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a b s t r a c t

Data clustering is a common technique for data analysis, which is used in many fields, including

machine learning, data mining, customer segmentation, trend analysis, pattern recognition and image

analysis. Although many clustering algorithms have been proposed, most of them deal with clustering

of one data type (numerical or nominal) or with mix data type (numerical and nominal) and only few of

them provide a generic method that clusters all types of data. It is required for most real-world

applications data to handle both feature types and their mix. In this paper, we propose an automated

technique, called SpectralCAT, for unsupervised clustering of high-dimensional data that contains

numerical or nominal or mix of attributes. We suggest to automatically transform the high-dimensional

input data into categorical values. This is done by discovering the optimal transformation according to

the Calinski–Harabasz index for each feature and attribute in the dataset. Then, a method for spectral

clustering via dimensionality reduction of the transformed data is applied. This is achieved by

automatic non-linear transformations, which identify geometric patterns in the data, and find the

connections among them while projecting them onto low-dimensional spaces. We compare our

method to several clustering algorithms using 16 public datasets from different domains and types.

The experiments demonstrate that our method outperforms in most cases these algorithms.

& 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Clustering means an unsupervised classification of observed
data into different subsets (clusters) such that the objects in each
subset are similar while objects in different subsets are dissimilar.
Data clustering is a common technique for data analysis. It is used
in many fields such as machine learning, data mining, customer
segmentation, trend analysis, pattern recognition and image
analysis. Although many clustering algorithms have been pro-
posed, most of them were designed to deal with clustering of only
specific type of data (numerical or nominal). Most of the methods,
which were designed to process numerical data, are incapable to
process nominal data and vice versa. This is due to the differences
between the nature of different data types. For example, numer-
ical data consists of numerical attributes whose values are
represented by continuous variables. Finding similarity between
numerical objects usually relies on a common distance measure
such as Euclidean distance. The problem of clustering categorical
data is different since it consists of data with nominal attributes
whose values neither have a natural ordering nor a common scale.
ll rights reserved.
As a result, finding similarities between nominal objects by using
common distance measures, which are used for processing
numerical data, is not applicable here. On the other hand,
common distance measures for categorical data, such as Ham-
ming distance, are not applicable for numerical data. Moreover,
real applications data have to handle mixed types of attributes
such as numerical and nominal data that reside together. Several
methods for clustering mix type of data (numerical and nominal)
were proposed. Their strength is usually emerged when clustering
mix data and not when clustering a single type of data. For
example, k-prototypes algorithm [1] was designed to cluster mix
data by integrating a numerical clustering algorithm (k-means
[2]) and a categorical clustering algorithm (k-modes [3]). Its
strength emerges when clustering the mixed data but when it
clusters only one type of data it does not improve the perfor-
mance of its building blocks algorithms. Only few methods
provide generic algorithms that clusters all types of data (numer-
ical or nominal or mix).

In this paper, we propose an algorithm that provides a generic
solution for all data types. We present an automated technique
that performs an unsupervised clustering of high-dimensional
data with anywhere from four to thousands of dimensions, which
contains either numerical or nominal or mix of numerical and
nominal attributes. We suggest to automatically transform the
high-dimensional input data into categorical values. This is done
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automatically by discovering the optimal transformation for each
feature and attribute in the dataset according to the Calinski–
Harabasz index [4]. Then, a spectral clustering via dimensionality
reduction of the transformed data is applied to it, which is a non-
linear transformation that identifies geometric patterns in the
data and finds connections among them while projecting them
onto low-dimensional spaces.

We provide a framework that is based upon transforming the
data to common nominal scales and then applying diffusion
processes for finding meaningful geometric descriptions in these
datasets which can be uniform and heterogenous together. We
show that the eigenfunctions of Markov matrices are used to
construct diffusion maps that generate efficient representations
of complex geometric structures that enable to perform efficient
data mining tasks. The associated family of diffusion distances,
obtained by iterating a Markov matrix, defines multiscale (coarse
graining) geometries that prove to be useful for data mining
methodologies and for learning of large uniform, heterogeneous
and distributed datasets. We extend the diffusion process meth-
odology to handle categorical data and we propose a method to
construct an adaptive kernel. The proposed framework relates the
spectral properties of Markov processes to their geometric coun-
terparts and it unifies ideas arising in a variety of contexts such as
machine learning, spectral graph theory and kernel methods. It
enables to reduce the dimensionality of the data that is embedded
into low-dimensional subspaces where all the requested and
sought after information lie. This reduction does not violate the
integrity and the coherency of the embedded data.

The proposed algorithm has two sequential steps:
1.
 Data transformation by categorization: Conversion of the high-
dimensional data to common categorical scales. This is done
automatically by discovering the optimal transformation for
each feature and attribute in the dataset. Nominal features are
already in categorical scales and therefore are not transformed.
2.
 Spectral clustering of the categorized data: Study and analysis of
the behavior of the dataset by projecting it onto a low-
dimensional space. This step clusters the data.

We compare our method with several clustering algorithms by
using 16 public datasets from different domains and types. The
experiments demonstrate that our method outperforms in most
case these algorithms. The experiments show that SpectralCAT is
generic and fits different data types from various domains
including high-dimensional data.

The paper is organized as follows. Section 2 describes related
clustering algorithms. Section 3 describes a method for data
transformation by categorization. It describes how to transform
data into categorical scales. The method for spectral clustering of
the transformed data is described in Section 4. Section 5 provides
a detailed description of the SpectralCAT algorithm for clustering
numerical data or nominal data or mixed data and a description of
SpectralCATþþ that extends it. Section 6 compares between our
method and other clustering algorithms.
2. Related work

Many unsupervised clustering algorithms have been proposed
over the years. Most of them cluster numerical data, where the
data consists of numerical attributes whose values are repre-
sented by continuous variables. Finding similarity between
numerical objects usually relies on common distance measures
such as Euclidean, Manhattan, Minkowski and Mahalanobis dis-
tances to name some. A comprehensive survey of various cluster-
ing algorithms is given in [5].
k-means [2] is one of the most commonly used clustering
algorithm. It was designed to cluster numerical data in which
each cluster has a center called the mean. k-means finds the
centers that minimize the sum of squared distances from each
data point toits closest center. The k-means algorithm is classified
as either partitioner or non-hierarchical clustering method. Find-
ing an exact solution to the k-means problem for an arbitrary
input is NP-hard. But the k-means algorithm finds quickly an
approximated solution that can be arbitrarily bad with respect to
the objective function in comparison to optimal clustering. The
performance of k-means is highly dependent on the initialization
of the centers. Furthermore, it does not perform effectively on
high-dimensional data.

k-meansþþ [6] algorithm chooses the initial values for the k-
means clustering. It was proposed as an approximation algorithm
for the NP-hard k-means problem. k-meansþþ specifies a proce-
dure to initialize the cluster centers before proceeding with the
standard k-means optimization iterations. With the k-meansþþ
initialization, the algorithm is guaranteed to find a solution that is
Oðlog kÞ competitive to the optimal k-means solution.

The LDA-Km algorithm [7] combines linear discriminant ana-
lysis (LDA) and k-means clustering [2] to adaptively select the
most discriminative subspace. It uses k-means clustering to
generate class labels and uses LDA to perform subspace selection.
The clustering process is integrated with the subspace selection
process and the data is then simultaneously clustered while
feature subspaces are selected.

The localized diffusion folders (LDF) methodology [8] performs
hierarchical clustering and classification of high-dimensional
datasets. The diffusion folders are multi-level data partitioning
into local neighborhoods that are generated by several random
selections of data points and folders in a diffusion graph and by
defining local diffusion distances between them. This multi-level
partitioning defines an improved localized geometry of the data
and a localized Markov transition matrix that is used for the next
time step in the diffusion process. The result of this clustering
method is a bottom-up hierarchical clustering of the data while
each level in the hierarchy contains localized diffusion folders of
folders from the lower levels. This methodology preserves the
local neighborhood of each point while eliminating noisy connec-
tions between distinct points and areas in the graph.

An agglomerative hierarchical algorithm is proposed in
BIRCH [9]. It is used for clustering large numerical datasets in
Euclidean spaces. BIRCH performs well when clusters have
identical sizes and their shapes are either convex or spherical.
However, it is affected by the input order of the data and it may
not perform well when clusters have either different sizes or non-
spherical shapes.

CURE [10] is another method that clusters numerical datasets
using hierarchical agglomerative algorithm. CURE can identify
non-spherical shapes in large databases that have different sizes.
It uses a combination of random sampling and partitioning in
order to process large databases. Therefore, it is affected by the
random sampler performance.

A density-based clustering algorithm is proposed in DBSCAN
[11]. This method is used to discover arbitrarily shaped clusters.
DBSCAN is sensitive to its parameters, which in turn, are difficult
to determine. Furthermore, DBSCAN does not perform any pre-
clustering and it is executed directly on the entire database. As a
result, DBSCAN can incur substantial I/O costs in processing large
databases.

DIANA [12] is a divisive hierarchical algorithm that applies to
all datasets that can be clustered by hierarchical agglomerative
algorithms. Since the algorithm uses the largest dissimilarity
between two objects in a cluster such as the diameter of the
cluster, it is sensitive to outliers.
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Several clustering algorithms for categorical data have been
proposed in recent years. The k-modes algorithm [3] emerged
from the k-means algorithm. It was designed to cluster catego-
rical datasets. The main idea of the k-modes algorithm is to
specify the number of clusters and then to select k initial modes,
followed by allocating every object to its nearest mode. The
algorithm minimizes the dissimilarity of the objects in a cluster
with respect to its mode.

The inter-attribute and intra-attribute summaries of a data-
base are constructed in CACTUS [13]. Then, a graph, called the
similarity graph, is defined according to these summaries. Finally,
the clusters are found with respect to these graphs.

COOLCAT [14] clusters categorical attributes using an incre-
mental partition clustering algorithm to minimize the expected
entropy. First, it finds a suitable set of clusters from a sample from
the entire dataset. Then, it assigns the remaining records to a
suitable cluster. The major drawback of this algorithm is that the
order of the processing data points has a definite impact on the
clustering quality.

ROCK [15] is a hierarchical agglomerative clustering algorithm
that employs links to merged clusters. A link between two
categorical objects is defined as the number of common neigh-
bors. ROCK uses a similarity measure between links to measure
the similarity between two data points and between two clusters.

STIRR [16] is an iterative method that is based on non-linear
dynamic systems from multiple instances of weighted hyper-
graphs (known as basins). Each attribute value is represented by a
weighted vertex. Two vertices are connected when the attribute
values, which they represent, co-occur at least once in the dataset.
The weights are propagated in each hypergraph until the
configuration of the weights in the main basin converges to a
fixed point.

More recently, some kernel methods for clustering were
proposed. A clustering method, which uses support vector
machine, is given in [17]. The data points are mapped by a
Gaussian kernel to a high-dimensional feature space, where it
searches the minimal enclosing sphere. When this sphere is
mapped back to data space, it can be separated into several
components where each encloses a separate cluster.

A method for unsupervised partitioning of a data sample,
which estimates the possible number of inherent clusters that
generate the data, is described in [18]. It exploits the notion that
performing a non-linear data transformation into some high
dimensional feature space increases the probability for linear
separability between the patterns within the transformed space.
Therefore, it simplifies the associated data structure. It shows that
the eigenvectors of a kernel matrix, which define an implicit
mapping, provide means to estimate the number of clusters
inherent within the data. A computational iterative procedure is
presented for the subsequent feature space that partitions
the data.

A kernel clustering scheme, which is based on k-means for
large datasets, is proposed in [19]. It introduces a clustering
scheme which changes the clustering order from a sequence of
samples to a sequence of kernels. It employs a disk-based strategy
to control the data.

Another kernel clustering scheme, which is based on k-means,
is proposed in [20]. It uses a kernel function, which is based on
Hamming distance, to embed categorical data in a constructed
feature space where the clustering takes place.

In recent years, spectral clustering has become a popular
clustering technique. It is simple to implement, can be solved
efficiently and very often outperforms traditional clustering
algorithms. A comprehensive survey of spectral clustering meth-
ods is given in [21]. Spectral clustering refers to a class of
techniques which rely on the eigenstructure of a matrix to
partition points into disjoint clusters, according to their compo-
nents in the top few singular vectors of the matrix, with points in
the same cluster having high similarity and points in different
clusters having low similarity [22].

A spectral clustering method, which is based on k singular
vectors, is presented in [23]. Given a matrix A, where the rows of
A are points in a high-dimensional space, then the subspace
defined by the top k right singular vectors of A is the rank-k

subspace that best approximates A. This spectral algorithm
projects all the points onto this subspace. Each singular vector
then defines a cluster. To obtain a clustering, each projected point
is mapped into a cluster defined by the singular vector that is
closest in angle to it.

A method for using the first non-trivial eigenvector to approx-
imate the optimal normalized cut of a graph was presented in
[24]. This method constructs a similarity graph of the data points,
computes its unnormalized Laplacian and then computes the first
k generalized eigenvectors. The rows of these eigenvectors are
clustered into k clusters via k-means.

A similar spectral clustering method is presented in [25]. This
method constructs a similarity graph of the data points, computes
its normalized Laplacian and then computes the first k eigenvec-
tors. The rows of these eigenvectors are normalized to have unit
length and then they are clustered into k clusters via k-means.

Similar to k-modes algorithm, mean shift offers a nonpara-
metric technique for the analysis of a complex multimodal feature
space for numerical data. Mean shift is a simple iterative proce-
dure that shifts each data point to the average of data points in its
neighborhood [26–28]. Adaptive mean shift clustering method
[29] is an unsupervised kernel density estimation method that
automatically selects bandwidth of every sample point. Ref. [26]
suggested the density gradient-based approach as a method for
cluster analysis. It is derived from kernel density gradient esti-
mator and it selects a kernel bandwidth that guarantee asympto-
tic unbiasedness of the estimate.

The k-prototypes algorithm [1] integrates the k-means [2] and
the k-modes [3] algorithms by defining a combined dissimilarity
measure to enable clustering of mixed numerical and categorical
attributes.

Gower [30] introduced a similarity index that measures the
similarity between two samples whose attributes are numerical
or categorical or mixed type of data. Applying the k-means
algorithm to the Gower similarity index enables clustering of
mixed attributes.

Many of the methods do not provide a generic algorithm for
clustering all types of data (numerical or nominal or mix). Some
of them were designed to deal with only one type of data. Some
were designed to deal only with mix data but not with a single
type. Moreover, some of them fail to handle high-dimensional
data. Our proposed method is generic and it is designed to deal
with all types of data (numerical or nominal or mix) that are also
high-dimensional.
3. Data transformation by categorization

Categorical data contains data with nominal attributes whose
values neither have a natural ordering nor an inherent order. The
variables of categorical data are measured by nominal scales.
Numerical data consists of data with numerical attributes whose
values are represented by continuous variables. The variables of
numerical data are measured by an interval scales or by a ratio of
scales. Many algorithms, which have been developed by the
machine learning community, focus on learning in nominal
feature spaces. Many real-world classification tasks deal with
continuous features. These algorithms could not be applied to
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these classification tasks unless the continuous features are first
discretized. Continuous variable discretization has received sig-
nificant attention in the machine learning community [31]. Other
reasons for variable discretization, aside from the algorithmic
requirements, include speed increase of induction algorithms [32]
and viewing General Logic Diagrams [33] of the induced classifier.
Data discretization is part of any data mining and it has particular
importance especially in mining of numerical data. It is used to
reduce the number of values for a given continuous attribute by
dividing the range of the attribute into intervals also called
quantization. Interval labels can then be used to replace actual
data values. Replacing numerical values of a continuous attribute
by a small number of interval labels thereby reduces and
simplifies the original data and make it workable. This leads to
a concise, easy to use, knowledge-level representation of mining
results. There are many methods for data discretization such as
entropy-based discretization, cluster analysis, binning, histogram
analysis and discretization by intuitive partitioning. Entropy is
one of the most commonly used. Entropy-based discretization is a
supervised splitting technique. It explores class distribution
information in its calculation and determination of split-points.
To discretize a numerical attribute A, the method selects the value
of A that has the minimum entropy as a split-point, and recur-
sively partitions the resulting intervals to arrive at a hierarchical
discretization. Cluster analysis is also a popular data discretiza-
tion method. A clustering method can be applied to discretize a
numerical attribute A by partitioning the values of A into clusters.
Clustering takes the distribution of A into consideration, as well as
the closeness of data points. Therefore, it is able to produce high-
quality discretization results. These discretization techniques
transform each attribute independently by changing the original
data and the relationships between the original attributes, but
this preprocessing step contributes toward the success of the
mining process [34]. There is always a trade off between trans-
forming the original data as a preprocessing step and mining the
original data. There are advantages and disadvantages for each
approach. In order to understand the effect of the categorization
step in our algorithm, we compare in Section 6 the results
obtained with and without this preprocessing step.

This section describes how to categorize numerical data by
transforming into categorical data. Our method for data transfor-
mation by automatic categorization normalizes and discretizes
the original data. It is similar to discretization by cluster analysis
that was mentioned above. It defines a smart way to analyze the
clusters and discretizes each attribute. It provides a measure to
evaluate the performance of the discretization and selects the
optimal clusters to be discretized.

Let X ¼ fx1, . . . ,xmg be a set of n-dimensional numerical points
in Rn where xi ¼ fx

1
i , . . . ,xn

i g, i¼ 1, . . . ,m and xi is a row vector. In
order to transform X from numerical scales into categorical scales,
each component, which describes one feature from a single scale
only, is transformed. Formally, let Xl ¼ fxl

1, . . . ,xl
mg be a single

feature in X. Xl is transformed into the categorical values
X̂

l
¼ fx̂

l
1, . . . ,x̂

l
mg, l¼ 1, . . . ,n. This way, each point xiAX, i¼ 1, . . . ,

m is transformed into x̂i ¼ fx̂
1
i , . . . ,x̂

n
i g and X is transformed into

X̂ ¼ fx̂1, . . . ,x̂mg. At the end of this process, each component
l¼ 1, . . . ,n, from the transformed data X̂ has its own set of
categories.

As described above, categorization of numerical data is
obtained by categorization of each feature. The categorization
process of one feature, which is represented by a numerical
variable, requires to know in advance the optimal number of
categories in the transformed data. Since every numerical variable
has it own numerical scale and its own natural order, it also has
its own number of categories. Discovery of the known number of
clusters is critical for the success of the categorization process.
Since we have no information on this optimal number of cate-
gories for each numerical variable, then, it has to be automatically
discovered on-the-fly. Section 3.1 describes an automatic cate-
gorization process that reveals the optimal number of categories.

3.1. Automatic categorization and discovery of the optimal number

of categories

An automatic categorization process of numerical data of one
feature takes place by the application of a clustering method to
the data while computing the validity index (defined below) of
the clusters. This process is repeated (iterated) using increasing
number of categories in each iteration. This process is terminated
when the first local maxima is found. The number of categories,
which reaches the best validity index (the local maxima), is
chosen as the optimal number of categories.

In Section 3, we defined Xl as a single dimension in X, where
l¼ 1, . . . ,n. Since the process of categorization is applicable to any
number of dimensions, we can generalize the definition of Xl to be
q-dimensional (features) in X. In this case, l corresponds to q-tuple
features, where each feature is from the range 1, . . . ,n. This
enables to transform several features into a single categorical
feature. Let fk be a clustering function that associates each xl

iAXl,
i¼1,y,m, to one of the k clusters in Cl, where Cl ¼ fcl

1, . . . ,cl
kg and

cl
j ¼ fx

l
ijfkðx

l
iÞAcl

j,i¼ 1, . . . ,m,cl
jAClg. k is unknown at this point.

The total sum of squares of Xl is defined as Sl ¼
Pm

i ¼ 1

ðxl
i�xl
Þðxl

i�xl
Þ
T , where xl

¼ ð1=mÞ
Pm

i ¼ 1 xl
i. The within-cluster sum

of squares, with k clusters, is defined as Sl
wðkÞ ¼

Pk
j ¼ 1P

xl A cl
j
ðxl�ml

jÞðx
l�ml

jÞ
T , where ml

j ¼ ð1=jc
l
jjÞ
P

xl A cl
j
xl. Sl

wðkÞ denotes
the sum of deviations from the centers of their associated clusters
of all the points in the data. A good clustering method should
achieve a small Sl

wðkÞ.
The between-cluster sum of squares, with k clusters, is defined

as Sl
bðkÞ ¼

Pk
j ¼ 1 jc

l
jjðm

l
j�xl
Þðml

j�xl
Þ
T . Sl

bðkÞ denotes the sum of the
weighted distances from the data center of all the centers of the k

clusters. A good clustering method should achieve a large Sl
bðkÞ.

It is easily seen (Appendix B, point 1) that the total sum of
squares (Sl) equals to the sum of the between-cluster sum of
squares ðSl

bðkÞÞ and the within-cluster sum of squares ðSl
wðkÞÞ.

Therefore,

Sl ¼ Sl
wðkÞþSl

bðkÞ: ð1Þ

In order to measure the validity index Sl
k,m of the clustering, we

use the Calinski–Harabasz index [4]:

Sl
k,m ¼

ðm�kÞSl
bðkÞ

ðk�1ÞSl
wðkÞ

: ð2Þ

The validity index maximizes Sl
k,m on k clusters. Sl

k,m denotes the
variance ratio criterion.

The optimal number of categories, denoted by kl
best , is obtained

by the application of the clustering method fk to Xl while
calculating the corresponding validity index Sl

k,m for Xl,
k¼ 2,3, . . .. We define kl

best to be the smallest k for which the
smoothed Sl

k,m has a local maximum. We analyze the smoothed
Sl

k,m that does not have oscillatory peaks (noise) as it is in the
source Sl

k,m. The smoothness is achieved by the application of a 1D
moving average filter, with a span of 5, to Sl

k,m. The filter is a direct
form II transposed [35] implementation of the standard difference
equation. When the first local maxima is found then this process
is terminated.

Fig. 1 shows an example of the application of this process to
one of the features of the Segmentation dataset [36]. In this
example, fk, k¼ 2, . . . ,100 was applied and the corresponding
validity indexes were calculated. The first local maxima was
found at k¼9 and therefore kbest ¼ 9.



Fig. 1. The validity indexes for k¼ 2, . . . ,100. The first local maxima is marked by

the arrow.
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The justification of the validity index is given in Appendix A.
Therefore, the application of the clustering method fkl

best
to Xl

associates each xl
iAXl, i¼1,y,m, to one of the clusters cl

jACl,
j¼ 1, . . . ,kl

best , and the corresponding categorical value of xl
i is

determined as j. This automatic categorization process reveals the
optimal number of categories in Xl and transforms the numerical
data into categorical data. This process is repeated for each
feature l,l¼ 1, . . . ,n in X.

At the end of this process, the data is transformed into
common categorical scales. Since in most cases the dataset
contains high-dimensional data points, it is required to study
and analyze the dataset by projecting it onto a low-dimensional
subspaces where all the requested and sought after information
lie to reveal global geometric information. Section 4 deals with
the dimensionality reduction step. In Section 6, we show the
effect of data clustering after the transformation step only (with-
out the dimensionality reduction step). This comparison will
emphasize the importance of the second step in our proposed
method.
4. Spectral clustering of categorized data

Section 3 described a method for an automatic data categorization.
This section describes how to cluster the transformed high-dimen-
sional data via spectral clustering. The diffusion maps framework
[37,38] and its inherent diffusion distances provide a method for
finding meaningful geometric structures in datasets. In most cases,
the dataset contains high-dimensional data points in Rn. The diffu-
sion maps construct coordinates that parameterize the dataset and
the diffusion distance provides a local preserving metric for this data.
A non-linear dimensionality reduction, which reveals global geo-
metric information, is constructed by local overlapping structures. We
use the diffusion maps in order to reduce the dimensionality of
the data, and then we cluster the data in the embedding. Let
X ¼ fx1, . . . ,xmg be a set of points in Rn. The non-negative symmetric

kernel WE9wEðxi,xjÞ is constructed on the data. It measures the

pairwise similarity between the points. wEðxi,xjÞ ¼ e�:xi�xj:
2
=E, which

uses the Euclidean distance measure, was chosen for WE. However,
other distance measures such as the cosine and Mahalanobis dis-
tances can also be used. The non-negativity property of WE allows to
normalize it into a Markov transition matrix P where the states of the
corresponding Markov process are the data points. This enables to
analyze X as a random walk. The construction of P follows the
classical construction of the normalized graph Laplacian [39]. Formally,

P¼ fpðxi,xjÞgi,j ¼ 1,...,m is constructed as pðxi,xjÞ ¼wEðxi,xjÞ=dðxiÞ, where

dðxiÞ ¼
R

XwEðxi,xjÞ dmðxjÞ is the degree of xi. P is a Markov matrix since

the sum of each row in P is 1 and pðxi,xjÞZ0. Thus, pðxi,xjÞ can be

viewed as the probability to move from xi to xj in one time step. By
raising this quantity to a power t (advance in time), this influence is
propagated to nodes in the neighborhood of xi and xj and the result is
the probability for this move in t time steps. We denote this
probability by ptðxi,xjÞ. These probabilities measure the connectivity

among the points within the graph. The parameter t controls the scale
of the neighborhood in addition to the scale control provided by E.

Construction of ~pðxi,xjÞ ¼ ð
ffiffiffiffiffiffiffiffiffiffi
dðxiÞ

p
=
ffiffiffiffiffiffiffiffiffiffi
dðxjÞ

q
Þpðxi,xjÞ, which is a sym-

metric and positive semi-definite kernel, leads to the following eigen-

decomposition ~pðxi,xjÞ ¼
Pm

kZ0 lknkðxiÞnkðxjÞ. A similar eigen-decom-

position is obtained from ~ptðxi,xjÞ ¼
Pm

kZ0 l
t
knkðxiÞnkðxjÞ after advan-

cing t times on the graph. Here ~pt is the transition probability from xi

to xj in t time steps. A fast decay of flkg is achieved by an appropriate
choice of E. Thus, only a few terms are required in the sum above to
achieve a sufficient good accuracy. The family of diffusion maps Ft is

given by FtðxÞ ¼ ðl
t
0n0ðxÞ,l

t
1n1ðxÞ, . . . Þ

T . Ft is the low-dimensional

embedding of the data into an Euclidean space and it provides
coordinates for the set X. Hence, we use Ft in order to cluster the
data in the embedding space.

As described above, a common choice for WE is wEðxi,xjÞ ¼

e�:xi�xj:
2
=E. Since an appropriate choice of E is critical in the

construction of the Gaussian kernel, we describe in Section 4.1 a
method that constructs an adaptive Gaussian kernel with an
appropriate choice of E. Moreover, the Euclidean distance metric,
which is used in the construction of the Gaussian kernel, is
applicable for numerical data but not for categorical data. In
Section 4.2, we describe how to adapt the Gaussian kernel to our
transformed (categorical) data.
4.1. Construction of an adaptive Gaussian kernel

In this section, we propose a method for the construction of an
adaptive Gaussian kernel. Let X ¼ fx1, . . . ,xmg be a set of points in
Rn. Let wEðxi,xjÞ ¼ e�:xi�xj:

2
=E be the imposed Gaussian kernel. For

each point xiAX, this Gaussian kernel pushes away from xi all the
points that are already far away from xi. On the other hand, it
pulls toward xi all the points that are already close to xi. This
push-pull process is controlled by E. Since E is fixed for all the
entries in W, it produces a coarse scaling control. This scale
control is obviously not optimal for all the entries in the Gaussian
kernel since it does not take into account the local geometry of
each data point in the graph. Fig. 2 shows an example of data
points in R3. In this example, E¼ 0:02 was chosen as the scale
control. The orange/red points in this image are the neighbors of
the green points according to the constructed Gaussian kernel
(using the fixed scale control). These are the points that were
pulled toward the green points.

In the left image, we see that although the green point is in a
very dense area, it has only few neighbors. In this case, we are
interested in pulling more points toward the green point. This is
achieved by selecting a larger E (that provides a wider radius)
since it will include more points in the neighborhood of the green
point. In the right image, we see that although the green point is
an outlier, it has relatively many neighbors where some of them
are in areas that are well separated from the green point. In this
case, we are interested in pushing more points away from the
green point. This is achieved by selecting a smaller E (that
provides a narrower radius) since it will include less points in
the neighborhood of the green point.

Therefore, a selection of an adaptive scale control is necessary
in order to construct a more accurate Gaussian kernel that will
express the local geometry of each data point in the graph.

In this section, we propose a method that constructs a two-
phase adaptive Gaussian kernel. The key idea in the construction
of the adaptive Gaussian kernel is to determine automatically an



Fig. 3. Gaussian kernel with an adaptive scale control. Left: normal point. Right: outlier point. (For interpretation of the references to color in this figure legend, the reader

is referred to the web version of this article.)

Fig. 2. Gaussian kernel with fixed e. Left: normal point. Right: outlier point. (For interpretation of the references to color in this figure legend, the reader is referred to the

web version of this article.)
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adaptive scale control for each point in the graph. This adaptive
scale control is a weight function that has the following property:
data points in dense areas will have a large weight (‘‘bonus’’) and
data points in sparse areas will have a small weight (‘‘penalty’’).
Since dense-areas points have many close points and sparse areas
do not, we define the weight function o that represents the local
geometry around each data point.

oEi
ðxiÞ ¼

Z
~X i

e�:xi�xj:
2
=Ei dmðxjÞ, ð3Þ

where ~X i is a big cloud of points around xi, m is the distribution of
the points in ~X i, xjA ~X i and Ei is an initial scale control that is
adapted to ~X i. In our experiments, we defined around each point
xi a cloud ~X i that included the m=3 nearest neighbors of xi. Hence,
each cloud of points contained third of the data points.

Typically, two alternatives are considered in order to deter-
mine the scale controls Ei [40,41]. In the first alternative, the same
scale control is defined for all Ei (see for example, [42–46]). In
these methods, a Gaussian radial basis function network with a
constant width at each node is used to approximate a function.
Although the width in each node can have a different value, the
same width for every node is sufficient for universal approxima-
tion [43]. Therefore, the widths are fixed to a single global value
to provide a simpler strategy. In practice, the width has effects on
the numerical properties of the learning algorithms but not on the
general approximation ability of the radial basis function net-
work. However, these methods depend on uniform distribution of
the data and hence inadequate in practice, where the data
distribution is non-uniform.

In the second alternative, local estimation of the scale controls
is performed. A common way to estimate the scale controls is to
take into consideration the distribution variances of the data
points in different regions (see for example, [47–49]). The width
of the Gaussian kernel in a local region is determined by the mean
value or by the standard deviation in each region [47]. In [48], the
width is set locally to the Euclidean distance between the local
center and its nearest neighbor. These methods offer a greater
adaptability to the data than a fixed scale control.

Therefore, in order to determine the scale control Ei in Eq. (3),
we calculate the variance of the squares of the distances between
the point xi to all the points xj that belong to the cloud of points
around it:

Ei ¼
X

xj A ~X i

::xi�xj:
2
� ~X i:

2

j ~X ij
, ð4Þ

where ~X i ¼
P

xj A ~X i
:xi�xj:

2
=j ~X ij.

Assume oEðxiÞ, i¼ 1, . . . ,m defines an adaptive weight for each
data point. Since we construct an affinity matrix between pairs of
data points, we need to define a pairwise weight function. We
determine this way not only an adaptive scale for each point in X,
but we also determine an adaptive scale for each pair of points.
We define the pairwise weight function OE to be

OEðxi,xjÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ
~X i

e�:xi�xk:
2
=Ei dmðxkÞ

Z
~X j

e�:xj�xk:
2
=Ej dmðxkÞ

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
oEi
ðxiÞoEj

ðxjÞ

q
:

ð5Þ

OE satisfies the ‘‘bonus’’ and ‘‘penalty’’ properties and it takes into
consideration the distribution of the different regions in the data.
Moreover, OE is symmetric and non-negative. Now, we construct
the adaptive Gaussian kernel W as follows:

wEðxi,xjÞ ¼ e
�:xi�xj:

2
=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
oEi ðxiÞoEj ðxjÞ

p
¼ e�:xi�xj:

2
=OEðxi ,xjÞ, i,j¼ 1, . . . ,m:

ð6Þ

Since both the Euclidean distance metric and OE are symmetric
and non-negative, the constructed kernel W is symmetric and
non-negative as well. This adaptive scale control provides better
and compact description of the local geometric properties of the
pairwise distances matrix for X.

Fig. 3 shows an example of the same data points in R3. In this
example, we constructed the adaptive Gaussian kernel that was



Fig. 4. Left: diffusion maps with fixed scale control. Right: adaptive scale control (‘‘bonus’’ and ‘‘penalty’’ are used).
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described above. In the left image, we see that the green point has
more neighbors than when we used the fixed scale control
(Fig. 2). The reason is that this green point is in a very dense area
and therefore it is close to many points. Hence, the adaptive scale
control is much bigger than the initial scale control (a ‘‘bonus’’
was awarded) and as a result more points were pulled toward the
green point. In the right image, we see that the green point has
fewer neighbors than when we used the fixed scale control. The
reason is that this green point is an outlier and therefore it is far
from most of the points. Therefore, the adaptive scale control is
much smaller than the initial scale control (a ‘‘penalty’’ was
assigned) and as a result more points were pushed away from
the green point. These selections of the adaptive scale controls
provide a more accurate Gaussian kernel.

Fig. 4 shows the diffusion maps coordinates of the same data
points that use a Gaussian kernel with a fixed scale control and
the proposed kernel with the adaptive scale control. As we can
see, when we use a fixed scale control (the left image) we get a
jelly-fish shape where the separation between normal (the body)
and outliers (the tails) points is unclear. When we use the
adaptive scale control (the right image), we get a bell shape
where the separation between the normal points (the bell) and
the outliers is very clear. This structure represents more accu-
rately the geometry of the original points.

Fig. 5 shows the performance of a Gaussian kernel with a fixed
scale control and the proposed kernel with an adaptive scale
control. For each set of data points in R2 (a single row in Fig. 5), we
applied the diffusion maps with different fixed scale controls and
with an adaptive scale control. We used the first three diffusion
coordinates in order to cluster the data points. The left column of
images in Fig. 5 shows the clustering results with an adaptive
scale control. The remaining columns show the results of cluster-
ing with different fixed scale controls. We notice that the
clustering performance with an adaptive scale control is very
accurate. All the datasets were clustered correctly according to
their natural clusters. In order to cluster correctly using a fixed
scale control, it is necessary to choose manually an appropriate
scale control for each dataset. In addition, a scale control, which is
appropriate for one dataset (for example, 0.01 for the fourth
dataset), is inappropriate for other datasets (for example, the
second dataset requires a 100 times bigger scale control and the
third dataset requires a 10 times bigger scale control). Moreover,
for some datasets, all the fixed scale controls were inappropriate
(for example, the fifth and sixth datasets).

Therefore, the right selection of a scale control is crucial in
order to catch correctly and accurately the geometry of the data.
The proposed kernel with an adaptive scale control does it
correctly.
4.2. Construction of a categorical Gaussian kernel

In this section, we describe how to construct a Gaussian kernel
for categorical data. The weight function WE9wEðxi,xjÞ measures
the pairwise similarity between points. WE uses common distance
measures for numerical data such as Euclidean, cosine and
Mahalanobis distances. However, these distance measures are
not applicable for categorical data. In order to construct a weight
function for categorical data, we use the weighted Hamming
distance to measure the distance between categorical data points.
Let X ¼ fx1, . . . ,xmg be a set of n-dimensional categorical data
points and let Xl ¼ fxl

1, . . . ,xl
mg where xl

i is the lth component in
the n-dimensional xi. Denote by kl the number of categories of
each variable Xl, l¼1,y,n, which denotes one feature. The
weighted Hamming distance D between two points xi,xjAX is

Dðxi,xjÞ ¼
Xn

l ¼ 1

dðxl
i,x

l
jÞ

kl
, xl

i,x
l
jAXl, ð7Þ

where

dðxl
i,x

l
jÞ ¼

0 if xl
i ¼ xl

j,

1 otherwise:

(
ð8Þ

Therefore, the Gaussian kernel of the weighted Hamming distance
of categorical data is

wEðxi,xjÞ ¼ e�Dðxi ,xjÞ=E: ð9Þ



Fig. 5. Left column: adaptive scale control (‘‘bonus’’ and ‘‘penalty’’ are used). Three right columns: diffusion maps with different fixed scale controls.
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5. SpectralCAT: categorical spectral clustering of numerical
and nominal data

In Section 5.1, we provide a detailed description of the
SpectralCAT algorithm for clustering numerical data or nominal
data or mixed data. Section 5.2 describes SpectralCATþþ, which
extends the SpectralCAT algorithm.

5.1. SpectralCAT clustering algorithm

The flow of the SpectralCAT algorithm is presented in Fig. 6.
Let X ¼ fx1, . . . ,xmg be a set of n-dimensional points in Rn

where xi ¼ fx
1
i , . . . ,xn

i g, i¼ 1, . . . ,m. X contains nominal values or
numerical values or mix of nominal and numerical values.
Data transformation by automatic categorization of X: The high-
dimensional data is transformed to common categorical scales.
This is done automatically by discovering the optimal transforma-
tion for each feature and attribute in the dataset. Denote column

l,1r lrn, in X by Xl ¼
D
fxl

i : 1r irmg. Each column vector l is

transformed into categorical vector X̂
l

by the following data.
If Xl contains categorical data: The set of unique nominal values

in Xl denoted by Dl ¼
D
fdl

1, . . . ,dl
kl g, klrm is the number of unique

nominal values in Xl. Therefore, each point in Xl contains a

nominal value from the set D: xl
iAD, i¼ 1, . . . ,m. In order to

transform each xl
iAXl to x̂

l
i, xl

i is replaced with the corresponding

category number of its nominal value x̂
l
i ¼ fj : xl

i ¼ dj,1r jrklg.



Fig. 6. The flow of the SpectralCAT algorithm.
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Otherwise, Xl contains numerical data: Assume fk performs a

numerical clustering function that associates each xl
iAXl,

i¼1,y,m, to one of the clusters c1, . . . ,ck. We apply the clustering
method fk to Xl while calculating the corresponding validity

indices Sl
k,m (Eq. (2)) on Xl, k¼ 2,3, . . .. kl

best is defined as the

smallest k for which Sl
k,m has a local maximum. Once the local

maxima is found and kl
best is discovered, the process is terminated

and the clustering method fkl
best

is applied to Xl. It associates each

xl
iAXl, i¼1,y,m, to one of the clusters c1, . . . ,ckl

best
. In order to

transform each xl
iAXl to x̂

l
i, xl

i is replaced with the corresponding

category number by its nominal value to become x̂
l
i ¼ fj :

fkl
best
ðxl

iÞ ¼ cj,1r jrkl
bestg. The optimal number of clusters in Xl is

denoted by kl, where the subscript ‘‘best’’ is removed. k-means as
fk was used in our experiments.

This process is repeated for each l, l¼ 1, . . . ,n. In the end, the
original dataset X is replaced by the transformed matrix X̂ .
ðk1, . . . ,knÞ is the corresponding weight vector for X̂ .

Spectral clustering of the categorized data X̂ : The behavior of the
transformed dataset is analyzed by projecting it onto a low-
dimensional space. This step clusters the data.

Construction of an adaptive Gaussian kernel WE for categorical

data: We combine the construction of a categorical Gaussian
kernel (Section 4.2) with the construction of an adaptive Gaussian
kernel (Section 4.1). Therefore, for any pair of points x̂i,x̂jA X̂ , the
pairwise weight function OE (Eq. (5)) is defined according to the
Gaussian kernel of the categorical data (Eq. (9)) as

OEðxi,xjÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ
X̂

e�Dðx̂ i ,x̂kÞ=Ei dmðx̂kÞ

Z
X̂

e�Dðx̂ j ,x̂kÞ=Ej dmðx̂kÞ

s
,

where the weighted distance D between two points was defined
in Eq. (7) according to the weight vector ðk1, . . . ,knÞ and Ei,Ej are
defined according to Eq. (4). Then, the adaptive Gaussian kernel
for categorical data WE is defined according to Eqs. (6) and (7) as
wEðx̂i,x̂jÞ ¼ e�Dðx̂ i ,x̂ jÞ=OEðxi ,xjÞ,i,j¼ 1, . . . ,m. Since both the distance
metric D and the pairwise weight function OE are symmetric
and non-negative, the constructed kernel WE is symmetric and
non-negative as well.

Normalizing the Gaussian kernel WE into a Markov transition

matrix P: The non-negativity property of WE allows us to normal-
ize it into a Markov transition matrix P where the states of the
corresponding Markov process are the data points. This enables to
analyze X̂ as a random walk. WE is normalized into a Markov
matrix P:

pðx̂i,x̂jÞ ¼
wEðx̂i,x̂jÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPm

q ¼ 1 wEðx̂i,x̂qÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPm
q ¼ 1 wEðx̂j,x̂qÞ

q
:

P is a Markov matrix since the sum of each row in P is 1 and
pðx̂i,x̂jÞZ0. Thus, pðx̂i,x̂jÞ can be viewed as the probability to move
from x̂i to x̂j.

Construction of the diffusion maps: Since P is a symmetric
positive semi-definite kernel, the following eigen-decomposition
exists: pðx̂i,x̂jÞ ¼

Pm
wZ1 lwnwðx̂iÞnwðx̂jÞ, where lw are the eigenva-

lues and nw are the eigenvectors. Since the spectrum decays, only
few terms are required to achieve a sufficient good accuracy. Let Z
be the number of the retained terms. Hence, the diffusion maps F
are given by Fðx̂iÞ ¼ ðl0n0ðx̂iÞ,l1n1ðx̂iÞ, . . . ,lZnZðx̂iÞÞ

T .F is the low-
dimensional embedding of the data into an Euclidean space and it
provides coordinates for the set X̂ .

Clustering using the embedding matrix F: F is used in order to
cluster the data in the embedding. Since F provides coordinates
on the set X̂ , we can use any numerical clustering function fk in
order to associate each x̂iA X̂ , i¼1,y,m, to one of the clusters
cjAC, j¼1,y,k, where k is the number of clusters in C. k-means as
fk was used in our experiments.

In Appendix C, we present the pseudocode for the SpectralCAT
algorithm.

5.2. SpectralCATþþ: an extension to the SpectralCAT algorithm

This section describes the SpectralCATþþ that extends the data
transformation step in the SpectralCAT clustering algorithm. As
described in Section 5.1, the high-dimensional dataset is trans-
formed into categorical scales. As a result, the transformed data
contains the same number of features, but each feature is
categorical. The key idea in SpectralCATþþ is the increase in the
number of features in the transformed data.

We recall from Section 3.1 that the process of categorization is
applicable to any number of dimensions and the definition of a
single dimension in X was generalized to be multidimensional
(features). This enables to transform several features into a single
categorical feature. In addition to the transformation of each
feature in the data into its optimal categorical scales (as done
by SpectralCAT), SpectralCATþþ transforms different combina-
tions of parameters, that form multidimensional features, into
categorical scales. This is done for n-tuple features, n¼ 1,2, . . .,
where each combination of features is transformed into a single
categorical feature as described in Section 3.1.

Therefore, for n-dimensional dataset, each of the n features is
transformed into categorical scales. Then, each of the ðn

2
Þ combina-

tions of two features is transformed into categorical scales. This
adds ðn

2
Þ new features to the transformed data. We continue by

adding ðn
3
Þ combinations of three features, and so on. As a result,

the dimensionality of the transformed data increases from n (the
original dimensionality of the data) to ðn

1
Þþðn

2
Þþðn

3
Þþ � � � þðn

q
Þ,

where q is the maximal number of desired combinations of
features. Since the number of combinations for high-dimensional
datasets is big, this strategy is impractical. Therefore, the number
of combinations is reduced by selecting only several random
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combinations of features from the data. Let 0rsr1 be the
accuracy factor. Then, we randomly select es

logðni Þ
¼ ðn

i
Þ
s combina-

tions of parameters where i¼2,y,q and qrn. s controls the
number of selected combinations and thus controls the number of
added computations. Hence, the dimensionality of the trans-
formed data increases from n to nþ

Pq
i ¼ 2ð

n
i
Þ
s. The assembly of

these single categorical features generates the final categorical
dataset, which is the input to the spectral clustering step. In
Section 6, we show that even for small values of s, where the
overhead of the added computation is relatively small, the
accuracy of the clustering increases.
Table 1
The properties of the datasets that were used to analyze the performance of the algor

Dataset name Description Type

Iris Sizes of Iris plants Numerica

Wine Chemical analysis of wines Numerica

Glass Elements and characteristics of glasses Numerica

Segmentation Image segmentation data Numerica

Ionosphere Radar data Numerica

Heart SPECTF Diagnosis of cardiac Single Proton Emission

Computed Tomography (SPECT) images

Numerica

Ecoli Protein localization sites Numerica

Yeast Protein localization sites Numerica

Sat Multi-spectral values of pixels in a satellite image Numerica

Pageblock Blocks of the page layout of documents Numerica

Soybean Soybean characteristics Nominal

Dermatology Clinical and histopathological characteristics

of patients

Nominal

Adult Data from the census bureau database Nominal

Heart Cleveland Diagnosis from Cleveland clinic foundation Nominal

Zoo Characteristics of animals Nominal

Vowel LPC derived log area ratio coefficients Nominal

Table 2
Descriptions of the compared algorithms where num ¼ numerical and nom ¼ nomin

Algorithm name Description

SpectralCAT Our proposed method in this paper.

Random Each point is randomly associated to one of the k clusters—this

the performance of the clustering algorithms.

k-modesCAT First, we transform the data by categorization (the first step in

categorical clustering algorithm, on the transformed data. This

transformation step without the spectral clustering step (the se

k-meansCAT First, we transform the data by categorization (the first step in

algorithm k-means on the transformed data. This method is use

step without the spectral clustering step (the second step in Sp

Diffusion maps We use the ‘‘vanilla’’ diffusion maps and then we cluster the em

to understand the effect of the spectral clustering step without t

the Hamming distance.

k-means One of the most used clustering algorithm that was designed to

k-meansþþ An algorithm for choosing the initial values for k-means clusterin

the standard k-means optimization iterations (see Section 2).

Kernel k-means Kernel k-means maps the data to a higher dimension feature sp

points by linear separations in the new space (see Section 2).

PCA k-means First, we used PCA in order to reduce the dimensionality of the

components. Then, we cluster the projected data using k-means

Birch An agglomerative hierarchical algorithm that is used for cluster

k-modes Emerged from the k-means algorithm and it was designed to cl

k-prototypes The k-prototypes algorithm integrates the k-means and k-mode

Section 2).

LDA-Km The LDA-Km algorithm combines linear discriminant analysis a

subspace (see Section 2).

Gower k-means The k-means algorithm applied to the Gower similarity index to

Ng, Jordan and

Weisss

The k-means algorithm applied to the first k eigenvectors of the

Kannan, Vempala

and Vetta

A spectral algorithm that projects all the points onto a subspace

Shi and Malik A method for using the first non-trivial eigenvector to approxim
6. Experimental evaluation

We used in our experiments 16 public datasets from UCI
repository [36]. These datasets belong to wide variety of domains
and problems in data mining and machine learning. Table 1
shows the properties of each dataset. The first column in the
table presents the names of the datasets. The second column
presents the description of the dataset. The third column presents
the type of the dataset: some datasets contain numerical data,
some contain nominal data and some contain mix of numerical
and nominal data. The fourth column presents the number of
ithms.

Num. of dimensions Num. of classes Num. of samples

l 4 3 150

l 13 3 178

l 9 7 214

l 19 7 2310

l 34 2 351

l 44 2 80

l 7 8 336

l 8 10 1484

l 36 6 4435

l 10 5 5473

and numeric 33 19 310

and numeric 33 6 366

and numeric 14 2 30,612

and numeric 13 5 303

and numeric 17 7 101

12 11 528

al.

Ref. Data type

Section 5 Num,

nom, mix

method is used as a reference point, in order to estimate – –

SpectralCAT). Then, we apply k-modes, which is a

method is used in order to understand the effect of the

cond step in SpectralCAT).

Section

3, [3]

Num,

nom, mix

SpectralCAT). Then, we apply the popular clustering

d in order to understand the effect of the transformation

ectralCAT)

Section

3, [2]

Num,

nom, mix

bedded data using k-means. This method is used in order

he transformation step, the adaptive Gaussian kernel and

[37,2] Num

cluster numerical data. [2] Num

g. It initializes the cluster centers before proceeding with [6] Num

ace using a non-linear function. Then, it partitions the [18] Num

data by projecting the data onto the first principal

.

[50,2] Num

ing large numerical datasets (see Section 2). [9] Num

uster categorical datasets (see Section 2). [3] Nom

s algorithms to enable clustering of mixed data (see [1] Mix

nd k-means clustering to select the most discriminative [7] Num

enable clustering of mixed data (see Section 2). [2,30] Num,

nom, mix

normalized Laplacian (see Section 2) [2,25]. Num

defined by the top k right singular vectors (see Section 2). [23] Num

ate the optimal normalized cut of a graph (see Section 2). [2,24] Num
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dimensions (features) in each dataset: the lowest number of
dimensions is 4 and the highest is 44. The fifth column presents
the number of classes in each dataset: the minimal number of
classes is 2 and the maximal number is 19. The sixth column
presents the number of samples in each dataset: the minimal
number of samples is 80 and the maximal number is 30,612.

In order to evaluate the performance of SpectralCAT, we
compare its clustering results to several known clustering algo-
rithms. Table 2 describes each of these clustering algorithms. The
last column in this table presents the type of the data that each
algorithm is designed to cluster: some algorithms were designed
to cluster numerical data, some nominal data and some mix of
numerical and nominal data. In order to understand the effect of
our proposed categorization step (the first step in the algorithm)
without the dimensionality reduction step (the second step in the
algorithm), we compare our method to two clustering methods
that we call k-modesCAT and k-meansCAT. First, we transform the
data by categorization (the first step in SpectralCAT). Then,
we apply k-modes, which is a categorical clustering algorithm
(k-modesCAT algorithm in Table 1), or k-means, which is a
numerical clustering algorithm (k-meansCAT algorithm in
Table 1), on the transformed data. On the other hand, in order
to understand the effect of the spectral clustering step without
the categorization step, the adaptive Gaussian kernel and the
Hamming distance, we compare our method to vanilla Diffusion
Maps and then we cluster the embedded data using k-means
(Diffusion Maps algorithm in Table 1).

For each clustering algorithm, we measured the overall accu-
racy as follows: let X ¼ fx1, . . . ,xmg be a set of n-dimensional

points in Rn. Let L¼ fl1, . . . ,lqg be a set of different classes. For

each n-dimensional point xiAX, the corresponding label yi,

yi ¼ lj,1r jrq is assigned. Therefore, Y ¼ fy1, . . . ,ymg is a set of

labels for the dataset X. Since the compared algorithms use
unsupervised clustering methods, Y is used only for measuring
the quality of the clustering algorithms and not for the clustering
process itself. Let f be a clustering algorithm to be evaluated. Let k

be the number of clusters that f generates. Then, fk is a clustering

algorithm that associates each xiAX, i¼ 1, . . . ,m, to one of the
clusters cr AC, r¼1,y,k, where k is the number of clusters in C.
For each cr AC, cr is labeled according to the majority of the
Fig. 7. Comparison between the accuracy obtained by SpectralCAT, k-modesCAT,

k-meansCAT and diffusion maps. The accuracy is defined according to the Purity

index [51].
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records in the cluster. Formally, let Bp
cr
¼
P

xi A cr
dðxi,lpÞ, where

dðxi,lpÞ ¼
1 if yi ¼ lp,

0 otherwise,

(
1rprq, 1rrrk:

Then, the label of each cluster cr ,r¼ 1, . . . ,k, is denoted by

Mcr ¼
D
flp : max1rprqBp

cr
g.

In order to evaluate the accuracy of the clustering algorithms,
we measure the number of records in each cluster whose labels
are equal to the label of the majority of the records in the cluster
ðMcr Þ. Therefore, the accuracy of the clustering algorithm isPk

r ¼ 1 max1rprqBp
cr
=m. This accuracy index is also known as the

Purity index [51].
The accuracy results for LDA-Km were taken from [7]. In our

experiments, we used the same configuration for the k-means
algorithm for all of the k-means based algorithms. In a single run
of this algorithm in this implementation of k-means, the k-means
clustering was repeated several times. In each iteration, a new set
of initial cluster centroid positions (seeds) were used. This
implementation of the k-means algorithm provides a solution
with the lowest value for the within-cluster sums of point-to-
centroid distances. Therefore, this implementation takes into
account the need to have initialization with different seeds. The
best solution is chosen based on a general criteria and it is not
based on the target function.

Table 3 presents the accuracy results from the application of
the different algorithms to the evaluation datasets. For each
clustering algorithm and each dataset, we chose k as the number
of classes in the dataset (according to Table 1).

Application of the random clustering to Ionosphere and Page-
block datasets achieved the same results as all the algorithms
achieved (on these two datasets). SpectralCAT outperformed all of
the algorithms that were applied to 9 out of the 14 remaining
datasets (one other algorithm achieved on one dataset the same
result as SpectralCAT).

As mentioned above, in order to understand the effect of the
two steps of SpectralCAT, we compared our method to k-mod-
esCAT, k-meansCAT and Diffusion Maps. Fig. 7 shows the compar-
ison results between the basic SpectralCAT and these methods.
The x-axis shows the different datasets and the y-axis shows the
accuracy results.

In most cases, even the basic SpectralCAT gets better results
than these methods and overall SpectralCAT achieved the best
results. Therefore, it is important to perform the two steps and
not only one of them.

Table 4 presents the accuracy results from the application of
SpectralCATþþ to the evaluation datasets. As described in Section
5.2, we randomly select ðn

i
Þ
s combinations of parameters where

i¼2,y,q and 0rsr1 is the accuracy factor. In this experiment,
we repeated the tests with different values for q and different
values for s.

For four datasets, SpectralCATþþ did not improve the accuracy
results of SpectralCAT. For 12 datasets, SpectralCATþþ improved
the accuracy results of SpectralCAT algorithm and in some cases
even significantly. It can be noticed that even for a small value of
s, where the overhead of the added computation is relatively
small, SpectralCATþþ improves in most cases the accuracy results
of SpectralCAT.

Table 5 summarizes this experiment and presents the accuracy
results for different algorithms on the evaluation datasets, includ-
ing the results of SpectralCATþþ.

7. Conclusions

We presented two automated techniques for unsupervised
data clustering that contains numerical or nominal or mix of



Table 5
Overall accuracy results where num ¼ numerical and nom ¼ nominal. Bolded italic numbers represent the best achieved accuracy. The accuracy is defined according to the Purity index [51].

Iris Wine Glass Segmentation Ionosphere Heart SPECTF Ecoli Yeast Sat Pageblock Soybean Dermatology Adult Heart Cleveland Zoo Vowel

Dataset information

Dataset type Num Num Num Num Num Num Num Num Num Num Nom Num nom Num nom Num nom Num nom Num nom

Features 4 13 9 19 34 44 7 8 36 10 33 33 14 13 17 12

Classes 3 3 7 7 2 2 8 10 6 5 19 6 2 5 7 11

Samples 150 178 214 2310 351 80 336 1484 4435 5473 310 366 30612 303 101 528

Algorithm

SpectralCAT 0.97 0.97 0.7 0.65 0.89 0.79 0.74 0.42 0:74 0.9 0:78 0.87 0.81 0.82 0.93 0.38

Spectral-CATþþ (q¼2, s¼ 1Þ 0.97 0.98 0:71 0.65 0.89 0.76 0.8 0.5 0.73 0.9 0:78 0.89 0.81 0:84 0.93 0.41

Spectral-CATþþ (q¼3, s¼ 1Þ 0:98 0.97 0:71 0.68 0.89 0.79 0.8 0.49 0.71 0.9 0.77 0.93 0.8 0.78 0.91 0.4

Spectral-CATþþ (q¼2, s¼ 0:8Þ 0.96 0.96 0.7 0.66 0.89 0:8 0.81 0.52 0.72 0.9 0.76 0.93 0:82 0:84 0.93 0.42

Spectral-CATþþ (q¼3, s¼ 0:8Þ 0.97 0.97 0.7 0.66 0.89 0:8 0.8 0.53 0.72 0.9 0.77 0:95 0:82 0.83 0.94 0:43
Spectral-CATþþ (q¼2, s¼ 0:3Þ 0.96 0:99 0.69 0:71 0.89 0.79 0.78 0.54 0.68 0.9 0.77 0.91 0.81 0:84 0.93 0.4

Spectral- CATþþ (q¼2, s¼ 0:3Þ 0.96 0.97 0.7 0:71 0.89 0.74 0.83 0.53 0.7 0.9 0.75 0.93 0:82 0.82 0:95 0.39

Random 0.39 0.41 0.41 0.19 0:89 0.56 0.45 0.35 0.26 0:9 0.24 0.32 0.74 0.55 0.43 0.17

k-modesCAT 0.64 0.48 0.47 0.24 0.89 0.66 0.47 0.35 0.54 0.9 0.67 0.83 0.8 0.83 0.91 0.13

k-meansCAT 0.89 0.7 0.59 0.6 0.89 0.68 0.86 0.54 0.73 0.9 0.73 0.43 0.75 0.56 0.82 0.31

Diffusion maps 0.9 0.71 0.65 0.62 0.89 0.75 0:87 0.53 0.73 0.9 0.68 0.41 0.75 0.67 0.87 0.34

k-means 0.89 0.7 0.59 0.59 0.89 0.68 0.86 0.53 0.73 0.9 0.74 0.42 0.75 0.56 0.86 0.29

k-meansþþ 0.89 0.7 0.6 0.59 0.89 0.68 0.85 0.53 0.73 0.9 0.73 0.37 0.75 0.59 0.86 0.31

Kernel k-means 0.96 0.5 0.65 0.24 0.89 0.71 0:87 0:56 0.28 0.89 0.68 0.41 0.74 0.6 0.89 0.31

PCA k-means 0.89 0.7 0.65 0.62 0.89 0.68 0.79 0.49 0.73 0.9 0.6 0.43 0.75 0.56 0.86 0.29

Birch 0.89 0.7 0.58 0.63 0.89 0.66 0.86 0.53 0.73 0.9 0.76 0.43 0.75 0.55 0.83 0.31

k-modes 0.59 0.46 0.47 0.24 0.89 0.64 0.47 0.38 0.48 0.9 0.63 0.8 0.81 0.83 0.9 0.15

k-prototypes – – – – – – – – – – – 0.77 0.75 0.67 0.88 0.42

LDA-Km 0:98 0.83 0.51 – – – – – – – 0.76 – – – 0.84 –

Gower k-means 0.88 0.96 0.56 0.64 0.89 0.56 0.82 0.53 0.73 0.9 0.59 0.85 0.79 0.58 0.88 0.17

Ng, Jordan and Weisss 0.81 0.8 0.51 0.51 0.89 0.61 0.65 0.39 0.7 0.9 0.43 0.41 0.77 0.55 0.75 0.12

Kannan, Vempala and Vetta 0.81 0.81 0.46 0.35 0.89 0.63 0.58 0.36 0.5 0.9 0.37 0.4 0.77 0.54 0.71 0.09

Shi and Malik 0.71 0.62 0.46 0.51 0.89 0.6 0.6 0.37 0.67 0.9 0.38 0.41 0.76 0.55 0.77 0.13
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numerical and nominal attributes. These techniques are based on
automatic transformation of high-dimensional data to common
categorical scales. Then, spectral clustering of the transformed data
is performed by projecting it onto a low-dimensional space. An
empirical evaluation of our approach was presented. Our methods
were compared to several clustering algorithms by applying them to
16 public datasets from different domains and types. Our experi-
ments showed that our methods outperform in most case these
algorithms. Although some of the compared algorithms were
designed to cluster specific data types (numerical, nominal or mix),
we still outperformed most of them to obtain the best results. The
experiments show that SpectralCAT and SpectralCATþþ are generic
and suitable to operate on different data types from various domains
including high-dimensional data.
Appendix A. Justification of the Calinski–Harabasz index

In order to justify the use of this validity index, we use the fact
that the sum of squares of m points is equal to the sum of the
upper (or lower) triangular matrix of the pairwise distances
between the m points divided by m (Appendix B, point 2).
Therefore,

Xm

i ¼ 1

ðxl
i�xl
Þ
2
¼

Pm
io jðx

l
i�xl

jÞ
2

m
: ðA:1Þ

According to Eq. (A.1), we reformulate Sl to be

Sl ¼

Pm
io jðx

l
i�xl

jÞ
2

m
¼
ðm�1Þd

l

2
, ðA:2Þ

where d
l
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io jðx

l
i�xl

jÞ
2 is the mean of the trian-

gular matrix of the pairwise distances between the m points
(excluding the zero diagonal). Similarly, we reformulate Sl
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Pjcl
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, ðA:3Þ

where dj
l
¼ ð1=ðjcl

jjðjc
l
jj�1Þ=2ÞÞ

Pjcl
j
j

io r,xl
i
,xl

r A cl
j

ðxl
i�xl

rÞ
2 is the mean of

the triangular matrix of the pairwise distances between the jcl
jj

points in cj
l (excluding the zero diagonal). Since Sl

bðkÞ ¼ Sl�Sl
wðkÞ

(Eq. (1)) and according to Eqs. (A.2) and (A.3), we reformulate

Sl
bðkÞ to be
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ðA:4Þ

where Ak ¼
Pk

j ¼ 1ðjc
l
jj�1Þðd

l
�dj

l
Þ=ðm�kÞ is a weighted mean of the

differences between the mean of the squared distances (between
the m points) and the mean of the squared distances between
each group points.

Therefore, by Eqs. (A.3) and (A.4), Eq. (2) becomes

Sl
k,m ¼

ðm�kÞSl
bðkÞ
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l
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d
l
�Ak:

ðA:5Þ

Several properties of the validity index were described in [4].
We present these properties and their corresponding analyzes
according to Eq. (A.5). Note that our contribution for the proper-
ties is for the case where the points are uniformly distributed in
space.
�
 If the squared distances between all pairs of points are equal
then by definition d

l
¼ d1

l
¼ d2

l
¼ � � � ¼ d

l

k. Therefore, Ak ¼ 0
and Sl

k,m ¼ 1.

�
 If for each cluster cl

j,j¼ 1, . . . ,k, dj
l
¼ Ej, where Ej ¼ 0þ (the

variation within each cluster is almost zero), then

Ak ¼ d
l
�
Pk

j ¼ 1ðjc
l
jj�1ÞEj=ðm�kÞ ¼ d

l
�E, where E¼ 0þ . There-

fore, Sl
k,m ¼ ððm�1Þd

l
�ðm�kÞEÞ=ðk�1ÞE and since E¼ 0þ then

Sl
k,m is maximized.
�
 If the m points are uniformly distributed in space, then for
each selection of k, jcl

1j ¼ jc
l
2j ¼ � � � ¼ jc

l
kj and d1

l
¼ d2

l
¼

� � � ¼ d
l

k ¼ dl
k (all the clusters have the same size and the same

variation). Therefore,
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Pk
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We show now that Sl
k,m is monotonic increasing, i.e. for all k,

Sl
k,moSl

kþ1,m.
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Since dl
k40 and 1=kd

l
40 then it is sufficient to show that

0o
1
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�
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kdl
kþ1

�
1

dl
k

1
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dl
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dl
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: ðA:7Þ

For simplicity of the computation, we assume that the m

points, which have uniform discrete distribution, are in the



Fig.
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range [1,m]. Therefore, the variance d
l

of the m points is
ðm2�1Þ=12 (Appendix B, point 3).
For the general case, where the m points are distributed
uniformly in the range [a,b] we get xl

1 ¼ a,xl
2 ¼ aþa,xl

3 ¼

aþ2a, . . . ,xl
m ¼ b. Therefore, m¼ ðb�aÞ=aþ1 and

d
l
¼ a2

b�a

a
þ1

� �2

�1

12
¼
a2ðm2�1Þ

12
: ðA:8Þ

Since the m points are uniformly distributed then the number
of points in each cluster is m=k. Therefore, from Eqs. (A.7) and
(A.8) we have to show that

k

k�1
o

dl
k

dl
kþ1

k

k�1
o

12a2 m

k

� �2

�1

� �

12a2
m

kþ1

� �2

�1

 !

k

k�1
o

m2�k2

k2

m2�ðkþ1Þ2

ðkþ1Þ2

k3ðm2�ðkþ1Þ2Þo ðm2�k2Þðkþ1Þ2ðk�1Þ

k3m2�k5�2k4�k3om2k3�k5þm2k2�k4�km2
þk3�m2þk2

m2ðkþ1Þom2k2þk4þ2k3þk2, ðA:9Þ

which is true since k24 ðkþ1Þ for k41.
Therefore, for all k41, Sl

k,moSl
kþ1,m, Sl

k,m is monotonic increas-
ing and the (local) maximum is obtained when k¼m.
Fig. A.1 shows an example of the application of this process to
uniform distribution data points. It can be noticed that the
validity indexes function is monotonic increasing.
A.1. Left: uniform distributed data points. Right: the validity indexes for the

orm distributed data points.
�

Fig.
vali

from
For the general case, if Sl
k�1,moSl

k,m then the following inequ-
ality exists:

Sl
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d
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þ
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l

k�1

Ak�1d
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o
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l

k�1

k�1
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d
l
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o
Ak

Ak�1
: ðA:10Þ

Therefore, the increase from k�1 clusters to k clusters will
cause an increase from Sl

k�1,m to Sl
k,m if Ak=Ak�14ðk�1Þ=

Ak�1=d
l
þk�2.
�
 If the m points are clustered naturally into k clusters, then the
increase from k�1 clusters to k clusters will cause a significant
increase from Ak�1 to Ak since the within-cluster variation is
getting smaller. Therefore, the ratio between the numerator
and the denominator of Sl

k,m according to Eq. (A.5) will be
significantly bigger than the ratio between the numerator and
the denominator of Sl

k�1,m. Hence, there is an increase from
Sl

k�1,m to Sl
k,m.

Fig. A.2 shows an example from the application of this process
to 20 clusters each of uniformly distributed data points. It can
be noticed that the increase from 19 clusters to 20 natural
clusters causes a significant increase from S19 to S20 (marked
by the arrow).
A.2. Left: 20 clusters each of uniformly distributed data points. Right: the

dity indexes for these data points. The arrow marks the significant increase

S19 to S20.
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Appendix B. Statistical properties

This section presents some well-known statistical properties.
1.
 The total sum of squares (Sl) equals to the sum of the
between-cluster sum of squares ðSl

bðkÞÞ and the within-cluster
sum of squares ðSl

wðkÞÞ:
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¼ Sl:
2.
 The sum of squares of m points is equal to the sum of the
upper (or lower) triangular matrix of the pairwise distances
between the m points divided by m:
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3.
 The variance d
l

of m uniform discrete distributed points:
Since
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Appendix C. Pseudocode of the spectralCAT algorithm
Algorithm 1. Data transformation by automatic categorization

Input:
X ¼ fx1, . . . ,xmg (q-dimensional numerical points to categorize)
fk (a clustering function that partitions X into k clusters and

returns the corresponding assignments)

max_k (maximum number of categories to examine)
Output:

X̂ ¼ fx̂1, . . . ,x̂mg (a vector of categorical points)

Procedure Categorize

For each kAf2, . . . ,max_kg

SðkÞ ¼ CalinskiHarabaszðfkðXÞ,XÞ (the Calinski-Harabasz index

for the result of the clustering)
End

kbest ¼minkA f2,...,max_kgfLocalMaxðSðkÞÞ ¼ Trueg (the smallest k

for which S(k) has a local maximum)

X̂ ¼ fkbest
ðXÞ

return X̂

End
Algorithm 2. SpectralCAT

Input:
X ¼ fx1, . . . ,xmg (n-dimensional dataset to cluster)
fk (a clustering function that partitions X into k clusters and

returns the corresponding assignments)
k (the number of clusters to partition X)

Output:
IDX ¼ fIDX1, . . . ,IDXmg (an assignment of each point in X to one

of k clusters)

Procedure SpectralCAT

For each lAf1, . . . ,ng

Set Xl ¼ fxl
1, . . . ,xl

ng (the lth column in X)

If Numerical(Xl) ¼ True (the lth column contains numerical

data)

X̂
l
¼ Categorize ðXl,fk,max_kÞ (categorize the lth column

according to Alg. 1)
Else

X̂
l
¼ Xl

End
End

For each i,jAf1, . . . ,mg (build a pairwise distance matrix)

Wi,j ¼Hammingðx̂i,x̂jÞ
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End

For each i,jAf1, . . . ,mg (build a pairwise weight function - Eqs.

(5) and (6))

Oi,j ¼ GaussianWeightðWi,jÞ

WEi,j ¼ e�Wi,j=Oi,j (the adaptive Gaussian kernel)

End

For each iAf1, . . . ,mg (build the degree of each point)

di ¼
R

X̂ WEi,jdmðx̂jÞ

End

For each i,jAf1, . . . ,mg (construction of a Markov transition

matrix)

Pi,j ¼
WE i,jffiffiffi
di

p ffiffiffi
dj

p

End

½l,n� ¼ SVDðPÞ (the eigen-decomposition of the Markov

transition matrix)

For each iAf1, . . . ,mg (construction of the diffusion coordinates

with Z terms)

Fi ¼ ðl0n0ðx̂iÞ,l1n1ðx̂iÞ, . . . ,lZnZðx̂iÞÞ
T

End

IDX ¼ fkðFÞ (clustering of the data in the embedding)
return IDX

End
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