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Abstract

Broadcastings a processn which anindividual hasanitem of informationwhich needgo be transmitted
to all of the membersn a network (which is viewed asa connectedgraph). k-broadcasting is a variant of
broadcastingn which eachprocessorcantransmitthe messageo up to & of its neighborsin onetime unit.
Anothervariantof broadcastings the concepiof m-time-relaxed broadcasting, wherewe allow addingm time
unitsto the optimal broadcastime, in exchangefor fewer edges.The combinationof m-time-relaxed and -
broadcastings studiedin this paper
The resultshavn hereis an improvementin the upperboundobtainedby Harutyuryan and Listmanin [9]
thatconstructsa communicatiometwork model,namely a connectedyraph,which admitsthe m-time-relaxed
k-broadcasting.

In addition,we generalizgfor k£ > 1) andprove a conjectureof Shastri[18] concerningthe monotonicityof
suchm-time-relaxed modelswith respecto n (the numberof verticesin this graph).

I. INTRODUCTION

Broadcasting is a oneto all information disseminatiorprocess. More simply, broadcastings a
processn which oneindividual, or originator hasanitem of information,or messageyhich needgo
becommunicatedor transmittedfo all membergprocessorsyf anetwork. Broadcastings subjectto
thefollowing rules:

1) A processomaysendamessagéo anadjacenprocessoonly.

2) At agiventime eachprocessowill bein oneof thefollowing states:

a) receve amessage;



b) sendamessagéo someneighbors;
c) beidle.

More formally, we canview the communicatiometwork asa £nite, connectedundirectedgraph
on n vertices,wherethe setof verticesare consideredas processorand eachedgewhich connects
two verticesassumedo be a direct communicationlink betweenthesevertices. Then, we defne
broadcastingrom a vertex v (the originator) astransmittinga messagdrom v to every vertex in
V\{v} usingtheabove rules. This problem thatwasintroducedn [19], is a variationof the gossiping
problem[10].

For basicgraphtheoreticalde£nitionsonemaysee[6] or [21].

We de£nethe broadcast number of v € V, G = (V, E), denotedby b(v), asthe minimumtime
requiredto broadcastone messagdrom v. The broadcasting time of G is defnedas: b(G) =
max{b(v) | v € V(G)}. Letb(n) denotethe minimal messagéroadcastime b(G) over all graphsG
with n vertices.A graphd is saidto beminimal broadcast graph if b(G) = b(n).

The problemof broadcastingn a generalgraph,namely the problemof determiningb(v) for an
arbitraryvertex in an arbitrarygraph,was proved by Johnson(see[19]) to be NP-complete.On the
otherhand,in a treewith equalweightsit happengo be linear [19]. Recently a generalizatiorof
broadcastingn treeswas obtained[1], where, positive weightswere assignedo the edgesor the
verticesof the tree. For anotherresultsconcerningbroadcastingn varioustopologies,as,complete
graphshypercubestwo, threeandd—dimensionafrids,onemaysee[3],[4],[11], [13], [17] and[20].

The notion of m-Relaxed Broadcast Graphs (m-RBG), asappearedn [18], is a generalizatiorof
1-RBG that appearedn [5], and was motivated by exploring the sparestpossiblegraphsin which
broadcastinganbeaccomplishedh slightly morethanthe optimaltime of [log, n].

Denoteby B™(n) thenumberof edgesn the sparsespossiblegraphon n verticesin which broad-
castingcanbe accomplishedn [log, n| + m steps(or time units). Sucha graphis calledm-Relaxed
Minimum Broadcast Graph (m-RMBG).

k-broadcastingintroducedin [7], is a generalizatiorof the above notion of broadcastingin which
aprocessocansendthemessagéeo . (or fewer) neighboran onetime unit.

The k-broadcast time of vertex v is deEnedin a similar way asthe broadcastime b(v), enabling
k-broadcastingandis denoted?;(v). Thelower boundonthek-broadcastimeis b, (v) > [log; , n]
sinceat eachtime unit the numberof informedverticesis multiplied by at mostk + 1. A k-broadcast
graph is agraphG onn verticeswhereb, (G) = [log,,, n], thatis agraphwherek-broadcastingrom
ary vertex is accomplishedvithin atmost|log,_ ; 7| time units.

The k-broadcast function, By(n), is the minimum numberof edgesn ary k-broadcasgraphonn
vertices.A minimum k-broadcast graph is a k-broadcasgraphon n verticeshaving By (n) edges.



Denotingthe exactnumberof consecutie leadingk’s in the (k + 1)—aryrepresentationf n — 1 by
Li(n), Gringi andPeley [5] provedthat:

Theorem!.1: Forall n > 1, £(Lx(n) — 1)n < Bi(n) < [k(Lk(n) + 1) + 1n, i.e., By(n) =
O(knLg(n)).

Asymptotically Gringi andPelgy’s constructionproduceghe best-knavn upperboundson By (n)
for mostvaluesof n.

Lazard[14] studiedminimum k-broadcasgraphsand,in particular gave somevaluesof Bs(n),
Bs(n) and B4(n) for smallvaluesof n. More generally Lazardshavedthatfor n < k + 1, Bi(n) =
sn(n—1). Healsoshavedthat B, (k + 2) = k + 1 andthat By,([k + 1]™) = 1km(k +1)™ for m > 1.

Konig and Lazard[12] generalizedsomeresultson 1-broadcastingfound minimum k-broadcast
graphsfor all n in therangek + 3 < n < 2k + 3, andgave a more precisestatemenbdf Grigni and
Pelg’s lower boundon By, (n):

Theorem|.2:

Bu(n) > (m —p—1).
wherem is thelengthof (k + 1)-aryrepresentationf n — 1 andp is theindex of theleftmostdigit in
thatrepresentatiowhichis notequalto k.
In addition,they shavedthat B,(n) < % [log; ., n] forn > k.

In 2000, HarutyuryanandLiestman[7] continuedthe searchfor minimum k-broadcasgraphsand
improved boundson By(n). They presenteda new minimum 3-broadcasgraphon 11 verticesfor
which B;(11) = 18, improving a previousupperboundof 25 foundby LeeandVentura[15].

They alsoimproved the lower boundachieved by Konig andLazard[12], Theoreml.2. Usingthe
(k+1)-aryrepresentationfn—1,n—1 = (Vm_1Ym_2---70)k+1, Whered <~; < kfor0 <i<m-—1
and~,,—1 # 0. Denotep = max{i|y; # k}. DeEnef =, if p=0orif vy =7 = ... = 7,1 = 0.
Otherwise 8 = v, + 1.

Theorem|.3:

Whenn is notapower of k + 1, By(n) > “2(m — p — 1) + 243, wherem, p and 3 areasdescribed
above.

In addition,they investicatedMoore graphsandprovedthe following Theorem.

Theorem|.4:

Ba(A?+1) = A(%“) if andonly if thereexistsa (A, 2) Mooregraph.

In thesamepaper they gave two construction®f k-broadcasgraphsasedn (k + 1)-nomialtrees.
The £rst constructionis similar to thatof Grigni andPeley [5] only in moredetail andthey give an
exact value for the numberof edgesin thesegraphs. For somesmall n and &, the more precisely
statedversionof Grigni andPelay’s boundis betterthantheupperboundseportedby LeeandVentura
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[15]. The secondconstructiondeletesedgeswhich arenot usedduringthe k-broadcasschemehey
describedandthereforeyields a betterupperbound. For mostlarge n and k&, theirimproved bound
wasthenthe bestupperbound.

In anotherpaperHarutyuryan andLiestman[8] continuedthe investigation of k-broadcastingfo-
cusingon k-broadcastingn trees.They describedhe constructiorof optimaltreesandasymptotically
estimatedhe numberof verticesin thesetrees.

Thenext broadcastingonceptjntroducedn [5] (but only for m = 1), combinesboth conceptsie-
£nedabore. Namelym-time-relaxedk-broadcastingwhichis k-broadcastingvithin atmost[log,., ; n]|+
m, m > 0, timeunits. Theminimumnumberof edgesn anm-relaxed k-broadcasgraphonn vertices
is denotedB;"(n). A minimum m-relaxed k-broadcast graph (m-RkBG) is onewith B} (n) edges.

HarutyuryanandListman[9] describedwo methodgo constructn-time-relaxedk-broadcasgraphs
andproviding upperboundson B} (n):

Theorem 1.5:
1
By'(n) < mm{n+§(k+1)“°gk“”1‘m(kflogk+1 n]—km—2),(n—1)+|n/m|}, 1 <m < [logg,, n]

Thecaseof k = 1, m > 1 wasdealtwith by Shastri[18], anda betterboundwasobtainedrecentlyby
Averhuch,Roditty, Shohamin [2].

In this paperthe boundof Theoreml.5 isimprovedfor k£ > 1, namely
Theorem1.6:

1 n

SRR RS

Wi

(i) BP'(n) <n(1+ ) > (kD)™ 0 = (k1)

)

(k+ 1) —n

> (k+1)™ (k1) < n < (k+1)°

(i3) BP(n) < Apmn—| J((k+ 1) —k(t—c) —k(m— 1)+ 1)—((k+1)'—n)

A, is theboundin (i) with n, = (k+1)* ande = [2(t —m +1)].

(4) Bp(n)=n—1, n<(k+1)m

FurthermoreShastri[18] conjecturedhat B{"(n) < B{"(n + 1). In thefollowing Theoremwe prove
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thegeneralizedrersionof thatconjecturepnamely

Theorem1.7: B]*(n) < B*(n+1),foralln, k > 1.

Thispaperis organizedasfollows: Sectionll-A presentsomenecessarge£nitionsandpreliminary
results.In Sectionll-B andlI-C we presentshe proof of Theoreml.6 andl.7, respecirely.

Il. m-TIME-RELAXED k-BROADCASTING GRAPHS
A. Preliminary Results

Construction of (k + 1)-Nomial Trees

Thebasicunderlyingstructureusedin this paperis the (k + 1)-nomialtree. Thisis ageneralization
of the Binomial-Tree introducedin [16]. This treeenables:-broadcastingrom therootin [log; ; n|
time unitswheren = (k + 1),

Thetreeis constructedsfollows:

De£nition |1.1: The(k+ 1)°-nomialtreeon (£ +1)® vertices denotedby 7}, is constructedecur
sively. ThetreeT},, is asinglevertex which is theroot. 7}, is constructedy connectingheroots
of k copiesof 7} ; to theroot of anothercopy of 7} ;. Thisvertex is therootof 7} ;.

Eachvertexin V(T ,) is denoteddy v, where,
x - isastring (z1xq...x;) wherel <i<sandl <z; <s,1<j <.
|z| denoteghe distanceof thevertex from theroot, thereforethis labelis not unique.
y - isa(k + 1)-ary stringof lengths.
Thatis, anumericstringrepresentingnintegerin basek + 1. Thislabelis unique.
Therootis denotedy(g_. o).

It hasks childrenwhich aredenoted:
(1) (1) (2) (2 (s) (s)

V(0...01)7* Y(0...0k)* U(0...010)7*** V(0...0k0)*** V(10...0)***» U(k0...0)
Regardingthelabellingof theirchildren,only the£rstk(s—1) vertices,Iabelledvéé')“m),...,v((ol')“o,c),
(2) (2) (s—1) (s—1) i
Y(0...010)* 1 Y(0...0k0) =1 Y(10...0)*** V(k0...0)? have children.
Theirlabellingis asfollows:
Thechildrenof theverticeslabelled:vfy ..., v(y . are:
(11 (1,1) (1,s-1) (1,s-1) (1,1) (1,1) (1,-1) (1,s-1)

Y(o...011) " Y(0...0k1) " Y(10...01) 2 Y(ko...01) 2 V(0...01k) 2 Y(0...0kK) 2 V(10...0k)***» Y(ko0...0k)

5



Thechildrenof theverticeslabelled:v() ..., vy ), Are:

(2,1) (2,1) (2,5—2) (2,5—2) (2,1) (2,1) (2,5—2) (2,5—2)
Y(0...0110)7***1 Y(0...0k10)***1 Y(10...010) """ Y(k0...010) = Y(0...01k0) == Y(0...0kk0) "+ Y(10...0k0) """ V(k0...0k0)

andsoon, sothattheleavesarelabelled:

(S) (S) (17371) (17371) (8_171) (5_171) (11"71) (17“71) (17"71)
Y(10...0)7" V(ko0...0)* Y(10...0k) 1 V(k0...0k) 1 V(1k0...0)***7 Y(kko...0)*** V(1...1) »0 V(o 1k) oo V(ko k1) oo
(1,..,1)

Ylk...k)

whereaghesuperscriptabel(1, ..., 1) is of lengths.
In orderto simplify the notation,we shalldenotethetree;;, , by 7°.

k-Broadcastingin (k + 1)-Nomial Trees (Algorithm Tree)

Thefollowing algorithm,whichis the k-broadcasschemen theoptimal (£ +1)°-nomialtree,shavs
thatb(v(..0)) < [log,,, n], andsinceb(v..0)) > [log,,, n], it follows
b(vo..0)) = [logyyq m].

1) Att = 1,theroot,v. o), broadcastso theverticesv(y ..., v(g) oy
2) Att = 2, theroot broadcastso Verticesv(y ..., vy o0y @ndtheverticesu(y) ..., vy’ o
broadcasto their childrenu(y™) 11, vy veees Vg sy e Vo oy FESPECHELY.

3) Eachvertex UEZ;’“ """ ) 1 <i<s0<y< (k+1)° — 1 thatrecevesthe messagat time
t’, will broadcasto & uninformedneighbors]abelledvé;”)l’”G2 """ “=11) attimet’ + 1, to neighbors
Iabelledv&‘/’")l’“’"2 """ 12 attime ¢’ + 2 andsoon.
Largersubtreesrecalledbeforesmallerone. Thisis ensuredy thelabelling of the vertices.

When broadcastingrom ary vertex (not necessarilythe root), the k-broadcast time is at most

logii1n + s. Thatis, the maximumtime neededo broadcasfrom ary vertex to the root, which is

atmosts, andthenfrom therootto thewholetreelog;, 1n.

B. Proof of Theorem1.6

The structureusedin the proof of Theoreml.6 is a m-Time-Relaxed Minimal k-BroadcasGraph
(m-REBG), for k > 1, since,asnotedbefore the caseof k = 1 wasdealtwith alreadyin [2].
Tothesequal,log,,, n] is denotedby ¢.

Proof:

Theproofis doneby constructiorof m-RikBG in eachof the casesanddemonstratinghe appropri-

atebroadcasschemen eachcase.

In orderto simplify the notation,we shalldenotethe cubeQ ...1ys by Q.



Construction
Casel:n > (k+ 1), n= (k+1)

Them-RkBG is constructeasfollows:
Letc beapositiveinteger(c will bedeterminedateraccordingo theoptimalconstruction).
Take (k + 1)¢ copiesof the T~ treedenotedl”, 0 < i < (k+ 1)¢ — 1. Theirverticesare
labelledasexplainedin Sectionll-A, usingthebasel0 notation,with anadditionalindex
precedinghe vertex labelwhich denoteghe tree. Therefore their originatorsare: v (o)),
Y(1)(0) -2 V((k+1)2)(0)-
Createa Q¢ - cubeusingtheir originators.
Thevalueof ¢ will bedetermined

Now additionaledgeseedto beaddedo thetrees:
DecomposeachT' into vertex disjointisomorphiccopiesof a7~ tree,
(assumingm — 1 <t —¢)).

(k+1)t—e
(k+1)m—1

Eachoriginatoru; o) is joinedto oneof theoriginatorsin each?™~* subtreewhichis

Thereareexactly suchcopies.

atdistanceatleast2 from v(;y ().

Hence by this processhereare ((,fjll)),f;cl — [k(t — ¢) — k(m — 1)] — 1 additionaledges

addedo eachtree.
Now since,
(k + 1)° - is thenumberof trees, [(k + 1)* ¢ — 1] - is the numberof edgesn eachtreeand
5(k 4+ 1)°k - is thenumberof edgesn a Q° - cubewe obtainthefollowing upperbound,

B (n) < (e 1)° [(k 1) = 1+ EE — k(e — ) — k(m — 1)] = 1] + §(k + 1)k

(k+1)m—1

=n(l+ ) — (E+1)° k(t—m+1)+2—gck] (1)

(k4 1)m-1
Whencethederivative of theright sideof (1), with respecto ¢, is:

. 3 3
~(k+1)° | In(k + DIk —m+1) +2 = Zck] - §k]

Thereforethe minimumis achievedwhen:



2 4 1
c:g(t—m+1)+——

3k In(k+1)
It is easilyobseredthattheterm ?jik — m cornvergesto 0.1, thereforeit follows that:
2
c= Lg(t—erl)J (2)

Thus,substitutinghevalueof ¢ obtainedn (2) into (1) yields (i) of Theorem.6, asrequired.
Case2:n > (k+ )™ (k+ 1)t <n< (k+1)

Them-RkBG is constructeasfollows:
Take (k + 1)¢ copiesof the 7'~ tree(labelled7®, 0 < i < (k + 1)° — 1) andcreatea Q°
- cubeusingtheir originatorsin the sameway asCasel, with n = (k + 1),

Now deleteverticesasneededisingthefollowing stratey:

FirstdeletewholetreesT® withouttheir originatorsu; o), asneededaslong as(k +
Dt —n>|TO] -1,
Next deleteverticesfrom the sametree,startingwith theleaves.

Hence thetotal numberof edgesemored from the boundobtainedn (1) is atleast:

(k+1)'=n e (k+1)t°
LWJ [(k+1) _1+W—(/€(t—c)—k(m—l)+l)}

_\ (k+1)—n | {(k—l—l)tc

(k+1)=c—1 (k:+1)m—1_(k’(t_C)_k(m—lHl)}+(kz+1)t—n (3)

where,| (-t | ((k: +1)070 = 1+ S (k(t— o) —k(m—1) + 1)) is thetotal num-
berof edgedeletedwith the deletionof wholetrees,and

(k+ 1)t —n—[(k+ 1)!= — 1] | (222" | is thenumberof edgesdeleteddueto theremain-
ing verticesleft to bedeleted.

Noticethatthe actualnumberof deletededgesmay be greaterthanthe onesubtractedince
it is difEcultto determinghe exactvaluesby usingonly parameters.



Case3:n < (k+1)m*!

Them-RkBGisal™ tree,andhasn — 1 edges.To conformwith thevertex labellingin Case
1 andCase2, theverticesarelabelledv gy, 0 <7 < (K + 1) — 1.

In the following exampleswve demonstratéhe above construction:

k=3
m=1
n = 26

t = [logy, . n| = [log,26] =3
c=[3(t-m+1)] =[35(3)] =2

Sincel6 < 26 < 64 thisis anexampleof Case2.

Take 16 copiesof 7™ -

A

Createa Q? - cubewith their originators-

(For clarity, the £gureshavs a 2 - cubewithout internal edgesand with 9 copiesinsteadof 16
copiesof theT" - tree.)

Thereis no needto addedgedo thetreessincetheir depthis lessthan?2.
Beforedeletingvertices therearenow |V | = 64, |E| = 96, whichis the casefor n = 64.
Now deleteverticesasneeded £rst,deletel 2 wholetreeswithouttheir originators.
Wehavenow |V| = 28, |E| = 60.

Next delete2 verticesfrom the sametree-



Fig.1. 1-Time-RelaxedMinimal 3-BroadcastGraphfor n = 26

Finally, |V| = 26, |E| = 58.
Broadcast Schemein the various cases:
Casel,?

Casei: Theoriginatoris v & {v)|0 <i < (B +1)°—1}

Assumev € T7, v # v(j)(0)-

1) v broadcast$o v ;).
This takesat mostm time unitsdueto theadditionaledgesn eachtree.

2) wv(jy0) k-broadcastto all of theverticesin the Q°-cubeusingthe£rstvertex label.
This takesanotherc time units.

3) vy, 0 <4 < (k+1)°— 1, k-broadcastto all of theverticesin eachT™ using
Algorithm Tree.
This takesat mostt — ¢ time units.

Thereforejn total, broadcastings accomplishedvithin at mostt + m time units.

Casedii: Theoriginatoris v € {v;))|0 <@ < (k+1)° -1}
Assumev = v (o)-
1) vy 0) k-broadcastto all of theverticesin theQ“-cubeusingthe£rstvertex label.
Thistakesc time units.
2) vy, 0 < i < (k+1)¢— 1, k-broadcastso all of theverticesin eachT® using
Algorithm Tree.
Thistakesatmostt — c time units.

Thereforejn total, broadcastings accomplishedavithin at mostt time units.

Case3
Case: Theoriginatoris v # v(gy()
1) v broadcast$o v (o).
Sincethe depthof thetreeis m thistakesat mostm time units.

10



2) v(0)(0) k-broadcastso theverticesin 7™ usingAlgorithm Tree.
Thisis completedwithin at mostt additionaltime units.
Thereforejn total, broadcastings accomplishedvithin atmostt + m time units.
Casaeii: Theoriginatoris v = v()()
1) v(0)(0) k-broadcastso theverticesin 1™ usingAlgorithm Tree.
This is completedwithin at mostt additionaltime units.

Thereforejn total, broadcastings accomplishedavithin at mostt¢ time units.

Concluding Remark: The £rst methodof Harutyuryan and Liestman([9] usesa constantr, r =
[logr+1m] —m, to determingheratio betweerthe Q¢-cubeandthe (k + 1)-nomialtreesandusescon-
ventional(k + 1)-nomialtrees(without additionaledges) Sincewe determineheratio by calculating
theoptimalconstructionpur resultsin Theoreml.6, areanimprovementfor all n, n > (k+1)™*2 and
areequalfor n in therange:(k + 1)™' <n < (k+ 1)™*"2,

Regardingthe secondmethod ,which achievesa betterboundfor smallvaluesof m, our resultsare
animprovementfor all n, k, whenm > 1. Form = 1, it is difEcult to accuratelycomparebetween
theresults.Specifcresultsare: 1) k£ = 2, 2 < n < 4000, 60% of theresultsareimproved; 2) k = 3,
4 < n < 5000, only 40% of theresultsareimproved.

For furthercomparisonseethe Appendix.

C. Proof of Theorem1.7

The proof of Theoreml.7, namelythat B} (n) is a monotonefunction, is basedon the resultsof
Theorem!.6.

Defne:

1) A={nln>k+1)"n=(k+1)"}

2) B={nn>(k+ 1™ (k+ 1)t <n<(k+1)}
3) C={nn<(k+1)"}

Olviously AU BU C = N ,whereN is thesetof positive integers.
Therequiredmonotonicityof B} (n) is provedthroughthefollowing cases:
Casel:n,n+1€C
In this case:
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< (k+1)"-1,
1< (E+1)™

By Theoreml.6, B}"(n) = n — 1 and B} (n + 1) = n sothatobviously B} (n) is monotone
increasing.

Case2:ne(C,n+1€ B

In this caseit followsthatn = (k + 1)™

Thenby Theoreml.6, B} (n) =n — 1.
SinceB}*(n) > n — 1 for ary n it follows that B;*(n + 1) > n which givesthe required
monotonicity

Case3:n,n+1€ B

In this case:
>(k+1)"m (k+ 1) <n<(k+1)
n+l>Ek+1D™ (k+1)<n+1<(k+1)

To thesequele denote:
=[(k+ 1) — (k(t —¢) = k(m — 1) +1)]
an = |ppglp + (k+ 1) =
ani = |G o+ (k+ 1) = (n+ 1)

By Theoreml.6,
B;Cn(n) S Am,nl — Qp andB]Tgn(n + 1) S Am,nl — Qpy1

Thedifferencen,, — a,, 41 iS:
(k+1)"— (k+1 n+1)

Sincep > 0 and0 < [(,E’f;lt) =1 -1 ’z:jl ot | < 1, it follows that, ay, — apyq > 0

whichprovesB}*(n) < Bj*(n+ 1).

Cased:ne B,nt+1ec A

In this case:
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n>k+1D)™n=(k+1)" -1

Using Theoreml.6 onecaneasilyobtainthat B} (n) = B} (n + 1) — a, wherea is apositive
integer, afactwhich provesagainthat B;"(n) < B} (n + 1).

Caseb:nec A,n+1€eB
In this case:
n>(k+1)"n=(k+Dand(k+1)! <n+1< (k+ 1) ¢ = logi,in.

Sothatwe defney(n) = [ 2(¢ — m + 1)], for acertainn.

By Theorem!.6,
B*(n) <n(1+ W) —(k+1)™ [kt —m+1)+2— 3y(n)k|
B(n+1) < BM(k+ 1)) — (k+ 1) — (n+1))—
[Pt [k + 12 70807 — k(12 = y(n+ 1) =m) + )]

k+1)t+17'y(n+l) _

Denote:

t+1_ t
s = S [(k + 1) 27— — (k(t +2 = y(n + 1) —m) + 1)]

+((k+ 1) — ((k+1)t+1))

In orderto prove B}*(n) < Bj*(n + 1) it is sufEcientto show that
B"((k+ 1)) — B ((k+1)!) > s, provided s > 0.

First,thedifferenceB ((k + 1)) — B ((k + 1)"):
By ((k+1)") < (k+ 1)1+ gegymer) — (b + 170 [kt —m + 1) +2 = Sy(n)k]
By ((k+1)") < (k+1)" (I ggys) = (k170D [k(E + 1 —m + 1) + 2 = Sy(n + 1)A]

Therearetwo possiblecases:

1) v(n+1) =~(n)
2) y(n+1)=7(n)+1

In which casey(n) is thede£ned: from above.

Wheny(n + 1) = vy(n),
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B ((k+ 1)) = Bir((k + 1)) = k(k + D' + gr] — (k+1)%

Wheny(n+ 1) = v(n) + 1,
BP((k+ 1)) — BP((k+ 1)) = bk + D![1 + e

(k+1)[k[k(t —m) + 5 + 3 — 2ck]

IS

Regardings, we again have the possibilitiesasin (4):

Whenq/(n + 1) = 7y(n),
[

L k(k—i—lt 1
(k+1)t+l-c—1

Wheny(n +1) =7~(n

)+
= | = [k + 1)t cmtl _ (h(t—c—m—+1) + D]+ k(k+ 1)t — 1

k+1)t+2 m—(k(t+2—c—m)+ 1) +k(k+ 1) -1

What's left is to comparebetweenB;" ((k + 1)'™!) — Bi*((k + 1)) ands in thetwo cases.

Wheny(n + 1) = v(n),
B ((k+ 1)) = Br((k+1)f) —s = L%J[’f(t +l-c—m)+1
In severalpartsof s, L%J is substitutedy k(k + 1),

Since[(kfffﬁj >0andk(t+1—c—m)] >0,

B ((k+ 1)) = Bit((k+1)") = s > 0
which provesB}*(n) < Bj*(n + 1).

Wheny(n+ 1) = v(n) + 1,
B ((k+ 1)) = Br((k+1)") —s=5(k+1)Tk(c+1) —1]+1
In s, L%—Qﬁjj is substituteddy k(k + 1)°.

Sincelk(c+ 1) — 1] > 0 for k > 1, it follows that
B((k+ 1)) — B™(k+1)Y) —s>0

whichprovesB}*(n) < Bj*(n + 1).
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APPENDIX

Thefollowing sectionshowns the comparisorbetweenhe resultsachiezedin this paperandthere-
sultsobtainedn [9].
Thiswill beshavn throughspecifaesultsin therange:k = 2,2 < n <4000, 1 < m < 4 andk = 3,
2 < n <5000, 1 <m < 4 andgraphsfor thoseranges.
We shallusethe abbreviation HL in the sequeko denotetheresultsobtainedby the authorsof [9].
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A. Graphs
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Fig.4. k=2, m=23
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Fig.5. k=2,m=4
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Fig.6. k=3, m=1
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Fig.7. k=3, m=2
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Fig.8. k=3, m=23
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Fig.9. k=3, m=4
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B. Soecifc Results
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k=2,2<n<4000,1<m<4

TABLE |

k=2 1 2 3 7]

n Tt HL Tm-RKBG | HL [M-RKBG | HL [ m-RKBG | HL | m-RKBG
> 111 1 1 - - - - - -
3 1] 2 > - - - - - -
7 21 4 ) 3 3 - - - -
2 ” ™ » - - - -
9 2] 9 9 8 8 - - - -
10 | 3] 19 19 10 10 9 9 - -
3 .. ” ™ » » ” - -
57 13| 36 36 57 57 26 26 - -
28 4] 55 49 37 37 28 28 57 57
A . . . . . . .
81 (4| 135 | 126 | 90 90 81 81 80 80
82 (5] 163 | 164 | 122 | 103 | o1 o1 82 82
83 (5] 165 | 165 | 123 | 104 | 92 92 83 83
5 .. . . . . . . .
242 |51 483 | 404 | 296 | 287 | 251 | 251 | 242 | 242
243 |5 485 | 405 | 207 | 288 | 252 | 252 | 243 | 243
244 | 6| 487 | 571 | 365 | 334 | 208 | 265 | 253 | 253
545 6| 489 | 572 | 366 | 335 | 299 | 266 | 254 | 254
6 .. " " " " . . .
711 |6 821 | 822 | 615 | 525 | 465 | 444 | 420 | 420
412 |61 823 | 823 | 617 | 526 | 466 | 445 | 421 | 421
413 |6 825 | 824 | 618 | 527 | 467 | 446 | 422 | 422
6 .. » . - . . . .
728 |6 1455 1205 | 971 | 890 | 782 | 773 | 737 | 737
729 |6 1457 1296 | 972 | 891 | 783 | 774 | 738 | 738
730 | 7| 1459 1473 | 1094| 1073 | 972 | 820 | 784 | 751
731 | 7| 1461 1474 | 1095] 1074 | 973 | 821 | 785 | 752
A . . . . . . .
863 | 7| 1725 1726 | 1293 1230 | 1106] 961 | 917 | 888
864 | 71727 1727 | 1205 1231 | 1107| 962 | 918 | 889
865 | 71729 1728 | 1206 1232 | 1108] 963 | 919 | 890
A . . . . . . .
2186| 7 | 4371 4049 | 3158| 2753 | 2429 2348 | 2240 2231
2187 7| 4373| 4050 | 3159 2754 | 2430 2349 | 2241 2232
5188 8| 4375 4660 | 3281 2071 | 2016| 2539 | 2431 2278
21891 8 | 4377 4661 | 3282| 2972 | 2917| 2540 | 2432| 2279
8 .. ” » ” » ” . "
3472 81 6943 6944 | 5207 4575 | 4444 3887 | 3715 3586
3473 8 6945 6945 | 5208 4576 | 4445 3888 | 3716 3587
3474 8 6947 6946 | 5210 4577 | 4446 3889 | 3717 3588
8 .. . » ” - . . .
3990| 8 | 7907 7871 | 5997 5222 | 4971 4438 | 4242 4121
4000| 8 7999| 7872 | 5999 5228 | 4972| 4439 | 4243 4122




k=3,2<n<5000,1<m<4

TABLE Il

k=3 1 2 3 7]

n Tt HL Tm-RKBG | HL [M-RKBG | HL [ m-RKBG | HL | m-RKBG
> 111 1 1 - - - - - -
3 1] 2 > - - - - - -
7 1] 3 3 - - - - - -
5 2] 7 7 7 7 - = - -
2 . . . - - - -
16 (2| 18 18 15 15 - - - -
17 3] 33 49 19 19 16 16 - -
3 . » » ” » » - -
32 3] 63 64 34 34 31 31 - -
33 [3| 65 65 35 35 32 32 = -
3 .. ” " " » » - -
64 3] 96 9% 66 66 63 63 - -
65 (4] 120 | 133 | 96 97 67 67 64 64
66 (4| 131 | 134 | 98 98 68 68 65 65
A " . . . " . .
77 14 153 | 154 | 109 | 109 | 79 79 76 76
78 (4] 155 | 155 | 110 | 110 | 80 80 77 77
79 41 157 | 186 | 111 | 111 | 81 81 78 78
A . . . . » . .
255 |4 479 | 431 | 287 | 287 | 257 | 257 | 254 | 254
256 | 4| 480 | 432 | 288 | 288 | 258 | 258 | 255 | 255
557 |5 513 | 598 | 384 | 325 | 289 | 289 | 250 | 250
558 |5 515 | 509 | 386 | 326 | 200 | 290 | 260 | 260
5 .. " " " " . " "
485 |51 960 | 970 | 709 | 589 | 517 | 517 | 487 | 487
486 |51 971 | 971 | 710 | 590 | 518 | 518 | 488 | 488
487 51973 972 | 711 | 591 | 510 | 510 | 489 | 489
5 .. " » " " " . -
1023| 5 | 2045 1823 | 1247 1199 | 1055 1055 | 1025 1025
1024| 5 | 2047 1824 | 1248 1200 | 1056 1056 | 1026 1026
1025| 6 | 2049|2773 | 1536| 1393 | 1249 1093 | 1057 1057
1026| 6 | 2051 2774 | 1538| 1394 | 1250 1094 | 1058 1058
6 .. " » » » . ™ .
2837 6 5673| 5674 | 4117 3466 | 3061 2977 | 2869 2869
2838 6 5675 5675 | 4118 3467 | 3062| 2978 | 2870 2870
2830 6 5677 5676 | 4110 3468 | 3063 2979 | 2871 2871
6 .. » » . » . . "
4005 6 8180 7679 | 5375 4895 | 4310 4271 | 4127 4127
4096 6 8191 7680 | 5376 4896 | 4320 4272 | 4128 4128
4097 718193 8671 | 6144 5926 | 5377 4465 | 4321 4165
4008 78195 8672 | 6146 5927 | 5378 4466 | 4322 4166
A ” » » ” . » "
4999 719997 10383 | 7497 69@3 | 6279 5403 | 5223 5076
5000] 7 9999 10384 | 7499 6964 | 6280 5404 | 5224 5077




