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Abstract

One of the major challenges related to image registration is the estimation of large motions

without prior knowledge. This paper presents a Fourier based approach that estimates large

translation, scale and rotation motions. The algorithm uses the pseudo-polar transform to

achieve substantial improved approximations of the polar and log-polar Fourier transforms of

an image. Thus, rotation and scale changes are reduced to translations which are estimated using

phase correlation. By utilizing the pseudo-polar grid we increase the performance (accuracy,

speed, robustness) of the registration algorithms. Scales up to 4 and arbitrary rotation angles

can be robustly recovered, compared to a maximum scaling of 2 recovered by the current state-

of-the-art algorithms. The algorithm utilizes only 1D FFT calculations whose overall complexity

is signi…cantly lower than prior works. Experimental results demonstrate the applicability of

these algorithms.

Keywords: Global motion estimation, Sub-pixel registration, Gradient methods, image

alignment

EDICS Category={2-ANAL, 2-MOTD}
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1 Introduction

Image registration plays a vital role in many image processing applications such as video compres-

sion [1, 2], video enhancement [3] and scene representation [4, 5, 6] to name a few. This problem was

analyzed using various computational techniques, such as pixel domain Gradient methods [1, 4, 5],

correlation techniques [20] and discrete Fourier (DFT) domain algorithms [10, 16]. Gradient meth-

ods based image registration algorithms are considered to be the state-of-the-art. They may fail

unless the two images are misaligned by only a moderate motion. Fourier based schemes, which

are able to estimate relatively large rotation, scaling and translation, are often used as bootstrap

for more accurate gradient methods. The basic notion related to Fourier based schemes is the

shift property [23] of the Fourier transform which allows robust estimation of translations using

the normalized phase-correlation algorithm [10, 12, 13, 14, 15]. Hence, in order to account for

rotations and scaling, the image is transformed into a polar or log-polar Fourier grid (referred

to as the Fourier-Mellin transform). Rotations and scaling are reduced to translations in these

representations and can be estimated using phase-correlation.

In this paper we propose to iteratively estimate the polar and log-polar DFT using the pseudo-

polar FFT (PPFFT) [27, 28]. The resulting algorithm is able to robustly register images rotated by

arbitrary angles and scaled up to a factor of 4. It should be noted that the maximum scale factor

recovered in [16] and [21] was 2.0 and 1.8, respectively. In particular, the proposed algorithm does

not result to interpolation in either spatial or Fourier domain. Only 1D FFT operations are used,

making it much faster and especially suited for real-time applications.

The rest of paper is organized as follows: Prior results related to FFT based image registration

are given in Section 2, while the pseudo-polar FFT, which is used as a basis for the proposed algo-

rithm is presented in Section 3. The proposed algorithm, is presented in Section 4 and its accuracy

is analyzed in Section 5. Experimental results are discussed in Section 6 and …nal conclusions are

given in Section 7.

2 Previous related work

2.1 Translation estimation

The basis of the Fourier based motion estimation is the shift property [23] of the Fourier transform.

Denote by

Fff (x, y)g , bf (ωx, ωy) (2.1)
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the Fourier transform of f (x, y). Then,

Fff (x + ¢x, y + ¢y)g = bf (ωx, ωy) ej(ωx¢x+ωy¢y). (2.2)

Equation (2.2) can be used for the estimation of image translation [10, 15]. Assume the images

I1 (x, y) and I2 (x, y) have some overlap that

I1 (x + ¢x, y + ¢y) = I2 (x, y) . (2.3)

Equation (2.3) is Fourier transformes, so that

bI1 (ωx, ωy) ej(ωx¢x+ωy¢y) = bI2 (ωx, ωy) (2.4)

and
bI2 (ωx, ωy)
bI1 (ωx, ωy)

= ej(ωx¢x+ωy¢y). (2.5)

Thus, the translation parameters (¢x,¢y) can be estimated in the spatial domain [10, 11] by taking

the inverse FFT of Eq. (2.5):

Corr (x, y) , F¡1
n
ej(ωx¢x+ωy¢y)

o
= δ (x ¡ ¢x, y ¡ ¢y) (2.6)

and by …nding the position of the maximum value of the correlation function Corr (x, y):

(x, y) = arg
½

max
(~x,~y)

fCorr (~x, ~y)g
¾

. (2.7)

In order to compensate for possible a¢ne intensity changes Eq. (2.5) is reformulated as:

]Corr (ωx, ωy) ,
bf1 (ωx, ωy) cf2

¤
(ωx, ωy)¯̄

¯ bf1 (ωx, ωy)
¯̄
¯
¯̄
¯ bf2 (ωx, ωy)

¯̄
¯

= ej(ωx¢x+ωy¢y) (2.8)

where * denotes the complex conjugate.

This scheme was proven to robustly estimate large translations where the corresponding overlap

between the images to be registered is down-to 30% of the smallest image size [15]. As no smoothness

assumption is used, non-smooth and noisy functions (such as 2D DFT coe¢cients) can be accurately

registered. Shekarforoush et-al [11] extended the phase-correlation based algorithm to subpixel

accuracy by analyzing the shape of the peak value of ]Corr (ωx, ωy) in Eq. (2.8).

A di¤erent approach to phase correlation based translation estimation [9, 14, 15, 30] utilizes 2D

linear regression in order to …t the phase values calculated in Eq. (2.8) to a two-dimensional linear

function

tan¡1
³

]Corr (ωx, ωy)
´

= ωx¢x + ωy¢y 8 (ωx, ωy) . (2.9)
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Solving Eq. (2.9) using linear regression might prove inaccurate [11] due to aliasing and phase

wrapping (around 2π) of the spectra at low-frequencies. An iterative solution to phase unwrap-

ping was suggested in [14] while Stone et-al [15] presented two approaches for modelling aliasing

e¤ects in order to improve image registration accuracy. The phase domain regression approach can

be naturally extended to subpixel accuracy [30], since Eq. (2.9) holds for non-integral values of

(¢x,¢y).

2.2 Polar Fourier representations

The polar Fourier representation (Fourier-Mellin transform) is used to register images that are

misaligned due to translation, rotation and scale [16, 21]. Let I1(x, y) be a translated, rotated and

scaled replica of I2(x, y)

I1(x, y) = I2(s ¢ x ¢ cosθ0 + s ¢ y ¢ sinθ0 + ¢x,¡s ¢ x ¢ sinθ0 + s ¢ y ¢ cosθ0 + ¢y) (2.10)

where θ0, s and (¢x,¢y) are the rotation angle, scale factor and translation parameters, respec-

tively. The DFT of Eq. (2.10) is

bI2 (r, θ) = ej(ωx¢x+ωy¢y)
1

1
s2

bI1(
r
jsj , θ + θ0). (2.11)

Hence, M1 and M2, the magnitudes of bI1 and bI2, respectively, are related by rotation and scaling

around the DC component

M2 (r, θ) =
1
s2

M1

µ
r
jsj , θ + θ0

¶
. (2.12)

Therefore, rotation and scale changes can be recovered …rst, regardless the translation param-

eters. Using a polar or log-polar DFT, rotation and scaling are reduced to translations, which can

be robustly recovered using the phase-correlation procedure which will be described in Section 4.1.

Using Eq. (2.12) to estimate the rotation angle θ results in an ambiguity by a factor of π [16] in the

estimation of the rotation angle. This ambiguity can be resolved by applying both hypotheses θ and

θ + π and recover the translational motion (¢x, ¢y) and the correlation peak of each hypothesis.

The rotation hypothesis and translation values, which are related to the highest correlation peak,

are chosen as the result.

Thus, the algorithm, which its ‡ow is given in Fig. 1 and described below, is used to account

for rotation and scaling:

1. The input images are transformed into a polar or log-polar Fourier grid.

2. Rotations and scaling in these representations are reduced to translations and can be esti-

mated using phase-correlation (Eq. (2.8)).
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3. The translation is estimated twice - for rotations of θ and θ +π. The result with the highest

correlation peak is chosen.

The estimation of the Fourier transform on a polar or log-polar grid can be conducted using

either

Image domain warping [20] and then 2D FFT calculation [19];

or

Interpolation of the 2D DFT transform in the Fourier domain [16, 21].

The above interpolation based schemes induce signi…cant errors to the approximation of the

FFT on polar and log-polar grids, thus limiting the accuracy of the motion estimation [20].

3 The pseudo-polar FFT

The pseudo-polar Fourier transform evaluates the Fourier transform on a non-Cartesian point-set,

which we call the pseudo-polar grid, using O(N log N) operations where N = n2 and n is the

number of pixels in each side of the square image. The rapid exact evaluation of the Fourier

transform at these non-Cartesian grid points is possible using the fractional Fourier transform [29].

3.1 2D pseudo-polar grid

We de…ne £ to be the set of angles induced by lines with equally spaced slopes. More precisely, we

de…ne two sets of angles:

£2 = f arctan (2l/n) j l 2 Z ¡n/2 · l · n/2 g
£1 = f π/2 ¡ arctan (2l/n) j l 2 Z ¡n/2 · l · n/2 g.

(3.1)

If we take an arbitrary element from £2, i.e., θl
2 = arctan (2l/n) then the slope of the line

corresponding to θl
2 is s = tan θl

2 = 2l/n. By inspecting two elements θl
2 and θl+1

2 we can see that

the di¤erence between the slopes, which correspond to the two angles, is

s2 ¡ s1 = tan θl+1
2 ¡ tan θl

2 =
2(l + 1)

n
¡ 2l

n
=

2
n

(3.2)

which means that our angles de…ne a set of equally spaced slopes (see Figs. 2.a and 2.b).

We de…ne the set of angles £ to be

£ ¢= £1
[

£2. (3.3)
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θ

π

∆ ∆

∆θ

Figure 1: The ‡ow of the state-of-the-art FFT based image registration: 1. The magnitudes of

the polar DFT are approximated by interpolating the magnitudes of the 2D FFT. 2. The rotation

¢θ is recovered using 1D phase-correlation on the θ axis. 3. One of the input images is rotated

by angle ¢θ. 4. The translation is recovered and the θ ambiguity is resolved by applying a 2D

phase-correlation twice: using I1 rotated by both θ and θ + π.
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(a) (b)

Figure 2: Slopes de…ned by Eq. (3.1): (a) Slopes that correspond to angles in £2, (b) Slopes that

correspond to angles in £1.

De…ne the sets P1 and P2

P1
¢= f(¡2l

n
k, k) j ¡ n/2 · l · n/2 ¡ n · k · ng (3.4)

P2
¢= f(k, ¡2l

n
k) j ¡ n/2 · l · n/2 ¡ n · k · ng (3.5)

and the set P as

P ¢= P1
[

P2. (3.6)

The set P is called the pseudo-polar grid (see Figs. 3.a and 3.b). As can be seen from the …gures,

k serves as a “pseudo-radius” and l serves as a “pseudo-angle”.

(a) (b)

Figure 3: The sectors P1 and P2: (a) The pseudo-polar sector P1, (b) The pseudo-polar sector P2.

3.2 2D pseudo-polar calculation

We de…ne the pseudo-polar Fourier transform by resampling bI at the pseudo-polar grid P .
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De…nition 1 (Pseudo-polar Fourier transform) The pseudo-polar Fourier transform PPj (j =

1, 2) is a linear transformation, which is de…ned for k, l 2 Z, ¡n · k · n, ¡n/2 · l · n/2, as

PPI1(k, l) = bI(¡2l
n

k, k) (3.7)

PPI2(k, l) = bI(k, ¡2l
n

k) (3.8)

and

bI(ξ1, ξ2) =
n/2¡1X

u=¡n/2

n/2¡1X

v=¡n/2

I(u, v)e¡
2πı
m (ξ1u+ξ2v). (3.9)

According to de…nition 1, for a given image I of size n £ n, the pseudo-polar Fourier transform

PPI, is de…ned in de…nition 1, as

PPI(s, k, l) ¢=

8
<
:

PPI1(k, l) s = 1

PPI2(k, l) s = 2
=

8
<
:

bI(¡2lk/n, k) s = 1
bI(k, ¡2lk/n) s = 2

(3.10)

where bI is the trigonometric polynomial

bI(ξ1, ξ2) =
n/2¡1X

u=¡n/2

n/2¡1X

v=¡n/2

I(u, v)e¡
2πı
m (ξ1u+ξ2v). (3.11)

We will show that for a given image I, we can rapidly resample bI on the pseudo-polar grid

points. The operator behind this resampling process is the fractional Fourier transform

De…nition 2 (Fractional Fourier transform) Given a vector X = (X(j), ¡n/2 · j · n/2),

and an arbitrary α 2 R, the fractional Fourier transform is de…ned as

(Fα
n+1X)(ω) =

n/2X

u=¡n/2

X(u)e¡2πıαωu/(n+1) ω 2 Z, ¡n/2 · ω · n/2. (3.12)

An important property of the fractional Fourier transform de…ned in 2 is that for a given vector

fX(j)g of n + 1 numbers, the sequence (Fα
n+1X)(ω) can be computed using O(n logn) operations

for any α 2 R (see [29]).

De…nition 2 is usually referred to as the unaliased fractional Fourier transform. It di¤ers from

the usual de…nition of the fractional Fourier transform given by [29]. According to the de…nition

given in [29], for a vector X = (X(j), 0 · j · n), and an arbitrary α 2 R, the fractional Fourier

transform is de…ned as

(Fα
n X)(k) =

n¡1X

j=0

X(j)e¡2πıjkα 0 · k < n. (3.13)
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3.2.1 Algorithm description for the rapid computation of the 2D pseudo-polar Fourier

transform (pseudo-code)

Notation

F¡1
n 1D inverse DFT.

Fα
m Fractional Fourier transform with factor α. The operator accepts a sequence of length n, pads

it symmetrically to length m = 2n + 1, applies to it the fractional Fourier transform with

factor α, and returns the n + 1 central elements.

F2 2D DFT.

Using the above notation we de…ne the operator Gk,n to be

Gk,n = Fα
m ± F¡1

n α = 2k/n. (3.14)

Input: Image I of size n £ n.

Output: Two arrays Res1, Res2 of size m £ (n + 1) (m = 2n + 1, m values along the x-axis, and

n + 1 values along the y-axis; or in a matrix notation - n + 1 rows and m columns).

Process:

1. Pad I symmetrically along the y-axis to length 2n + 1. Denote the result ~I1.

2. bId = F2(~I1).

3. For each k (¡n · k · n) we take the kth row from bId and compute

Wk = Gk,n(bId(¢, k)), Wk 2 Cn+1.

4. Res1(k, l) = Wk(¡l)

5. Pad I symmetrically along the x-axis to length 2n + 1. Denote the result ~I2.

6. bId = F2(~I2).

7. For each k (¡n · k · n), we take the kth column from bId and compute

Wk = Gk,n(bId(k, ¢)), Wk 2 Cn+1.

8. Res2(k, l) = Wk(¡l)

In words, algorithm 3.2.1 computes Res1 as:
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1. Pad both ends of the y-direction of the image I and compute the 2D DFT of the padded

image. The results are placed in bId.

2. Apply the 1D inverse Fourier transform on each row k in bId. Resample each row k in the

resulted array using 1D fractional Fourier transform with α = 2k/n.

3. Flip each row around its center.

4 The proposed registration algorithm

This section presents the proposed image registration algorithms, which use the pseudo-polar FFT

(PPFFT) to reduce rotations and scalings to translations in the polar and log-polar domains,

respectively. These translations are recovered using the phase-correlation scheme presented in

Section 2.1. Thus, the phase-correlation algorithm is applied on three domains: spatial, polar

DFT’s magnitude and log-polar DFT’s magnitude. Table 1 summarizes the properties of the

translation estimation in each domain. Detailed implementation issues are given in section 4.1.

Estimated motion Registration domain
Domain

properties

Translation

estimation

Described in

section

translation spatial non-cyclic ¡!r and
¡!
θ axes 4.1.1

rotation polar DFT magnitude cyclic
¡!
θ axis

¡!
θ axis 4.1.2

rotation+scaling log-polar DFT magnitude cyclic
¡!
θ axis ¡!r and

¡!
θ axes 4.1.3

Table 1: Properties of the translation estimation algorithms in various domains: spatial, polar

DFT’s magnitude and log-polar DFT’s magnitude.

Section 4.2 introduces the rotation and translation estimation algorithm illustrated in Fig. 5,

while the simultaneous estimation of scaling, rotation and translation is presented in section 4.3

and Fig. 6.

4.1 Translation estimation implementation

Translation is estimated using Eq. (2.8) where several implementation issues have to be considered

according to the type of the domain on which the motion is conducted. The evaluation of Eq.

(2.8) requires the input signals to be zero padded in order to have the same size. Furthermore,

implementing Eq. (2.8) using the DFT estimates the cyclic correlation [24] which di¤ers from the

regular correlation needed for translation estimation. This wrap-around problem is illustrated in
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Fig. 4 and it is solved by an appropriate zero padding. Section 4.1.1 presents the padding of the

spatial domain translation where the cyclic wrap-around e¤ect is avoided, while in sections 4.1.2

and 4.1.3 the
¡!
θ axis is cyclic over the interval [0, 2π].

⊗⊗ ∆
∆

(a)

⊗∆
⊗ ∆

(b)

Figure 4: Illustration why fast correlation estimation which uses DFT requires zero padding. Fig-

ures (a) and (b) demonstrate the calculation of 1D correlation for a translation of ¢x. (a) Without

zero padding: non-corresponding parts of the input signals are aligned in the computation, thus,

degrading its accuracy. (b) With zero padding: only corresponding parts are aligned within the

correlation computation.

4.1.1 Spatial domain translation estimation

Denote by length (I) the length of the 1D signal I. Then, in order to avoid the cyclic wrap-around

problem in the DFT computation, both signals are zero-padded such that:

length
³

eI1
´

= max (length (I1) , length (I2)) + ¢Xmax

length
³

eI2
´

= length
³

eI1
´ (4.1)

where

² eI1 and eI2 are the zero padded versions of I1 and I2, respectively.

² ¢Xmax is the maximum translation value for which the correlation function is evaluated.
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In the 2D case the input signals I1 (i, j) and I2 (i, j) are zero padded in both axes. This is done

according to Eq. (4.1) using the maximal translations (¢Xmax, ¢Ymax) in both axes.

4.1.2 Translation estimation in the polar domain

In the polar domain the estimation of the regular and cyclic correlations coincides. This is due to

the fact that the angular axis
¡!
θ is cyclic over the interval [0, 2π]. Hence, no zero padding is needed

to avoid the alignment of non-corresponding samples. Zero padding is conducted using Eq. (4.1)

with ¢Xmax = 0.

4.1.3 Translation estimation in the log-polar domain

In the log-polar domain a distinction is made between the angular axis
¡!
θ and the radial axis ¡!r .

The motion along the angular axis
¡!
θ is estimated according to section 4.1.2, while the motion

along the radial axis¡!r is estimated according to section 4.1.1.

4.2 Simultaneous estimation of rotation and translation

Let I1 (i, j) and I2 (i, j) be the input images to be registered. I(n)1 (i, j) denotes the fact that I1

evolves throughout the registration process, while I2 (i, j) remains unchanged. We assume that

initially I(0)1 (i, j) = I1 (i, j) (n = 0). The rotation and translation estimation algorithm operates

as follows:

1. Let (m1, l1) and (m2, l2) be the sizes of I1 (i, j) and I2 (i, j) , respectively. Then, at iteration

n = 0, I1 (i, j) and I2 (i, j) are zero padded such that

m1 = l1 = m2 = l2 = 2k, k 2 Z. (4.2)

2. The magnitudes MPP
1

¡
θi, rj

¢
and MPP

2
¡
θi, rj

¢
of the PPFFTs of I(n)1 (i, j) and I2 (i, j) are

calculated, respectively.

3. The polar DFTs ,magnitudes cMPolar
1

¡
θi, rj

¢
and cMPolar

2
¡
θi, rj

¢
of I(n)1 (i, j) and I2 (i, j) are

substituted by MPP
1

¡
θi, rj

¢
and MPP

2
¡
θi, rj

¢
respectively.

4. The translation along the
¡!
θ axis of MPP

1
¡
θi, rj

¢
and MPP

2
¡
θi, rj

¢
is estimated using the

procedure described in section 4.1.2. The result is denoted by ¢θn.

5. Let θn be the accumulated rotation angle estimated at iteration n

θn ,
nX

i=0

¢θi = θn¡1 + ¢θn.
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Then, the input image I1 (i, j) is rotated by θn (around the center of the image) using the

FFT based image rotation algorithm described in [7]. This rotation scheme is accurate and

fast since only 1D FFT operations are used

I(n+1)
1 (θ, r) = I(0)1 (θ + θn, r) , n = 1, . . .

The rotation can be conducted around any pixel. We recommend to use the central pixel of

I1 (i, j) such that the bounding rectangular of the rotated image will be as small as possible.

6. Steps 2-5 are reiterated until the angular re…tment term ¢θn is smaller than a prede…ned

threshold εθ, i.e. j¢θnj < εθ, or a prede…ned number of iterations nmax is reached.

7. The rotated images I(n)1 (i, j) and I2 (i, j) are used as inputs to the spatial domain translation

estimation algorithm presented in section 4.1.1. The rotation ambiguity is resolved by the

procedure presented in section 2.2.

4.3 Simultaneous estimation of rotation, translation and scaling

Let I1 (i, j) and I2 (i, j) be the input images to be registered. I(n)1 (i, j) denotes the fact that I1

evolves throughout the registration process, while I2 (i, j) remains unchanged. We assume that

initially I(0)1 (i, j) = I1 (i, j) (n = 0). The scaling, rotation and translation estimation algorithm

operates as follows:

1. Let (m1, l1) and (m2, l2) be the sizes of I(n)1 (i, j) and I2 (i, j) , respectively. Then, at iteration

n = 0, I(0)1 (i, j) and I2 (i, j) are zero padded such that

m1 = l1 = m2 = l2 = 2k, k 2 Z. (4.3)

The padding is needed to abide by the limitations of the PPFFT described in section 3.

2. The magnitudes MPP
1 (θ, r) and MPP

2 (θ, r) of the PPFFTs of I(n)1 (i, j) and I2 (i, j) are cal-

culated, respectively.

3. Let

baselength(MPP
2 (θi,rj)) = length

¡
MPP

2
¡
θi, rj

¢¢
(4.4)

be the logarithmic base used to de…ne the log domain in the ¡!r axis. The log-polar DFTs

of I(n)1 (i, j) and I2 (i, j) are approximated by MPP
1 (θ, r) and MPP

2 (θ, r) , respectively, using

the following procedure:

cMLog¡Polar
1 (i,j) = MPP

1
¡
i,

¥
basej¦¢

cMLog¡Polar
2 (i,j) = MPP

2
¡
i,

¥
basej¦¢ (4.5)
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θ

θ

π

∆ ∆

∆θ εθ

θ

∆θ

θ θ ∆θ

( )

( )+

Figure 5: The ‡ow of the pseudo-polar FFT based rotation and translation image registration

algorithm: 1. The magnitude of the pseudo-polar FFT is calculated after the input images were

zero padded to be of the same size. 2. The rotation ¢θ is recovered using 1D phase-correlation on

the θ axis in the pseudo-polar domain. 3. One of the input images is rotated by the accumulated

rotation angle θn. 4. Steps 1-3 are reiterated until a stoppage condition is met. 5. The translation

is recovered and the θ ambiguity is resolved by applying the 2D phase-correlation twice: using I1

rotated by both θ and θ + π.
14



where bxc denotes the integral part of x (x > 0). The polar axis is approximated using the

same procedure as in section 4.2, while the radial axis is approximated using nearest-neighbor

interpolation.

4. The relative translation between cMLog¡Polar
1 (i,j) and cMLog¡Polar

2 (i,j) is recovered by a 2D

phase correlation on the
¡!
θ and ¡!r axes, which was described in section 4.1.3.

5. Let ¢θn and ¢rn be the rotation angle and the scaling value estimated at iteration n, re-

spectively. Then, the input image I1 (x, y) is rotated (around the center of the image) [7] and

then scaled using DFT domain zero padding

I(n+1)
1 (θ, r) = I(0)1 (θ + θn, r ¢ rn) (4.6)

where

θn =
nX

i=0

¢θi = θn¡1 + ¢θn

rn =
nY

i=0

¢ri = rn¡1 ¢ ¢rn.
(4.7)

6. Steps 1-3 are reiterated until either the updated estimates are smaller than prede…ned thresh-

olds j¢θnj < εθ and ¢rn < εr or a prede…ned number of iterations nmax is reached.

7. The rotation and scale parameters θn and rn, respectively, are used as inputs to the spatial

domain registration algorithm presented in section 4.2 step 7.

4.4 Complexity estimation

The overall complexity of the proposed algorithm is dominated by the complexity of the 2D FFT:

² The pseudo-polar FFT is computed using O
¡
n2 log n

¢
operations (Section 3).

² The fast image rotation algorithm [7] uses O
¡
n2 log n

¢
operations.

² O
¡
n2 log n

¢
operations are needed for image zooming using FFT domain zero padding.

5 Accuracy analysis of the polar and log-polar DFT estimation

using the pseudo-polar FFT

This section provides an analysis of the performance of the registration algorithm by comparing

it to prior state-of-the-art algorithms. By examining the proposed algorithms’ ‡ows presented in
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Figure 6: The ‡ow of the pseudo-polar FFT based algorithm for scaling, rotation and translation

estimation of image registration: 1. The magnitude of the pseudo-polar FFT is calculated after

the input images were zero padded to be of the same size. 2. The rotation ¢θ and scaling ¢r are

recovered using a 2D phase-correlation on θ and r axes in the pseudo-polar domain. 3. One of the

input images is scaled and rotated by an accumulated rotation θn and scale ¢r. 4. Steps 1-3 are

reiterated until a stoppage criteria is met. 5. The translation is recovered and the §π ambiguity

in the value of θ is resolved by applying the 2D phase-correlation twice: using I1 rotated by both

θ and θ + π.
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sections 2 and 4, it follows that the values of the DFTs’ magnitudes on polar and log-polar grids

are estimated using the PPFFT grid points. In prior works [13, 16], the DFT’s magnitudes on

polar and log-polar grids were interpolated on a cartesian grid of the 2D DFT. The interpolation

accuracy depends on the distance between the interpolated grid points (polar, log-polar) and the

source grid used for the interpolation (pseudo-polar, cartesian). We show that the accumulated

distance between the representations in the pseudo-polar and polar/log-polar grids is smaller than

the accumulated distance between the cartesian and polar/log-polar grids. Hence, the registration

accuracy of rotations and scalings is improved.

The angular accuracy of the PPFFT is analyzed in Section 5.1, while the radial accuracy analysis

is given in Section 5.2. Accumulated distance calculation for several image sizes is given in Section

5.3, where it is compared to the accumulated distances of the cartesian grid used by [13, 16].

θ∆θ∆

=

=

∆∆

==

θ∆

Figure 7: An illustration of the non-uniformity of the angular spacing of the pseudo-polar grid.

¢θPP , the angular spacing of the pseudo-polar grid becomes …ner as the angle increases. The

spacing varies smoothly as a function of the ray index.

5.1 Angular accuracy analysis

The polar grid shown in Fig. 7 is characterized by having a constant angular spacing

¢θPolar =
2π
n

(5.1)
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where n is the size of the polar
¡!
θ axis. Following Eq. (3.2) and the notation used in section 3.2,

¢θPP , the PPFFT’s angular change is given by

¢θPP (i) , θ2 (i + 1)¡θ2 (i) (5.2)

= arctan
µ

2 (i + 1)
n

¶
¡ arctan

µ
2i
n

¶
, i = 0, . . . ,

n
2

where n is the size of a square image and i = 0, . . . , n
2 is the index of a ray.
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∆
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Figure 8: Illustration of the non-uniformity of ¢θPP , the angular spacing of the pseudo-polar grid.

In order to analyze the non-equally spaced pseudo-polar angular axis, we expand ¢θPP , the

di¤erence between two angles using a second order Taylor series expansion

arctan (x + h) ¡ arctan (x) =
1

1 + x2
h +

1
2

2x
(1 + x2)2

h2 + O (h)3 . (5.3)

By substituting Eq. (5.2) into Eq. (5.3)
¡
x = 2i

n , h = 2
n

¢
we get

¢̂θPP (h, i) , 1

1 +
¡2i

n

¢2
µ

2
n

¶
+

2i
n³

1 +
¡2i

n

¢2´2

µ
2
n

¶2

(5.4)

=
2n

n2 + 4i2
+

8i
(n2 + 4i)2 n

=
2n

n2 + 4i2
+ O

µ
1
n5

¶
.
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For common image sizes (n ¼ 300 ¡ 500) , O
¡ 1

n5
¢

= O
¡
10¡13

¢
and the error term in Eq. (5.4) is

negligible. Then,

¢̂θPP ¼ 2n
n2 + 4i2

(5.5)

and a constant angular spacing is achieved in low angles 2i ¿ n. The spacing which is illustrated

in Fig. 8 changes smoothly as a function of i the initial ray index.

5.2 Radial accuracy analysis

Following Fig. 7, ¢rPP the radial step-size in the pseudo-polar grid is constant along the ray. As

¢rPP changes from ray to ray, for the jth ray we have

¢rPP (j) =

q¡n
2

¢2 + j2
¡n
2

¢ =

s
1 + 4

µ
j
n

¶2

, j 2 0, . . . ,
n
2
. (5.6)

Figure 9 shows the ¢rPP as a function of the ray index. For the polar grid we have ¢r (j) = 1 for

all j 2 0, . . . , n
2 . We conclude that the radial spacing smoothly changes as a function of the ray

0 0.1 0.3 0.5
1

1.2

1.4

i/n

∆
r

Figure 9: The pseudo-polar grid spacing ¢r as it changes from ray to ray.

angle. The …nest spacing ¢rPP = 1 is achieved for low angles θ where θ ¡!π
2k, k 2 Z, while the

lowest resolution spacing is on the main diagonal with angles θ such that θ ¡!π
4 + π

2k, k 2 Z.
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5.3 Accuracy analysis of the polar and log-polar DFT interpolation using the
pseudo-polar FFT

We compare the accuracy of approximating the polar and log–polar DFT magnitudes using the

PPFFT and FFT evaluated on cartesian grids. Denote by εP and εLP , the approximation errors

of the polar and log-polar DFTs’ magnitudes, respectively

εP/LP
¡
θi, rj

¢
=

³
cMP/LP

1
¡
θi, rj

¢
¡ MP/LP

1
¡
θi, rj

¢´2
(5.7)

¼ ∂2

∂θ∂r
MPolar

1 ε2Grid
¡
θi, rj

¢

where MP/LP
1

¡
θi, rj

¢
and cMP/LP

1
¡
θi, rj

¢
are the magnitude and approximated magnitude of the

polar/log-polar DFT at a spatial frequency
¡
θi, rj

¢
. The interpolation error εP/LP , de…ned in Eq.

(5.7), depends on the divergence of the pseudo-polar grid from the polar and log-polar pointset.

Thus, the 1st order interpolation error (bilinear interpolation) can be estimated by

εP/LP
¡
θi, rj

¢
¼ ∂2

∂θ∂r
MPolar

1 ε2Grid
¡
θi, rj

¢
(5.8)

where ε2Grid
¡
θi, rj

¢
, which is the distance between the real polar point and the closest non-polar

pixel, is given by

ε2Grid
¡
θi, rj

¢
=

³
(XPseudo¡Polar (i, j) ¡ XPolar (i, j))2 + (YPseudo¡Polar (i, j) ¡ YPolar (i, j))2

´2

(5.9)

where

fXPseudo¡Polar (i, j) , XPseudo¡Polar (i, j)g = fcos (θi)¢r (j) , cos (θi)¢r (j)g (5.10)

fXPolar (i, j) , XPolar (i, j)g =
½

cos
µ

2πi
n

¶
¢ j, cos

µ
2πi
n

¶
¢ j

¾
(5.11)

and the pseudo-polar coordinates θi and ¢r (j) are de…ned in Eqs. (3.1) and (5.6), respectively.

The 2nd order error (cubic interpolation) is given by

εP/LP
¡
θi, rj

¢
» ε3Grid

¡
θi, rj

¢
. (5.12)

In order to evaluate the grid resampling accuracy of 1st and 2nd order interpolations, the approxi-

mation errors are estimated by

ε1Grid =
P
i,j

ε2Grid
¡
θi, rj

¢ ¯̄
r2M

¡
θi, rj

¢¯̄

ε2Grid =
P
i,j

jεGridj3
¡
θi, rj

¢ ¯̄
r3M

¡
θi, rj

¢¯̄ (5.13)
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where M
¡
θi, rj

¢
is the magnitude of the 2D FFT. We can look at Eq. (5.13) as a weighted sum

of grid errors where the weights are the magnitudes’ derivatives. This weighted representation is

signi…cant since most of the energy of natural image’s spectra is concentrated in low frequencies.

The testbed for evaluating Eq. (5.13) was the lena image whose log-magnitude is presented in

Fig. 10. The energy concentration in low frequencies is evident. The error estimations ε1Grid and

ε2Grid were computed in the following way: lena0s DFT magnitudes were calculated on grids of sizes

64 £ 64, 128 £ 128 and 256 £ 256. The derivatives of these magnitudes were computed and used to

numerically evaluate Eq. (5.13). The results are presented in Table 2.

Interpolation accuracy improvement

Interpolation mode Grid size [pixel]

64 £ 64 128 £ 128 256 £ 256

Bilinear in polar grid 18.3% 15.5% 13.1%

Bilinear in log-polar grid 56.2% 53.4% 49.3%

Cubic in polar grid 26.5% 18.2% 10.5%

Cubic in log-polar grid 67.2% 57.7% 63.0%

Table 2: The reduction in the approximation error when the pseudo-polar based algorithm is used.

The error’s decrease is computed relatively to the error of the polar/log-polar grid approximation

algorithms which are based on cartesian DFT. The proposed pseudo-polar based algorithm improves

the approximation accuracy. We get better results with higher order approximations. We can see

that using bigger grids in most cases does not increase the gain.

6 Experimental results

The registration algorithm was tested on the 128 £ 128 Lena and Air…eld images, which were

rotated, scaled and translated to create the test pairs shown in Figs. 11 and 12 similar to [16, 20].

The images were registered using the rotation and rotation/scale algorithms presented in sections

4.2 and 4.3, respectively. The results are graphically presented by overlaying the edges of one of

the images on the other using the estimated motion parameters, while the corresponding numerical

results are presented in tables 3 and 4. The translation was estimated using the phase-correlation

algorithm discussed in sections 2.1 and 4.1.1 whose accuracy is limited to integral translation values.

We note that the choice of integral scaling factors for the experiments is of no special signi…cance
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Figure 10: The log of the magnitude of the DFT of lena. This is a typical example of the energy dis-

tribution of the DFT magnitude of natural images, where most of the image energy is concentrated

in low frequencies.

for the performance of the proposed algorithm, which was able to register any scaling factor within

its dynamic range that is discussed later.

Images
Correct

(Scale, θ,¢x,¢y)

Registration

mode

Computed

(Scale, θ,¢x,¢y)

a (0.5,¡100±, 19.0, 28.0) scale,rotation,translation (0.489,¡100.15±, 19, 28)

b (1, 130±, 10.5, 9.8) rotation,translation (1, 129.72±, 7, 71)

b (1, 130±, 10.5, 9.8) scale,rotation,translation diverged

c (1, 130±, 10.5, 9.8) rotation,translation (1, 129.72±, 10, 10)

Table 3: Registration results of the image sets presented in Figure 11 using the pseudo-polar based

algorithm. The images are rotated and scaled by small scaling factors. The results demonstrate

the algorithm’s robustness even when noise is present and there is a partial alignment.

Table 3 and Fig. 11 present the registration results of the Air…eld image which contains man

made objects characterized by sharp edges surrounded by smooth regions. The algorithm was able

to robustly register the images in Fig. 11a having a scaling factor of 2 and a large rotation of 100±.

This test was repeated for various rotation angles resulting in a similar accurate registrations. Fig-

ures 11b and 11c present a situation of partial alignment under large rotation. The registration
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(a)

(b)

(c)

Figure 11: Registration results of Air…eld image. In each row, the left and center images were

registered. The edges of the images in the center column are overlayed on the left images to

illustrate the registration accuracy. The results are shown in the right column. (a) Scale = 2,

Angle = 100±. (b) Registration of images with partial non-overlapping areas: Scale=1, Angle =

130±. (c) Robustness was tested by adding signi…cant noise to the images used in (b).
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algorithm was able to register the images since the DFT’s magnitude is the Periodogram [23] and

thus it is an approximation of the image’s power spectrum [23]. These statistical properties are

invariant to partial alignment when the non-corresponding image parts have similar statistical prop-

erties. The robustness property was examined using the images in Fig. 11c, where signi…cant noise

was added to one of the images and registration was conducted using rotation and rotation/scale

registration modes. In both cases the translation is evaluated afterward. When the rotation mode

is used, we were able to register images in both noisy and noise-free scenarios, while the algorithm

diverged when registering the images using the rotation/scale mode. The numerical results in table

3 show that when the algorithm converges it achieves high accuracy. No consistent misalignments

(“local minima”) were observed. The scale/rotation mode was found to be less stable resulting in

the algorithm’s failure to estimate the motion in Fig. 11b using this mode. When the algorithm

converged, convergence was achieved within 3-4 iterations for all image sets while consuming 5-

7 seconds of computational time on a 1.5MHz P4 Win2000 computer, where the algorithm was

implemented using non-optimized C++.

The images in Fig. 12 were used to test the algorithm for registration of images with large

scaling factors. Prior algorithms [13, 16] reported to recover scalings up to a factor of 2. The

proposed algorithm was successfully tested for scalings factors up to 4. The graphical registration

results shown in Fig. 12 are accurate, where the numerical results are presented in table 4. Figures

12a, 12c and 12d demonstrate the algorithm’s ability to recover large image scalings. We were not

able to consistently recover scalings larger than 4. Computation times were similar to the results

in Table 3 and Fig. 11. We conclude that the proposed algorithm is able to register images with

scalings up to 4 with good accuracy. Within this range any rotation angle can be estimated while

translations are estimated.

Image

sequence

Registration

mode

Correct

(Scale, θ)
Computed (Scale, θ)

a scale,rotation,translation (4.0, 105±) (4.0, 103.78±)

b rotation,translation (1, 150±) (1, 150.11±)

b scale,rotation,translation (1, 150±) diverged

c scale,rotation,translation (3, 130±) (3.01, 129.64±)

d scale,rotation,translation (4,¡135±) (3.91,¡135.35±)

Table 4: Registration results of the Lena images presented in Figure 12 using the pseudo-polar

based algorithm.
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(a)

(b)

(c)

(d)

Figure 12: Registration results of the Lena image when large scalings factors are present. In each

row, the left and center images were registered. The edges of the center image are overlayed on

the left image to illustrate the registration accuracy. The output is given in the right column. (a)

Scale = 4, Angle = 105±. (b) Registration of images with partial non overlapping areas: Scale=1,

Angle = 150±. (c) Scale = 3, Angle = 150±. (d) Scale = 4, Angle = -135±.
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7 Conclusions

In this paper we proposed a FFT based image registration algorithm, which was shown to be able

to recover large rotations and scaling factors. This algorithm which uses the pseudo-polar FFT

[27] enhance the current state-of-the-art image registration algorithms. The overall complexity is

dominated by FFT operations and is O
¡
n2 log n

¢
. The algorithm can achieve close to real-time

performance by using machine speci…c optimized FFT implementations which are widely available.
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