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Abstract

Broadcastingis a processin which anindividual hasanitem of informationwhich needsto betransmitted

to all of the membersin a network (which is viewed as a connectedgraph).
�

-broadcasting is a variant of

broadcastingin which eachprocessorcantransmitthe messageto up to
�

of its neighborsin onetime unit.

Anothervariantof broadcastingis theconceptof m-time-relaxed broadcasting, wherewe allow adding� time

units to the optimal broadcasttime, in exchangefor fewer edges.The combinationof � -time-relaxed and
�

-

broadcastingis studiedin this paper.

The result shown hereis an improvementin the upperboundobtainedby Harutyunyan and Listman in [9]

thatconstructsa communicationnetwork model,namely, a connectedgraph,which admitsthe � -time-relaxed�
-broadcasting.

In addition,we generalize(for
�����

) andprove a conjectureof Shastri[18] concerningthe monotonicityof

such� -time-relaxedmodelswith respectto � (thenumberof verticesin this graph).

I . INTRODUCTION

Broadcasting is a one to all information disseminationprocess. More simply, broadcastingis a

processin which oneindividual,or originator, hasanitem of information,or message,which needsto

becommunicated,or transmitted,to all members(processors)of a network. Broadcastingis subjectto

thefollowing rules:

1) A processormaysenda messageto anadjacentprocessoronly.

2) At a giventime eachprocessorwill bein oneof thefollowing states:

a) receive a message;



b) senda messageto someneighbors;

c) beidle.

More formally, we canview the communicationnetwork asa £nite, connected,undirectedgraph

on � vertices,wherethe setof verticesareconsideredasprocessorsandeachedgewhich connects

two verticesassumedto be a direct communicationlink betweenthesevertices. Then, we de£ne

broadcastingfrom a vertex � (the originator) as transmittinga messagefrom � to every vertex in	�

� ��� usingtheabove rules.This problem,thatwasintroducedin [19], is a variationof thegossiping

problem[10].

For basicgraphtheoreticalde£nitionsonemaysee[6] or [21].

We de£nethe broadcast number of ��� 	������ ��	������
, denotedby � � � � , as the minimum time

requiredto broadcastone messagefrom � . The broadcasting time of
�

is de£nedas: � ������� "!$# � � � � �&% �'� 	(���)� � . Let � � � � denotetheminimal messagebroadcasttime � ����� over all graphs
�

with � vertices.A graph
�

is saidto beminimal broadcast graph if � �����*� � � � � .
The problemof broadcastingin a generalgraph,namely, the problemof determining� � � � for an

arbitraryvertex in an arbitrarygraph,wasproved by Johnson(see[19]) to be NP-complete.On the

other hand,in a tree with equalweightsit happensto be linear [19]. Recently, a generalizationof

broadcastingin treeswas obtained[1], where,positive weightswere assignedto the edgesor the

verticesof the tree. For anotherresultsconcerningbroadcastingin varioustopologies,as,complete

graphs,hypercubes,two, threeand +-, dimensionalgrids,onemaysee[3],[4],[11], [13], [17] and[20].

The notion of m-Relaxed Broadcast Graphs (m-RBG), asappearedin [18], is a generalizationof

1-RBG that appearedin [5], and was motivatedby exploring the sparestpossiblegraphsin which

broadcastingcanbeaccomplishedin slightly morethantheoptimaltime of .0/2143657�98 .
Denoteby :<; � � � thenumberof edgesin thesparsestpossiblegraphon � verticesin which broad-

castingcanbeaccomplishedin .0/=1>365?�98<@BA steps(or time units). Sucha graphis calledm-Relaxed

Minimum Broadcast Graph (m-RMBG).C
-broadcasting,introducedin [7], is a generalizationof theabove notionof broadcasting,in which

a processorcansendthemessageto
C

(or fewer) neighborsin onetime unit.

The
C

-broadcast time of vertex � is de£nedin a similar way asthe broadcasttime � � � � , enablingC
-broadcasting,andis denoted:�ED � � � . Thelower boundon the

C
-broadcasttime is �ED � � �GF .0/2143 D6HJI ��8

sinceat eachtime unit thenumberof informedverticesis multiplied by at most
C @LK . A

C
-broadcast

graph is agraphG on � verticeswhere� D �����*� .0/=1>3 DMH7I �98 , thatis agraphwhere
C

-broadcastingfrom

any vertex is accomplishedwithin at most .0/2143 DMH7I �98 time units.

The
C

-broadcast function, : D � � � , is theminimum numberof edgesin any
C

-broadcastgraphon �
vertices.A minimum

C
-broadcast graph is a

C
-broadcastgraphon � verticeshaving : D � � � edges.
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Denotingtheexactnumberof consecutive leading
C>NPO

in the
� C @QK � , ary representationof �R,�K byS D � � � , Gringi andPeleg [5] provedthat:

Theorem I.1: For all � F K , D 5 ��S D � � � ,TK � �VU : D � � � U W C ��S D � � � @TK � @XKZY[� , i.e., : D � � �\�] � C � S D � � �^� .
Asymptotically, Gringi andPeleg’s constructionproducesthe best-known upperboundson : D � � �

for mostvaluesof � .

Lazard[14] studiedminimum
C

-broadcastgraphsand, in particular, gave somevaluesof : 5 � � � ,
:`_ � � � and :`a � � � for smallvaluesof � . More generally, Lazardshowedthat for �cb C @dK , : D � � �e�I5 � � �",�K � . Healsoshowedthat : D � C @gf �*� C @QK andthat : D � W C @�KZYh; �*� I5 C A � C @�K � ; for A F K .

Konig and Lazard[12] generalizedsomeresultson K -broadcasting,found minimum
C

-broadcast

graphsfor all � in the range
C @jikbl�mbnf C @ji , andgave a moreprecisestatementof Grigni and

Peleg’s lower boundon : D � � � :
Theorem I.2:

: D � � �GFpo D5 � AX,gq�,dK � .
whereA is thelengthof

� C @LK � -ary representationof �r,dK and q is theindex of theleftmostdigit in

thatrepresentationwhich is not equalto
C

.

In addition,they showedthat : D � � � b o D5 .0/=1>3 DMH7I �98 for � F C
.

In 2000,HarutyunyanandLiestman[7] continuedthesearchfor minimum
C

-broadcastgraphsand

improved boundson : D � � � . They presenteda new minimum i -broadcastgraphon K4K verticesfor

which :`_ � K>K �*� K$s , improving a previousupperboundof f>t foundby LeeandVentura[15].

They alsoimproved the lower boundachieved by Konig andLazard[12], TheoremI.2. Using the� C @cK � -aryrepresentationof ��,�K , ��,�K �p�vu ;xw I u ;`w 56y=y2y u{zM� DMH7I , where|)b u{} b C for |�b�~xb�Ad,�K
and

u ;`w I��� | . Denoteq � A��6� � ~ % u�} �� C � . De£ne� �mu�� if q � | or if
u{z)�ju I � y2y=y �ju�� w I � | .

Otherwise,� ��u � @LK .
Theorem I.3:

When � is not a power of
C @�K , :�D � � �<F o D5 � A�,cq�,�K � @ o 5 � , whereA , q and � areasdescribed

above.

In addition,they investigatedMooregraphsandprovedthefollowing Theorem.

Theorem I.4:

:`� ��� 5 @LK �*� �*�[�*� H7I��5 if andonly if thereexistsa
���"� f � Mooregraph.

In thesamepaper, they gavetwo constructionsof
C

-broadcastgraphsbasedon
� C @�K � -nomialtrees.

The £rst constructionis similar to that of Grigni andPeleg [5] only in moredetail andthey give an

exact value for the numberof edgesin thesegraphs. For somesmall � and
C

, the more precisely

statedversionof Grigni andPeleg’sboundis betterthantheupperboundsreportedby LeeandVentura
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[15]. The secondconstructiondeletesedgeswhich arenot usedduring the
C

-broadcastschemethey

described,andthereforeyields a betterupperbound. For mostlarge � and
C

, their improved bound

wasthenthebestupperbound.

In anotherpaperHarutyunyan andLiestman[8] continuedthe investigation of
C

-broadcasting,fo-

cusingon
C

-broadcastingin trees.They describedtheconstructionof optimaltreesandasymptotically

estimatedthenumberof verticesin thesetrees.

Thenext broadcastingconcept,introducedin [5] (but only for A � K ), combinesbothconceptsde-

£nedabove. NamelyA -time-relaxed
C

-broadcasting,whichis
C

-broadcastingwithin atmost .0/=1>3 DMH7I �98
@
A , A F | , timeunits.Theminimumnumberof edgesin an A -relaxed

C
-broadcastgraphon � vertices

is denoted:<;D � � � . A minimum A -relaxed
C

-broadcast graph (A -R
C

BG) is onewith :<;D � � � edges.

HarutyunyanandListman[9] describedtwo methodsto constructA -time-relaxed
C

-broadcastgraphs

andproviding upperboundson : ;D � � � :

Theorem I.5:

: ;D � � � b�A�~�� � ��@ Kf
� C @RK ��� ���������4� o$� w4; � C .0/=1>3 D6HJI ��8�, C A�,�f � �
� �*,(K � @\¡¢��£ZA�¤-� � K¥b�A�b¦.0/=1>3 D6HJI ��8

Thecaseof
C � K , A F K wasdealtwith by Shastri[18], anda betterboundwasobtainedrecentlyby

Averbuch,Roditty, Shohamin [2].

In this papertheboundof TheoremI.5 is improvedfor
C F K , namely,

Theorem I.6:

� ~ � : ;D � � � b�� � K$@ K� C @LK � ;`w I
� , ] �^� �� C @§K � ;`w I

� �¨ � � �g© � C @ªK � ; H7I � � �p� C @ªK �¬«

� ~�~ � : ;D � � � bL­ ;�® o � ,\¡
� C @LK � « ,��� C @LK � « w4¯ ,LK ¤

� C @§K ��« w4¯°w>; H7I , C �v± ,�² � , C � AX,LK � @LK , �^� C @ªK �¬« ,¥� �
� ��© � C @ªK � ; H7I �4� C @ªK � « w I U���U � C @ªK � «

­ ;`® o � is theboundin (i) with � I �p� C @§K � « and ² � ¡ 5_ �³± ,gAn@§K � ¤ .
� ~�~�~ � : ;D � � �*� ��,�K � �gb � C @cK � ; H7I

Furthermore,Shastri[18] conjecturedthat :<;I � � � Ud:<;I � �r@dK � . In thefollowing Theoremwe prove
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thegeneralizedversionof thatconjecture,namely,

Theorem I.7: : ;D � � � U´: ;D � �k@§K � , for all � ,
C F K .

Thispaperis organizedasfollows: SectionII-A presentssomenecessaryde£nitionsandpreliminary

results.In SectionII-B andII-C we presentstheproof of TheoremI.6 andI.7, respectively.

I I . A -TIME-RELAXED
C

-BROADCASTING GRAPHS

A. Preliminary Results

Construction of
� C @LK � -Nomial Trees

Thebasicunderlyingstructureusedin this paperis the
� C @§K � -nomialtree.This is a generalization

of theBinomial-Tree introducedin [16]. This treeenables
C

-broadcastingfrom theroot in .0/=1>3 D6HJI ��8
time unitswhere� �p� C @LK � « .

Thetreeis constructedasfollows:

De£nition II.1: The
� C @�K �¬µ -nomialtreeon

� C @cK ��µ vertices,denotedby ¶ µD6HJI , is constructedrecur-

sively. Thetree ¶ zDMH7I is a singlevertex which is theroot. ¶ µD6H7I is constructedby connectingtheroots

of
C

copiesof ¶ µ w IDMH7I to theroot of anothercopy of ¶ µ w IDMH7I . This vertex is theroot of ¶ µDMH7I .

Eachvertex in
	(� ¶ µD6HJI � is denotedby �{·¸ where,

� - is a string
� � I � 56y=y2y � }�� where Keb�~xb O and K¥b���¹�b O , K¥b�º»b�~ .% � % denotesthedistanceof thevertex from theroot, thereforethis labelis not unique.

¼ - is a (
C @LK )-ary stringof length

O
.

Thatis, a numericstringrepresentinganintegerin base
C @LK . This labelis unique.

Theroot is denoted�7� zZ½�½ ½ z � .
It has

CJO
childrenwhich aredenoted:

� � IE�� zZ½�½ ½ z I�� ,..., � � I��� z�½ ½�½ z DM� , � � 5 �� zZ½�½ ½ z I z � ,..., � � 5 �� zZ½�½ ½ z D z � ,..., � � µ �� I zZ½�½ ½ z � ,..., � � µ �� D zZ½�½ ½ z � .
Regardingthelabellingof theirchildren,only the£rst

C � O ,kK � vertices,labelled� � I��� zZ½�½ ½ z I�� ,..., � � I��� z�½ ½�½ z D6� ,
� � 5 �� zZ½ ½�½ z I z � ,..., � � 5 �� z�½ ½�½ z D z � ,..., � � µ w IE�� I z�½ ½ ½ z � ,..., � � µ w I��� D zZ½ ½�½ z � , have children.

Their labellingis asfollows:

Thechildrenof theverticeslabelled:� � I��� z�½ ½�½ z IE� ,..., � � I��� zZ½ ½�½ z DM� , are:

� � I ® I��� zZ½ ½�½ z I�I�� ,..., � � I ® IE�� z�½ ½�½ z D6I�� ,..., � � I ® µ w I��� I z�½ ½ ½ z IE� ,..., � � I ® µ w I��� D zZ½�½ ½ z I�� ,..., � � I ® IE�� zZ½�½ ½ z I0DM� ,..., � � I ® I��� zZ½�½ ½ z D DM� ,..., � � I ® µ w IE�� I zZ½ ½�½ z DM� ,..., � � I ® µ w I��� D zZ½�½ ½ z DM�
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Thechildrenof theverticeslabelled:� � 5 �� z�½ ½�½ z I z � ,..., � � 5 �� zZ½�½ ½ z D z � , are:

� � 5 ® I��� zZ½ ½�½ z I�I z � ,..., � � 5 ® I��� zZ½ ½�½ z DMI z � ,..., � � 5 ® µ w 5 �� I zZ½�½ ½ z I z � ,..., � � 5 ® µ w 5 �� D zZ½�½ ½ z I z � ,..., � � 5 ® I��� zZ½ ½�½ z IPD z � ,..., � � 5 ® I��� z�½ ½�½ z D D z � ,..., � � 5 ® µ w 5 �� I zZ½ ½�½ z D z � ,..., � � 5 ® µ w 5 �� D z�½ ½�½ z D z �
andsoon,sothattheleavesarelabelled:

� � µ �� I zZ½�½ ½ z � ,..., � � µ �� D zZ½ ½�½ z � , � � I ® µ w IE�� I z�½ ½�½ z DM� ,..., � � I ® µ w IE�� D z�½ ½�½ z D6� ,..., � � µ w I ® I��� IPD z�½ ½�½ z � ,..., � � µ w I ® I��� D D zZ½�½ ½ z � ,..., � � I ®
½�½ ® I��� I ½ ½�½ I�� ,..., � � I ®

½�½ ® I��� I ½ ½�½ IPD6� ,..., � � I ®
½ ½ ® IE�� D ½�½ ½ DMI�� ,...,

� � I ®
½ ½ ® IE�� D ½ ½�½ D6�

whereasthesuperscriptlabel
� K � y2y=y � K � is of length

O
.

In orderto simplify thenotation,we shalldenotethetree¶ µDMH7I by ¶ µ .
C

-Broadcasting in
� C @§K � -Nomial Trees (Algorithm Tree)

Thefollowing algorithm,whichis the
C

-broadcastschemein theoptimal
� C @'K � µ -nomialtree,shows

that � � � � zZ½�½ ½ z � � b¦.0/=1>3 D6H7I �98 , andsince � � � � z�½ ½�½ z � �*F .0/2143 DMH7I �98 , it follows

� � � � zZ½�½ ½ z � �*� .0/=1>3 D6HJI ��8 .
1) At

±�� K , theroot, � � z�½ ½�½ z � , broadcaststo thevertices� � IE�� zZ½�½ ½ z I�� ,..., � � I��� z�½ ½�½ z D6� .
2) At

±�� f , the root broadcaststo vertices� � 5 �� zZ½�½ ½ z I z � ,..., � � 5 �� z�½ ½�½ z D z � andthe vertices� � I��� z�½ ½�½ z IE� ,..., � � I��� z�½ ½�½ z D6�
broadcastto their children� � I ® I��� zZ½�½ ½ z I�IE� ,..., � � I ® I��� zZ½�½ ½ z DMI�� ,..., � � I ® IE�� z�½ ½�½ z I0DM� ,..., � � I ® I��� zZ½�½ ½ z D DM� , respectively.

3) Eachvertex � � · � ® · � ®
½ ½�½ ® ·�¾v¿ � �� ¸ � , K�bd~Àb O

, |Áb ¼ b � C @lK ��µ ,ÂK that receivesthemessageat time±EN
, will broadcastto

C
uninformedneighbors,labelled� � · � ® · � ®

½�½ ½ ® · ¾v¿ � I��� ¸ � at time
±EN @dK , to neighbors

labelled� � · � ® · � ®
½�½ ½ ® · ¾v¿ � 5 �� ¸ � at time

± N @�f andsoon.

Largersubtreesarecalledbeforesmallerone.This is ensuredby thelabellingof thevertices.

When broadcastingfrom any vertex (not necessarilythe root), the
C

-broadcast time is at mostÃÅÄÇÆ DMH7I ��@ O . That is, the maximumtime neededto broadcastfrom any vertex to the root, which is

at most
O
, andthenfrom theroot to thewholetree

ÃÅÄÈÆ D6H7I � .

B. Proof of Theorem I.6

The structureusedin the proof of TheoremI.6 is a A -Time-Relaxed Minimal
C

-BroadcastGraph

(A -R
C

BG), for
C ©ÂK , since,asnotedbefore,thecaseof

C � K wasdealtwith alreadyin [2].

To thesequal,.0/=1>3 DMH7I �98 is denotedby
±
.

Proof:

Theproof is doneby constructionof A -R
C

BG in eachof thecasesanddemonstratingtheappropri-

atebroadcastschemein eachcase.

In orderto simplify thenotation,we shalldenotethecube É � D6H7I��=Ê by É µ .
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Construction

Case1: �g© � C @§K � ; H7I , � �Ë� C @§K � «

The A -R
C

BG is constructedasfollows:

Let ² beapositiveinteger( ² will bedeterminedlateraccordingto theoptimalconstruction).

Take
� C @�K � ¯ copiesof the ¶ « w>¯ treedenoted¶ � } � , |)b�~xb � C @�K � ¯ ,QK . Theirverticesare

labelledasexplainedin SectionII-A, usingthebaseKZ| notation,with anadditionalindex

precedingthevertex labelwhich denotesthetree. Therefore,their originatorsare: � � z � � z � ,
� � I�� � z � ,..., � �=� DMH7I��2Ì�� � z � .
Createa É&¯ - cubeusingtheir originators.

Thevalueof ² will bedetermined.

Now additionaledgesneedto beaddedto thetrees:

Decomposeeach¶ � } � into vertex disjoint isomorphiccopiesof a ¶ ;`w I tree,

(assuming
� AX,dK¥b ± ,�² � ).

Thereareexactly
� D6HJIE�vÍ ¿ Ì� D6HJIE�vÎ ¿ � suchcopies.

Eachoriginator� � } � � z � is joinedto oneof theoriginatorsin each¶&;`w I subtreewhich is

at distanceat least2 from � � } � � z � .
Hence,by thisprocessthereare

� DMH7I�� Í ¿ Ì� DMH7I�� Î ¿ � ,�W C �³± ,Q² � , C � AX,dK � Y$,�K additionaledges

addedto eachtree.

Now since,� C @ÏK � ¯ - is thenumberof trees, W � C @ÏK � « w4¯Ð,ÏKZY - is thenumberof edgesin eachtreeand

¯5 � C @LK � ¯ C - is thenumberof edgesin a É&¯ - cubewe obtainthefollowing upperbound,

: ;D � � � b � C @LK � ¯ � C @§K � « w4¯ ,dKÐ@ � DMH7IE� Í ¿ Ì� D6HJIE�vÎ ¿ � ,LW C �³± ,Q² � , C � AX,LK � Y
,LK @ ¯5 � C @§K � ¯ C

� � � K�@ K� C @LK � ;`w I
� , � C @LK � ¯ C �³± ,gAn@§K � @�fÑ, i

f ²
C � K �

Whence,thederivative of theright sideof (1), with respectto c, is:

, � C @LK � ¯ Ã � � C @LK � W C �v± ,gAn@LK � @�fÑ, i
f ²
C Y
, i

f
C

Therefore,theminimumis achievedwhen:
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² � f
i
�v± ,�An@LK � @

Ò
i C ,

KÃ � � C @§K �

It is easilyobservedthattheterm a_ D , IÓ o � D6HJIE� convergesto | y K , thereforeit follows that:

² � ¡ fi
�v± ,�An@LK � ¤ � f �

Thus,substitutingthevalueof ² obtainedin
� f � into

� K � yields
� ~ � of TheoremI.6, asrequired.

Case2: �g© � C @§K � ; H7I , � C @LK � « w I U���U � C @LK � «

The A -R
C

BG is constructedasfollows:

Take
� C @LK � ¯ copiesof the ¶ « w4¯ tree(labelled¶ � } � � |�b�~`b � C @LK � ¯Ô,dK ) andcreatea É&¯

- cubeusingtheir originatorsin thesameway asCase1, with � �Ë� C @§K � « .
Now deleteverticesasneededusingthefollowing strategy:

First deletewholetrees¶ � } � without their originators� � } � � z � , asneeded,aslong as
� C @

K � « ,�� FÕ% ¶ � } � % ,dK .
Next deleteverticesfrom thesametree,startingwith theleaves.

Hence,thetotal numberof edgesremovedfrom theboundobtainedin
� K � is at least:

¡
� C @LK � « ,��� C @§K � « w4¯ ,LK ¤

� C @LK � « w4¯ ,dKÐ@
� C @§K � « w4¯� C @§K � ;`w I ,

� C �³± ,Q² � , C � AX,dK � @LK �

@ � C @LK � « ,g�k, � C @LK � « w4¯ ,LK ¡
� C @LK � « ,g�� C @§K � « w4¯ ,dK ¤

� ¡
� C @LK � « ,��� C @LK � « w4¯ ,LK ¤

� C @§K � « w4¯� C @LK � ;xw I ,
� C �v± ,�² � , C � AX,LK � @§K � @ � C @§K � « ,g� � i �

where, ¡ � DMH7IE� Í w o� DMH7I�� Í ¿ Ì w I ¤
� C @LK � « w4¯ ,LK�@ � DMH7I�� Í ¿ Ì� DMH7I��vÎ ¿ � , � C �v± ,�² � , C � AX,LK � @§K � is thetotalnum-

berof edgesdeletedwith thedeletionof wholetrees,and� C @cK � « ,(��,�W � C @LK � « w4¯Ô,dKZY�¡ � DMH7I�� Í w o� DMH7I�� Í ¿ Ì w I ¤ is thenumberof edgesdeleteddueto theremain-

ing verticesleft to bedeleted.

Noticethat theactualnumberof deletededgesmaybegreaterthantheonesubtractedsince

it is dif£cult to determinetheexactvaluesby usingonly parameters.
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Case3: �gb � C @§K � ; H7I

The A -R
C

BG is a ¶&; tree,andhas��,cK edges.To conformwith thevertex labellingin Case

1 andCase2, theverticesarelabelled� � z � � } � , |�b�~xb � C @§K � ;Ö,LK .
In thefollowing exampleswe demonstratetheabove construction:C � i
A � K
� � f>×±`� .Å/2143 DMH7I �98 � .0/2143 a f4×Z8 � i
² � ¡ 5_ �³± ,gAn@§K � ¤ � ¡ 5_ � i � ¤ � f

Since K$×�Umf4×)U´× Ò this is anexampleof Case2.

Take KZ× copiesof ¶ I -
 
 
 
 
 
 Createa É 5 - cubewith their originators-

 

(For clarity, the £gureshows a É 5 - cubewithout internaledgesandwith 9 copiesinsteadof 16

copiesof the ¶ I - tree.)

Thereis no needto addedgesto thetreessincetheir depthis lessthan2.

Beforedeletingvertices,therearenow
%[	Á%Ø� × Ò �
%[�Á%>�´Ù × , which is thecasefor � � × Ò .

Now deleteverticesasneeded- £rst,delete K$f wholetreeswithout their originators.

We have now
%Ú	Á%Ø� f>s �
%[�Á%Ø� ×>| .

Next deletef verticesfrom thesametree-
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Fig. 1. Û -Time-RelaxedMinimal Ü -BroadcastGraphfor ÝßÞ�à á
Finally,

%[	Á%>� f4× �
%Ú�(%>� t4s .
Broadcast Scheme in the various cases:

Case1,2

Casei: Theoriginatoris � �� � � � } � � z � % |�b�~xb � C @LK � ¯Ô,dKZ�
Assume�Á�r¶ ¹ � � �� � �Ú¹ � � z � .
1) � broadcaststo � �Ú¹ � � z � .

This takesat mostA time unitsdueto theadditionaledgesin eachtree.

2) �7�Ú¹ � � z � k-broadcaststo all of theverticesin the É ¯ -cubeusingthe£rstvertex label.

This takesanother² time units.

3) � � } � � z � , |)b�~xb � C @�K � ¯�,�K , k-broadcaststo all of theverticesin each¶ � } � using

Algorithm Tree.

This takesat most
± ,�² time units.

Therefore,in total,broadcastingis accomplishedwithin at most
± @�A time units.

Caseii: Theoriginatoris �Á� � �7� } � � z � % |�b�~xb � C @LK � ¯ ,dKZ�
Assume� � � �Ú¹ � � z � .
1) �7�Ú¹ � � z � k-broadcaststo all of theverticesin the É ¯ -cubeusingthe£rstvertex label.

This takes ² time units.

2) � � } � � z � , |)b�~xb � C @�K � ¯�,�K , k-broadcaststo all of theverticesin each¶ � } � using

Algorithm Tree.

This takesat most
± ,�² time units.

Therefore,in total,broadcastingis accomplishedwithin at most
±

time units.

Case3

Casei: Theoriginatoris � �� � � z � � z �
1) � broadcaststo � � z � � z � .

Sincethedepthof thetreeis A this takesat mostA time units.
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2) �7� z � � z � k-broadcaststo theverticesin ¶ ; usingAlgorithm Tree.

This is completedwithin at most
±

additionaltime units.

Therefore,in total,broadcastingis accomplishedwithin at most
± @�A time units.

Caseii: Theoriginatoris � � � � z � � z �
1) � � z � � z � k-broadcaststo theverticesin ¶&; usingAlgorithm Tree.

This is completedwithin at most
±

additionaltime units.

Therefore,in total,broadcastingis accomplishedwithin at most
±

time units.

Concluding Remark: The £rst methodof Harutyunyan and Liestman[9] usesa constantâ , â �
. Ã�ÄÈÆ DMH7I �98x,rA , to determinetheratiobetweenthe É&¯ -cubeandthe

� C @�K � -nomialtreesandusescon-

ventional
� C @´K � -nomialtrees(without additionaledges).Sincewe determinetheratio by calculating

theoptimalconstruction,our resultsin TheoremI.6, areanimprovementfor all � , ��© � C @�K � ; H 5 and

areequalfor � in therange:
� C @LK � ;`w I b���b � C @§K � ; H 5 .

Regardingthesecondmethod,which achievesa betterboundfor smallvaluesof A , our resultsare

an improvementfor all � ,
C

, when A ©¦K . For A � K , it is dif£cult to accuratelycomparebetween

theresults.Speci£cresultsare: 1)
C � f , fªb´��b Ò |4|>| , 60%of theresultsareimproved;2)

C � i ,Ò b���b§t4|>|4| , only 40%of theresultsareimproved.

For furthercomparisonsseetheAppendix.

C. Proof of Theorem I.7

The proof of TheoremI.7, namelythat :<;D � � � is a monotonefunction, is basedon the resultsof

TheoremI.6.

De£ne:

1) ­ �§� � % ��© � C @LK � ; � � �Ë� C @§K � « �
2) : �§� � % ��© � C @LK � ; �4� C @LK � « w I U���U � C @§K � « �
3) ã �L� � % �gb � C @§K � ; �

Obviously ­cäå:�ä'ã �§æ , where
æ

is thesetof positive integers.

Therequiredmonotonicityof : ;D � � � is provedthroughthefollowing cases:

Case1: � , ��@LK¥�Öã
In this case:
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��b � C @LK � ; -1,

�k@§K¥b � C @LK � ;

By TheoremI.6, :<;D � � �G� �r,LK and :<;D � �k@LK �*� � sothatobviously :<;D � � � is monotone

increasing.

Case2: �g�gã , �k@LKe�Ö:
In this caseit follows that � �p� C @LK � ;

Thenby TheoremI.6, :<;D � � �*� �k,dK .
Since :<;D � � �»F ��,ËK for any � it follows that :<;D � ��@pK �»F � which givesthe required

monotonicity.

Case3: � , ��@LK¥�Ö:
In this case:

��© � C @LK � ; ,
� C @§K � « w I U���U � C @LK � « ,

�k@§K¥© � C @LK � ; ,
� C @LK � « w I U��k@§K¥U � C @LK � «

To thesequelwe denote:

q � W � C @§K � « w4¯°w4; H7I , � C �v± ,�² � , C � An,dK � @§K � Yç o � ¡ � D6H7I�� Í w o� D6H7I�� Í ¿ Ì w I ¤6q)@
� C @§K � « ,g�ç o H7I � ¡ � DMH7I�� Í w � o H7I��� DMH7I�� Í ¿ Ì w I ¤Mq)@

� C @§K � « , � ��@LK �

By TheoremI.6,

:<;D � � � bL­ ;�® o � , ç o and :<;D � �k@§K � bd­ ;�® o � , ç o H7I

Thedifferenceç o , ç o H7I is:

q ¡ � DMH7I�� Í w o� DMH7I�� Í ¿ Ì w I ¤ß,Õ¡ � D6HJIE� Í w � o H7IE�� D6H7I�� Í ¿ Ì w I ¤ @LK

Sinceq F | and |)b¦¡ � DMH7I�� Í w o� D6H7I�� Í ¿ Ì w I ¤ß,n¡ � DMH7I�� Í w � o H7I��� DMH7I�� Í ¿ Ì w I ¤�bËK , it follows that, ç o , ç o H7I ©m|
which proves : ;D � � � U´: ;D � ��@LK � .

Case4: �g�g: , �k@§K¥�Ö­
In this case:
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��© � C @LK � ; , � �p� C @LK � « ,dK

UsingTheoremI.6 onecaneasilyobtainthat :<;D � � ��� :<;D � �ª@QK � ,B� , where� is a positive

integer, a factwhich provesagain that :<;D � � � U´:<;D � �k@§K � .

Case5: �g�g­ , ��@LK¥�Ö:
In this case:

��© � C @LK � ; , � �p� C @LK � « and
� C @§K � « U��k@LKeU � C @§K � « H7I , ±`� Ã�ÄÈÆ DMH7I � .

Sothatwe de£ne
u`� � ��� ¡ 5_ �³± ,gAÕ@LK � ¤ , for a certain� .

By TheoremI.6,

: ;D � � � b�� � KÐ@ I� D6H7I��vÎ ¿ � � , � C @§K ��è � o � C �³± ,gAÕ@LK � @�fÑ, _5 u`� � � C
:<;D � ��@LK � bL:<;D �^� C @LK � « H7I � , � � C @LK � « H7I , � �k@§K �^� ,

¡ � DMH7IE� Í �4� w � o H7IE�� D6H7I�� Í �4� ¿MéÈê�ë �4�íì w I ¤
� C @LK � « H 5 w è � o H7I�� w4;g, � C �³± @�f&, u`� ��@LK � ,�A � @§K �

Denote:O � ¡ � DMH7I�� Í �4� w �=� DMH7I�� Í H7I��� D6HJIE� Í �4� ¿MéÈê�ë �4�íì w I ¤
� C @§K � « H 5 w è � o H7IE� w>;Ö, � C �v± @�fÑ, u`� �k@§K � ,gA � @LK �

@ �^� C @LK � « H7I , �^� C @LK � « @LK � �

In orderto prove :<;D � � � U´:<;D � ��@LK � it is suf£cientto show that

:<;D � � C @§K � « H7I � ,Q:<;D � � C @LK � « � © O , provided
O F | .

First, thedifference: ;D � � C @§K � « H7I � ,Q: ;D �^� C @LK � « � :
:<;D � � C @§K � « � b � C @LK � « � KÐ@ I� DMH7IE� Î ¿ � � , � C @§K � è � o � C �v± ,�An@LK � @�fÑ, _5 u`� � � C
:<;D �^� C @ªK � « H7I � b � C @ªK � « H7I � KZ@ I� DMH7I��vÎ ¿ � � , � C @ªK � è � o H7I�� C �³± @LK�,�An@LK � @�fÑ, _5 u`� ��@LK � C

Therearetwo possiblecases:

1)
u`� �k@§K �*��u`� � �

2)
u`� �k@§K �*��u`� � � @§K � Ò �

In which case
u`� � � is thede£ned² from above.

When
u�� ��@LK ����u`� � � ,
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: ;D � � C @§K � « H7I � ,Q: ;D �^� C @LK � « �*� C � C @LK � « W=KÐ@ I� D6H7I��vÎ ¿ � Y
, � C @LK � ¯ C

When
u�� ��@LK ����u`� � � @LK ,

:<;D � � C @§K � « H7I � ,Q:<;D �^� C @LK � « �*� C � C @LK � « W=KÐ@ I� D6H7I��vÎ ¿ � Yí,� C @§K � ¯ W C W C �³± ,gA � @ D 5 @ _5 , _5 ² C Y

Regarding
O
, we again have thepossibilitiesasin

� Ò �
:

When
u�� ��@LK ����u`� � � ,O � ¡ D � DMH7I�� Í w I� DMH7I�� Í �4� ¿ Ì w I ¤ßW

� C @§K � « H 5 w4¯°w4;g, � C �v± @�fÑ,Q²Ð,�A � @§K � Y
@ C � C @LK � « ,LK
When

u�� ��@LK ����u`� � � @LK ,O � ¡ D � DMH7I��vÍ w I� DMH7I�� Í ¿ Ì w I ¤ßW
� C @LK � « w4¯Ew4; H7I , � C �³± ,Q²Ð,�An@LK � @LK � Y4@ C � C @§K � « ,dK

What’s left is to comparebetween:<;D �^� C @LK � « HJI � ,�:<;D � � C @§K � « � and
O

in thetwo cases.

When
u�� ��@LK ����u`� � � ,

:<;D � � C @§K � « H7I � ,Q:<;D �^� C @LK � « � , O � ¡ D � D6H7I�� Í w I� DMH7I�� Í �4� ¿ Ì w I ¤îW
C �v± @§K*,�²Ð,gA � Y4@§K

In severalpartsof
O
, ¡ D � DMH7I�� Í w I� DMH7IE� Í �4� ¿ Ì w I ¤ is substitutedby

C � C @§K � ¯°w I .
Since ¡ D � D6H7I�� Í w I� D6H7I�� Í �4� ¿ Ì w I ¤

F | and W C �³± @LK�,�²Ð,gA � Y F | ,
: ;D � � C @§K � « H7I � ,Q: ;D �^� C @LK � « � , O ©´|

which proves :<;D � � � U´:<;D � ��@LK � .

When
u�� ��@LK ����u`� � � @LK ,

: ;D � � C @§K � « H7I � ,Q: ;D �^� C @LK � « � , O � D5 � C @§K � ¯ W C � ²ï@§K � ,dK$Y4@LK
In
O
, ¡ D � D6H7I�� Í w I� DMH7I�� Í ¿ Ì w I ¤ is substitutedby

C � C @§K � ¯ .
Since W C � ²ï@LK � ,LKZY F | for

C F K , it follows that

: ;D � � C @§K � « H7I � ,Q: ;D �^� C @LK � « � , O ©´|
which proves : ;D � � � U´: ;D � ��@LK � .
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APPENDIX

Thefollowing sectionshows thecomparisonbetweentheresultsachieved in this paperandthere-

sultsobtainedin [9].

This will beshown throughspeci£cresultsin therange:
C � f , f)b���b Ò |4|>| , Keb�Aõb Ò and

C � i ,
f�b���b§t4|>|4| , K¥b�A�b Ò andgraphsfor thoseranges.

We shallusetheabbreviation HL in thesequelto denotetheresultsobtainedby theauthorsof [9].
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A. Graphs

Fig. 2. ðïÞ�à , öÖÞ"Û
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Fig. 4. ðïÞ�à , öÖÞ"Ü
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Fig. 5. ðïÞ�à , öÖÞxw
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Fig. 7. ðïÞ�Ü , öÖÞ"à
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B. Speci£c Results
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TABLE I

ï ðQP , PSRUTUR wWVWVWV , XSR ôYR w

k=2
m

1 2 3 4
n t HL m-RkBG HL m-RkBG HL m-RkBG HL m-RkBG
2 1 1 1 – – – – – –
3 1 2 2 – – – – – –
4 2 4 4 3 3 – – – –

. . . 2 . . . . . . . . . . . . – – – –
9 2 9 9 8 8 – – – –
10 3 19 19 10 10 9 9 – –
. . . 3 . . . . . . . . . . . . . . . . . . – –
27 3 36 36 27 27 26 26 – –
28 4 55 49 37 37 28 28 27 27
. . . 4 . . . . . . . . . . . . . . . . . . . . . . . .
81 4 135 126 90 90 81 81 80 80
82 5 163 164 122 103 91 91 82 82
83 5 165 165 123 104 92 92 83 83
. . . 5 . . . . . . . . . . . . . . . . . . . . . . . .
242 5 483 404 296 287 251 251 242 242
243 5 485 405 297 288 252 252 243 243
244 6 487 571 365 334 298 265 253 253
245 6 489 572 366 335 299 266 254 254
. . . 6 . . . . . . . . . . . . . . . . . . . . . . . .
411 6 821 822 615 525 465 444 420 420
412 6 823 823 617 526 466 445 421 421
413 6 825 824 618 527 467 446 422 422
. . . 6 . . . . . . . . . . . . . . . . . . . . . . . .
728 6 1455 1295 971 890 782 773 737 737
729 6 1457 1296 972 891 783 774 738 738
730 7 1459 1473 1094 1073 972 820 784 751
731 7 1461 1474 1095 1074 973 821 785 752
. . . 7 . . . . . . . . . . . . . . . . . . . . . . . .
863 7 1725 1726 1293 1230 1106 961 917 888
864 7 1727 1727 1295 1231 1107 962 918 889
865 7 1729 1728 1296 1232 1108 963 919 890
. . . 7 . . . . . . . . . . . . . . . . . . . . . . . .

2186 7 4371 4049 3158 2753 2429 2348 2240 2231
2187 7 4373 4050 3159 2754 2430 2349 2241 2232
2188 8 4375 4660 3281 2971 2916 2539 2431 2278
2189 8 4377 4661 3282 2972 2917 2540 2432 2279
. . . 8 . . . . . . . . . . . . . . . . . . . . . . . .

3472 8 6943 6944 5207 4575 4444 3887 3715 3586
3473 8 6945 6945 5208 4576 4445 3888 3716 3587
3474 8 6947 6946 5210 4577 4446 3889 3717 3588
. . . 8 . . . . . . . . . . . . . . . . . . . . . . . .

3999 8 7997 7871 5997 5222 4971 4438 4242 4121
4000 8 7999 7872 5999 5223 4972 4439 4243 412220



TABLE II

ï ð ò , PSRUTUR[Z\VWVWV , XSR ôYR w

k=3
m

1 2 3 4
n t HL m-RkBG HL m-RkBG HL m-RkBG HL m-RkBG
2 1 1 1 – – – – – –
3 1 2 2 – – – – – –
4 1 3 3 – – – – – –
5 2 7 7 4 4 – – – –

. . . 2 . . . . . . . . . . . . – – – –
16 2 18 18 15 15 – – – –
17 3 33 49 19 19 16 16 – –
. . . 3 . . . . . . . . . . . . . . . . . . – –
32 3 63 64 34 34 31 31 – –
33 3 65 65 35 35 32 32 – –
. . . 3 . . . . . . . . . . . . . . . . . . – –
64 3 96 96 66 66 63 63 – –
65 4 129 133 96 97 67 67 64 64
66 4 131 134 98 98 68 68 65 65
. . . 4 . . . . . . . . . . . . . . . . . . . . . . . .
77 4 153 154 109 109 79 79 76 76
78 4 155 155 110 110 80 80 77 77
79 4 157 156 111 111 81 81 78 78
. . . 4 . . . . . . . . . . . . . . . . . . . . . . . .
255 4 479 431 287 287 257 257 254 254
256 4 480 432 288 288 258 258 255 255
257 5 513 598 384 325 289 289 259 259
258 5 515 599 386 326 290 290 260 260
. . . 5 . . . . . . . . . . . . . . . . . . . . . . . .
485 5 969 970 709 589 517 517 487 487
486 5 971 971 710 590 518 518 488 488
487 5 973 972 711 591 519 519 489 489
. . . 5 . . . . . . . . . . . . . . . . . . . . . . . .

1023 5 2045 1823 1247 1199 1055 1055 1025 1025
1024 5 2047 1824 1248 1200 1056 1056 1026 1026
1025 6 2049 2773 1536 1393 1249 1093 1057 1057
1026 6 2051 2774 1538 1394 1250 1094 1058 1058
. . . 6 . . . . . . . . . . . . . . . . . . . . . . . .

2837 6 5673 5674 4117 3466 3061 2977 2869 2869
2838 6 5675 5675 4118 3467 3062 2978 2870 2870
2839 6 5677 5676 4119 3468 3063 2979 2871 2871
. . . 6 . . . . . . . . . . . . . . . . . . . . . . . .

4095 6 8189 7679 5375 4895 4319 4271 4127 4127
4096 6 8191 7680 5376 4896 4320 4272 4128 4128
4097 7 8193 8671 6144 5926 5377 4465 4321 4165
4098 7 8195 8672 6146 5927 5378 4466 4322 4166
. . . 7 . . . . . . . . . . . . . . . . . . . . . . . .

4999 7 9997 10383 7497 6963 6279 5403 5223 5076
5000 7 9999 10384 7499 6964 6280 5404 5224 5077
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