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Abstract

This paper introduces an algorithm for the registration of rotated and translated volumes

using the 3-D pseudo-polar Fourier transform, which accurately computes the Fourier trans-

form of the registered volumes on a near-spherical 3-D domain without using interpolation.

We propose a three-step procedure. The first estimates the rotation axis. The second com-

putes the planar rotation relative to the rotation axis, and the third recovers the translational

displacement. The rotation estimation is based on Euler’s theorem, which allows to represent

a 3-D rotation as a planar rotation around a 3-D rotation axis. This axis is accurately recovered

by the 3-D pseudo-polar Fourier transform using radial integrations. The residual planar rota-

tion is computed by an extension of the angular difference function [1] to cylindrical motion.

Experimental results show that the algorithm is accurate and robust to noise.

1 Introduction

Rigid volume registration is a major component in 3-D object modeling in a diverse range of

applications. Examples for such applications are the assembly of 3-D models from complementary

patches [2, 3, 4], range imaging [5] and bio-informatics [6, 7]. LetV1 (~x) andV2 (~x), ~x = (x, y, z),

be two partially overlapping volumes that are related by a 3-D rigid transformation

V1 (~x) = V2 (R~x + ∆~x) , (1.1)

whereR is a 3-D rotation matrix and∆~x = (∆x, ∆y, ∆z) ∈ R3. The goal of the registration

process is to estimateR and∆~x.

There are several approaches towards 3-D registration, which can be categorized as either fea-

ture or intensity based. Feature based approaches [3, 8, 9, 10] detect a set of features in the regis-

tered volumes, and align the volumes by using the coordinates of these features. Intensity based
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schemes [6, 11] align the volumes by using the intensities of the voxels.

Intensity based algorithms include optimization and Fourier based schemes. Optimization

based schemes formulate the registration problem as the optimization of some cost function, such

as theL2 norm [12], and then, use a general-purpose optimization algorithm to optimize the cost

function. [12] extends the widely used gradient methods to 3-D image registration. It uses New-

ton’s method to minimize theL2 norm of the intensity differences as a function of motion parame-

ters. Due to the properties of non-linear optimization, these algorithms are unable to estimate large

motions. To estimate large motions, such schemes are used in conjunction with a bootstrapping

method, which computes a pre-alignment that is close to the optimum.

Frequency domain methods are of particular relevance to the current paper. These methods

use the properties of the Fourier transform to separately estimate rotation and translation. This

reduces a problem with six degrees of freedom into two problems with three degrees of freedom

(see [11, 13] as examples for these methods). The algorithm in [11] consists of three steps. The

first recovers the rotation axis, the second recovers the rotation angle, and the third recovers the

translation parameters. To recover the rotation parameters, the algorithm normalizes the Fourier

transform of the input objects and integrates it in the radial direction. The direction in which this

integral is minimal is the direction of the rotation axis. The polar Fourier coefficients are interpo-

lated from the Cartesian Fourier coefficients. As this task is computationally intensive, the entire

set of polar coefficients can not be computed directly. Thus, simulated annealing is used to find

the minimum of the integral. Simulated annealing might not converge to the global minimum and

the performance of such algorithms in terms of speed and accuracy cannot be estimated. This ren-

ders such approaches prohibitive for time critical applications, or applications where the accuracy

must be predictable. Furthermore, the integration in the radial direction suffers from inaccuracies

caused by discretization and interpolation errors, and therefore, such schemes cannot achieve high
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accuracy. The planar rotation is recovered using a scheme similar to [14], where again, interpolat-

ing the Fourier coefficients results in inaccuracies and high computational complexity. Once the

rotation parameters are recovered, the translation is recovered using phase correlation [15].

Another frequency domain approach is given in [13]. This algorithm recovers the rotation

parameters by formulating the problem as a linear system, whose entries are computed by the

frequency domain relations of the two objects. As before, the translation parameters are recovered

by using phase correlation. As in [11], the algorithm requires integration in the radial direction,

which incurs inaccuracies. The method proposed in this paper outperforms the method in [11].

The 3-D spherical Fourier transform is used in [7] for Protein-Protein docking. The density

volumes are aligned by computing the magnitude of their polar Fourier transform. As the volumes

are given on Cartesian grids, the polar Fourier transform is interpolated from the Cartesian 3D

Fourier transform coefficients. Thus, rotations are reduced to translations in the spherical coordi-

nate system that are recovered by applying phase correlation [15]. The residual translation is also

estimated by phase correlation.

A different computational approach is suggested in [16]. It uses an extension of Spherical

Harmonics to compute a 2-D Fourier transform of a restriction of the registered volumes to the

surface of a sphere. These are used to evaluate the correlation function of the registered volumes

in spherical coordinates. In contrast, the previously mentioned schemes [7, 11] (as well as ours)

use 3-D Fourier transforms. The work in [16] deals with pure rotations, and by using the Spherical

Harmonics representation, rotations are reduced to translations that can be efficiently recovered.

Moreover, the assumption of pure rotation allows the correlation function to include the phase

information that is often ignored when translations are also considered.

This scheme is extended in [6] to handle both rotations and translations and is successfully

applied to the docking of atomic structures (density maps). The alignment problem is reformulated
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using five rotation angles and a single translation parameter. The maximum of the correlation

function in the five dimensional space is efficiently detected by computing the Spherical Harmonics

in a five dimensional space.

In this work we extend the preliminary results given in [17]. We present a Fourier based

approach, which does not require interpolation in the frequency domain. It is based on the 2-D

pseudo-polar Fourier transform (PPFT2D) [18] and 3-D pseudo-polar Fourier transform (PPFT3D)

[19], which compute the Discrete Fourier Transform (DFT) on non-Cartesian grids. This allows

a fast and algebraically accurate registration, which draws on Euler’s theorem to estimate the 3-D

rotation. The algorithm has three steps. First, the 3-D pseudo-polar Fourier transform is used to

recover the rotation axis. Then, the rotation around the axis is estimated using a pseudo-cylindrical

representation computed with the 2-D pseudo-polar Fourier transform. Finally, the translation is

computed by using phase correlation [15].

We provide an algorithm that is both efficient and mathematically rigorous. The scheme effi-

ciently and accurately computes the radial integration, and hence, the execution time and accuracy

of the algorithm are predictable and depend only on the size of the input volumes. In particular, the

algorithm does not use general-purpose optimization techniques, whose performance depend on

the content of the input volumes. Therefore, the complexity of the algorithm is of the same order

as the 3-D FFT. The second step in our scheme is based on an extension of the image registration

scheme given in [1]. We extend it to handle cylindrical geometry, that is, the estimation of the

relative 2-D rotations of a set of planes around a common axis. Unlike [11] and [14], it is fast,

non-iterative, does not use interpolation, guarantees convergence in a predictable time regardless

of the volume’s content, and has a predictable registration error.

The proposed scheme accurately estimates arbitrary large rotations without applying a general-

purpose optimization scheme (gradient based, simulated annealing, etc.). The only “optimization”
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required is finding the minimal element in an array. It is fast, robust to noise, and the registration

accuracy can be increased arbitrarily. The implementation requires only 1-D operations and is

therefore appropriate for real-time implementations.

The paper is organized as follows. Sections 2 and 3 present the 3-D pseudo-polar Fourier

transform and apply Euler’s theorem to 3-D rotations, respectively. Planar rotations are recovered

in Section 4, and Section 5 describes the estimation of translations. Experimental results and

concluding remarks are given in Sections 6 and 7, respectively.

2 3-D pseudo-polar Fourier transform

Given a volumeI of sizeN × N × N , its 3-D Fourier transform, denoted̂I(ωx, ωy, ωz) or F(I),

is given by

Î(ωx, ωy, ωz) = F (I) (ωx, ωy, ωz) =

N/2−1∑

u,v,w=−N/2

I(u, v, w)e−
2πi
M

(uωx+vωy+wωz), ωx, ωy, ωz ∈ R.

(2.1)

We assume for simplicity thatI has equal dimensions in thex, y, andz directions and thatN is

even. Forωx, ωy, andωz that are sampled on the Cartesian grid(ωx, ωy, ωz) = (m, k, l), m, k, l =

−M
2
, . . . , M

2
− 1, the Fourier transform in Eq. 2.1 has the form

ÎCart(m, k, l)
∆
= Î(m, k, l) =

N/2−1∑

u,v,w=−N/2

I(u, v, w)e−
2πi
M

(um+vk+wl), (2.2)

wherem, k, l = −M
2
, . . . , M

2
−1, which is usually referred to as the 3-D DFT of the volumeI. The

parameterM (M ≥ N ) sets the frequency resolution of the DFT. It is well-known that the DFT of

I, given by Eq. 2.2, can be computed inO(M3 log M) operations.

For some applications it is desirable to compute the Fourier transform ofI in spherical coor-

dinates. Formally, we want to sample the Fourier transform in Eq. 2.1 on the grid(ωx, ωy, ωz)
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where

ωx = rm cos θk sin φl, ωy = rm sin θk sin φl, ωz = rm cos φl,

rm = m, θk = 2πk/K, φl = πl/L,

m = 0, . . . , M − 1, k = 0, . . . , K − 1, l = 0, . . . , L− 1.

(2.3)

The Fourier transform ofI in spherical coordinates has the form

Îsph(m, k, l)
∆
=

N/2−1∑

u,v,w=−N/2

I(u, v, w)e−
2πim

M
(u cos θk sin φl+v sin θk sin φl+w cos φl). (2.4)

The spherical grid in Eq. 2.3 is equally spaced both in the radial and angular directions

∆r = rm+1 − rm = 1, ∆θ = θk+1 − θk =
2π

K
, ∆φ = φl+1 − φl =

π

L
.

The 3-D pseudo-polar Fourier transform (PPFT3D) [19] evaluates the 3-D Fourier transform

of a volume on the 3-D pseudo-polar grid, which approximates the 3-D spherical grid, given in Eq.

2.3. Formally, the 3-D pseudo-polar grid is given by the set of samples

P
∆
= P1 ∪ P2 ∪ P3, (2.5)

where

P1
∆
= {(m,−2k

N
m,−2l

N
m)},

P2
∆
= {(−2k

N
m,m,−2l

N
m)},

P3
∆
= {(−2k

N
m,−2l

N
m,m)}, (2.6)

andk, l = −N
2
, . . . , N

2
, m = −3N

2
, . . . , 3N

2
. See Fig. 1 for an illustration of the setsP1, P2, and

P3. We define the 3-D pseudo-polar Fourier transform ofI as the samples of the Fourier transform

Î, given in Eq. 2.1, on the 3-D pseudo-polar gridP , given by Eqs. 2.5 – 2.6. Formally, the 3-D

pseudo-polar Fourier transform, denoted byÎs
PP (s = 1, 2, 3), is a linear transformation, which is
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(a) 3-D pseudo-polar

sectorP1

(b) 3-D pseudo-polar

sectorP2

(c) 3-D pseudo-polar

sectorP3

Figure 1: The 3-D pseudo-polar grid

defined form = −3N
2

, . . . , 3N
2

andk, l = −N
2
, . . . , N

2
, as

Î1
PP (m, k, l)

∆
= Î(m,−2k

N
m,−2l

N
m) =

N/2−1∑

u,v,w=−N/2

I(u, v, w)e−
2πi
M

(mu− 2k
N

mv− 2l
N

mw), (2.7)

Î2
PP (m, k, l)

∆
= Î(−2k

N
m,m,−2l

N
m) =

N/2−1∑

u,v,w=−N/2

I(u, v, w)e−
2πi
M

(− 2k
N

mu+mv− 2l
N

mw), (2.8)

Î3
PP (m, k, l)

∆
= Î(−2k

N
m,−2l

N
m,m) =

N/2−1∑

u,v,w=−N/2

I(u, v, w)e−
2πi
M

(− 2k
N

mu− 2l
N

mv+mw), (2.9)

whereÎ is given by Eq. 2.1.

As we can see from Fig. 1, for fixed anglesk andl, the samples of the 3-D pseudo-polar grid

are equally spaced in the radial direction. However, this spacing is different for different angles.

Also, the grid is not equally spaced in the angular direction, but has equally spaced slopes.

The setP , given by Eq. 2.5, can be written in polar coordinates as

P = {(r cos θ sin φ, r sin θ sin φ, r cos φ) | (r, θ, φ) ∈ Γ}, (2.10)

where the setΓ contains all triplets that correspond to points on the pseudo-polar gridP .

Two important properties of the 3-D pseudo-polar Fourier transform are that it is invertible and

that both the forward and inverse pseudo-polar Fourier transforms can be implemented using fast
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algorithms. Moreover, the implementations require only 1-D equispaced FFT’s. In particular, the

algorithms do not require re-gridding or interpolation.

The algorithm for computing the 3-D pseudo-polar Fourier transform is based on the fractional

Fourier transform. The fractional Fourier transform [20], with its generalization given by the chirp

z-transform [21], is an algorithm that evaluates the Fourier transform of a sequenceX on any

set ofN equally spaced points on the unit circle. Specifically, given a vectorX of lengthN ,

X = (X(u), u = −N/2, . . . , N/2 − 1), and an arbitraryα ∈ R, the fractional Fourier transform

is defined as

(FαX)(k) =

N/2−1∑

u=−N/2

X(u)e−2πiαku/N , k = −N/2, . . . , N/2. (2.11)

The fractional Fourier transform samples the spectrum ofX at the frequenciesωk = αk, k =

−N/2, . . . , N/2, and its complexity for a given vectorX of lengthN and an arbitraryα ∈ R is

O(N log N) operations.

The algorithm for computing the 3-D pseudo-polar Fourier transform samples the Fourier trans-

form of a volumeI on the pseudo-polar grid, with arbitrary frequency resolution in the radial and

angular directions. The algorithm we present uses frequency resolution of3N + 1 in the radial

direction andN + 1 in the angular directions. Denote,

• E– Zero padding operator that accepts a volumeI of sizeN × N × N and zero pads it to

size(3N + 1)×N ×N (along thex direction).

• F1 – 1-D DFT.

• F3 – 3-D DFT.

• Fα – Fractional Fourier transform with factorα. The operatorFα accepts a sequence of

lengthN , pads it symmetrically to length3N+1, applies to it the fractional Fourier transform

with factorα, and returns theN + 1 central elements.
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• Gk,n
∆
= F2k/n ◦ F−1

1 .

Using this notation, the algorithm for computinĝI1
PP , given by Eq. 2.7, is given in Algorithm

1. The algorithm for computinĝI2
PP andÎ3

PP , given by Eqs. 2.8 and 2.9, is similar. The complexity

of the algorithm for computinĝI1
PP (Algorithm 1) isO(N3 log N). Since the complexity of com-

puting Î2
PP andÎ3

PP is alsoO(N3 log N), the total complexity of computing the 3-D pseudo-polar

Fourier transform isO(N3 log N).

Algorithm 1 Computing the 3-D pseudo-polar Fourier transform

1: Let Îd ← F3(E(I)).

2: For eachm andk setU ← Îd(m, k, ·) and computeT1(m, k, ·) ← Gk,n(U).

3: For eachm andl setV ← T1(m, ·, l) and computeT ′
1(m, ·, l) ← Gk,n(V ).

4: For eachm, k, l setÎ1
PP (m, k, l) ← T ′

1(m,−k,−l).

3 Euler’s theorem and 3-D rotation estimation

Rotations in a 3-D Cartesian coordinate system may be represented by various formulations. In

this paper we adopt the Euler angles representation [22], where 3-D rotations are expressed using

three angles(α, β, γ), whereα andβ specify the direction of the rotation axis andγ specifies the

angle of rotation in the plane perpendicular to the rotation axis. We denote the rotation axis by

~n
∆
= (nx, ny, nz).

Euler’s rotation theorem An arbitrary 3-D rotation can be expressed as a rotation by an angleγ

around an axis given by a unit vector~n = (nx, ny, nz).
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The rotation matrixR is given by

R = I cos γ + (1− cos γ)




n2
x nxny nxnz

nynx n2
y nynz

nznx nzny n2
z




+ sin γ




0 −nz ny

nz 0 −nx

−ny nx 0




(3.1)

(see [22]), whereI is the identity matrix. This representation ofR is not unique. The same rotation

can also be obtained by a rotation of(−γ) around the axis(−~n) [22]. Bothγ and~n can be easily

recovered from the rotation matrixR. The three eigenvalues ofR areλ1 = 1 andλ2,3 = e±iγ.

The rotation axis~n can be computed as~n = ~v/ |~v|, where~v is the eigenvector that corresponds to

λ1, andγ can be recovered fromλ2,3. Any point on the rotation axis~n is invariant underR as it

is also an eigenvector ofR. The rotation axis~n can be recovered by finding the vector where the

difference between the volume and its rotated replica is minimal. Given volumesV1 andV2, where

V1(x) = V2(Rx), the rotation axis, given by the angles(α, β, γ), can be recovered by computing

∆V (θ, φ) =

∞∫

0

|V1 (r, θ, φ)− V2 (r, θ, φ)| dr, (3.2)

whereV1 (r, θ, φ) andV2 (r, θ, φ) are the representations ofV1 andV2 in spherical coordinates, and

finding (α, β) such that

(α, β) = arg min
θ,φ

∆V (θ, φ) . (3.3)

For non-centered rotations, where the volumesV1 andV2 are translated and rotated, Eq. 3.2 is

applied to the magnitudes of the Fourier transforms ofV1 andV2, denotedM1 andM2, respectively.

Based on the phase shift property of the Fourier transform [23], the magnitudesM1 andM2 are

related by a three-dimensional rotation

M1(Rn~x) = M2(Rz,γRn~x), (3.4)

whereRn is a 3-D rotation which aligns~n with thez-axis, andRz,γ is a rotation of angleγ around

thez-axis. Thus, given the volumesV1 andV2, whereV1 is a rotated and translated replica ofV2,
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we registerV1 andV2 using Algorithm 2.

Algorithm 2 Volume registration
1: Let M1 andM2 be the magnitudes of the Fourier transform ofV1 andV2, respectively,

M1 = |F(V1)| , M2 = |F(V2)| , (3.5)

where the modulus is taken element-wise.

2: The rotation axis~n is recovered by computing∆V (θ, φ), given by Eq. 3.2, and locating its

minimum(α, β), which corresponds to the Euler angles that define the rotation axis~n.

3: Given the rotation axis~n, we denote bỹR the rotation that aligns~n with thez-axis. Denote

M̃1 = F(V1(R̃~x)), M̃2 = F(V2(R̃~x)). (3.6)

M̃1 andM̃2 are related by a planar rotation of angleγ around thez-axis, which can be recov-

ered by the cylindrical motion estimation scheme described in Section 4.

4: Given the rotation parameters(α, β, γ), the 3-D rotation matrixR is computed using Eq. 3.1

and is applied toV2. V1 (~x) andV2(R~x) are related by a 3-D translation, which is recovered by

using phase correlation (Section 5).

We propose a fast and algebraically accurate scheme for the computation of∆V in step #2,

which is based on the 3-D pseudo-polar Fourier transform (PPFT3D) [19] presented in Section

2. An important property of∆V (θ, φ), given by Eq. 3.2, is that it can be discretized using very

general sampling grids with respect toθ andφ. Specifically, the discretization of∆V , denoted by

∆V d, does not require a uniform spherical representation of the Fourier transforms ofV1 andV2.

All that is required is a grid on which we can efficiently evaluate the Fourier transform of a given

volume, and whose samples lie along rays. The 3-D pseudo-polar Fourier transform provides such

a grid, with uniform radial sampling along each ray. Thus, the algorithm for computing∆V d is
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Algorithm 3 Computing∆V d (θ, φ)

1: ComputeMd
1 andMd

2

Md
1 = |FPP (V1)| , Md

2 = |FPP (V2)| , (3.7)

whereFPP is the 3-D pseudo-polar Fourier transform defined in Section 2.

2: Evaluate Eq. 3.2 by

∆V d (θi, φj) =
∑

0≤rk≤M
2

∣∣Md
1 (rk, θi, φj)−Md

2 (rk, θi, φj)
∣∣ ∆ri,j, (3.8)

whereMd
1 andMd

2 are given by Eq. 3.7,M is the radial resolution of the pseudo-polar grid, and

∆ri,j is the radial sampling interval of the 3-D pseudo-polar grid for the ray whose direction

is specified byθi andφj. Equation 3.8 is evaluated for allθi andφj such that(r, θi, φj) ∈ Γ

for somer, whereΓ is given by Eq. 2.10.

In other words, Eq. 3.8 is evaluated for all directions of the 3-D pseudo-polar grid. Different

rays in the 3-D pseudo-polar grid have different sampling intervals∆ri,j. Equation 3.8 uses only

samples of the 3-D pseudo-polar Fourier transform that lie within a sphere of radiusM/2. This

summation ignores samples whose radius is in the interval
[

M
2
,
√

2M
2

]
. This interval is located at

the high frequency range, as for natural volumes, the magnitude of the 3-D pseudo-polar Fourier

transform in this frequency range is usually negligible.

3.1 The normalized correlation measure

The rotation axis is recovered (step #2 of Algorithm 2) by comparing corresponding rays in a

spherical representation of the Fourier transforms of the registered volumes (denotedMd
1 andMd

2

in Algorithm 3). The most similar pair of corresponding rays is shown by Eq. 3.2 to correspond
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to the rotation axis~n. This similarity is measured in Algorithm 3 and Eq. 3.2 using theL1 norm.

Yet, in order to improve the robustness of our scheme with respect to noise and intensity changes,

we replace theL1 norm in Eq. 3.8 with the normalized correlation [24] which is more robust.

The normalized correlation, denoted∆V d
N , of two raysMd

1 (rk, θi, φj) andMd
2 (rk, θi, φj) (Eq.

3.5) is given by

∆V d
N (θi, φj)

∆
=

∑

0≤rk≤M
2

Md
1 (rk, θi, φj) Md

2 (rk, θi, φj)

σ1(θi, φj)σ2(θi, φj)
, (3.9)

where

Md
l (rk, θi, φj)

∆
= Md

l (rk, θi, φj)− 1

N(θi, φj)

∑

0≤rm≤M
2

Md
l (rm, θi, φj) , l = 1, 2,

σl(θi, φj)
∆
=

√√√√ 1

N(θi, φj)

∑

0≤rk≤M
2

(
Md

i (rk, θi, φj)−Md
i (rk, θi, φj)

)2

, l = 1, 2,

N(θi, φj) is the number of samples of the pseudo-polar grid with direction(θi, φj) whose radius

is less thanM/2, andM is the radial resolution of the 3-D pseudo-polar grid.Md
l is a zero-mean

replica ofMd
l andσl is its standard deviation.

Equation 3.9 is evaluated for allθi andφj such that(r, θi, φj) ∈ Γ for somer, whereΓ is

given by Eq. 2.10. The normalized correlation is more robust than theL1 norm since it normalizes

differences in the mean and standard deviation. For our application, its superiority over Eq. 3.2 is

verified experimentally in Section 6. An example of∆V d
N (Eq. 3.9) for the Skull volume (Fig. 4e)

is depicted in Fig. 2. Figure 2a shows∆V d
N , where the maximum is clearly visible and detectable.

Figure 2b shows the small support of the maximum of∆V d
N and demonstrates the advantages of

using the 3-D pseudo-polar Fourier transform.
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Figure 2: Applying the normalized correlation measure to compute∆V d
N of the Skull volume (Fig.

4e) and its rotated replica.(a) The normalized correlation of∆V d
N . (b) ∆V d

N overlaid on a sphere.

The “hot” values correspond to the maximum. Notice its small angular support.

4 Planar rotation

Given the rotation axis~n, computed by Eqs. 3.2 and 3.3, we use Eq. 3.4 to rotateV1 andV2 (Figs.

3a and 3b) such that the rotation axis~n is parallel to thez-axis (Figs. 3c and 3d). This results in

translated and rotated volumes, whose relative rotation is around thez-axis.

Given two vectors~u1, ~u2 ∈ R3, a 3-D rotation that transforms~u1 to ~u2 is given byR̃ = (~u, ψ),

whereψ = arccos
(

~u1·~u2

||~u1|| ||~u2||

)
is the rotation angle and~u = ~u1 × ~u2 is the rotation axis. In order

to align the rotation axis with thez-axis, we set~u1 = (0, 0, 1), compute~u2 using Eq. 3.3, and use

ψ and~u to compute the rotation matrix̃R.

We applyR̃ to V1 andV2 and denote the resulting volumes byṼ1 andṼ2, respectively.Ṽ1 and

Ṽ2 are related by a translation and a planar rotation of angleγ around thez-axis (see Figs. 3c and

3d). It is possible to estimate the planar rotation by using any corresponding pair of planes inṼ1

andṼ2 that are perpendicular to thez-axis [25, 14]. However, we improve the robustness of the
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(a) (b) (c) (d)

Figure 3: Alignment of the rotation axis. The volumes in(a) and(b) are the input volumes, which

are related by a rotation around the rotation axis. After recovering the rotation axis, the volumes

are rotated such that the rotation axis is parallel to thez-axis. Thus, the volumes in(c) and(d) are

related by a translation and a planar rotation around thez-axis.

estimate by extending the image registration scheme in [1] to cylindrical coordinates. We define

the cylindrical Fourier transform of a volumeV , denotedFC , by

FC(V ) = FP (F z
1D (V (x, y, z))) , (4.1)

whereFz
1D is the 1D Fourier transform in thez direction andFP is the 2-D polar Fourier transform,

which operates on each plane that is perpendicular to thez-axis.

Given two volumeṼ1 andṼ2, which are related by a 3-D translation and a relative rotation of

angleγ around thez-axis, we denote

M̃1 =
∣∣∣FC(Ṽ1)

∣∣∣ , M̃2 =
∣∣∣FC(Ṽ2)

∣∣∣ . (4.2)

M̃1 andM̃2 are related by a planar rotation around thez-axis, with no relative translation. In other

words, eachxy plane inM̃1 is a rotated replica of the corresponding plane inM̃2, i.e.,

M̃1 (r, ϕ, ωz) = M̃2 (r, ϕ + γ, ωz) , (4.3)

wherer andϕ are2−D polar coordinates andγ is the relative planar rotation of the input volumes

V1 andV2 around the rotation axis~n (see Section 3). The relative rotationγ is recovered by finding
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the minimum of

∆M̃ (ϕ) =

π∫

0

π∫

0

∣∣∣M̃1 (r, ϕ, ωz)− M̃2 (r,−ϕ, ωz)
∣∣∣ dr dωz. (4.4)

As shown in [1],∆M̃ is minimal whenϕ = −γ/2. Equation 4.4 uses the magnitudes of the

Fourier transforms and therefore, due to conjugate symmetry, the rotation angle can be eitherγ or

γ + π. This ambiguity is resolved in Section 5.

Equation 4.1 is discretized by applying the 1-D FFT in thez direction followed by computing

the 2-D pseudo-polar Fourier transform of eachxy plane. The angular axis in Eq. 4.4 is reversed

by applying a left-to-right flip on eachxy plane.

5 3-D translation estimation

Given the rotation parameters(α, β, γ), the 3-D rotation matrixR is computed by using Eq. 3.1.

Let Ṽ2(~x) = V2(R~x). V1 andṼ2 are related by a 3-D translation, which is recovered by using the

phase-correlation algorithm [15, 14]. As explained in Section 4, we recover the planar rotation

γ by using the magnitude of the cylindrical Fourier transform. Therefore, we get that bothγ

andγ + π are possible solutions for the planar rotation. To find the correct planar rotation, we

rotate the original volumeV2 by both(α, β, γ) and(α, β, γ + π), and recover the translation by

using the phase correlation. The value of the phase correlation function for each set of rotation

parameters measures the quality of the alignment. Therefore, the correct planar rotation is the

angle that corresponds to the higher value of the phase correlation function. The accuracy of the

phase correlation scheme is limited to integer values. Subpixel accuracy and improved robustness

to noise can be achieved by applying [26].
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6 Experimental results

The proposed algorithm was applied to the volumes shown in Fig. 4. For each input volume,

a set of rotated and translated replicas was created using bilinear interpolation, without applying

any other processing such as smoothing or denoising. All volumes are of size643 voxels, and the

(a) (b) (c)

(d) (e) (f)

Figure 4: Volumes that are used to evaluate the performance of the algorithm.(a) and (b) are

different iso-surface visualizations of the same MRI scan of a human head.(c) A CAD generated

model of an engine.(d) A MRI scan of a human spine.(e) A CT scan of a human skull.(f) A

MRI scan of human feet.

average spacing of the 3-D pseudo-polar grid is∆θ = 90◦
2N

= 0.7◦ and∆φ = 180◦
N

= 1.4◦, N = 64.

The translations are randomly chosen in the range of[−10, 10] pixels in each direction. Neither the

accuracy of the translation estimation nor the resolving betweenγ andγ + π are presented, since

they are computed by a straightforward implementation of the 2-D phase-correlation algorithm and

are not in the focal point of this paper.

The results, given in Table 1, show the accuracy of the proposed algorithm in noise-free set-

18



tings. In all cases the registration accuracy is of the order of the angular spacing of the 3-D

pseudo-polar grid. The accuracy of the registration is the same for all volumes.

Figure 5 presents the performance of the algorithm in noisy situations. The figure shows the

standard deviations (STD) of the angular registration errors as a function ofσn, the STD of the

additive White Gaussian Noise (WGN). The results are computed by adding noise to the Head

and Skull volumes, shown in Figs. 4a and 4e, respectively. Obviously, different noise realizations

were added to the original volume and to its rotated replica. For each noise levelσn we average

the alignment error over the two sets of registered volumes. It follows that for non-noisy input

volumes the accuracy of the proposed algorithm is in the range of0◦−1◦, which corresponds to the

average angular spacing of the 3-D pseudo-polar grid. As we can see from Fig. 5, the normalized

correlation∆V d
N (Eq. 3.9) is less sensitive to additive noise. Up toσn = 200 the scheme is

not affected by noise, and from that point on, its accuracy degrades. The non-normalized∆V d,

given by Eq. 3.8, achieves an accuracy better than1◦ for non-noisy volumes and then degrades.

To conclude, the proposed algorithm is capable of giving reasonable estimates in extremely noisy

situations.

The proposed algorithm was implemented in Matlab and the registration times are given in

Table 2. The simulations were executed on a 2.8GHz Pentium computer running WinXP. As the

scheme is non-iterative, these timings are invariant to the content of the registered volumes.

7 Summary and conclusions

The paper presents a general-purpose volume registration algorithm, which operates in the fre-

quency domain and solves the alignment problem by computing a radial distance measure in two

and three dimensions. By using Euler’s theorem, the original problem, which involves six pa-
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Actual parameters Estimated parameters Estimation errors

α β γ α β γ |εα| |εβ| |εγ|

82.89 45.00 28.21 83.39 47.81 28.11 0.50 2.81 0.10

Human Head 80.98 25.84 44.50 80.36 25.11 44.80 0.62 0.73 0.30

12.02 15.11 78.47 11.89 15.70 79.42 0.13 0.59 0.95

82.89 45.00 28.21 81.37 43.19 27.78 1.51 1.80 0.42

Engine 80.98 25.84 44.50 80.78 24.15 44.86 0.19 1.68 0.36

12.02 15.11 78.47 12.88 15.67 76.94 0.86 0.56 1.52

82.89 45.00 28.21 84.46 43.76 26.36 1.57 1.23 1.84

Spine 80.98 25.84 44.50 80.07 27.21 44.33 0.90 1.37 0.16

12.02 15.11 78.47 11.03 13.80 79.94 0.98 1.30 1.47

82.89 45.00 28.21 84.35 43.68 29.94 1.46 1.31 1.73

Skull 80.98 25.84 44.50 79.90 27.81 43.55 1.0 1.97 0.94

12.02 15.11 78.47 13.23 14.86 77.11 1.21 0.24 1.35

82.89 45.00 28.21 84.52 44.36 29.70 1.63 0.63 1.49

feet 80.98 25.84 44.50 79.90 25.09 43.45 1.0 0.74 1.0

12.02 15.11 78.47 10.97 14.57 79.05 1.0 0.53 0.58

Table 1: Registration results that were obtained by using theL1 distance∆V d for the volumes

shown in Fig. 4. Columns 1 through 3 present the actual rotation parameters. Columns 4 through

6 present the estimated rotation parameters. Columns 7 through 9 present the estimation errors.

All volumes are of size64× 64× 64.
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Figure 5: The angular registration error as a function of the standard deviation of the noise.∆α

and∆β are the errors in the estimation of the rotation axis when using theL1 norm (∆V d ). ∆αN

and∆βN are the estimation errors when using the normalized correlation (∆V d
N ). Using∆V d

N

results in improved accuracy, especially for noisy volumes.

Volume size 16× 16× 16 32× 32× 32 64× 64× 64

Timing [s] 11 43 480

Table 2: Timing results of the proposed scheme.
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rameters, is decoupled into three sub-problems: estimating the rotation axis, estimating the planar

rotation, and computing the translation. The computation is based on the 2-D and 3-D pseudo-

polar Fourier transforms, which are fast and accurate. Compared to other schemes, we provide

accurate results which are robust to noise and have a predictable execution time and controlled

error.

Future work includes the registration of biological data, which is often noisy and can therefore

benefit from the scheme’s robustness to noise. We currently study the analysis of 3-D symmetries,

which is a fundamental task in 3-D modeling and analysis. Symmetry axes can be considered as

the multiple solutions of the registration of a symmetric object with itself. We have successfully

applied a similar approach to images in [27].
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