Efficient broadcasting from several originators in a d� dimensional grid

A. Averbuch^∗ I. Gaber^† Y. Roditty^‡

Abstract

Given an undirected graph representing a network of processors, and source nodes (called originators) containing messages that must be broadcast to all other nodes we want to find a scheme that accomplishes the task in as small number of time steps as possible. The general problem is known to be NP-complete ([11] unless the structure of the graph is known in advance. Let G be a d�dimensional grid, and let f(d; k) be the time needed to broadcast one message in G from k different originators.

Our main results are:

1. Exact values of f(1; k)

2. Optimal bounds on f(2; k)

3. Bounds on f(d; k).

The results are extensions of earlier results of Farley and Hedetniemi [5] , Van-Scoy and Brooks [12] and Roditty and Shoham [10].

∗Department of Computer Science, School of Mathematical Sciences, Tel Aviv University, Tel Aviv 69978, Israel.

†Department of Computer Science, School of Mathematical Sciences, Tel Aviv University, Tel Aviv 69978, Israel and Department of Computer Science, The Academic College of Tel-Aviv-Yaffo, Tel-Aviv 61161, Israel.

‡Department of Computer Science, School of Mathematical Sciences, Tel Aviv University, Tel Aviv 69978, Israel and Department of Computer Science, The Academic College of Tel-Aviv-Yaffo, Tel-Aviv 61161, Israel. email: jr@math.tau.ac.il

1 Introduction

1.1 The model

In this paper we deal with the problem of broadcasting in a communication network, which is represented by a connected graph. The graphs we deal with here are d-dimensional grids. In a broadcasting problem k ≥ 1 vertices of a connected simple graph, called originators, initiate a mutual message that should be transmitted to all other vertices of the graph according to the following rules:

1. A vertex may send a message to an adjacent vertex only

2. Time is discrete. At a given time a vertex may either:

(a) receive a message (b) send a message to one neighbor (c) be idle

1.2 Previous work

The problem of broadcasting in communication networks was dealt in many papers (see [9] ,[7] or [12] ). The problem of broadcasting from several originators, using the above rules, was investigated in [6], [1] , and [2] in which efficient algorithms of broadcasting from several originators in a tree were presented.

Farley and Hedetniemi [5] showed optimal broadcasting of one message from any vertex in a 2−dimensional grid. Van-Scoy and Brooks [12] extended their result to broadcasting of m messages from a corner of a 2 and 3 dimensional grid. These results were extended also to a d− dimensional grid by Roditty and Shoham [10], where they also showed a broadcasting algorithm from any originator in the d− dimensional grid.

2 Basic Definitions

A d − dimensional grid graph G_{n1,n2,...,nd} is a graph with n_1 × n_2 × ... × n_d vertices ,denoted G^d(⊗n_i), each labeled with a unique element of {(i_1, i_2, ..., i_d) | 1 ≤ i_j ≤ n_j , 1 ≤ j ≤ d } , and with edges connecting vertices which differ by 1 in exactly one label component. If n_1 = n_2 = ... = n_d = n we denote the grid by G^d(n). In particular, G^1(n) is a path on n vertices.

If u, v ∈ G^d(⊗n_i) , u = (a_1, a_2, ..., a_d) , v = (b_1, b_2, ..., b_d) then, d(u, v) = d∑ i=1 |a_i − b_i| Let A be a set of vertices in a connected graph G. Define, d(u, A) = min{d(u, v)|v ∈ A}. Finally we define f(d; k) to be the minimum time needed to broadcast one message from k different originators in a d−dimensional grid, where in our model all the originators know the same message at t = 0.

For other basic graph theoretical concepts one may look at [8] and [13].

3 Results

Our main results are:

1. Exact values of f(1; k) ( theorem 4.1).

2. Optimal bounds on f(2; 2) (theorem 4.3 ) and f(2; k) (theorem 4.4 ) .

3. Bounds on f(d; k) ( theorem 4.5 ).

4 Broadcast schemes and lower bounds

4.1 1-dimension grid (Paths)

We shall view the paths as lines with consecutive positive integer values on the vertices.

We start with two lemmas , which are true in any communication network. The first lemma has been proved in [7] and the second is a consequence of it.

Lemma 4.1 Let G be a connected graph and u some originator. Then, at time t ≥ 1 a message can reach at most one vertex at distance t from u.

Lemma 4.2 Let G be a connected graph and let A = {x_1, x_2, ..., x_k} be a set of any k different originators in G. Then, at time t ≥ 1 a message can reach at most k vertices at distance t from members of A.

A notation we are going to use throughout the paper is that of the eccentricity of the graph. It is well known that the eccentricity of a x in respect for G, ecc(x) is the length of the furthest vertex from x in G, i.e., ecc(x) = max{d(u, x)|u ∈ V (G)} Proposition 4.1 Let x be any originator in G^1(n). Let u, v be the endvertices of the path. Then,

f(1; 1) = { ecc(x) if d(u,x) = d(x,v) ecc(x)+1 otherwise. Proof: Let D = ecc(x)

For the upper bound we introduce the following trivial algorithm: First x transmits the message to its neighbor in the direction of the end-vertex which is at distance D from it. (if both end-vertices are at the same distance, towards one of them, arbitrarily). From t = 2 on, both x and its informed neighbor pass the message in the opposite directions from each other, and so on. Clearly if d(u, x) ≠ d(x, v) the whole task takes D time units, otherwise it takes D + 1 time units. The lower bounds are derived from lemma 4.1. 2

Proposition 4.2 Let A = {x_1, x_2} be any two originators in G^1(n) with a ≤ x_1 < x_2 ≤ b. Let, D = max{d(u, A)|u ∈ V (G)} Then,

f(1; 2) = { D if the number of vertices at distance D from A is at most two D+1 otherwise. Proof:

Let mid_1 = ⌊^{(x1+x2)}_2 ⌋ and mid_2 = ⌈^{(x1+x2)}_2 ⌉ (mid_1 and mid_2 may be the same vertex)

We divide the path into 4 segments: (a, x1), (x1, mid_1), (mid_2, x2), (x2, b) so there are 4 distances at which D may be achieved, respectfully.

• mid_1 ≠ mid_2. This case is in fact the case of having paths, P (u → mid_1) and P (mid_2 → v). Since d(x_1, mid_1) = d(mid_2, x_2) then it follows that if D = d(x_1, mid_1) then x_1 cannot reach mid_2 faster than x_2. Applying the trivial algorithm and using the lower bound of lemma 4.1 we get that f(1; 2) is either D or D + 1 depending on whether D is achieved once or twice, for each originator.

• mid_1 and mid_2 are the same vertex. Consider the case where all four mentioned distance are D. In this case we get a lower bound of D + 1 from lemma 4.2 and the upper bound by applying the trivial algorithm. Otherwise, there are only 2 (or less) vertices at distance D from the two originators. We can easily ”assign” to each originator one vertex at distance D and apply the trivial algorithm that finishes after D time units. 2 Following the idea of the last proposition we extend it into k different originators.

Theorem 4.1 Let A = {x_1, x_2, ..., x_k} be any k originators in G^1(n) with a ≤ x_1 < x_2 < ... < x_k ≤ b. Let, D = max{d(u, A)|u ∈ V (G)} Then,

f(1; k) = { D if D is achieved at most twice for every two consecutive originators D+1 otherwise. Proof:

For the upper bound we establish the following algorithm which is a natural generalization of the trivial algorithm for one or two originators. We divide responsibilities between the originators in the following manner: for every pair of consecutive vertices we get two segments defined as in proposition 4.2. Then, x_i starts transmitting in t = 1 towards the further between x_i�_1 and x_{i+1} (with a = x_0 and b = x_{k+1}). It is easily seen that the same bounds of 4.2 hold. 2 4.2 2-dimensional grid

Although the following theorem is a result in [5] we give here our proof in order to keep the paper almost self-contained.

Theorem 4.2 Let x = (a, b) be any originator in G_{n1,n2} . Let D = ecc(x) Then,

f(2; 1) =

D if there is one vertex at distance D from x D+1 if there are 2 vertices at distance D from x D+2 otherwise. Proof: Naturally a vertex at distance D from x should be a corner. We divide the proof into several cases depending upon the number of corners at distance D from x.

Case i: There is exactly one corner at distance D from x. W.l.o.g. suppose the upper-right corner is the furthest vertex from the originator. Then, the lower bound is obvious. To obtain the upper bound we present the following algorithm:

We start transmitting along the column a. Suppose a vertex (a, b_1) , b_1 < b receives the message at time t from (a, b_1 + 1). Then it transmits it at time t + 1 to (a, b_1 − 1), and at time t + 2 it transmits the message to (a − 1, b_1).

If b_1 = 1, then at time t + 1 it transmits the message to (a − 1, b_1). As one can easily see, the whole procedure terminates within D time units, as required.

Case ii: There are exactly two corners at distance D from x. The lower bound D + 1 is given by lemma 4.1. To obtain the upper bound we may assume w.l.o.g. that the corners (1, 1) and (n_1, 1) are the furthest vertices from the originator. We apply the same algorithm as in the previous case, however the time needed to accomplish broadcast is now D + 1.

Case iii: There are four corners at distance D from x. Applying the former algorithm yields an upper bound of D + 2. To see that this is also the lower bound we observe that after one time unit, whichever direction we take (up, down, right or left) the new vertex that gets the message from x is now at distance D + 1 from two corner- vertices, and at distance D − 1 from the other two. If we could broadcast the message to the corners which are at distance D from x at D more time units (all together D + 1 time units) it would contradict lemma 4.1. Hence, we need at least D + 2 time units. 2

Before proving our next results we need a definition.

Definition 4.1 Given a grid, G, a set of originators A, we define the Control Area (CA) of an originator x_i ∈ A as follows: A vertex u belongs to CA(x_i) if d(u, A) = d(u, x_i) and i is the minimal index for which the equality holds.

Before presenting our main theorems we need the following essential lemma.

Lemma 4.3 Let A = {x_1, x_2, · · · , x_k} be a set of k different originators in G^d(⊗n_i). Then, for each x_s ∈ A, and u ∈ CA(x_s) all vertices in any possible path, P (u → x_s) of length d(u, x_s), belong to CA(x_s).

Proof: Let u ∈ CA(x_s) and w ∈ P (u → x_s) with |P (u → x_s)| = d(u, x_s). We claim that w ∈ CA(x_s).

We have , d(u, x_s) = d(u, w) + d(w, x_s) . (1) Assume the contrary that ∃r ≠ s s.t. w ∈ CA(x_r). Then there are two possibilities: (i) d(w, x_r) < d(w, x_s) . (2) Substituting (2) in (1) yields : d(u, x_r) < d(u, x_s) , contradicting the fact that u ∈ CA(x_s). (ii) d(w, x_r) = d(w, x_s) (3)

and r < s. Again substituting (3) into (1) yields, d(u, x_r) ≤ d(u, w) + d(w, x_r) = d(u, w) + d(w, x_s) ≤ d(u, x_s). Since r < s it would imply u ∈ CA(x_r). A contradiction . 2 An immediate corollary is:

Corollary 4.1 Let A = {x_1, x_2, · · · , x_k} be a set of k different originators in G^d(⊗n_i). Then, for each 1 ≤ s ≤ k, CA(x_s) is a connected subgraph of G^d(⊗n_i).

Now we present our main algorithm that accomplishes broadcasting from 2 originators in a 2-dimensional grid. The algorithm is highly efficient and in fact takes only 2 time units more than the trivial lower bound. The idea shown here will be then easily adopted to a grid with a higher dimension.

Theorem 4.3 Let A = {x_1, x_2} be a set of any two originators in G_{n1,n2} and D = max{d(u, A)}. Then, either

D ≤ f(2; 2) ≤ D + 2 (4) or D + 1 ≤ f(2; 2) ≤ D + 3 (5)

Proof: In order to prove (4) and (5) we prove first:

D ≤ f(2; 2) ≤ D + 3 . (6)

The lower bound is obvious. To obtain the upper bound we start with a BFS search from each of the originators to define CA(x_1) and CA(x_2). Each originator is responsible for broadcasting the message to the vertices in its control area only.

After dividing the grid into two control areas, we choose the main and secondary directions for each of the originators, where the directions are the horizontal and the vertical directions. Within these directions we choose whether we would like to start by broadcasting left, right, up or down, respectively. For the proof of (6) we may assume that the choice is arbitrary, so w.l.o.g suppose that for some originator its main direction is the horizontalright direction, and its secondary direction is the vertical-up one.

Main Algorithm:

1. Algorithm for an originator

Let x_1 = (i, j). Then, x_1 starts transmitting along the j axis, i.e., at t = 1 it sends the message to (i+1, j), and at t = 2 it sends the message to (i − 1, j) At t = 3 it starts transmitting on the secondary direction, the i axis, first to (i, j + 1) and then at t = 4 to (i, j − 1). Note that some of the transmissions may not take place if deg_{CA(x1)}(x_1) ≤ 3.

2. Algorithm for a vertex located on the same row as the originator Let u = (i_1, j). Upon receiving the message from its neighbor on one side (w.l.o.g., (i_1 − 1, j) it transmits the message to (i_1 + 1, j). At the next time unit u transmits the message to (i_1, j + 1) and after that to (i_1, j − 1). ( Again some of the transmissions might not occur if deg_{CA(x1)}(u) ≤ 3.)

3. Algorithm for other vertices

Each of the remaining vertices will transmit the message, in one direction only, the secondary direction (the vertical in our example), either up or down, depending on the neighbor from which it has received the message.

Proof of correctness of (6) : It is easily seen that since each vertex, except the ones in the j’s axis, in CA(x_1), receives the message only from a neighbor on its vertical axis, no vertex receives the message from two different neighbors, which might have caused a collision.

Also, by lemma 4.3 all vertices in the CA’s receive the message.

Proof of the upper bound of (6) : Let x be an originator and u a vertex in its control area. We prove here that regardless of the main and secondary directions chosen for x the message will reach u within at most d(u, x) + 3 time units.

Let x = (i, j), u = (i_1, j_1). Let d_x = |i − i_1| and d_y = |j − j_1|. Suppose the main direction of x is the horizontal direction. The message will reach the vertex (i_1, j) in d_x or d_x + 1 time units, depending upon whether x starts transmitting to its left or to its right. Then, within at most one delay in u (which must continue transmitting in the main direction), the message will reach u in at most d_y or d_y + 1 additional time units. Hence, we have a total of ,at most, three delays until the message reaches u, namely, u receives the message within at most d(u) + 3 time units. 2 For the proof of (4) and (5) we present the way we choose the directions for each originator. We shall choose the directions according to the number of vertices which are at distance D from A = {x_1, x_2}.

There are two cases:

1. There are at most two vertices, say y_1, y_2, such that d(y_1, A) = d(y_2, A) = D, and one of the following possibilities hold:

(a) y_1 ∈ CA(x_1) and y_2 ∈ CA(x_2) (b) d(y_1, x_2) > d(y_1, x_1) = D and d(y_2, x_1) = d(y_2, x_2) = D.

(c) d(y_1, x_2) = d(y_1, x_1) = d(y_2, x_1) = d(y_2, x_2) = D.

2. Either there are more than two vertices at distance D from A, or there are exactly two vertices at distance D from A, say y_1, y_2, such that both of them are at distance D from the same originator, and at a greater distance from the other.

Case (1) will implies (4), while case (2) implies (5).

Case i: Proof of (4) Case (1)(a) Note that in this case each originator is responsible for only one vertex at distance D from it. We will then choose directions for each originator according to the location of that vertex. For example if x_1 = (i, j) and y_1 = (i_1, j_1) , i_1 ≥ i , j_1 ≥ j. Then the directions of x_1 would be main: horizontal-right , secondary: vertical-up.

By choosing the directions in that manner it is easily seen that y_1 receives the message after at most D + 1 time units. Now, every other vertex, u will receive the message after at most d(u) + 3 time units. But since the other vertices are at distance at most D − 1 from x_1 it follows that broadcasting to them will end within at most D + 2 time units. Case (1)(b) In this case we change the definition of CA(x_2) in a way that all vertices u that are at the same distance from both originators, causing them normally to belong to CA(x_1) will instead be assigned to CA(x_2). In particular, y_2 ∈ CA(x_2). Thus, we can apply the procedure of the previous case obtaining the same result. Case (1)(c) In this case both y_1 and y_2 belong to CA(x_1) so we choose our directions in a way that we still finish broadcasting from x_1 in at most D + 2 time units.

We distinguish between the following cases:

(a) : y_1, y_2 are located in the same direction compare to x_1 W.l.o.g. suppose that the directions are: main: horizontal/right secondary: vertical/up. Then we have at most one delay in reaching each of the vertices y_1, y_2.

(b): y_1, y_2 have only one mutual direction compare to x_1 W.l.o.g. assume that the direction is vertical/up. Then this will be the main direction while for the horizontal direction we choose either right or left. Then one of the vertices is reached within at most D + 1 time units, while the other, in at most D + 2 time units. (c): y_1, y_2 are antipodals compare to x_1 W.l.o.g. let, x_1 = (i, j) and y_1 = (i_1, j_1) , i_1 < i , j_1 < j , y_2 = (i_2, j_2) , i_2 > i , j_2 > j. We shall prove that : y_1 = (1, 1) and y_2 = (n_1, n_2). We have

d(y_1, x_1) = d(y_1, x_2) = d(y_2, x_1) = d(y_2, x_2) = D . (7)

Assume the contrary there exits v = (i_2, j_2 + 1). Then it follows from (7) that d(x_1, v) = D + 1 and hence,

d(x_2, v) < D . (8)

Thus from (7) and (8) we get,

2D + 1 = d(y_1, v) ≤ d(y_1, x_2) + d(x_2, v) < 2D ,

a contradiction. So y_1 = (1, 1) and y_2 = (n_1, n_2).

Now, w.l.o.g. assume the directions of x_1 are , main: vertical/up and secondary: horizontal/left. Then the message will reach y_1 through w_1 = (i_1, n_1) (with at most one delay) and y_2 through w_2 = (i_1, 1) (with at most two delays), since deg(w_1) = deg(w_2) = 3.

Case ii: Proof of (5) If there are at least three vertices at distance D from A then by lemma 4.2 we obtain a lower bound D + 1. Otherwise, if there are exactly two such vertices in CA(x_1) then by lemma 4.1 we obtain a lower bound D + 1. On the other hand, since x_2 is at distance at least D + 1 from both of them, it needs ,again, at least D + 1 time units to deliver the message to them. So we have proved the lower bound. The upper bound in obtained by the broadcasting algorithm.

This completes the proof of the theorem. 2 Following the idea of the last theorem we present a natural extension of it into k different originators.

Theorem 4.4 Let A = {x_1, x_2, ..., x_k} be a set of any k originators in G_{n1,n2} . Let, D = max{d(u, A)}. Then, D ≤ f(2; k) ≤ D + 3 . Proof: Again the lower bound is obvious. To obtain the upper bound we use the same idea as in theorem 4.3. First we do BFS from each of the originators to determine the CA of each originator. Lemma 4.3 and its corollary 4.1 guarantee that all vertices belong to some CA in a way that each CA is a connected subgraph of G_{n1,n2} . We can therefore apply the algorithm presented in theorem 4.3 using arbitrary choices for main and secondary directions. 2 4.3 d-dimensional grid

Using the same arguments we used in the previous theorem we conclude with the following generalization:

Theorem 4.5 Let A = {x_1, x_2, ..., x_k} be any k originators in G^d(n), and let D = max{d(u, A)} . Then, D ≤ f(d; k) ≤ D + 2d − 1 . Proof: The lower bound is obvious. To obtain the upper bounds we present the following algorithm: First we do BFS from each of the originators to determine the CA of each originator. Every originator, then, makes an ordering over the d dimensions.

Let x = (a_1, a_2, ..., a_d) be an originator. we define a_1 to be its main direction , a_2 to be the second and so on. within a direction we can choose to go up the numerical value and then down.

Every vertex, upon receiving the message , first passes the message on along the coordinate from which it received the message, and then sends the message using the remaining directions.

For example, if a vertex (v_1, v_2, ...v_d) received the message from a neighbor on the i-th dimension, (v_1, v_2, .v_i − 1..v_d) it passes it on to (v_1, v_2, .v_i + 1..v_d) and afterwards to the vertices (v_1, v_2, .v_{i+1} + 1..v_d) and (v_1, v_2, .v_{i+1} − 1..v_d) on the direction i + 1 up to the d’th direction.

Let u = (b_1, b_2, ..., b_d) be any vertex belonging to CA(x). At worst case, x and u share no common coordinates.

It takes at most one delay to reach (b_1, a_2, ..., a_d), depending whether b_1 < a_1 or the opposite. Then, after at most two more delays the message gets to (b_1, b_2, ..., a_d). It is clear that every vertex u in fact receives the message after at most d(u, x) + 2d − 1 time units, so if D is the distance of the furthest vertex from A then, broadcast is complete after at most D+2d−1 time units. 2

References

[1] A.Averbuch, Y. Roditty, B. Shoham, On Broadcasting Multiple Messages in a Positive Weighted Tree, J. of Combin. Compu. Combin. Math. (to appear) .

[2] A.Averbuch, Y. Roditty, B. Shoham, Broadcasting multiple messages in trees. Submitted.

[3] P. Chinn ,S Hedetniemi and S. Mitchell, Multiple message broadcasting in complete graphs. Proceedings of the 10th SE Conference on Combinatorics, Graph Theory and Computing. Utilitas Math. Winnipeg (1979), 251-260 .

[4] E.J. Cockayne and A. Thomason, Optimal multi-message broadcasting in complete graphs. Proceedings of the 11th SE Conference on Combinatorics, Graph Theory and Computing. Utilitas Math. Winnipeg (1980), 181-199 .

[5] A. Farley and S. Hedetniemi, Broadcasting in grid graphs, in : proceedings of the Ninth SE Conference on Combinatorics, Graph Theory and Computing Winnipeg (1978), 175-288.

[6] A. Farley and A. Proskurowski, Broadcasting in trees with multiple originators., SIAM J. on Algebraic and Disc. Methods 2(1981),381-386.

[7] P. Fraigniaud and E. Lazard, Methods and problems of communication in usual networks, Discrete Applied Mathematics, 53(1994),79-133 .

[8] F. Harary, Graph Theory,Addison-Wesley, 1969.

[9] S.M. Hedetniemi, S.T. Hedetniemi and A.L. Liestman. A Survey of Gossiping and Broadcasting in Communication Networks, Networks 18 (1988), 319-349.

[10] Y. Roditty, B. Shoham, On Broadcasting Multiple Messages in a d−dimensional Grid. Discrete Applied Mathematics, 75(1997),277-284

[11] P.J. Slater, E.J. Cockayne and S.T. Hedetniemi, Information Dissemination in Trees, SIAM J. Comput. 10 (1981) No. 4, 692-701.

[12] Frances L. Van Scoy and Jeffrey A. Brooks, Broadcasting multiple messages in a grid. Discrete Applied Mathematics 53(1994), 321-336.

[13] D. West, Introduction to Graph Theory, Simon @ Schuster A Viacom Company, Upper Saddle River, NJ 07458, (1996).