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Abstract

We present a new family of frames, which are generated by perfect reconstruction filter banks. The filter banks are based
on the discrete interpolatory splines and are related to Butterworth filters. Each filter bank comprises one interpolatory
symmetric low-pass filter, one band-pass and one high-pass filters. In the sibling frames case, all the filters are linear phase
and generate symmetric scaling functions with analysis and synthesis pairs of framelets. In the tight frame case, all the
analysis waveforms coincide with their synthesis counterparts. In the sibling frame, we can vary the framelets making them
different for synthesis and analysis cases. This enables us to swap vanishing moments between the synthesis and the
analysis framelets or to add smoothness to the synthesis framelets. We construct dual pairs of frames, where all the
waveforms are symmetric and the framelets may have any number of vanishing moments. Although most of the designed
filters are IIR, they allow fast implementation via recursive procedures. The waveforms are well localized in time domain

despite their infinite support.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The theory of wavelet frames or framelets is an
extension of wavelet analysis. Currently it is a
subject of extensive investigation by researchers
working in signal processing and applied mathe-
matics. A wavelet frame is generated by several
mother wavelets and provides a redundant expan-
sion of a function or a signal. Due to this
redundancy, there is more freedom in the design
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and implementation of the frame transforms. The
frame expansions of signals demonstrate resilience
to quantization noise and to coefficients losses [1-3].
Thus, frames may serve as a tool for error
correction to signals transmitted through lossy
channels. Additional adaptation capabilities of the
overcomplete representation of signals has a poten-
tial to succeed in feature extraction and identifica-
tion of signals. Promising results on image
reconstruction and error correction are recently
reported in [4-6]. Although many types of wavelet
frames have been designed by now, there is a
demand for framelet transforms, which have prop-
erties useful for signal processing, such as symme-
try, flat spectra, vanishing moments, interpolation
and fast implementation. This is the motivation for
the work presented in this paper.
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A common approach to construction of a
framelet system in the function space L starts from
the introduction of a pair of refinable functions (or
one function), which generate(s) the multiresolution
analysis (MRA) in L?. Then, the wavelets are
derived by one or another method as linear
combinations of refinable functions. Many con-
struction schemes are based on unitary extension
principle (UEP) [7] for tight frames and mixed
extension principle (MEP) [8] for bi-frames. These
principles reduce the construction of a framelet
system to the design of a perfect reconstruction filter
bank. The masks of the given refinable functions
serve as low-pass filters of the filter bank.

On the other hand, the oversampled perfect
reconstruction filter banks by themselves generate
wavelet-type frames in the signal space [9,10]. In this
paper we use filter banks as an engine to construct a
new family of frames in the signal space. Under
some relaxed conditions infinite iteration of the
frame filter banks results in limit functions, the so-
called framelets, which generate the wavelet frames
in L?. The framelets are symmetric, interpolatory
and have flat spectra combined with fine time-
domain localization and efficient implementation of
the transforms. The framelets are smooth and may
have any number of vanishing moments. The
redundancy rate is two.

Recently a new oblique extension principle (OEP)
was proposed [11], which essentially extends the
tools for the design of wavelet frames in L>. New
wavelet frames with advanced properties were con-
structed using OEP [11-14]. However, application
of the OEP scheme to the construction of frames in
the signal space is somewhat problematic. The
reason is that the filter banks corresponding to the
combined MRA masks (see [11]) of the compactly
supported L>-framelets lack the perfect reconstruc-
tion property. This property is necessary for a
filter bank to generate a frame in the signal space. In
the OEP scheme the perfect reconstruction is
achieved by additional filtering with infinite impulse
response (IIR) filters. Moreover, in order to
construct a tight frame in the signal space, one has
to use IIR filters with irrational transfer functions.
Filters with irrational transfer functions (unlike
filters with rational transfer functions employed
in our construction) can be implemented exactly
only in the periodic setting via the discrete Fourier
transform. In a non-periodic case, the filters must
be truncated i.e., they are approximated by long
FIR filters.

In this paper we continue the investigation of
wavelet-type frames in signal space that are
generated by 3-channel analysis and synthesis filter
banks comprising one low-pass, one band-pass and
one high-pass filters. The downsampling factor
N =2 and the transfer functions of all filters are
rational functions. The low-pass filters in each filter
bank are interpolatory. Our approach to the design
of interpolatory perfect reconstruction filter banks
is, to some extent, similar to the approach, which we
used for the construction of biorthogonal wavelet -
transforms [15]. For example, the output of the low-
pass component of the analysis filter bank is
the sum of the even polyphase component of the
input signal and the approximation of the even
component by the values of the discrete spline of
order 2r, which interpolates the odd samples of
the signal. Such a procedure is equivalent to the
application of a filter to the signal, whose transfer
function is the squared magnitude of the transfer
function of the half-band low-pass Butterworth
filter of order r, followed by downsampling. By
using this approach we construct a family of tight
and bi-frames for the signal space. First results of
this investigation are reported in [16]. In the present
paper we use the same general approach to the
problem. The key point to the construction is the
matrix factorization scheme in Section 3. Here it is
different from the scheme used in [16]. This results
in a new family of tight and sibling wavelet frames.
In addition, starting from a symmetric interpolatory
low-pass analysis filter, whose transfer function is
rational and has zero of arbitrary order m, we
construct an analysis filter bank such that the
framelet generated by the high-pass filter is sym-
metric and has m vanishing moments. The framelet
generated by the band-pass filter is (anti)symmetric
and may have arbitrary number of vanishing
moments. The synthesis filter bank is dual to the
analysis filter bank and has exactly the same
properties.

Note that the Butterworth filters were used in [17]
for the construction of orthogonal wavelets. The
regularity of the refinable functions generated by the
Butterworth filters was analyzed in [18]. In our
previous papers [15,19] we presented a family of
biorthogonal symmetric wavelets related to the
Butterworth filters and their application to image
compression.

Unlike the majority of wavelet frame schemes, we
use IIR filters. Consequently, the devised framelets
have infinite support. However, due to rational
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structure of their transfer functions, filtering is
implemented in a fast recursive mode. The compu-
tational cost of the transforms implementation is
not higher (sometimes even lower) than the cost of
processing using finite impulse response (FIR) filters
(see [15,19]). Non-compactness of the framelets
support is compensated by the fast exponential
decay as time goes to infinity.

The paper is organized as follows. In the
introductory Section 2 we recall some facts con-
cerning filter banks and frames, which are needed
for the rest of the presentation. In Section 3 we
describe how to construct a tight frame and a
bundle of sibling frames starting from arbitrary low-
pass filter. Having a pair of interpolatory low-pass
filters, we construct a set of bi-frames. In Section 4
we present the derivation of the interpolatory filters
from discrete splines and explain the relation
between the designed filters and the Butterworth
filters. In addition, we establish some properties of
these filters and their corresponding waveforms.
Section 5 is devoted to the construction of tight,
semi-tight and bi-frames using the designed filters.
We provide a number of examples.

2. Filter banks and frames: preliminaries

In this section we introduce notation and briefly
outline the necessary facts about filter banks and
their relation to signal space frames. More detailed
presentation is given in [16].

2.1. Filter banks

We call the sequences x2({x;}, k € Z, which
belong to the space /,, (and, consequently, to /)
discrete-time signals. The z-transform of a signal x
is defined as X(2)£> ., z7% x¢. Throughout the
paper we assume that z = el®.

We designate a filter by its transfer function
F(2)&£Y",.,27"f,, where the sequence {f,,} is called
the impulse response of the filter. The function
F(w)£ F(e™®") is called the frequency response of
the filter.

In this paper we consider only 3-channel filter
banks that contain one low-pass, one band-pass and
one high-pass filters, whose transfer functions are
rational functions and the downsampling factor is
two. The analysis and synthesis low-pass filters are
denoted by H(z) and H(z), respectively, the band-
pass filters are denoted by G'(z) and G'(z) and the
high-pass filters are denoted by G*(z) and G*(z). We

denote the output signals from the analysis filter
bank by s!, d*!, r = 1,2. These signals are used as
the input for the synthesis filter bank. Then, the
analysis and synthesis formulas are

s,1 =2 Z fzn,yx,,@Sl(zz)

neZ

= H(1/2)X(z) + H(-1/2)X(~2), (2.1

di' =23 g yxa< D)

neZ

=G (1/2X(2) + G'(-1/2)X(-z2), r=12,

2.2)

2
1= howsy+ YD gy = X(2)

neZ r=1 neZ

2
=H@)S'(P)+ ) G (). (2.3)
r=I1

Polyphase representation of filtering: The func-
tions

FiD2 Y 2o FoD2 Y 2 s

kez kezZ

E@2Y zFxn, 002D 2w

kez keZ

are called the polyphase components of F(z) and
X (z), respectively. Then, the polyphase components
of Y(2)2F(z2)X(z) are

Y(2) = Fo2)E(2) + 27 Fo(2)O(z),
Yo(2) = Fo(2)E(2) + Fo(2)O(2). 24

We introduce the analysis P(z) and the synthesis
P(z) polyphase matrices, respectively:
H.(z) Hyz)
P2 | G G |,
G2) G
Hoz) Go2) G2

PO e oo o
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Then the analysis and synthesis formulas can be
represented as

S'(z) 0
DU(z) | =2B(1/z2) ( 0(2)>,
Dz’l(Z)

. S'(z)

E(2) | IZ

N =P@) | D" (2)

O(2) Dz(z)

Here, £(z) and O(z) are the z-transforms of the even
and odd components of the output signal X,
respectively. If the signal X = x then the analysis
and synthesis filter banks form a perfect reconstruc-
tion filter bank. Analytically, this property is
expressed via the polyphase matrices as

P(o)P(1/2) =11, (2.5)

where I denotes the 2 x 2 identity matrix. Thus, the
synthesis polyphase matrix must be a left inverse of
the analysis matrix (up to factor %). Obviously, if
such a matrix exists, it is not unique.

2.2. Frames

In this section we provide a definition of frames in
signal space and describe the relation between filter
bank processing and frame expansion of signals.

Definition 2.1. The system &)é{aﬁj}jez of signals
forms a frame in the signal space if there exist
positive constants 4 and B such that for any signal
X = {x1}jez

AIXIP< D 1(x, d) P < BIxII”.

jez
If the frame bounds 4 and B are equal to each other
then the frame is said to be tight.

If the system @ is a frame then there exists
another frame @£ {¢,},., of the signals space such
that any signal x can be expanded into the sum
X=D> iy (X, $;)¢,. The frames & and & can be
interchanged. Together they form the so-called bi-
frame. If a frame is tight then @ = c@.

Let the analysis H(z), G'(z), G°(z) and the
synthesis H(z), G'(z), G*(z) filter banks form
a perfect reconstruction filter bank. We denote

forr=1,2andne”Z

' 2o () 22hm), YA m) 225 (),
o' 210 (mE2hm), Y EY" () 22g ().

Then, the analysis and synthesis formulas ((2.1) and
(2.2), respectively) can be presented in the following
way:

s)=(¢'C=20), di' = (" —2D),
r=12, leZ,

1
x= 32 (%' = 20! 2]
lez
1< N ‘
320 S =20 - 2D,
=1 leZ

7

The results in [9,10] imply the following condition
for a filter bank to yield a frame expansion of the
signal x.

Proposition 2.1. Assume the impulse responses of the
perfect reconstruction filter bank H(z), G'(z), G*(z)
and H(z), G'(z), G*(z) belong to 1,. Then, the filter
bank provides a frame expansion of signals x € I, and
the set of two-sample shifts of the signals ', J"", ¢,
Y"l, r=1,2, form a bi-frame of the signal space.

One solution to (2.5) is the parapseudoinverse
of P:
P(2) = PT()21(B7(2) - P(1/2) - BT, (2.6)
The synthesis frame that corresponds to the
polyphase matrix PT(z) is dual to the analysis

frame. If P(z) = PT(z) then the signals @' and
lp"’l, r=1,2, generate a tight frame.

2.3. Multiscale frame transforms
The N times iterated application of the analysis
filter bank to the output from the low-pass

component of the analysis filter bank lead to the
following frame expansion of the signal x:

x=2""% (x.oV( - 2"D)e"( - 2"])

lez
2
DD 27 ) =2 D = 2D,
r=1 v=I lez
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where

PN DAY N - 2D),
neZ

PR g =20, r=1,2
neZ

and

PN (22> hy™ T (n - 2D),
ne”Z

VR OEY Z g0\ (n=20, r=1,2.
neZ

The new bi-frame consists of shifts of the signals
oV, (Y} and @V, (Y™}, r=1,2, v=1,...,N.

2.4. Scaling functions and framelets

It is well known [20] that under certain conditions
the filter bank H(z), G'(z), G*(z) generates the
continuous scaling function ¢(¢) and two framelets
Y'(r) and y2(r). Suppose that H(1)=1. If the
infinite product

N
: 27w
Jim 1211 H( ), 2.7)

converges to ®(w) € L*(R), then, the inverse Four-
ier transform of this function @(w) is the scaling
function ¢(¢) € L*(R), which is a solution of the
refinement equation ¢(t) =23, _, hk@(2t — k).

A simple sufficient condition for the existence of a
smooth scaling function was established in [20].

Proposition 2.2 (Daubechies [20]). Let the transfer
function H(z) be factorized as H(z) = (1 +z71)/
2V K(z), where K(z) is a rational function such that
K(1) = 1. If the condition Késuplz‘zl |K(z)| <2r—1-m
is satisfied then there exists a scaling function
o(t) € LX(R), which is continuous together with its
derivatives up to order m.

It was proved in [21] that under the conditions of
Proposition 2.2 there exist positive numbers 4 and g
such that |o(7)| < de=9!,

Definition 2.2. The set of functions {x//k(t)}ﬁzl, such
that {{2V/2l#k(2jt—l)}\,’lez},’:=1 forms a frame for
L*(R), is called a wavelet frame. The functions
(Y (#)} are called framelets.

The mixed extension principle [8] implies the
following statement.

Proposition 2.3. Let H, G',G?> and H, G',G? be a
perfect reconstruction filter bank and the impulse

response {h(n)},{§"(n)} and {h(n)},{g’ ()}, r=1,2
decay exponentially. If the low-pass filters H and H
generate square integrable scaling functions @(t) and
(1), respectively, then, the functions

V(22> § pt— k),
kez

W22 gre—k), r=1,2, (2.8)
keZ

generate the dual wavelet frames of L*(R), i.e., they
are the dual framelets.

If the scaling functions @(f) and ¢(¢) decay
exponentially and the rational functions G'(z),
G'(z), r=1,2, have no poles on the unit circle
|z| =1, then their impulse response g}, r =1,2,
decay exponentially. Thus, the framelets y/(7) and
Y (1), defined in (2.8), also decay exponentially.

A framelet ¥'(¢) has p vanishing moments if
5.ty ()di=0, s=0,...,p—1. The number
of vanishing moments of the framelet /() is
equal to the multiplicity of zero of the filter G'(z)
at z =11[22].

3. Interpolatory frames

In this section, which is central in the paper, we
describe how to construct frames in signal space
starting from one low-pass interpolatory filter. The
problem reduces to the design of a perfect recon-
struction filter bank with the desired properties. The
key point to this design is the factorization scheme
of the polyphase matrix (3.1).

3.1. Bi-frames

If the even polyphase component of a filter F(z) is
F.(z) = %, then, the filter is called interpolatory. If
an interpolatory low-pass filter generates the scaling
function ¢(¢z) then this scaling function is inter-
polatory, that is ¢(n) = J,, n € Z. In the rest of the
paper we deal exclusively with filter banks, whose
low-pass filters are interpolatory:

14+ 271U

14 z7'0(z%)
2 ’ '

H(z) = 7

H(z) =
Denote

T2/ +URUE"Y), WE21-URUTcE).
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We assume that

Al. U(z) and U(z) are rational functions that have
no poles on the unit circle |z| = 1.

A2. T(z) has no poles on the unit circle.

A3 U()=U1)=1.

A4. Symmetry:
U@ = zU(z72), 271022 = z0(z72).

Thus, the filters H(z) and H(z) have linear phase
and the corresponding scaling functions are sym-
metric about zero.

The polyphase matrices for a filter bank compris-
ing the interpolatory low-pass filters H(z) and H(z)
are

12 U(z)/2
P2 | Gio G2
GA2)  GA2)
( 12 Gl Gﬁ(z))
P(z)& ) ) .
U@z)/2 Gz G2)

>

Then, the perfect reconstruction condition (2.5)
leads to equation:

Py(2) - Py(1/2) = {Q(2), 3.1)

where

" Gyz) G)(2) Gl(z) GX2)

P2 (Gﬁ(z) Gﬁ(z))’ Py ( Gl(2) Gg(z)>’
N ~U("

Qe (—U(z) 2- U(z)ff(z-l))

Therefore, the construction of a frame with the
interpolatory low-pass filters H(z) and H(z) reduces
to factorization of the matrix Q(z) as in (3.1). One
option is the triangular factorization of Q(z):

. 0 w(z)
P@=\1pn —oepn)

0 12
Py() = <w(z) —U(z)/2>’

W)

where w(z)w(z™!) = 5

. (3.2)

Note that in this case the high-pass filters
1 -z7'U(z%)
2

~ 1 —z710(Y)
G=—"
2

G*(2) = = H(-2),

= fi(-2)

are interpolatory.

The implications of the factorization (3.2) are
discussed in [16]. In this paper we consider another
factorization scheme that is somewhat related to the
scheme by Petukhov [23].

The eigenvalues of the matrix Q(z) are 4;(z) =
W (z), 4, =2 and the eigenvectors are

1 T
ul<z>=<U(Z)>, vl(z)=< Ui )>.

Define the matrices

NG
A(z)=< . MZ)>,

1 -U0E"
V@20 0n(©) = (U ® | )

Then,

_ 1 0iE")
\Y% 1(z):T(z)(_U(Z) | >

and the matrix Q(z) can be represented as follows:

Q(2) = VAV '(2)

1 —UzHY\ /[ WETE) 0
_<U(z) 1 )( 0 2T(z)>

( 1 fJ(zl)>
X .
—U(2) 1

Let
1/ 1 =0H\/mE= O
9% (U(z) ! ) ( 0 M2(2)>
1 m@ —wEUE
"2 (m(Z) Ue w0 )
B (o) 1 (ﬂl(z) 0 ) ( 1 U(z),>
2\ 0 mi»)\ vt 1
1 u(2) ﬁl(z)ﬁ(z)
"2 (‘ﬁz(Z)U(Zl) NE) )
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mElED=WETE),  mE)LE") =2T().

(3.3)
Then, we get a perfect reconstruction filter bank:
H(z) = H%IU(ZZ)’ I:I(z) = H%IU(%)’
6" =11+ ),
&' =14 1o,
2
G0 =" o),
G =20 uey, (3.4)

Proposition 3.1. Let
1-z7'UE) = (1 = 2 u(z),
1-z7'0E%) = (1 = 2Yiz),
W(z) =(1-z)w(z).

If p,p=1, =2 and w(z), u(z) and ii(z) have no poles
on the unit circle then there exist rational functions
w.(2) and [i,(2), r = 1,2, satisfying (3.3), such that
the filters G*(z) and G*(z) are high-pass and the filters
G'(2) and G'(z) are band-pass.

Proof. In order for the filters G*(z) and G*(z) to be
high-pass, the rational functions u,(z) and [i,(2)
must be regular or have poles of order p, <p p, <p
at z = 1. Due to Assumption A2, the factorization
2T(z) = pr(2)jip(z™") exists. Assumption A3 implies
that the filtersG'(z) and G'(z) have zero at z = —1.
Thus, these filters suppress higher frequencies.
Therefore, as it is seen from (3.4), in order for them
to be band-pass, the functions y;(z) and ji;(z) must
vanish at z=1. If ¢g=2 then we can factorize
W()T(z) = uy(2)fi(z7") in such a way that
m(l) = (1) =0. [0

3.2. Tight and sibling frames

Assume U(z) = U(z). Then,
H(z)=H(), T =1/1+
W(z)=1-—|U@)".

Note that if 1—z'U(Z*) =( —z2u(z) then
W(z) = (1 — zY w(z).

U@)P),

If there exist rational functions w;(z) and p,(z)
such that

1—U@)?

2 _
|MI(Z)| - 1 + |U(Z)|2 ’

|l (2)1* = 2T(2)

then the synthesis filter bank coincides with the
analysis filter bank and generates a tight frame. This
factorization is possible if

|UE”)|<1 and p=2r. (3.5)

In this case, the filters G'(z) and G*(z) have zero of
multiplicity p/2 and p at z =1, respectively.
Consequently, the framelets ' and y* have p/2
and p vanishing moments, respectively. In the case
when the condition (3.5) is not satisfied, we can
construct frames if we allow the function y,(z) to
differ from fi,(z) and p,(z) to differ from fi,(z). Here
the analysis and synthesis filter banks generate a
pair of sibling frames {@,lzl,lzz}, {p, ", *} using
the terminology in [24]. Note that even when a tight
frame is possible, sometimes it is preferable to have
a bi-frame. For example, although both functions
W(z) and T(z) are symmetric about inversion
z — z~!, the functions u,(z) and u,(z) may lack
this property. The (anti)symmetry can be achieved
by construction of sibling frames. In addition, using
different factorizations in (3.3), we can swap
vanishing moments between the synthesis and the
analysis framelets and vice versa.

W()T(z) =

3.3. Dual frame

Let
1 U(z)
Posl|  mE  mOIE
—@UET") ()

be the polyphase matrix of the analysis interpola-
tory filter bank

() = 1+ 2’21 U(z2)’
&' =B 4 o),
Gz) = #22(2 )1 — U2y,

The determinant

TP+ 1 ()%

Det(PT(2)P(z™") = 167 (z)
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If fi,(z) has no zeros on the unit circle then the
matrix P(z) is of full rank. The filter bank generates
the analysis frame. The dual synthesis frame is
generated by the filter bank, whose polyphase
matrix is the parapseudoinverse P*(z) of P(z) (see
(2.6)). It is readily verified that

. < 1/ + 1))
Pt(z) = T(2)

Proposition 3.2. Assume that the interpolatory
low-pass symmetric filter H(z) = %—i— z7! U(zz)/Z
has zero of multiplicity m at z = —1 and no poles
on the unit circle |z| = 1. Then, it qenerates a family
of invertible analysis filter bank H(z), G' (2), Gz(z)
such that the high-pass filter G*(z) is symmetric and
has a zero of multiplicity m at z = 1. The band-pass
filters G'(z) are variable. They are (anti)symmetric
and have a zero of multiplicity m at z= —1 and a
zero of arbitrary multiplicity n at z =1. The dual
synthesis filter bank H(z), G'(z), G*(z) has the same
properties.

Proof. Define ji,(z) = 1 and ji;(z)&(z — 1 /z) Then
the symmetric filters G*(z) = z1(1/2 — 271 U(z?)/2)
and G*(z) = T(2%)(1 —z7'U(z%) have a zero of
multiplicity m at z = 1. The (anti)symmetric filter
G'(2) = (22 — z7%)"(1/2 + z~' U(z?)/2) has a zero of
multiplicity m at z = —1 and a zero of multiplicity n
at z=1. The same property is inherent to the
synthesis filter

T2 — =)

1 —
G (Z) - 1+ (22 _ 2_2)2n

(14 z710(%).

If n=2p is an even integer then we can take
i (2)2(z — 2+ 1/2)" and, consequently,

G'(z)= W(l +2710()),
G- T2 | gy, O

I+(22 =242

Corollary 3.1. The framelets y*(¢) and y*(t) have m
vanishing moments. The framelets l// (1) and Y'(1)
may have arbitrary number n of vanishing moments.

/A + 1P
U@/ +1m@EP) mEHUE/A+ G

4. Design of interpolatory filters

Our scheme that constructs an interpolatory bi-
frame consists of two steps: 1. Choice of feasible
rational functions U(z) and U(z) and 2. Factoriza-
tion of the functions 7'(z) and W(z). In this section
we discuss the first step.

- U(Z“)/ﬁz(Z))
1/ﬁ2(2) .

We assumed above that U(1) = 1 and U(1) = 1.
Thus, H(E)=(1+z'0(z*)/2 and H(z)=
(14 z7'U(z%))/2 have zeros of multiplicities m>0
and />0 at z = —1, respectively. They are the low-
pass interpolatory filters, which restore sampled
polynomials of degree m — 1 and /m — 1, respec-
tively. In Proposition 2.2 the multiplicities of zero at
z=—1 are linked to the smoothness of the
corresponding scaling functions and framelets. The
multiplicities of zero at z = 1 of the filters G'(z) and
G'(z), r = 1,2 are equal to the number of vanishing
moments of the corresponding framelets. Eq. (2.4)
implies that if Y (z) = H(z)X(x) then

E@2)+z7'U(2)0(z)
2 b
U(2)E(z) + O(z)
2

Ye(2) =
Yo(2) =

Hence, we see that in order for the filter H to
restore a polynomial {p,} of degree m — 1 sampled
on the grid {k}, the filter z~'U(z), being applied
to the array {py,;} of odd samples of the
polynomial, must produce exactly the even array
{p2}. Vice versa, the filter U(z), being applied to
the array of even samples, must produce exactly the
array of odd samples. In this paper we operate with
the family of IIR filters with rational transfer
functions that are derived from the discrete spline
insertion rule:

Construct the discrete spline of degree 2r — 1,
which interpolates the even samples {x,;} of a signal
x and predict the odd samples {xy;.} as the value of
the spline at 2k + 1.

The devised filters are related to the Butterworth
filters, which are commonly used in signal proces-
sing [25].
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4.1. Discrete splines

We outline briefly the properties of discrete
splines, which will be needed later. For a detailed
description of the subject, see [26-28]. The discrete
splines are defined on the grid {k} and constitute a
counterpart to the continuous polynomial splines.

The signal

1, ask=0,....2n—1
b = {b};”}é{ .
0, otherwise

1_Z2n

«=B""(z) =

B

11—z
is called the discrete B-spline of first order.

We define by recurrence the higher order B-
splines via discrete convolutions:

1 — z2n r
b7 = b x b= BP(2) = ( T ) .
In this paper we are interested only in the case when
p=2r,reN and n=1. In this case, we have
B¥!(z) = (1 + z~"*". The B-spline b*"! is symmetric
about the point k = r where it attains its maximal
value. We define the centered B-spline ¢ of order 2r
as a shift of the B-spline: q*2£{q =
by, Q¥ (z) =B (z) = /(1 +z7")”. The dis-
crete spline a” = {a}"};; of order 2r on the grid
{2k}is defined as a linear combination with real-
valued coefficients of shifts of the centered B-spline:

o0
ail L Y g ye=A7()

|=—00

= C(H) 0¥ (2) = CEH¥ () + 27107 (%),

p'(2)+p'(—2)

V()R 0Y(F) = 5 ;
921‘(22)é er(z2) — pr(z) _2p,(_z) ,
p()2z4+24+z7" 4.1)

Our scheme that designs prediction filters using
discrete splines consists of the following. We
construct the discrete spline a®", which interpolates
even samples {e; = xy11} of the signal X2 {x; ),z
a3, = e, k € 7. Then, we use the values a3}, for
the prediction of the odd samples {0y = X241}

The z-transform of the even component of the

spline a”" is

A7 (2) = C2¥ (2) = E(2)=C(z) = E(2)/v*¥(2).

Then, the z-transform of the odd component of the
spline a*" is

A2 (2) = C(2)07(2) = U¥(2)E(2),

02r(2)

2r
where U”(z)4 Tk

4.2)

Thus, in order to predict the odd samples of the
signal x, we apply the filter U%(z) to the even
subarray of x.

4.2. Properties of filters derived from discrete splines

In this section we prove that the designed filters
U?%(z) can serve as a source for the construction of
frames. Denote

2ZE@EL1+ 2 UME),
P24 - UYE).

Proposition 4.1. The rational functions U?(z), de-

fined in (4.2), have the following properties:

P1. No poles on the unit circle |z| = 1.

P2. U*(1) = 1.

P3. Symmetry: z- U (z?) = zU¥(z72).

P4. |U”(z)|<1.

P5. The function y*'(z) has a root of multiplicity 2r at
z=—1 and the function y*'(z) has a root of
multiplicity 2r at z = 1.

Proof. We substitute z = ¢/ into z~'U?(z?). We
have

eirw(l _ efjw)2r + (_l)reirw(l _ efjw)zr
eirw(l + e—jm)zr + (_1)"eirw(1 _ e—jw)z"

B (cos %) z — (sin %) z

- w 2r o) 2r "
(COSE) + (S‘nz)

Hence P1-P4 follow. The function

(s’

(cos %) ” + (sin %) ”

. p'(2)
CEYACE) (43

271 UZr(ZZ) —

7(2) =
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(Sm 2) i

(cos %) } + (sin %) 2)
_ p'(=2)
@+ (=)
Egs. (4.3) and (4.4) imply P5. OO

7(z) =

4.4

Remark. It is well known [25] that the squared
magnitude of the frequency response of the half-
band low-pass digital Butterworth filter of order r is

)
o= o+

Obviously, it coincides with ¥*(z). Similarly, y%(2)
coincides with the squared magnitude of the
frequency response of the half-band high-pass
Butterworth filter. The relation between the pre-
sented filters and the Butterworth filters is described
in more details in [15].

Proposition 4.2 (Averbuch [16]). The filter 3% (z)
generates the scaling function ®*(t) e L*(R) such
that

(p2r(w) _ hm H y2r(e]2 w)

PT()=2 xi’ ¥ (21 — k).
kez

The scaling function ®¥ (t) is continuous together with
its derivatives up to order r — 1 (belongs to C"™1).

There exist improved estimates of smoothness for
a few low-orders.

Proposition 4.3 (Zheludev  [21]). The filters
¥(z), r=2,3,4 generate the scaling functions
@7 (1), which decay exponentially as t— oco. In
addition ®*(r) € C?, ®%(r) € C*, ¥3(r) € C°.

5. Frames derived from discrete splines

The considerations in Section 4.2 suggest that the
filters U%(2), ¥ (z), y¥(z), which originate from the
discrete splines, are useful for the construction of
frames in signal space. To be specific, we choose
U(z) = U¥(2), H(z) = 77 (2), U(z) = U¥(2), H(z) =

%*P(z), where r and p are some integers, which, in
particular, may coincide with each other. In the rest
of the paper we focus mainly on the case when
U(z) = U(z).

5.1. Tight frames

Using the function p(z), defined in (4.1), we
denote D"(z?)£ p"(z) + p"(—z). Then,
. 1 —lyr2re2
HG) = H(2)2 7 (z) = “flj(z)
_ e
D'(z%)’
Due to P4, we get a tight frame as soon as we
implement the following factorization:

g2 2
m@u(1/2) = W(2)T(z) = #ﬁ‘g;:z’
2
tEa(1/2) =210 = 7z
Then,
G'(z) = “1( M@ (1 4 )
( )p'(2)
- % = (Z)H(2),
By _ ,u,z(Zz) —1rr2re 2
R T Ut )
YAPNS
G IR

zD'(z2)
The functions W and T are
4p"@)p"(—2) A=D1 =2

W) = =
="y (D'(2)?
(D)

TE) =y

Hence,

2=1)Yz7"(1 = 2)*
D2r(z)

(D'(2))°

DZ)‘(Z) .

Proposition 5.1. The function D¥(z) can be repre-

sented by the following product:

w(@u(1/2) =

b}

1 (Duy(1/z) =

D¥(z) = 2d2’(z)d2’(1 /2),
1
where d*(z) 2 H + (yk) : (5.2)
k=0 yk
and
e an™ 2D ocan k=0
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Proof. We have D (z%) = z7 7 ((z+ D)* + (z — D*).
Thus, the roots of D*(z?) are found from the equation

(Z+ 1)4}’ + (Z _ 1)4r

7i(2k+1)

=0<z+l=e¢ v (1—-2), k=0,...,4r—1.
Then, the roots are
Zk =V Za—1—k = 1/
Zar—1—k = —Zf, k:O,...,V— 1
and we get the representation
r—1 z
() =2 [[ (1 = )l —jVZZ)(l + 7>
k=0 .]’Yk

x(l —%)
V%

Hence, (5.2) follows. [

Corollary 5.1. The functions u,(z) and u,(z) are

_(=2 __ D
Aul(z) - d2r(2) > :MZ(Z) - ﬁdz"(z) . (53)
Consequently, the filters
1y 1 =2)p(2) 2 _ 2 (=2)
¢@= d¥(22)D'(z2)’ ¢ = V2d¥(22)

Note that if » = 2n is an even number then we can
define the function g, in a slightly different way:
—1\2n
walz=27)
)E —
:ul( ) d2r(22)

The transfer function G*(z) has a zero of multi-
plicity 2r as z = 1. Therefore, the framelet x//2(t) has
2r vanishing moments. The transfer function G'(z)
has zero of multiplicity r as z = 1 and the framelet
¥'(7) has br vanishing moments.

Remark. The functions yu;(z) and p,(z), defined in
(5.3), are neither symmetric nor antisymmetric,

therefore, the filters G'(z) and G*(z), given in (5.1),
are not linear phase. Consequently, unlike the
scaling function ¢, the framelets ' and y? lack
symmetry.

Examples. The functions D" and their factorization:
Denote

22322 ~0.1716,

0t LT — 442 — 24/20 — 142 ~ 0.4465,
a2 7 4442 — 24/20 — 14v/2 ~ 0.0396.

Then
D' (z)=4, D*2)=2z+6+1/2)=2d*(z)d*(1/z),
2 I+ o’z
d(z) = W’
DYz) =2z 2+ 28271 + 70 + 282 + %)
=2d*(2)d*(1/2),
d4(z) _ 1+ OC?Z)(I + OCgZ).
offa

The simplest case, r = 1: We have

—1
U2(Z)=1_2{_Z, H(Z)Zzt‘.$,
() = Vo2(1 = 2) ()= ~/ 802
My - 1+O(22 5 12%) - 1 +0€2Z’
6 = Vo2(z ' 4+ 2+ 2)(1 — 22)

4(1 + o2z2) ’

2 —1(_ 1
2 [Pz (—z7'+2—-2)
TR

The filter U?(z) is FIR and, therefore, the scaling
function ¢(z) is compactly supported unlike the
framelets '(s) and y>(r). The transfer function

0 PRI L T —
S
A LT—

W\ | tll... ]

‘UAV“ 4.4..||II||I|I||||||||||||||IIIIIIIIIIIII||
\ L T—

Fig. 1. Filters and framelets for tight frames resulting from the discrete splines of second order (the two leftmost columns) and fourth
order (the two rightmost columns). The four rows on the bottom depict the scaling functions ¢(¢) and the frequency response of the low-
pass filters H(z), the central four rows display the high-pass filters G*(z) and the framelets wz(t) and the upper four rows depict the band-

pass filters G'(z) and the corresponding framelets ' (z).
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G*(z) has a zero of multiplicity two at z=1.
Therefore, the framelet *(r) has two vanishing
moments. The transfer function G'(z) has a zero of
multiplicity one at z = 1 and the framelet y'(¢) has
one vanishing moment.

Cubic discrete spline, r = 2:

14z (424271
4y g - TE _\ererz )
Ve =4 i HO=3 =612
afod(z — Y2471
Gl(z) =

2272+ 6+ 22)(1 + ofz2)(1 + 0322)

wdod(z — z71)?

G(z) = :
@ = A a0 + 42

(5.4)

The framelet y*(7) has four vanishing moments. The
framelet 1'(r) has two vanishing moments. We
display in Fig. 1 the filter banks and framelets that
are described in the above examples. Although the
scaling functions are symmetric, the framelets lack
this property. Note that the frequency response of
low-pass and high-pass filters are flat, especially for
filters derived from cubic discrete splines.

5.2. Sibling frames

Let w(2), iy(z) and py(2), fi(z) be pairs of
functions such that

2A=1)z7"(1 = 2)*

m @ (1/2) = W()T(2) =

DZr(Z)
_20(=2)
- DZr(Z) >
D’ 2
(12 = 27) =
Then, the analysis and synthesis filters are
HE) = 76 = 55 66 = EH,

G'(2) = m(ZHH(2),

G*2) = 2 (P H(=2),  GP() = = p(P)H(~2).

As we saw in Section 5.1, if we require that
u(z) = fi(z), s = 1,2 then we have to factorize the
symmetric positive function D*(z) into non-sym-
metric factors d*(z)d”(1/z). Now we can avoid
such a factorization and obtain the symmetric
functions pu. Consequently, the filters G'(z), G'(z)

and G*(z), G*(z) will be linear phase. In addition, as
it was mentioned above, we may swap vanishing
moments between analysis and synthesis framelets.

We have the following symmetric factorizations:

~ (Z) _ ﬁpl‘—p(_z)

tul - DZV(Z) P}

1(2) = V2p"(=2), 0<p<r,
Dr

() = D2—((ZZ)) 15(2) = D).

Also the antisymmetric fi; and p, are possible:

N T ) e Ve Rl
:ul(z) = D2’(z)

w(2) = V2A=1yz7(1 - 2. (5.5

bl

Here p<2r is an odd integer. Note that
p(=2%) = —(z — 27 = p(2)p(~2).
Then, the corresponding symmetric filters are

VA= )P

.
6= D)D) ’
V2=1Y = 2)p'(2)
1 _
G (z2)= D) ,
Py =120 @ =) (5.6)

D¥(22)’

All the four filters given in (5.6) are symmetric about
inversion z — 1/z. They are IIR except for G2,
which is FIR. The framelet y>(f) has compact
support and 2r vanishing moments. The support of
the framelet y°(¢) is infinite but the framelet decays
exponentially as ¢ — oo and it has 2r vanishing
moments. Similarly, the framelets /'(z) and y'(7)
decay exponentially as ¢t — oo. The analysis frame-
let ¥'(7) has 2(r — p) vanishing moments whereas
the synthesis framelet '(s) has 2p vanishing
moments, where 0<p<r. In particular, we can
assign all 2r vanishing moments to the analysis
framelet. Then the filter G' will be low-pass. Recall
that the pair of analysis filters can be interchanged
with the synthesis pair.
The antisymmetric filters are

N2 (A =2 (2)

N D¥(22)D'(z2)

V2A=1Yz(1 = 22V (2)
D'(z?) ’

G'(2)

>

Gl(z) = (5.7)
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In this case, the analysis framelet l/~/1(l) has 2r—p
vanishing moments whereas the synthesis framelet
(1) has p vanishing moments where 0<p <2r.

Examples. The simplest case, » = 1: We have

14z V4242
UZ(Z)ZT’ H(Z)=f,
() =, m()=1
oz _Z+6+1/z’ h\z) =1,

.
5 z(—z'4+2-2)
6@ = 24+6+4+1/22 7
G=z-z"+2-2). (5.8)

The filters G'(z) and G'(z) can by antisymmetric or
symmetric.

® Define
1—
f(z) = ;674_?/2, y(z) = (1 —2),
then,
1 _(z_1 +242)(1 -2%)
CO=Zmrer 1/
Gl @ 2l =) (5.9)

4

The filter U?(z) is FIR and, therefore, the scaling
function ¢(f) and the synthesis framelets '(7)
and 1//2(t) are compactly supported unlike the

analysis framelets ' (¢) and J*(¢). The framelets
2(¢) and y*(¢) have two vanishing moments. The
framelets y'(7) and 1}1(0 are antisymmetric and
have one vanishing moment. We display in Fig. 2
the analysis and synthesis filter banks described
in (5.8) and (5.9) and their corresponding
framelets.
e The symmetric filters are available

WO = e M=l

Ml (Z—I/Z)2

RS e TE B Y

G'(z) = Zqﬁ#. (5.10)

The analysis framelet 1/~/1(t) has two vanishing
moments, whereas the synthesis framelet y'(z)
has none. We illustrate this example in Fig. 3.

Cubic discrete spline, r = 2:

l+z
=4—"
U@ 2464z
—1\2
H(Z)_(z+2+z )

2z 46+ 22)

z4+6+z1
z72 428271 + 70 + 28z + z2°

fip(z) =

1(z) =20z +6+z7"h),

i e
vAv A_a...nmnHIIIIIII||||||||||||||||||||||||||

A LT —

Iy ..
I g 11171

A | TT—

Fig. 2. The analysis and synthesis sibling filter banks that are described in (5.8), (5.9) and their corresponding framelets. From bottom to
top of the two rightmost columns: scaling function ¢(¢) and the low-pass filter H(z), symmetric analysis framelet /*(¢) and the high-pass
analysis filter G°(z), antisymmetric analysis framelet 1/~/1(t) and the band-pass analysis filter G'(2). From bottom to top of the two leftmost
columns: the scaling function ¢(¢), the synthesis framelets y>(¢), y'(¢) and the synthesis filters H(z), G*(z), G'(2).

\ [l
|

I ol

! g 11111
\ | T—

Fig. 3. The analysis and synthesis sibling filter banks that are described in (5.8) and (5.10) and their corresponding framelets. The
waveforms and filters are presented in the same order as in Fig. 2. All the displayed waveforms are symmetric.
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_ —1y2
&) = Co24:) ,
2(z=* 4+ 28272 + 70 + 282% 4 z%)
_ “1y2
Gy =C =2+ (5.11)
zZ

The framelets y*(z) and y*(s) are symmetric and
have four vanishing moments. The synthesis frame-
let y2(¢) is compactly supported. A few options are
available for the filters G'(z) and G'(2).

e Symmetric factorization:

z—2+4z71
z72 428271 + 70 4+ 28z + z2°

(z) =

mE) =z-2+4:7",

C—zWe+2+z7"

.
O = 6t ) 12821 10+ B2+ )

Iy 132

Gl Cm e 24
2(z724+6+22)

Here, both the analysis J/l(t) and the synthesis

Y!(r) framelets are symmetric and have two
vanishing moments. This example is depicted in

(5.12)

Fig. 4.
e Another symmetric factorization:
. (z=2+z"
u(z) = mi =1,

z72 428271 470 + 28z + 22’

(z— 2_1)4(z+ 2+z_])2

s
OO =716 ) 12821 70 1 282 1 )
6= Er2re ) (5.13)
: T2z 24 6+122) '
Here, all the four vanishing moments are

assigned to the analysis framelet x/~/1(t). The
synthesis framelet !(7) does not have vanishing
moments. We illustrate this example in Fig. 5.
e Antisymmetric factorization:
7741 —z)}
z72 428271 4+ 70 + 28z + 22’

() =—z"(1 - 2),

A= e+2+4 7
2(z72 4+ 6+ 22)(z4 + 28272 + 70 + 2822 + z4)’

(z) =

Gl(z) =

—z 21 =)z 42+
2(z72 + 6+ 22)

Both the analysis y'(¢) and the synthesis y'(7)

framelets are antisymmetric. The analysis frame-

let '(r) has three vanishing moments, the

synthesis framelet 1/'(s) has one vanishing mo-

ment .

G'(z) = (5.14)

The framelet y2(¢) has four vanishing moments. The
framelet '(s) has two vanishing moments. It is
illustrated in Fig. 6.

Example of the dual pair of frames. We describe the
simplest case, r = 1. In line with Proposition 3.2 we

N Mﬂﬂm

i il
A .

i lllll,

o g
A T —

Fig. 4. The analysis and synthesis sibling filter banks that are described in (5.11) and (5.12) and their corresponding framelets. The
waveforms and filters are presented in the same order as in Fig. 2. All the displayed waveforms are symmetric.

A\

t
] ._

Ao lll

s s
A T —

Fig. 5. The analysis and synthesis sibling filter banks that are described in (5.11) and (5.13) and their corresponding framelets. The
waveforms and filters are presented in the same order as in Fig. 2. All the displayed waveforms are symmetric.
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i, T
! ol
A LA,

e allll,

oy |

Ul [T —

Fig. 6. The analysis and synthesis sibling filter banks, that are described in (5.11) and (5.14) and their correspongling framelets. The
waveforms and filters are presented in the same order as in Fig. 2. The scaling functions and the framelets J*(r) and '(¢) are

antisymmetric.

T

I
A

A .t

| ot
\ | [T —

Fig. 7. The pair of dual analysis and synthesis filter banks described in (5.15) and (5.16) and their corresponding framelets. The waveforms
and filters are presented in the same order as in Fig. 2. All the displayed waveforms are symmetric.

have
-1
e =it Ae =TT
4
O = o1
and put
o) =1, ) =z-24+z7",
1+ @) =22 —4z4+7 -4z + 2. (5.15)
Then,
20z7' 42
H() = R ,
(2+6+1/22)(z* — 422+ 7 —4z72 + %)
-1 2 _ -2
Gl(z)=(z +24+2)(z"—2+z ),
4
Gl(z) = 27 42422 -2+27?)
(2+6+1/22)(z* —422 4+ 7 —4z72 + 2%
1 —
Gz(z)zz_l—z +2 Z,
4
—1_ -1 2 _
Gy = "7 +2-79) (5.16)

2+6+4+1/22

The analysis filters A(z) and G'(z), r = 1,2, are
FIR and, therefore, the scaling function ¢(7) and the
analysis framelets and ' (), r = 1,2, are compactly

supported unlike the synthesis framelets. All the
waveforms are symmetric. All the framelets have
two vanishing moments. Recall that the synthesis
and analysis filters can be interchanged. The
illustrations are given in Fig. 7.

6. Conclusion

We presented a new family of tight and sibling
frames, which are generated by perfect reconstruc-
tion filter banks. The filter banks are based on
discrete interpolatory splines and are related to
Butterworth filters. Note that a similar scheme for
filter design is possible by using the continuous
interpolatory and quasi-interpolatory splines. Each
of the designed filter banks comprises one inter-
polatory symmetric low-pass filter, one band-pass
and one high-pass filters. In the tight frames case,
the band-pass and high-pass filters lack symmetry,
but in sibling frames the high-pass filters are
symmetric. The band-pass filters may be symmetric
or antisymmetric. These filter banks generate
smooth analysis and synthesis scaling functions
and pairs of framelets. One step of the framelet
transform of a signal of length N produces 1.5N
coefficients. Thus, the full transform of this signal
consists of log, N steps that produces 2N coeffi-
cients.

While in the tight frame all the analysis wave-
forms coincide with their synthesis counterparts, in
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the sibling frames we can vary the framelets making
them different for the synthesis and the analysis
cases. Therefore, we can, for example, swap the
vanishing moments and computational cost be-
tween the synthesis and the analysis framelets. We
constructed dual pairs of frames starting from a
symmetric interpolatory low-pass analysis filter,
whose transfer function is rational and has a zero
of arbitrary order m. The analysis and synthesis
framelets generated by the high-pass filters are
symmetric and have m vanishing moments. The
framelets generated by the band-pass filters are
(anti)symmetric and may have arbitrary number of
vanishing moments.

Most of the designed filters are IIR and their
transfer functions are rational. Therefore, they
allow fast implementation via a cascade of elemen-
tary causal and anticausal recursive filters [25]. The
waveforms are well localized in time domain despite
their infinite support.

We anticipate that this new family of transforms
will have a wide range of signal processing applica-
tions, in particular in error protection of trans-
mitted signals and denoising of audio signals and
images.
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