-polar Fourier transform (PPFT3D) [19] presented in Section
2. An important property oAV (0, ¢), given by Eq. 3.2, is that it can be discretized using very
general sampling grids with respectid@nd¢. Specifically, the discretization a1/, denoted by
AV, does not require a uniform spherical representation of the Fourier transforviisanti V5.
All that is required is a grid on which we can efficiently evaluate the Fourier transform of a given
volume, and whose samples lie along rays. The 3-D pseudo-polar Fourier transform provides such

a grid, with uniform radial sampling along each ray. Thus, the algorithm for computingis
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Algorithm 3 ComputingAV¢ (6, ¢)
1: ComputeM{ and Mg

whereFpp is the 3-D pseudo-polar Fourier transform defined in Section 2.
2: Evaluate Eq. 3.2 by
AV O:,05) = > | M (r, 6, 6;) — My (ri,0:,6,)| Arij, (3.8)
0<rp<i
whereM ¢ and My are given by Eq. 3.7}/ is the radial resolution of the pseudo-polar grid, and
Ar; ; is the radial sampling interval of the 3-D pseudo-polar grid for the ray whose direction
is specified by); and¢;. Equation 3.8 is evaluated for &l and¢; such that(r,§;, ¢,;) € T

for somer, wherel is given by Eq. 2.10.

In other words, Eq. 3.8 is evaluated for all directions of the 3-D pseudo-polar grid. Different
rays in the 3-D pseudo-polar grid have different sampling interals;. Equation 3.8 uses only
samples of the 3-D pseudo-polar Fourier transform that lie within a sphere of ragfis This
summation ignores samples whose radius is in the inte{%l@]. This interval is located at
the high frequency range, as for natural volumes, the magnitude of the 3-D pseudo-polar Fourier

transform in this frequency range is usually negligible.

3.1 The normalized correlation measure

The rotation axis is recovered (step #2 of Algorithm 2) by comparing corresponding rays in a
spherical representation of the Fourier transforms of the registered volumes (déffbseai 1/¢

in Algorithm 3). The most similar pair of corresponding rays is shown by Eq. 3.2 to correspond
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to the rotation axigi. This similarity is measured in Algorithm 3 and Eq. 3.2 using thenorm.
Yet, in order to improve the robustness of our scheme with respect to noise and intensity changes,
we replace thd.; norm in Eq. 3.8 with the normalized correlation [24] which is more robust.

The normalized correlation, denoted/, of two raysM{ (ry, 0;, ;) and Mg (r, 0;, ¢;) (Eq.

3.5) is given by - -
Z Md(T’Im z7¢]) (T'k, “¢J)

01(9i7¢j>0—2(9i,¢j) ’ (39)

where

M (ri, 05, 6) = M (i, 0, 65) — ST Mt bi0), 1=1.2,

0<rm<M

Z7¢j

A 1 d Ard 2 _
o1(0s, ;) = J WO<Z<M (Mi (71, 0, ¢5) — M (Tk79i7¢j)> ; [=1,2,

N(0;, ¢;) is the number of samples of the pseudo-polar grid with direatfprp,) whose radius
is less thanV//2, and M is the radial resolution of the 3-D pseudo-polar gr]lT;l IS a zero-mean
replica of M ando; is its standard deviation.

Equation 3.9 is evaluated for &} and¢; such that(r,6;,¢;) € I' for somer, wherel is
given by Eq. 2.10. The normalized correlation is more robust thaih tmerm since it normalizes
differences in the mean and standard deviation. For our application, its superiority over Eq. 3.2 is
verified experimentally in Section 6. An example®¥¢ (Eq. 3.9) for the Skull volume (Fig. 4€)
is depicted in Fig. 2. Figure 2a shows/Z, where the maximum is clearly visible and detectable.
Figure 2b shows the small support of the maximun\df¢ and demonstrates the advantages of

using the 3-D pseudo-polar Fourier transform.
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Figure 2: Applying the normalized correlation measure to computg of the Skull volume (Fig.
4e) and its rotated replicda) The normalized correlation akVZ. (b) AV overlaid on a sphere.

The “hot” values correspond to the maximum. Notice its small angular support.

4 Planar rotation

Given the rotation axig, computed by Egs. 3.2 and 3.3, we use Eq. 3.4 to rotasndV; (Figs.
3a and 3b) such that the rotation axiss parallel to thez-axis (Figs. 3c and 3d). This results in
translated and rotated volumes, whose relative rotation is aroundakis.

Given two vectorsi,, i, € R?, a 3-D rotation that transformg to i, is given byﬁ = (u,v),
wherey = arccos (%) is the rotation angle and = u; x > is the rotation axis. In order
to align the rotation axis with the-axis, we seti; = (0,0, 1), computeii, using Eq. 3.3, and use
1 and@ to compute the rotation matrix.

We apply R to V; andV; and denote the resulting volumes Byand Vs, respectively.V; and
V, are related by a translation and a planar rotation of angleund thez-axis (see Figs. 3c and

3d). It is possible to estimate the planar rotation by using any corresponding pair of pIaNries in

andV; that are perpendicular to theaxis [25, 14]. However, we improve the robustness of the
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(d)

Figure 3: Alignment of the rotation axis. The volumeg ) and(b) are the input volumes, which
are related by a rotation around the rotation axis. After recovering the rotation axis, the volumes
are rotated such that the rotation axis is parallel to:taeis. Thus, the volumes ifx) and(d) are

related by a translation and a planar rotation around taeis.

estimate by extending the image registration scheme in [1] to cylindrical coordinates. We define

the cylindrical Fourier transform of a volumég, denotedr“, by
FOV) = Fp (Fip (V(2.9,2))) (4.1)

whereF;,, is the 1D Fourier transform in thedirection andFp is the 2-D polar Fourier transform,
which operates on each plane that is perpendicular to-dnds.
Given two volumel; andV,, which are related by a 3-D translation and a relative rotation of

anglev around the:-axis, we denote

M, = ‘]—"C(f/l)

L= |FW)|. (4.2)

M, and )M, are related by a planar rotation around thaxis, with no relative translation. In other

words, eachry plane inl/; is a rotated replica of the corresponding plané/ i.e.,

Ml (T, 907wz) = M2 (T,QO+’7,WZ), (43)

wherer andy are2 — D polar coordinates anglis the relative planar rotation of the input volumes

V1 andV; around the rotation axig (see Section 3). The relative rotatigms recovered by finding
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the minimum of

™ T

AM (SD) = // )Ml (Ta 907(")2’) - MQ (T’, —QD,CUZ) dr dwz- (44)
00
As shown in [1], AM is minimal wheny = —~/2. Equation 4.4 uses the magnitudes of the

Fourier transforms and therefore, due to conjugate symmetry, the rotation angle can be either
~ + . This ambiguity is resolved in Section 5.

Equation 4.1 is discretized by applying the 1-D FFT in thairection followed by computing
the 2-D pseudo-polar Fourier transform of eaghplane. The angular axis in Eq. 4.4 is reversed

by applying a left-to-right flip on eachy plane.

5 3-D translation estimation

Given the rotation parametets, 3, ), the 3-D rotation matrix? is computed by using Eq. 3.1.

Let \72(5) = V4(RZ). and172 are related by a 3-D translation, which is recovered by using the

phase-correlation algorithm [15, 14]. As explained in Section 4, we recover the planar rotation

~ by using the magnitude of the cylindrical Fourier transform. Therefore, we get thatyboth

and~ + 7 are possible solutions for the planar rotation. To find the correct planar rotation, we

rotate the original volumé&, by both («, 5,v) and («, 3,7 + ), and recover the translation by

using the phase correlation. The value of the phase correlation function for each set of rotation

parameters measures the quality of the alignment. Therefore, the correct planar rotation is the

angle that corresponds to the higher value of the phase correlation function. The accuracy of the

phase correlation scheme is limited to integer values. Subpixel accuracy and improved robustness

to noise can be achieved by applying [26].
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6 Experimental results

The proposed algorithm was applied to the volumes shown in Fig. 4. For each input volume,
a set of rotated and translated replicas was created using bilinear interpolation, without applying

any other processing such as smoothing or denoising. All volumes are @fSizexels, and the

®

Figure 4: Volumes that are used to evaluate the performance of the algorithnand (b) are
different iso-surface visualizations of the same MRI scan of a human lea8l. CAD generated
model of an engine(d) A MRI scan of a human spinde) A CT scan of a human skull( f) A

MRI scan of human feet.

average spacing of the 3-D pseudo-polar gridis= 2% = 0.7° andA¢ = B = 1.4°, N = 64.

The translations are randomly chosen in the rande o, 10] pixels in each direction. Neither the
accuracy of the translation estimation nor the resolving betwesmd~ + = are presented, since

they are computed by a straightforward implementation of the 2-D phase-correlation algorithm and
are not in the focal point of this paper.

The results, given in Table 1, show the accuracy of the proposed algorithm in noise-free set-
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tings. In all cases the registration accuracy is of the order of the angular spacing of the 3-D
pseudo-polar grid. The accuracy of the registration is the same for all volumes.

Figure 5 presents the performance of the algorithm in noisy situations. The figure shows the
standard deviations (STD) of the angular registration errors as a functiep, tfie STD of the
additive White Gaussian Noise (WGN). The results are computed by adding noise to the Head
and Skull volumes, shown in Figs. 4a and 4e, respectively. Obviously, different noise realizations
were added to the original volume and to its rotated replica. For each noiserjewal average
the alignment error over the two sets of registered volumes. It follows that for non-noisy input
volumes the accuracy of the proposed algorithm is in the rangfe-et°, which corresponds to the
average angular spacing of the 3-D pseudo-polar grid. As we can see from Fig. 5, the normalized
correlationAV¢ (Eg. 3.9) is less sensitive to additive noise. Upotp = 200 the scheme is
not affected by noise, and from that point on, its accuracy degrades. The non-nornisliZed
given by Eg. 3.8, achieves an accuracy better ttiafor non-noisy volumes and then degrades.

To conclude, the proposed algorithm is capable of giving reasonable estimates in extremely noisy
situations.

The proposed algorithm was implemented in Matlab and the registration times are given in
Table 2. The simulations were executed on a 2.8GHz Pentium computer running WinXP. As the

scheme is non-iterative, these timings are invariant to the content of the registered volumes.

7 Summary and conclusions

The paper presents a general-purpose volume registration algorithm, which operates in the fre-
guency domain and solves the alignment problem by computing a radial distance measure in two

and three dimensions. By using Euler’s theorem, the original problem, which involves six pa-
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Actual parameters || Estimated parameters Estimation errors

« 1] ¥ « B Y leal | leal | le4]

82.89 45.00 28.21 || 83.39 47.81 28.11 || 0.50 | 2.81 | 0.10
Human Head 80.98 25.84 44.50 || 80.36 25.11 44.80 || 0.62 | 0.73 | 0.30

12.02 15.11 7847 || 11.89 15.70 79.42 || 0.13 | 0.59 | 0.95

82.89 45.00 28.21 || 81.37 43.19 27.78 || 1.51 | 1.80 | 0.42
Engine 80.98 25.84 44.50 || 80.78 24.15 44.86 || 0.19 | 1.68 | 0.36

12.02 15.11 78.47 || 12.88 15.67 76.94 | 0.86 | 0.56 | 1.52

82.89 45.00 28.21 || 84.46 43.76 26.36 || 1.57 | 1.23 | 1.84
Spine 80.98 25.84 44.50 | 80.07 27.21 44.33 || 0.90 | 1.37 | 0.16

12.02 15.11 7847 | 11.03 13.80 79.94 | 0.98 | 1.30 | 1.47

82.89 45.00 28.21 || 84.35 43.68 29.94 || 1.46 | 1.31 | 1.73
Skull 80.98 25.84 44.50 || 79.90 27.81 4355 | 1.0 | 1.97| 0.94

12.02 15.11 78.47 | 13.23 1486 77.11 | 1.21 ] 0.24 | 1.35

82.89 45.00 28.21 | 84.52 44.36 29.70 || 1.63 | 0.63 | 1.49
feet 80.98 25.84 44.50 || 79.90 25.09 4345 | 1.0 [0.74| 1.0

12.02 15.11 7847 | 10.97 14.57 79.05| 1.0 | 0.53 | 0.58

Table 1: Registration results that were obtained by usinglthdistanceAV? for the volumes
shown in Fig. 4. Columns 1 through 3 present the actual rotation parameters. Columns 4 through
6 present the estimated rotation parameters. Columns 7 through 9 present the estimation errors.

All volumes are of siz&4 x 64 x 64.
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Figure 5: The angular registration error as a function of the standard deviation of the Aaise.
andAg are the errors in the estimation of the rotation axis when usind.therm (AV4). Aay

and ABy are the estimation errors when using the normalized correlatioril(). Using AV

0., nhoise STD

N!

results in improved accuracy, especially for noisy volumes.

5000

Volume size

16 x 16 x 16

32 x 32 x 32

64 x 64 x 64

Timing [s]

11

43

480

Table 2: Timing results of the proposed scheme.
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rameters, is decoupled into three sub-problems: estimating the rotation axis, estimating the planar
rotation, and computing the translation. The computation is based on the 2-D and 3-D pseudo-
polar Fourier transforms, which are fast and accurate. Compared to other schemes, we provide
accurate results which are robust to noise and have a predictable execution time and controlled
error.

Future work includes the registration of biological data, which is often noisy and can therefore
benefit from the scheme’s robustness to noise. We currently study the analysis of 3-D symmetries,
which is a fundamental task in 3-D modeling and analysis. Symmetry axes can be considered as
the multiple solutions of the registration of a symmetric object with itself. We have successfully

applied a similar approach to images in [27].
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