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Biorthogonal Butterworth Wavelets Derived from
Discrete Interpolatory Splines

Amir Z. Averbuch, Alexander B. Pevnyi, and Valery A. Zheludev

Abstract—in the paper, we present a new family of biorthog- of the wavelet transform. To further extend this resemblance, we
onal wavelet transforms and a related library of biorthogonal pe- - should employ the new odd subarray for updating the existing
riodic symmetric waveforms. For the construction, we used the in- even subarray. The goal of this update is to smooth the even sub-
terpolatory discrete splines, which enabled us to design a library array and thus reduce the aliasing, which is a consequence of the
of perfect reconstruction filterbanks. These filterbanks are related _y ) g, q
to Butterworth filters. The construction is performed in a “liting” ~ decimation. Based on the above strategy, we constructed a new
manner. The difference from the conventional lifting scheme is that family of biorthogonal wavelet and wavelet packet transforms
all the transforms are implemented in the frequency domain with - and a related library of biorthogonal symmetric waveforms. In
the use of the fast Fourier transform (FFT). Two ways to choose 419], a similar approach was developed through the use of poly-

the control filters are suggested. The proposed scheme is based o ial int lat i th dicti te. In that
interpolation, and as such, it involves only samples of signals, and it "OM1al INterpolatory splines as the predicting aggregate. in tha

does not require any use of quadrature formulas. These filters have Paper as well as in the present one, all the computations are con-
linear-phase property, and the basic waveforms are symmetric. In ducted in the frequency domain using FFT.

addition, these filters yield refined frequency resolution. Our construction results in a perfect reconstruction filterbank
Index Terms—Biorthogonal wavelets, Butterworth filters, dis- that is linear phase. The corresponding wavelets are symmetric.
crete splines, lifting scheme. Our investigation revealed an interesting relation between the
decomposition splines and the Butterworth filters [12] com-
I. INTRODUCTION monly used in signal processing. The filterbanks constructed

in the paper comprise filters that act as bidirectional (forward
T HE CONTINUOUS polynomial splines have arich histongng packward) halfband Butterworth filters. The frequency
as a source for wavelet constructions [3], [4], [6], [9], [18]yesponse of Butterworth filters are maximally flat, and we
[19], but only a few authors [10], [13] use the discrete splineg,cceeded in construction of the dual filters with similar
for this purpose. However, discrete splines are a natural tool B'l*operty. A few schemes were reported in the literature where
processing of discrete time signals. An intermediate approagfa one-pass Butterworth filters were used for devising an
can be found in [2], where the authors used the filters that O”Srthogonal nonsymmetric wavelets [1], [8], [15], [17]. Corre-
inated from the sampled B-splines for the construction of th@onding wavelets were called the biorthogonal Butterworth
multiresolution analysis i,. wavelets. To distinguish the wavelets constructed in our scheme
In this work, we employed the interpolatory periodic disfrom the former ones, we name our wavelets bi@thogonal
crete splines [11] as a tool for devising a discrete biorthogorg{iterworth wavelets
wavelet scheme. The proposed construction is somewhat relateg,o paper is organized as follows. In Section I, we outline
to Donoho’s interpolating wavelet construction [7] as it wagome facts about the discrete splines and the periodic Butter-
modified later by Sweldens [16] into what is called the “liftingyorth filters. In Section I1I, we devise a family of biorthogonal
scheme.” The lifting scheme allows custom design and fast ifgzyelet-type transforms of signals using lifting steps. The lifting
plementation of the transforms. Briefly, the idea of the compuysheme that we propose operates in the frequency domain,
tation is that values of the signal located at odd positions are PE3ntrary to the conventional lifting scheme. Both the primal and
dicted by values in the midpoints of the spline that interpolateg,a| schemes for construction are considered. We emphasize the
even values of the signal. Then, the odd subarray is replacedifyt that the lifting scheme together with the proposed construc-
the difference between the current and the predicted subarrgys yields an efficient computational algorithm. Section IV is
On smooth well-correlated fragments of the signal, these diffe{ayoted to the description of the properties of the constructed
ences will be near zero, whereas irregular fragments will prererpanks and basic elements of the transforms. The filterbanks
duce significant differences. This result resembles the operatig§htain some control tools that allow custom design of the
wavelets. In the end of the section, we show how to use these
Manuscript received August 18, 2000; revised August 1, 2001. This work waentrol tools. The transforms that were presented in Section Il
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transform. Throughout the paper, we present a wide collectionDefinition 2.2: Let {e(k)}, £k € 0, ..., m — 1 be a given
of filterbanks, wavelets, and their spectra. sequence. The discrete periodic splifyeis called the interpo-
latory spline if the following relations hold:
Il. PRELIMINARIES

A. Discrete Periodic Splines 5r(2k) = e(k), keo...,m=1 (2.5)

In this section, we outline briefly the properties of discret&he points{2k} are called the nodes of the spline.
periodic splines that are needed for further constructions. ForThe interpolatory splines of any order can be explicitly con-
detailed description of the subject, see [11]. structed.

Throughout the paper, we assume thatr, andt are natural  Proposition 2.1: The interpolatory spline that satisfies (2.5)
numbers and thabn = N = 2¢. Denotewy = eQﬂ/N The s represented as follows:
discrete Fourlertransform (DFT) of an arrgy(k) } 2, which

we denot , and its inverse (IDFT) are ml
A (oFD) S0 = Y e)Q, ki~ )
=0
N /) = Z w;f’ka(k) m—1 2(0;/\5 érn(]/)
/2
C(l): ( l/7r>27 ( 1/7T)27’7 m:N/2
v=0 (2cos — + (2sin —
Zw”’“]\ v,k=0,...,N—1 N N 2.6)
We recall the following properties of DFT: Proof: Let us rewrite (2.5) using (2.4)
N-1 N m—1
If a(k) = > b(k —1)c(l) thena™ (v) = 4™ (1)e™ (v) S D@2k — 1)) = e(h)
=0 —
2.1) =0
N/2-1 and apply thern-point DFT on both sides of this equation. From
Z wg,’/’; =L@ +aV(v+N/2)) (22) (2.2),itfollows thatthen-point DFT of the decimated B-spline
is
N/2—1 W L
wy a2k +1 N (oN)—aNw+ N/2)Y. Am i v
Z I )= (6" () —a" (v + N/2)) mw) = Y wirEQ.(2K)
(2.3) RV
=3 (QX W+ QY v +m))
Definition 2.1: The IDFT of the sequence
1 9 v 2T 9 v\ 2T
n?r ifr=0 T2 ( COSW) +( Smﬁ) )
_ . 2r
Gr,m.n (V) = { <M) ifr=1,...N—1: Hence, we have, using (2.1)
sinwy /N
1= 1<(2 cos V—W)QT + (2 sin V—W>2T> ¢ (v) =em(v).
Qr, m, n(k) = N Z w?&%‘, m, n(l/) 2 N N
v=0
]
is called the(m,_ n) dlscretg D?TIOdI_C B-spline Of_ ordé_v: For further development, we need to know the values of the
The(m, n) discrete periodic spline of order- is defined as  gpjines in the midpoints between the nodes, which we denote as
a linear combination, with real-valued coefficients, of shifts o(;(k) =S5.(2k+1),k€0,...,m—1.
the (m, n) B-spline of order2r: Proposition 2.2: The values of the interpolatory spline in the
1 midpoints are
S n(B) =D (1)@, m, (ke = nl). -
=0 Z wz/k rn
In the paper, we are interested only in the case when
N/2andn = 2. The corresponding splines are denote@as= " (v) =¢e" (1/)wNU1(1/) (2.7)
Qr, Ny2,2 NS, = S, n/2 2. In this case, we have N N 28
(COS —) — (Sin —)
N—1 _ N N
Qr(k) = x Z (2 ”W)% Ui = v 2r .ovm\2r
AR Z WiF (2co0s N (cos F) + (Sln F)
v, k=0,...,m—1. (2.8)

m—1
Sy(k) = c(D)Q-(k —20). 24
®) ; B ) @4 The functionl/; is N-periodic andy (v +m) = —Ui(v).
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Fig. 1. (a) Lowpass filter functionks®, which is the magnitude squared frequency-response functions of the lowpass halfband Butterworth filtersrofotder
at the bottom to order = 8 at the top. (b) Highpass filter functiorig, which is the magnitude squared frequency-response functions of the highpass halfband
Butterworth filters. (c) Lowpass filter functioris; of orderr = 1 at the bottom to order = 8 at the top. (d) Highpass filter functiong .

Proof: Similarly to previous considerations, we apply the, respectively, are given by
m-point DFT on both sides of the following equation:

1
1 Fw)P? = e
— 14 (tan = /tan =<
o(k) = c(DQr(2k+1-1). + ( o / an 2)
=0 2 2 1
From (2.3), we deri i)l =1 = B = - NG
rom .0), We aerive 3 had an —
(2.3) 1+(mn2 /mn2)

m—1

ok wherew.. is the so-called cutoff frequency.
E wie Qn(2k + 1) . . ) .

Nj2 T We are interested in the halfband Butterworth filters that is
k=0

o w. = /2. In this case
S CAOENERD)
vk

Wi (2 v ) 2r (2 L UT ) 2r
= — — in — .
5 cos I S I

Hence, using (2.6), we get

1
w 2r
1 (t( —)
+ fmz

|Fi(w)? =1~ [F(w)]” =

[Fi(w) =

1

w 27
L (0t )
4+ { co 5
VT v

v o o
O %\ <(2 cos W) - (2 sin W) ) é(w)™e(r)™  When the signals andy and the impulse respongeare V-pe-
-~ N riodic, the linear convolution in (2.9) becomes circular, and in
=" (r)wrUi(v). B subsequent formulas, is replaced b2vr /N. In particular, the
magnitude squared frequency responses of the digital periodic
lowpass and highpass Butterworth filters of ordare given by

the formulas
We recall briefly the notion of Butterworth filter. For detalils,

B. Discrete Periodic Butterworth Filters

1
see [12]. The input:(n) and outputy(n) of a linear discrete |F(v))? = —
time shift-invariant system are linked as follows: 1+ (tan W>
1
S Fw)|=1- W)= ————. (2.10)
)= 3 fE)a(n ). (2.9) ol =1l = (o Y
k=—oc
Such a processing of the signa(n) is called digital fil- These functions for variousare displayed in Fig. 1.
tering, and the sequengé&n) is called the impulse response I B T
of the filter. Denote by X(w) = 377 _ e ™ z(n), - BIORTHOGONAL TRANSFORMS
Y(w) = 307 e ®myln), Flw) = >0 e “"f(n) We introduce a family of biorthogonal wavelet-type trans-

the Fourier transforms of the sequences. Then, we have fréorms that operate on the signak= {z(k)}, k=0, ... N — 1,
(29 Y(w) = F(w)X(w). The functionF(w) is called the which we construct through lifting steps. The significant differ-
frequency response of the digital filter. The digital Butterwortknce with the conventional lifting scheme [16] lies in the fact
filter is the filter with the maximally flat frequency responsethat here, we operate in the frequency domain.

The magnitude squared frequency resporgés) and ), (w) The lifting scheme can be implemented in a primal or dual
of the digital lowpass and highpass Butterworth filters of ordeanodes. We consider both.
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A. Primal Scheme

1) Decomposition:Generally, the lifting scheme for decom-
position of signals consists of three steps:

1) split;

2) predict;

3) update or lifting.

2685

B. Dual Scheme

In the primal construction that was described above, the up-

date step followed the prediction. In some applications, it is
preferable to have the update step before prediction step and to
control the prediction step. In particular, such dual scheme al-
lows adaptive nonlinear wavelet transform [5] by choosing dif-

Let us construct and implement our proposed schemes in teff@i§Nt predictors for different fragments of the signal. We now

of these steps.

Split: We simply split the arrayx into an even and odd
subarrays

ey ={ei(k) = x(2k)},
dy ={di(k) =2(2k+1)}, ke€0,...,m—1; m=N/2

Predict: We use the even array to predict the odd array
d, and redefine the array, as the difference between the
existing array and the predicted one.

To be specific, we use the splitte that interpolates the
sequence; and predictthe arra@l .The arra)Ell, whichis
the DFT ofd, , is predicted by the arraydefinedin (2.7)and
(2.8). The DFT of the new array is defined as follows:

CZ?(I/) = ch(;/) — e (Wi Ui(v), v=0,...,m—1.
(3.11)
From now on, the superscriptmeans ampdateoperation

of the array.

explain the dual scheme.

1) Decomposition:
1) We start by averaging the even array with its prediction
that was derived from the odd array:

é&ty) = %(él(l/) + w];”Ul(y)ch(y)) . (3.17)

Such an update results in a smoother even array.
2) We form the details array by extracting from the odd array
the new even array supplied with the control function

/31(1/):

Lifting : We update the even array using the new odd array 3) Finally

&) = e1(v) + BL()wR” A (v). (3.12)

Generally, the goal of this step is to eliminate aliasing that

appears while downsampling the original sigrahto e; .
By doing so, we have thay is transformed into a lowpass
filtered and downsampled replicaxfIn Section IV-C, we

di(v) = di(v) — 261 (v)wk et (v). (3.18)
2) Reconstruction:
1) We restore the odd array
d; (v) = c?f (V) + 261 (V)wh et (v).
2) To reconstruct the even array, we Wsév):
é1(v) =287 (v) —wy"lh (1)dy (v).
(v) :é\l(l/)—i—w;r”cgl(l/), v=0,...,N -1

IV. FILTERBANKS AND RELATED BASES

A. Filterbanks

will discuss how to achieve this effect by a proper choice Lifting schemes, which were presented above, yield efficient

of the control filter3;, but for now, we only requirg (/)

algorithms for the implementation of the forward and backward

to be a real-valuedv-periodic sequence, which obeys thdransform ofx —— e} U df, but these operations can be in-

conditionfy (v + m) =

—B1(v).

terpreted as transformations of the signals by a filter bank that

2) Reconstruction:The reconstruction of the signalfrom POSSEsses the perfect reconstruction properties.

the arrays} andd} is implemented in reverse order:
1) undo lifting;
2) undo predict;
3) unsplit.
Undo Lifting : We immediately restore the even array

é1(v) = e (v) — B (i di (v). (3.13)
Undo Predict: We restore the odd array
di(v) = dv(v) + &1 (V)W UL (v), v=0,....,m-—1.
(3.14)

Let us rewrite (3.14) using (3.13)
dy (v) = ch(l/) + Wi U1 (v) (éf(l/) — A (1/)w;,”czf(1/))

= 62111(1/) (1 — fL(v)wy"Us (1/)) + Wi U1 (v)éf (v).
(3.15)

Unsplit: The last step represents the standard restoration

N&om (2.10), it is clear that the linear phase fil®} ,(») is
equal to the magnitude squared frequency-response function of
the discrete-time lowpass halfband Butterworth filter of order

of the signal from its even and odd components. In t
frequency domain, it looks like

z(v)=é1(v) + w;yczl(l/), vr=_0,... (3.16)

N —1.

First, we define two filter functions
B .(v) 2 (1+U(1)/2

Lt ()
an N

B}, (1) 2 (1 - U(1))/2
TN\ 2"
(Slll F)
I\ 2r L pmN\?2T
WW)WMW

1
R — v=0,...,N—1.

- 1+( t lﬂr)w
COlL —
N
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Fig. 2. (a) Low-frequency reconstruction wavelgtsof orderr = 1 at the bottom to order = 8 at the top. (b) Fourier transforms of (a), which are the filters
ht. (c) High-frequency decomposition wavelets. (d) Fourier transforms of (c), which are the filteys.
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Ifig. 3. (&) Low-frequency decomposition wavelgts of orderr = 1 at the bottom to order = 8 at the top. (b) Fourier transforms of (a), which are the filters
hs. (c) High-frequency reconstruction wavelet§. (d) Filtersg} for the wavelet of order. The control filter3, (v) = U* (v)/2.

[12]. The linear-phase filteB:  (v) is equal to the magnitude  We call the sequencé’ ()} and{g*(»)},» =0, ... N—1
squared function of the high;iass halfband Butterworth filter. the frequency responseé of the lowpass and high-pass decom-
means that application of these filters on a signal is equivalgsition of filters of the first level, respectively. We call the se-
to application of two passes (forward and backward) of the caruences{2* ()} and {g3(»)} the frequency responses of the
responding Butterworth filters. We call these filters the bidiredewpass and highpass reconstruction filters of the first level,
tional Butterworth filters. respectively. These four filter sequences form a perfect recon-
Theorem 4.1:Define theN-periodic filter functions struction filterbank [14]. We display the functior$ andg' in
) 220 B () Fig. 2 and the functiona; andg}, in Fig. 3.
:q N Thr Theorem 4.2:With any N-periodic sequences*(r) that
hs(v) 214 261 (1) Bj;, . (v) satisfies the conditio (v + m) = —#3*(v), the functions
=1+ B (V) @.19) {hs} {5} {A1()}, and {g5(v)} satisfy the perfect
hl - reconstruction conditions
() =25, () R R (0) + ()50 =2

95(V) = 2w\" By, (v)

= w3 (1= A ) BRS04+ m) + gh ()5 v Fm) =0, (4.24)
v=0,...,N—1 (4.20) From the definitions (4.19) and (4.20), we immediately derive
Then, the decomposition and reconstruction formulas of the hl(’/)%(’/) + g5()5 (V)
primal scheme ca}n be repres?nted as follows: — (14 U ()L + Bi()(L = Uy (1))
ér(v) = %(hb(l/)ff(v) +hi(v +m)a(v + m)) (4.21) +(1 -0 (w)(1 = ()1 + UL (1)) = 2.
du(v) =1 ( FL)i(v) + 3L + myi(v + m)) (4.22) The equations (4.24) can be similarly checked. n
. L\ LN _ Similar facts hold for the dual transforms. Let us denote by
B(v) =h*()e (V) + ga(V)di (v). (4-23)  F1 andGY, the dual decomposition filters and By and G

Proof: The proofis in the Appendix. the dual reconstruction filters. The dual decomposition filters
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coincide (up to constant factors) with the reconstruction filters  Proof: The proof is in the Appendix.
and vice versa, i.e., Corollary 4.1: The following biorthogonal relations hold:

H0) =h0)f2, Ghv) = gh(») (@hu oty = (vh o 91 ) = 8L,
Hi(v) =2hL (v GHv) = 3t (v). 5 ;
'8(1 ) '8(] )’ (l ) (] ) <<p%3,k7 z/},(1371> = <"(/}}, (pi> = 07 Vlv k.
Remark: The decomposition wavelets of the dual scheme

are the reconstruction wavelets for the primal scheme and vice
versa.

The following is an obvious observation.
Proposition 4.1: The filter functions are linked in the fol-
lowing way:

Gtv) =w"ht v +m); gh(v) = Wi h(v 4+ m). C. Choosing the Control Filter

Remark: We stress that the dual decomposition fili&t(2) Thus far, we did not specify the filter sequenigg ), which
and the primal reconstruction filtér (/) are equal (up to con- 0ccurs during construction of the primal filtes§(»/) andhj ()
stant factors) to the bidirectional lowpass halfband Butterworgid the dual oneS'; () andH (). The only imposed require-
filter of orderr. The primal decomposition filtej* (/) and the mentwas3* (v +m) = —3*(v). Therefore, we are free to use
dual reconstruction filteG* (1+) multiplied byw¥, are equal to this functions, for custom design of these filters and the cor-

the bidirectional highpass halfband Butterworth filter. responding wavelets. We present two possible approaches for
choosing the control filteB; (v).
B. Bases for the Signal Space 1) Retaining the Maximal Flatness of the Filter&s was

The perfect reconstruction filter banks that were construct@igntioned above, the dual decomposition filigt (1) [the

above are associated with the biorthogonal pairs of bases in Rfgnal reconstruction filters*()] and the primal decom-
spacesS of N-periodic discrete signals. position filter g*(») [the dual reconstruction filteiG!(1)]
Notation: multiplied by w%; are equal to the bidirectional lowpass and

highpass halfband Butterworth filters of orderrespectively.
1 Smjul/N 1 These filters are linear phase and maximally flat in their
pr(D) = N Z ¢ () passband and stopband due to the factoss(rr/N))?" for
v= the lowpass filters an¢sin(zr/N))?" for the highpass filters.

N—-1

N-1 =
1 IUN In Fig. 2, we display these filters and the wavelgtsandq)*
Loy — & 2mjvl/N 1 g. 4, play e P,
¥5() N ; ¢ 95() (4.25) which are related to them. We will retain similar properties for
N—l filters that depend o, .
_ 1 S= o9mivl/NG An easy way to achieve this is to put
Sh) =5 Y VR ()
=0 M(v) =pBi(v)
- 1 . . =
Z/)l(l) _ N 6277]1/1/1\ gl(l/). (426) 2 (V)/Z
v=0

Definition 4.1: The functionsy! and+} given by (4.25),
which belong to the spac8, are called the low-frequency and
high-frequency reconstruction wavelets of the first scale, r¢fen we have
spectively. The functiong}, and+* given by (4.26), which be- ’
long to the spacé, are called the low-frequency and high-fre- Bb(u) =1+ U1 (v)(1 = U(v))
quency decomposition wavelets of the first scale, respectively. _ %[(1 FUL) + (14 Ui(w)(1 = UL ()]

Note that the wavelets in (4.25) and (4.26) are the IDFT of ol 1 1
the corresponding filters. =Bi.(v) + 2B, (1) B, - (v)

Theorem 4.3:The shifts of wavelets defined by (4.25) and =B, (V)1 +2B;, ,.(v)). (4.30)
(4.26) form a biorthogonal pairs of bases in the spac@&his

means that any signal € S can be represented as Similarly
m—1 m—1 g,tli(’/) :w]:fy (1 - %Ul(’/)(]‘ + Ul(’/)))
z(l) =Y ef(k)p (1 —2k) + Y diph(l - 2k). =wy” [Bt .(v) + 2B}, (v)B} ()]
k=0 k=0 =wy” [Bh, . (v) (1 + 2B .(v)] - (4.31)

The coordinategj (k) andd{ (k) are the IDFT of the arrays
& (k) anddi(k), respectively. They can be represented as in
products

n\G/}Ve conclude from (4.30) and (4.31) that, as in the case
51 the filters h*(v) and g*(v), the filters hj(1) and g4(v)

are also the mirrored replicas of each other. They differ
(k) =(x, @5 ,), wheregdl (1) = @4 — 2k) (4.27) from bidirectional Butterworth filters of order by the term
{(8) = {x 25,1 #o.1(0) = 23l ) @2n) v = 2B} .(v)B; .(v), which affects only the central part

h,r

dy (k) =<$V+17 1/3i>, whereg; (1) = ¢' (I — 2k). (4.28) of the frequency domain. We display these filters and the
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&~ o 50

Fig. 4. (a) Low-frequency decomposition wavelgtsof orderr = 1 at the bottom to order = 8 at the top. (b) Fourier transforms of (a), which are the filters
h}. (c) High-frequency reconstruction wavelets. (d) Filtersy; for the wavelet of order. The control filter3, (v) = U*(v)/(1 4+ (U*(v)?).

corresponding wavelets in Fig. 3. We observe that the filtersWhen the control functio@, () = /3?(v/), then the lowpass
and the wavelets are similar to the previous ones but the flatnélsr is

of the filters is disturbed by the bumps (“over shooting”) near P DA 2T N 2r
the cutoff. These bumps appear due to the tefmFor higher } (cos W) <(cos W> + (Sin W) )
“ H » 1

7, we get sharper cutoff, and the “overshooting” becomes more  hg(v) = s T
visible. (COS —) + (Sin —)

2) Orthogonality of the WaveletsAnother suggestion for 2N N
the choice of? is triggered by the following consideration. Gen- = Bi, 2 (v) + 71 (v)
erally, the high- and low-frequency wavelets(l) andy5(1), and the highpass filter is
respectively, are not orthogonal to each other, and neither are
(1) andy!(1). However, by proper choice of the control filter (Sin ﬁ)% <(COS ﬂ)% I (Sin ﬂ)”)
£1(v), we can get this property. In this case, the sigmalaind L) = Wi N N N
X4, In the representatior = x; + x,, become orthogonal to s N (COS v )4" n (Sin v )4"
each other. By this means, we are able to remarkably reduce the N N
redundancy that is inherent to the biorthogonal wavelet trans- =wy’ (Bn, 2 (V) + v (1)),
forms. Moreover, the decomposition wavelgts , belong to \yhere
the same subspace to which the reconstruction wavefele- [ ALV 77 AN
long. The waveletsy}, , can be expressed as linear combina- 5,  a (COS W) (Sm ﬁ)
tions of the Waveletskali and vice versa. The same is true for the * o) = AN A
highpass waveletg} and)} . (COS W) + (Sm _)

Proposition 4.2: If the control filter3*(») is chosen as We see that in this case, the filters coincide with the bidirec-

tional Butterworth filters of orde2r up to the termy?(»). The
filter vZ(v) is similar to the filteryi (1)), which appeared when

Av) =B () we chooses; (v) = fBi(v). We display the filters and the cor-
_ Ur(v) responding wavelets in Fig. 4. We observe that the filters and
14+ (Ui(v))? the wavelets resemble the filters and wavelets vitly) =
AN 2 U*(v)/2, but now, the bumps are more visible, and the cutoffs
1 (COS W) B (Sm W) (4.32) ae steeper than before. The wavelets are somewhat smoother
S 2 (COS l/_7r)4” 4 (Sm V_7r>4’ ' but fail in spatial localization.
N N All the filters that are used in our wavelet transform are either

a combination of the bidirectional Butterworth filters or are very
close toit. Therefore, it is appropriate to name the corresponding
wavelets théviorthogonal Butterworth wavelets
Remark: Note that the decomposition highpass filters of
- orderr comprise the factafsin(vz /N))?". In the time domain,
(Vb1 01) = <¢b,k7 Z/)zl> =0, Vik (4.33) this factor corresponds to a finite difference of order It
means that if a fragment of the signalcoincides (or is near
to) a polynomial of degre2r — 1, then the coefficientd* (k)
Remark: When we doubled the order of the filgii (), are related to this fragment are equal (or near) to zero. This
which is given by (4.29), we get the filtg# (1). property is the periodic substitution of the property of vanishing
Proof: The proofis in the Appendix. moments.

then the following orthogonal relations hold:
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Fig. 5. (a) Reconstruction waveletg,, ! = 1-- -4 of order 1 (lines 1-4) ang‘, ! = 4 (line 5). (b) Their spectra. (c) Decomposition waveié;el =1..-4
of order 1 (lines 1-4), ang’,, I = 4 (line 5). (d) Their spectra.

V. MULTISCALE WAVELET TRANSFORMS The described transform is linked with thé&/2-periodic fil-

Repeated applications of the transform can be achieved in ng§9 v), h3(v), h* (), andgj(v), which are the downsam-
iterative way. It can be implemented as either a linear inveR! ed verS|ons of the corresponding f||t2ers of the first step. It is
ible transform of a wavelet type or as a wavelet packet ty orth noting that the filterg? (21/) andh*(v) are bidirectional
transform, which results in an overcomplete representation By tterworthfilters. The filteré andg* are applied on the array
the signal. In this section, we explain one multiscale advance&f t0 deriveé; andd2 Conversely]ﬂ and g3 are applied on
the wavelet transform. the arrayst4 anddy to restores!.

In this transform, we store the array and decompose the The transform can be viewed as an expansion of the signal
arraye®. Actually, we have at our disposal the DFT arrajys With biorthogonal pair of bases:
and El’y that were derived in the previous step [see (3.11) and

. ) m/2—1
(3.12) or (3.17) and (3.18)]. The IDFT is applied on the array _ “ 2.7
d that yieldsd? =l) = ;0 & (K¢ (1 = 4k)
Letey anddy denote the even and odd subarrays of the array " a1
e}'. We can find the values of the corresponding DFT directly Z (kY3 (1 — 4k)
from &¥: 2
A A~ w m—1
eg(lz = (&Y (v)+ & (v +m/2)) /2 " Z du(k 1/)@ (1 — 2k) (5.34)
da(v) =Wy (E1(0) = &4 (v +m/2)) /2.

The filters for the first step of the transform were produced froNfhere lowpass and highpass reconstruction wavelets of the
the functionl/; [see (2.8)]. We produce the filters for the secongecond scale are defined as

step using the new functidii,, which is the downsampled ver- ] NVt
sion of U1: Us(v) = UL (2v) [see (2.8)]. P == > FTYNR )RR (v)
The decomposition steps for the primal scheme are the fol- N v=0
lowing. 1 N N
~ A R 2 _ = 2ajurl/N 3 1 2
1) d3(v) = da(v) — W na(»)Ua(v). Vi) =5 D VR )gR ().

2) &5(v) = éa(v) + B)wy),ds (V). =0

3) The arraydy is derived by the application of the IDFT. The coordinates in (5.34) are inner products with four-sample
If we terminate the decomposition at this step, we appBhifts of the decomposition wavelets of the second scale
IDFT oneéy as well and produce); . In this case, the orig—

inal array is transformed into the arraydy, dy 1=
X 3, € 5201 = — 2mjul/N b1 (VB2
To proceed in getting coarser scales in the decomposition, 25(0) N z_:o c (k)
we use the arragy rather thare}. N1
; ; N 1 s
The reconstruction steos areArhe foIIowmg_. T/Jfa(l) == Z o2IVL/N hb(”)f(”)'
1) Apply the DFT ondy. If &} is not available from the =0

2) gr((a]\//;odséet(calgs Ofﬁt; ((le/)rzconztrziyc)tion, apply itegn In Fig. 5, we display the biorthogonal Butterworth wavelets of
. 2 Nj272 order 1 up to the fourth level and their spectra. Note that these
3) da(v) = dy(v) + WN/2@2(V)U2(V) wavelets are compactly supported and have two vanishing mo-
4) éa(v) = ex(v) + wN/QdQ(V) ments. In Fig. 6, we display wavelets of order 10 up to the fourth
The dual scheme is implemented in a similar manner. level and their spectra. These wavelets were outperformed by
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Fig. 6. (a) Reconstruction wavelets,, ! = 1 -- 4 of order 10 (lines 1-4) ang’, I = 4 (line 5). (b) Their spectra. (c) Decomposition wave}éggl =1..-4
of order 1 (lines 1-4), ang’,, I = 4 (line 5). (d) Their spectra.
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Fig. 7. (a) Wavelet packets of third scale of order 1 (compactly supported). (b) Their spectra. (c) Wavelet packets of third scale of order 15p@htidneir

the wavelets of lower orders in spatial localization but win iall the transforms are implemented in the frequency domain
frequency localization and smoothness. with the use of the fast Fourier transform (FFT). However,

Unlike the mechanism in the wavelet transform, in ththe time-domain implementation is possible by means of
wavelet packet transform, both subarragjs and d} of the recursive IR filtering similar to the implementation of the
first scale are subject to decomposition that produces fadigital Butterworth filters.
second-scale subarrays. In turn, these four arrays produce eigiwe suggested two ways to choose the control filters that are
subarrays for the third scale, and so on. All subarrays that anéerent in the transforms. However, many more ways are pos-
related to a certain scale are stored. Without going into detaihle. This subject deserves a special investigation.
we display in Fig. 7 the wavelet packets of the third scale of High-frequency filters of an orderin our construction com-
first and 15th orders and their spectra. The wavelet packets prise the factosin(v7/N))?". In a nonperiodic setting, it cor-
derived by the primal transforms. responds to the vanishing moments property up to d2desf
the corresponding wavelets. Thus, such a filter turns fragments
of the signal, which (almost) coincide with polynomial of de-
greep, close to zero. The low-frequency filters, on the contrary,

We presented a new family of biorthogonal wavelet tranteave the fragments almost intact.
forms and a related library of biorthogonal periodic symmetric Our algorithm allows a stable construction of filters com-
waveforms. For the construction, we used the interpolatory digising these sine blocks of practically any order.
crete splines, which enabled us to design a library of perfectThe computational complexity of the application of the
reconstruction filterbanks. These filterbanks are intimately reravelet transform on a signal of lengtt is the same as the
lated to Butterworth filters. application of the FFT on a signal, which &(N log, N).

The construction is performed in a “lifting” manner thaincrease of the order in our scheme does not affect the cost of
allows more efficient implementation and provides tools fahe implementation. Therefore, especially for higher orders
custom design of the filters and wavelets. As it is common ihe complexity of our algorithm is comparable if not less than
lifting schemes, the computations can be carried out “in placdtie complexity of the standard wavelet transform.
and the inverse transform is performed in a reverse order. ThéNe should particularly emphasize that our scheme is based on
difference with the conventional lifting scheme [16] is thainterpolation, and as such, it involves only samples of signals,

VI. CONCLUSIONS
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and it does not require any use of quadrature formulas. TI8@nilarly, we derive the relation as [see (4.25)]
property is valuable for digital signal and image processing.

The fact that these filters have linear phase property and the iy -
basic waveforms are symmetric is also of great importance to w(l) = Z dis(l - 2k).
these applications. In addition, these filters yield refined fre- h=0
quency resolution. Let us consider the decomposition formula (4.21). The property

We anticipate a wide range of applications for the presentgzi1) implies that by using the IDFT, we get
library of waveforms in signal and image processing.

N-1 N-1
A 1 vk /NTL o \A ~
APPENDIX a(k) = N Z e2mivk/N hy(n)i(v) = Z <p’]§(l — k)x(l).
v=0 =0

Proof of Theorem 4.1:We start with the primal decomposi-
tion formula (4.22). We modify (3.11) using the identities ~ Now, from (4.21) and (2.2), we have

é1(v) = %(55(1/) + (v +m)) N—1
; ¥ ci(k) = a(2k) = ) @pl = 2k)x(l) = (x, &5 1)
di(v) = %‘ (v) — &(v +m)). (7.35) ;

Therefore, we have which proves (4.27). Similarly, (4.28) is proved. [ |

~

v Proof of Proposition 4.2:Using (4.25), we can write
di(v) = %(a@(y) — 2w +m)—U1(0)(E(W) + 2(v + m))) P 9 ( )

-1 N—

, —(2rjv(n—21

_w2]\ ( ( )(1 i Ul(’/)) —£(1/—|—m)(1—|—U1(1/))) <r(/),113,k7 901 N2 z:o z% (2mju( 2)//\)]7, (l/)
(7.36) N-1
2rjs(n—2k)/N 1
To obtain (4.22), it is sufficient to note that the functigh, : Z P mIIN g (s)
which is defined in (4.19), possesses the propgtty +m) = S=°N .
—wX (1 + U1(v)). Thus, we see that (7.36) is equivalent to _ 1 i: ) 1(8)627rj2(ks—z/l)/]\f
(4.22). SN
To prove (4.21), we use the identity (7.35) and the already- o T

proved relation (4.22). Moreover, we recallth@@;(”m)/}l(u—k ) Z —(27n(s—1)/N)
m) = wy”B1(v). Then, the decomposition formula (3.12) can _0
be rewritten as

1 B3 (1w YR / V(k l)

etv) = 3 @)+ z(v+m))+ % N VE_:O )
A gtz (v al(y o1
(g )E@) + " +m)a(y + m)) Since the functlom;”(" Dis m-periodic with respect to, we
:%( (i )(1+/31(V)WN i )) + 2 +m) represent the inner product as
(1 + S(v + m)wy SAmig Gt(v+m) )) . <T/)}3 Ko ©1)
m—1
Hence, (4.21) follows. _ v(=0 (R T(0)gh (v + R+ Loy 4
To verify the reconstruction formula (4.23), we substitute Z “n ( ()g5() (v + m)gs(r m))'

(3.13) and (3.15) into (3.16). [ |

Proof of Theorem 4.3:\We start with the reconstruction for- Equations (4.19) imply that
mula (4.23), which we rewrite as -
ht(v)gs(v)
= wil’/Q((l +U(m)(1 - /31(1/)(1 + Ui(v)))
hi (v + m)gé (v+m)
= —w V(1 = UL ()1 + B ()1 — U (»))).

(1) = &1 (v) + iy (v)
where
En(v) =W )et(v) and 2,(v) = gh(¥)di(v).
We have from (4.25)

] N m—1 Hence, we have
.’L'h(l) —_ Z e?ﬁjul/l\fhl(l/) Z C—Qﬁjuk/rne'f,(k)
Y (Wb, xe 01
v=0 k=0 8,k Pl

m—1 1 N-1 ) m—1

= ct(k) & D 2N () = > WiV (204 (v) - 28 (1)1 + (L)) -
k=0 v=0 v=0
m—1

— et (k)pt(l — 2k). Substitution of (4.32) results it} ., ©;) = 0. The second

relation in (4.33) is similarly proved. [ |

o~
Il
S
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