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Thediscrete diffraction transform
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In this paper, we de ne a discrete analogue of the continuous diffracted projection. We de ne the discrete
diffraction transform (DDT) as a collection of the discrete diffracted projections (DDPs) taken at speci ¢
set of angles along speci ¢ set of lines. The "DDP' is de ned to be a discrete transform that is similar
in its properties to the continuous diffracted projection. We prove that when the DDT is applied to a
set of samples of a continuous object, it approximates a set of continuous vertical diffracted projections
of a horizontally sheared object and a set of continuous horizontal diffracted projections of a vertically
sheared object. A similar statement, where diffracted projections are replaced by the X-ray projections,
that holds for the 2D discrete Radon transform (DRT), is also proved. We prove that the DDT is rapidly
computable and invertible.

Keywords: diffraction tomography; discrete diffraction transform; Radon transform.

1. Introduction

Ultrasound imaging is an example of diffracted tomography &le & Slaney 2001). X-ray tomog-

raphy, mathematically described by the continuous Radon transform, is an example of non-diffracted

tomography imaging. In both cases, the transforms act on a physical body, which is continuous in the-

ory, but in practice it is always discrete because the number and the size of the receivers that collect the
energies, be it X-ray or ultrasound, which are used to illuminate the body, are nite.

In practice, the fact that projections are always discrete gives rise to the question whether there
exists a transform that accepts a discrete set of samples of a continuous object and produces a set of
discrete projections that approximate the actual projections of the object. If such transform exists and it
is invertible, we can use the inverse transform to reconstruct the samples of the original object from its
projections.

The notion of a 2D Radon transform, which acts on discrete 2D objects, is de maetmbuchet al.

(20083. Actually, the 2D Radon transform of a discrete object along a line can be viewed as a “discrete
projection’ of the object. The discrete Radon transform (DRT) is a collection of these projections along
a speci c set of lines. This transform is invertible and rapidly computable. Its complexit¢Nsiay N),

whereN  n?is the number of pixels in the image. The DRT is used to approximate the X-ray projec-
tions of the object. It is based on a discrete set of samples of the continuous object. The inverse DRT is
used to reconstruct the object from the set of rotated projections.

In this paper we use the ideas which underlie the de nition of the 2D Radon transform, to de ne
a “discrete diffracted projection' (DDP), which is a discrete transform similar in its properties to the
continuous diffracted projection. We also de ne a discrete diffraction transform (DDT) as a collection
of DDPs along speci ¢ set of lines. We explain how the DDT is related to the continuous diffracted
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2.1 Trigonometric interpolation
DEFINITION 2.1 Trigonometric polynomial of ordeM is an expression of the form

N

T(x) > cne™, (2.1)

n N
wherecy, are complex numbers.

THEOREM 2.2 (Zygmund 1993 p. 1, Uniqueness of a trigopnometric interpolating polynomial) Given
2N 1 pointsx n,...,Xo, ..., XN, Which are distinct modulo12, and arbitrary numberg v, ...,
Yo, - - -, YN, there always exists a unique polynomiall) such thafl (xx) Yk, k N,..., N.

The polynomial T(x) is called the “(trigonometric) interpolating polynomial’ corresponding to
points xx and valuesyx. The pointsx n,...,Xo,..., Xy are often called “fundamental' or "nodal’
points of the interpolation or “interpolation nodes'.

_ Thg 'anor_lometrlc interpolating polynomial, which correspondsto,; , and nodes{v"n}
is explicitly given by

N
n N’

N N

X(t) % > e > xDy (%Tn t), (2.2)
N

k N n

t

) Wk ne

—

whereM 2N 1, % NV isthe IDDFTof x, N andDm(t) ® %S'_”((
sin

INES

NI

is the Dirichlet kernel of ordeN.

DEFINITION 2.3 “Scaled trigonometric polynomial' of ordBrwith a “scaling factortr is an expression
of the form Ty (x) A z,’:’ N Cn €97 wherec, are complex numbers arndis a positive real number.

THEOREM2.4 (Unigueness of a scaled trigonometric interpolating polynomial)

Let N be a positive integer aralbe a positive real number. GivemtN2 1 pointsx n,...,Xo, - - -,
XN, Which are distinct modul(gg, and arbitrary numberg v, ..., Yo, ..., YN, there always exists a

unique scaled trigonometric polynomial of orddrwith a scaling factoin such thatTy(Xk) e
k N,...,N.

Proof. Follows from Theoren2.2 d
The polynomialTy(x) is called the “scaled trigonometric interpolating polynomial' of orNewith
a scaling factoo that corresponds to poinkg and valuesy.
One way to interpolate sequence of valugs N | at equidistant nodesiT N, whereT

R ,istousex; (t) A x(%t), wherex(t) is given by @.2). x; (t) is a scaled trigonometric interpolating

polynomial with scaling factoﬁliT that corresponds to pointaT ,’}‘ ny and valuesxn ,’}‘ N

WhenT 1, we denote the corresponding scaled trigonometric polynomi&(t)y Thus,
A 21 1 N 2 N
~ o 4kt =~
X(t) X(Vt) Mk E kae'M n E NanM(n t), (2.3)

whereD (t) © Dy (2%t) is called a scaled Dirichlet kernel.
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DEFINITION 2.5 A 2D trigonometric polynomial of orde¥ is an expression of the form

N N
TGy D, D c el Y,
k N

NI

wherecy | are complex numbers.

A 2D trigonometric polynomial of ordeN that interpolates an arbitrary set of valuesg,y L’]{V N
. N . ..
given at nodeg (§fu, §1v)},,  is explicitly by

1 & AR on 2n
1 o Ikt 1] 2n 2n
X(t9) 1 > D K€ > > XuyDm (M oty s),
k NI N u Nv N
whereM 2N 1, %, |}, yisthe2DDFTofx,y |},  and

N N
A 1 i
Du(t.s) “ Du®DM(S) 5 > > et v (2.4)
u Nv N
is the 2D Dirichlet kernel of ordeN. Such an interpolating polynomial is unique.

2.2 Shear transformation and its properties

DEFINITION 2.6 (Continuous shear) Lett(x,y) be a real-valued function. For a xesl R, the
real-valued functionfsh(x, Y) A f(x sy,y)is called a “horizontal shear' of (x, y). Similarly, the
real-valued functionfy (x, y) A f(x,y sx)is called a “vertical shear' of (x, y). The parametes
describes the “shear' size applied to the object.

Theorem?2.7 establishes the relation between the Fourier transform of a sheared object and the
Fourier transform of the original object.

THEOREM 2.7 (2D continuous Fourier transform of a sheared object) fl(gt, y) be a real-valued
function of two real variables. Letbe a real number. Then,

ok, 0y)  Flox, 0y swx) and T(ex,wy)  flax sy, ey),

where fA(wx, Wy) is the 2D Fourier transform of (x, y).

This theorem states that the 2D Fourier transform of a horizontally sheared object is a vertical shear
of the object's 2D Fourier transform, and 2D Fourier transform of a vertically sheared object is a hori-
zontal shear of the object's 2D Fourier transform.

A similar result to Theorerd.7 holds for discrete objects. L&t be a positive integer and lefu, v]
be a discrete objectde nedanv [ N : N]. We cannot directly apply the same formula as in the
continuous case in order to de ne horizontal sheao[of v], sinceu sv is, in general, not an integer.

We therefore begin by de ning horizontal and vertical interpolation of a discrete offject].

DEeFINITION 2.8 (Horizontal and vertical interpolation of a discrete object) dlet v], u,v [ N:
N], be a discrete object. Thety(X, v) A ZL',“ N o[u,v]Dm(u x),x R,v [ N:N]Jiscalled
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P
a "horizontal interpolation of the discrete objeft; v]', andey.u; y/ D \’,\‘D nyolu;viBm.v v/,

u2[ N:NJ;y2R,iscalled a "vertical interpolation of the discrete objgfet; v]'. The subscripts h
and v mean “horizontal' and “vertical', respectiveBy, .t/ is a scaled Dirichlet kernel de ned b2 3).

Fora xedv,en.x; v/ is the scaled trigonometric interpolation of the sequdofe;vlju2 [ N:
N]g Since the rstargument @ x; v/ is continuous, we can shear it horizontally using the continuous
shear transformation. We de ne the “horizontal shear of a discrete ajjeat] by resamplingen. x; v/
onthesef.u;v/ju;v2[ N:N]g

DEFINITION 2.9 (Horizontal and vertical shear of a discrete object) dlatv],u;v 2 [ N : N],bea
discrete object. Les be a real number. The discrete objegfu; v] D @.uC sv;v/; u;v 2 [ N: N,
where! ,.x; v/ is given by De nition2.8, is called a "horizontal shear' ofu; v]. Similarly, the discrete
objectoz[u;v] D @.u;vCsu; u;v 2 [ N : NJ,iscalled a ‘vertical shear' afu; v]. The superscripts
h and v mean "horizontal' and “vertical', respectively.

The following theorem relates the 2D DFT of a sheared discrete object to the 2D DFT of the original
object.

THEOREM 2.10 (2D DFT of a sheared discrete object) bft;v], u;v 2 [ N : N], be a discrete
object. Lets 2 R. Then,

©h.k;¥/ Db.k;! sk and @.!; k/ Db! skk/,
where! 2 R, k2[ N:NJ]andb.! 1;! 5/ is given by (.1).

Proof.
X , XN .
®h.k;/ D olfu;vie FrlukeviT p @.uC sv;v/e Hrlukev!]
uD NvD N uD NvD N
[
D e 'V e,.uCsv,vie 'mu< : (2.5)
vD N uD N

By De nition 2.8 en.t; v/ is a scaled trigonometric interpolation f6[u;v] j u 2 [ N : N]g
at integer nodes [N : N]. The bracketed expression ig.§) is the DFT of the sequenden.u C
sv;v/ ju 2 [ N : N]gfor k. In Sedelnikov(2004, we show that when we use scaled trigonometric
interpolation, the DFT shift property can be generalized for the case of a non-integer shift, i.e.

X

en.uCsv:vie ik p ofu;v]e ‘fruke ifr. svik. (2.6)
uD N ub N

From @.5) and @.6), we conclude that
%g.k; I/ D e 'ZVV! o[u;v]e 'ZV“ke 'ZV' sv/k D o[u;v]e 'ZV'V! Cuk svk/

vD N uD N uD NvD N

XN .

D ofu;vle IFrukCv S pp 1 gk
uD NvD N

The proof of the second statement is similar.
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3. 2D discrete Radon transform

In this section, we brie y review the 2D DRT that is introducedAmerbuchet al. (20083. We keep
our current notation for the discrete object, but in addition, we assuméltisaan even positive integer
ando[u;v] D O wheneveru;v/ 2 5 : 8 1 N8 1. This assumption is introduced
in order to comply to the de nition of the DRT fromAverbuchet al. (20083, which was de ned for
discrete objects of sizd  N.

The continuous Radon transform is de ned by the set of all line integrals of the object. Loosely
speaking, the 2D DRT is de ned by summing the values of a discrete otfjert] along a discrete set
of lines. DRT along vertical lines is de ned by the following.

DerFiNnITION 3.1 (2D Radon transform along vertical lines) INbe an even positive integer aofl; v]
be a discrete object. Then, RadboD tgo/ D N, o[t;v],t 2[ N:NI.

Similarly, we de ne the following.

DEFINITION 3.2 (2D Radon transform along horizontal lines) Ithe an even positive integer and
o[u; v] be a discrete object. Then, RadoynD tg o/ D L\'D nolu;tl, t2[ NN

The key question is how to process lines of the discrete transform that do not pass through grid
points. InAverbuchet al. (20083, all the lines inR? are partitioned into two families, namely, “basically
vertical lines' and “basically horizontal lines'. A basically vertical line is a line of the fari syC t
where the slopgsj 6 1. A basically horizontal line is a line of the formD sx C t where the slope
jsi 6 1.
DEFINITION 3.3 (Averbuchet al, 2008a 2D Radon transform along basically vertical lines) Nebe
an even posigve integeM D 2N C 1 ands 2 [ 1;1]nfOg Then, forallt 2 [ N : N], Radonfx D
syCtgo/ D \’,\‘D N @.sv C t;v/, where@. x; v/ is given by De nition2.8.
DEFINITION 3.4 (Averbuchet al, 2008a 2D Radon transform along basically horizontal lines) Let
N be an even positive integek) D 2N C 1 ands 2 [ 1;1]nfOg Then, for allt 2 [ N : N]J,
Radonfy D sxCtgo/ D L\ID N @.u; suC t/, where®.u; y/ is given by De nition2.8.

Equivalently, we can de ne the 2D DRT for basically vertical lines as follows.

DEFINITION 3.5 Leto[u;v] be a discrete object ar&l2 [ 1; 1]nfOg Then, forallt 2 [ N : NJ,
Radonfx D syC tg o/ D Radonfx D tg 02/, Whereog[u; v] is given by De nition 2.9.

To verify that De nition 3.5is indeed equivalent to De nitioB8.3, we x s2[ 1;1]Jandt2[ N:
N]. Then,

XN XN
Radonfx D tg of/ D ol.t;v/ D @.t C sv;v/ D Radonfx D syC tg of:
vD N vD N

Thus, a basically vertical 2D Radon of a discrete objat v] along the linex D syCt is equivalent to
a vertical 2D Radon of a horizontally sheared obij{U; v]. Similarly, for a basically horizontal line
we have the following.

DEFINITION 3.6 Leto[u;Vv] be a discrete object arg&l2 [ 1;1]nfOg Then, forallt 2 [ N : N],
Radonfy D sxC tg o/ D Radonfy D tg oY/, whereo{[u; v] is given by De nition 2.9.
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In this section, we propose a discretization that approximates the vertical diffracted projection. The
de nition of a DDP in Sectiorb is based on this proposed discretization. Consider the object function
f(x, y). If we ignore the evanescent waves, then the Born approximation of the vertical diffracted eld
is given by

wWo 1

i i i[a(x x) JwZ o2y vy]
Ug(x , —/ / f(x, y)d®woy —¢ 0 dadydx. (5.1
oY) x,y) o o a2 y (5.1)

In Section5.1, we introduce a discretization of the inner integral3nlj. Using this discretization,
we introduce in SectioB.2a discretization of the triple integral i®(1). In Section8.2, we show that if
o[u, v] is a discrete object that was obtained by sampliifg, y) on a Cartesian grid, then the proposed
discretization approximates the samples of the continuous vertical diffracted projecti¢r,of).

This approximation is valid for a speci ¢ choice of the wave number of the plane wave that is used
for illumination. In SectiorB.3 we show that this choice of the wave number is in some sense optimal.

5.1 Theinner integral in (5.1)

In this section, we prove that the inner integral®nlj is a Lipschitz function, propose for it a discretiza-
tion and prove the convergence of its discretization.
We introduce a special notation for the inner integralbiri,

DEFINITION 5.1 Letwg R . Forarbitraryx,y,x,y R, wedene

wWo 1 2

K(X,Y,X,Y) / glat ) yug o®y ylgq (5.2)

Wo /03(2) GZ
DEFINITION 5.2 (Lipschitz class Lig(a, Q)) LetQ R". If f:R"  C satis es the condition
f(x) f(y) <Cx y% 0<axgl,

forallx,y Q,then we say that belongs to the class Lif{a, Q). When the value of the consta@t
is not important, we say thdt is Lipschitza on Q.

THEOREM 5.3 K(X, Y, X, V) in De nition 5.1is a continuous function. Moreover, for ay R
there existC R such thatforany xedk [ D, D], the expressiofK (X, y, x , D), as a function
of x andy, belongs to Lig (1, Q), whereQ x,y) x,y [ D,D].

Proof. Consider the integrand from the de nition &f(x, y, x , y ) given by 6.2):

1. 7
fa(X, v X, y) & ——mgla 0 Jep oy ] (5.3)

2
Wy a

This is a complex-valued function of the real variableTherefore,

Wo Wo

fa(X,y,Xx,y)da / efq(X,y, X,y )da. (5.4)

Wo

eK(x,y,X,V¥) e/

Wo

A similar equality holds for the imaginary part &f(x, y, X, y).
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DEFINITION5.4 Let! g2 R®,N 2 NandM D 2NC1.Letf:R?! R. Forarbitraryx; y; x% y°2 R,
we de ne

r

2| X\l 1 .2 Ok_ 0 | 2 2! ok 2, 0 i
Kn.x;y: x@y9 B 20 g—— ¢ M X X¥C o W W (5.6)
Mo N 12 —ZIN‘"" 2

THEOREMS5.5 Let R% be a bounded set,g 2 R, N 2 N. Then,Ky.x; y; x% y¥ converges to
K.x; y; X% y9 uniformly in.x; y; x® y¥ 2

The proof of Theorend.5is given in SectiorlO.

5.2 Discretization of a vertical diffracted projection

In this section, we discretize the integral given inlj. We denote byC®.R?/ the set of all continuous
functions fromR? to R. Given a functionf.x;y/ 2 CY9.R%/, we assume that there exisBs such
thatf.x; y/ D O whenevejxj > D orjyj > D. In what follows, we assume that the constBn&nd the
wave numbet ¢ in (5.1) are known and xed.

DEFINITION 5.6 LetD;! g2 RC. Let f 2 C°.R?/. For arbitraryx® y°2 R, we de ne
ZpZp _
T[].x2y9 D f.x; yle' VK. x; y; x% yddy dx: (5.7)
D D

Note that the functio [ f] in (5.7) depends on botB and! ¢ though they do not explicitly appear
in the notation.

DEFINITION 5.7 LetD;! g2 R, N2 NandM D 2N C 1. Let f: R?! R. For arbitraryx® y°2 R,
we de ne

2D 2 XX 2D 2D 2D 2D
Tn[f1.x%y9 D i f Y g oWVKy EVRCRYRL x3y? :  (5.8)
uD NvD N
LEMMA 5.8 Let R" be a closed bounded set. Let0 6 6 1, f 2 Lipc,.;/ and

g 2 Lipc,.; /. Then, there exists a positive constansuch thatfg 2 Lipc. ; /
Proof. The proof is straightforward.

THEOREM5.9 (Approximation of a vertical diffracted projection) L@t2 R®; 2 .0;1]. LetN 2 N;
M D 2N C 1. Denote D f.x;y/ j x;y 2 [ D;D]g Let f 2 CO.R% \ Lipc.;/ . Then,
Tn[ f].x% D/ converges ta’[ f].x° D/ uniformly inx°2 [ D; D].

Proof. By the triangle inequality,

ZpZlp )
iT[f1.x% D/ Tn[f].x2 D/j6 f.x; yle' K. x; y; x% D/dy dx
D D

4p2 X Wf 2D 2D

u JEE—
2 L
M uD NvD N M M

v &' ofVK 2VDU; 2VDV; x% D
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42X X op 2p 2D 2D
W Far Ry @R K Frui e o
uD NvD N
2D 2D
vl Vv;xo, D (5.9)

whereT[ f]is given by 6.7) andTn[ f] is given by 6.8).

It follows from the continuity off . x; y/ that there exists a positive constaksuch thaj f.x; y/j 6
Aforall.x;y/ 2 .Consequentlyf.x;y/€' oj6 Aon

Assume” > 0 is arbitrary. From TheorerB.5, there existdN; 2 N such that for anyN > N; and
x;¥;x°2 [ D; D], we havejK.x; y; X% D/ Kn.X; y; X8 D/j < 3=5%. Then, for anyN > Nj and
anyx®2 [ D; D], the last term on the right-hand side &t9) is less thari .

The rst term on the right-hand side 06(9) is the absolute value of the difference between the
de nite integral of f.x; y/&' 9YK.x; y: x% D/ and its corresponding Riemann sum. From Thedbesn
there exist<Co 2 R such that for any xedx®2 [ D; D], the expressiorK.x; y; xS D/ belongs to
Lipc,-1; /' asafunction ok andy. Also, goy2 Lip, OP 3.1,/ . Then, from Lemm&.8, there exists

C1 2 RC such that foranx®2 [ D; D], the expressiorf . x; y/e' oYK.x; y; x% D/, as a function ok
andy, belongsto Lip,.; / . Hence, the absolute value of the rstterm on the right-hand sidg.6f (
is bounded by

! !
gp2 XX P30 .. 23
— C1 D 4D2C;

uD NvD N

This expression tends to zero Bsgrows, and therefore, for arly> 0 there existdN, such that for
any N > N, and anyx® 2 [ D; D], the absolute value of the rst term on the right-hand side of
(5.9 is less thart'. Therefore, if we takéNg D max. N1; No/, then, for anyN greater tharNg and any
x92 [ D;D],wehavgT[f].x% D/ Tn[f].x% D/j 6 2", which completes the proof of the theorem.

COROLLARY 5.10 LetC 2 R®; 2 .0;1]. Denote D f.x;y/ jx;y 2 [ D;D]g Let A 2 RC.
DenoteSD f f 2 CO.R?/\ Lipc.; / jjf.x;y/j6 Aon g Then,the convergence of[ f].x% D/
to T[ f].x% D/ is uniform in bothx°2 [ D; D]and f 2 S.

Proof. The classSis uniquely de ned byC, andA. To prove the corollary, it is suf cient to show that
N1 and N, from the proof of Theorerb.9, depend or§ but not on a specicf 2 S.

The numbem; depends only orA since the convergence &fy.x; y; x° y9 to K.x; y; x% y9 is
independent off . The numbeiN, depends o€, and . From the proof of Lemma&.8, we see tha€C;
depends on the Lipschitz const&hbf f.x; y/ and on the maximal valud of f.x; y/ on . Therefore,
N2 depends oi©; andA but noton a specicf 2 S,

5.3 Vertical DDP

Let f.x; y/ be an object function. Consider the discrete object that is obtained from saniphng/
on a Cartesian grid:

2D 2D
o[u;v]D f Vu, VV ;7 u;v2[ N:NJ (5.10)
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Equation 6.8) de nes an approximation of a vertical diffracted projection along yhaxis. We
de ne the vertical DDP ofo[u, v] as samples offiy[ f](X , ¥ ) on the receiver ling/ D at points
X %u for a speci ¢ wave numbetg ”M . The reason for this speci ¢ choice of the wave
number is given in Sectiod.3.

We substitutewg % into the de nition of Ty[ f](x , y ) to obtain

Tn[FIX,Y) ( )% % (ZDu 2—Dv)e'""KN(2VDu,2VDv,x,y). (5.11)

Then, we expantn (32u, 22v, x , y ) using its de nition 6.6) with o~ T4

INGIRD ( ) i i f(ZD 2 )é“v

> iy (5.12)

2Du andy  Din(5.12 and we get for the left-hand

@) (2) 3 5020 -
[k(u u) \/ﬂ

- (37 e

We substitutex

(5.13)

The de nition of the vertical DDP of a discrete objegfu, v] in Section6 is based on a modi cation

of this expression. We repla 2MDu ) by o[u, v]. To ellmlnate the constarid, which is related

to the physical dimensions of the object, we dividel® by 2 . This results in

on\2 NN N F ke w % k2| Y v
(V) > > ofu,vle™ Z . (5.14)
u Nv N k k2

N (%)

6. Discretediffracted projections

The 2D Radon transform along basically vertical lines was de ned in Se&iontwo steps: rst,

a vertical projection is de ned, and then general basically vertical projections are de ned as vertical
projections of a horizontally sheared object. Discretization of the 2D diffracted transform follows the
same lines.
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First, we de ne the vertical DDP of a discrete object based®h4). This de nition, being applied
to samples of a continuous object on a Cartesian grid, approximates continuous vertical diffracted pro-
jections of the object. Then, we de ne the basically vertical DDP as a vertical DDP of a horizontally
sheared discrete object. The same principle, where the words “vertical' and “horizontal' being swapped,
is used to de ne a DDP along basically horizontal lines.

The rest of the section is organized as follows. We formally de ne the vertical/horizontal diffracted
projections. Next, we de ne the basically vertical/horizontal DDPs. We conclude by formulating and
proving the “discrete Fourier diffraction theorem', which relates the 1D DFT of the DDP to the 2D DFT
of the object.

6.1 Projection types

Each direction vector iRR? can be speci ed by the angle it creates with thaxis. We divide the set of
all possible directions to four quarters

Q128 8 [n/4,31/4], Q2 0 8 [3n/4,51/4],

A

Q20 8 [51/4,7n/4], Q4 °

0 0 [ m/4,m/4].

QuartersQs and Qg3 together form the set of all “basically vertical' directions. The projections along
the directions fromQ; are called the “basically vertical up-going' projections. Projections along the
directions fromQ3 are called “basically vertical down-going' projections. A projection in a basically
vertical direction is speci ed as a pdir, s), wherei 1, 3 is the number of the quarterasd [ 1, 1]

is the slope between theaxis and the linex sy in the direction where the projection is taken.

The quarter9Q, and Q4 together form the set of all “basically horizontal' directions. Projections
along the directions fron®, are called "basically horizontal left-to-right' projections. Projections along
the directions fronfQ, are called “basically vertical right-to-left' projections. A projection in a basically
horizontal direction is speci ed by the pafr, s), wherei 2,4 is the number of the quarter and
s [ 1,1]isthe slope between theaxis and the lingy  sx along which the projection is taken.

6.2 Denition of the DDPs

The de nition of the DDPs is based 0b6.(L4). We denote b)p{gj‘(u) the DDP of an objead[u, v] in the
direction speci ed by quartarand slopes.

DEeFINITION 6.1 (DDP along a vertical line) Lefu, v] be a discrete object.

A vertical up-going DDP ob[u, v] is de ned by
m\2 NN N 1 j2n [(M)? 2| M
p[l(;]O(U) 4 (Vn) > > ou,vle™ > —— em (CORPRCINE VD
u NV N ko Ny ()T K2
A vertical down-going DDP ob[u, v] is de ned by

N N N
poy(u) 2 (2_11)2 S ouve ™ S 1 e v Jer el )
M ’ .

u Nv N Kk

2
W e
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THEOREM 6.5 (Fourier representation of DDP) Litbe a positive integet 2N 1. Leto[u, V]
be a discrete object and let

2 R
wy ML v P e 6.5)

M Jimr22 k2
Then, foranys [ 1,1]andt N,
N

pE() % > w(e ko (k, (% \/m)) (6.6)
k N
N
P (®) % > W(k)eizﬁkt’o'@(k, (% \/m)) (6.7)
k N
N
P () %Zw(k)eiﬂ‘ktaz( (% \/m)k) 6.8)
k N

N

0] %ZV\/(k)éﬂk‘@((% V (M/2)2 kZ),k). (6.9)
N

k

Proof. We prove 6.6). The proofs of 6.7), (6.8) and 6.9) are similar.
From De nition 6.3 p[lc',]s(u) p[lé,?](u ). Expanding the right-hand side using De nitidhl,
we get °

2m\ ? N N :
pLo(u) (ﬁ) S obqu,vie™
u Nv N

N B
1 Bk w W27 2|y ) (6.10)

K Ny (M/2)?2 k2
Sincev [ N: N], wecan replac¢% v| by (% v). Equation 6.10 can then be rewritten as

N 2 —
2n 1 i 2 |2 j2n
p[lé]s(u ) E (—) — =" (M2 Kdjrku

CNNMT 2?2 k2
N N
[Z Z ofu, vie i2(ku (Y (M/272 k2)v):|' (6.11)
u Nv N

Using the weight function de ned by6(5), we can rewrite§.11) as
N

pLSW) % Zw(k)ézn?k“oAg(k, (% m))
k

N
which completes the proof 06(6). O
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therefore, it is theoretically exact. However, in practical computations with a prescribed accuracy, there
are situations when USFFT is more effective than FriRat(s & Steid] 2001, pp. 778-779). Therefore,
either FrFT or USFFT can be used in the implementation of the algorithm.

Next, we use the FrFT to derive an ef cient algorithm for sampliiif@1, w2) on G; given by (7.2).

LEMMA 7.4 (Ef cient computation oB(w3, w2) on Gq)

Let f(k) andg(k) be two real-valued functions that are denedfor [ N : N]. Leta R .
Then, the valueso( f (k) g(k),ak) I,k [ N:N] canbe computed in @?log N) operations,
assuming that the exponential factor$@ <, e 1% f(IU and e 1§90 are precomputed for all values
k,u,l [ N:NIL

Proof.

N N
a1t gM,ak) > > ofu,vle TR okl ak)
N

u \

N
N N

z ( 2 ofu, v]e iz,\jl[orkv) e iZV“If(k)ue i2Tg(k)u

u N \v N

A(u,k)
N
Z (A(u,k)e iZV"g(k)u)e P20 f (K)u
u N
B(u,k)
N P 2
> B(u,ke "'y, (7.3)
u N

For a xedu, the set A(u,k) k [ N : N] can be computed in @ log N) operations because
it is the FrFT ofo[u, v] on the second variable, and the exponential factors were precomputed. Thus,
the set A(u,k) u,k [ N : N] can be computed in @2log N) operations. Based orA(u, k)
uk [ N:NJ],wecancomputeB(u,k) u,k [ N :NJ] in O(N?) operations becausg(u, k)
was obtained fromA(u, k) using multiplication by a precomputed value. It remains to estimate the
complexity to compute®.3). For a xedk, Xy A B(u, k) and3 A f (k), this expression is the FrFT
S0 e eyl

From Lemma7.3, this expression can be computed iiNJog N) operations foi [ N : NJ.
Thus, fork,| [ N : N], the expression in7(3) can be computed in M2 log N) operations. Conse-
quently, 81 f(k) g(k),ak) I,k [ N:N] canbe computed in@?log N) operations. O

The algorithm which computé®w;, w2) on Gy, is similar.

7.3 Ef cient computation of the DDT

THEOREM 7.5 (Ef cient computation of the DDT) LeN be a positive even integer atdi 2N 1.
Leto[u, v] be a discrete object of sizd M. Then, the setD[qj(i,1,k) i 1,2,3,4,I,k [ N:
N] , given by De nition 7.1, can be computed in M2 log N) operations.

Proof. From the de nition of the DDT, the set described By (i, |, k) is the union of the set§
P
{pig)]“ (k) I,k [ N:NJ}i 1,...,4. We show thatS can be computed in @?log N)
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operations. The proofs @&, S3 andS; are similar. From the Fourier diffraction theoremkor [ N :

1R
N],Wehaveb‘[lc’)]’\‘(k) wk) ok, Lk (% /(M/2? k2).Bychoosingx 1,f(k) X,
g(k) (% \/(M/2)?  k2) and by the application of Lemnia4, we get that

oo b (2 o )

can be computed in M2 log N) operations. Ifv(k) are precomputed, we get that the set

{ 1

can be computed in @I?log N) operations using the values given By4). Fora xedl [ N : N],

K1 [ N:N]] (7.4)

[ N: N]] (7.5)

1
the values{p N (k) k [ N: NJ}canbe computed from the set of frequency sam{)tt%g]“‘ (3]
k [ N: N]} in O(N log N) operations by using the 1D inverse FFT. Repeating this fof all

[ N : N]gives a total of @N2log N) operations. Hence, the s8t can be computed in M2 log N)
operations. The proofs fdk, S3 andS; are similar. O

7.4 Invertibility of the DDT
THEOREM 7.6 (Invertibility of the DDT) The DDT of any discrete objedfu, v] is invertible.

Proof. LetDq(i,!,k),i 1,...,4andl,k [ N : NJ]. We want to reconstruct the original object
o[u, v]. We prove a stronger result, namely, tiofi, v] can be reconstructed froRq (i, I, k) for i
1,4and,k [ N:NJ.

Assume thaD[0 (| I,k)isknownfori 1,4andl,k [ N : N].From De nition 7.1, this means

that p[oN (k) andp ON (k) are known for ank,| [ N : N]. DenoteA a % /(M722 Kk2).By
using the dlscrete Fourler diffraction theorem (Theok6), we can compute the values @fws, W2)
onthesetss, {(k, xk A)}ands {( Lk AK)}forl,k [ N:NJ]. We show thatthe
values ofo(ws, w2) on the Cartesian gridky, ky) kx,ky [ N : N] can be found from the values
of (w1, w2) on the sets§; andS;. Letus choose 0 ky [ N : NI

N N N N
6(kx,03) Z Z O[U,V]e iZW"(kxu wv) Z ( Z O[U V]e IMqu) e iZVleV.
u Nv N u

v N N

Denotey, & SN o[u,vle kU Letgw) N\ we WV be the DFT of y, . Then,J(w)
is a scaled trigonometric polynomial of orddrwith scaling factorzvn. We can nd the values of(w)

onthesets { X1 (M /(M/22 K|l [ N: NJ}from the values oB(w1, wp) on
the set§ from O(kx, w)  V(w). The setS consists ofM distinct points sincéy 0 by choice. The
maximal distance between two points intheS& 2ky < 2N < M. Consequently, the points Biare
distinct moduloM. From Theoren2.4we get thafy(w) is uniquely de ned by its samples on the &t
Samplingy(w) atky [ N : N]gives us the values @(w1, w2) onthe set(ky, ky) ky [ N:NJ.
Sinceky was chosen as an arbitrary non-zero element ® [} N], we can nd the values ob(w1, w2)
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onthe set(kx,ky) kx [ N:N] O, ky [ N:N].Theset(O,ky) ky [ N:N] isa
subset 0fS; and we get the values 6{w1, w2) on this set as well.

Thus, we found the values 6{w1, w2) on the set(kx, ky) kx,ky [ N : N].This setforms the
2D DFT ofo[u, v]. By applying the inverse 2D DFT, we nd[u,v]forallu,v [ N : N]. O

In the proof of TheorenY.6, we reconstructed the original object from a subset of the projections
that form the DDT of the object, nhamely, projections that belong to quarters 1 and 4. In the same way,
we can reconstruct the object from the projections that belong to any pair of quarters, where one of the
guarters consists of basically vertical directions and the other of basically horizontal directions.

8. DDP asan approximation of diffracted projection of a sheared object

DDP was de ned in Sectiof. Itis based on the discretization of a continuous diffracted projection along
they-axis. In Sectior8.1, we describe an expression that approximates the vertical diffracted projection
of a sheared objedt(x, y) based on samples df(x, y) on the sef (32u, 22v)ju,v [ N:NJ]}.In
Section8.2, we show that DDP approximates a diffracted projection of a sheared object for a speci c

wave number choice. In Secti@3, we show that this wave nhumber choice is, in some sense, optimal.

8.1 Discretization of a vertical diffracted projection of a sheared object

DEFINITION 8.1 Letf: R R. We denote byfy (x) the 1D trigonometric interpolating polynomial
of degreeN corresponding to point{szvnu}l'jl y and valueq f (%Tu)}sl N-

DEFINITION 8.2 Let f: R2 R. We denote byfy (X, y) the 2D trigonometric interpolating polyno-
mial of degreeN corresponding to point Zvnu, 2W"v) uv [ N: N]} and values

{f(Zu, &v)|lu,v [ N:N]L
DEFINITION 8.3 LetD R andf:R2 R. We de ne

N N
A 2D 2D 21 m 21 T
Woen ™ 2, 2 f(v“’vv) Du (V” % By)'
u N v N

This is a 2D scaled trigonometric interpolating polynomial that corresponds to the samlés, g9
on the se{(22u, 22v)u,v [ N:N]}.
Note that wherD 1, we havef,\'f(x, y) (X y).

LEMMA 8.4 Letf:R? R,N Nandv [ N:NJLetg(x) f(x, &v). Thengn(x)

fn (%, §v).

Proof. The expressiorfy (X, ZVHV) which is considered as a function xfis a trigpnometric polyno-
mial of degreeN. For anyu [ N : N], we havefy(%tu, 2v)  f(Zu, &y)  g(2Lu). The
claim of the lemma follows from Theore#2 on the uniqueness of the 1D trigonometric interpolating
polynomial. O

DEFINITION 8.5 Lets [ 1,1]andf:R?  R. The horizontal shear of is de ned asfs(x, y) A
f(x sy, y).
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DEFINITION 8.6 Lets [ 1,1l and f  CO(R?). For arbitraryx, y R, TS[f](x,y)
fDD fDD f(X Sy1 y)ewak(X, y-X;y)dde
DEFINITION 8.7 Lets [ 1,1, N NandM 2N 1. Letf: R2 R. For arbitraryx ,y R,

2 N N
s A (2D 2D 2D 2D \ ju.20y 2n  2n
TalfIx,y) <_M) UENVENf(—Mu sV wm Y dOMVKy v xey)-

Note thatT§[ f1(x,y) Tn[fsl(x,y).

LEMMA 8.8 (Sedelnikoy2004 p. 104, Uniform convergence of a shifted interpolation) Aet [0, 1],
C R,a (0,1 andN N. Let f(x) Lipc(a, R) such thatf (x) 0 wheneverx >
A. Then, foranyéd < m A, we have fy(x 9 f(x 93) < ®(C,a,N),x [ m,m],
where fy(X) is the 1D trigonometric interpolating polynomial of degridecorresponding to points
{zvnu}g' N and values{f(zvnu)}l':I n and®(C, a, N) is a function independent of both and A,
such that lin ®(C,a,N) 0.

THEOREM 8.9 (Approximation of diffracted projections of a sheared object) Detog R . Let

f  COR?)\ Lipc(a,R?) such thatf(x,y) O wheneverx y > D. Then,TS[f21(x, D)
converges ta@ S[ f](x , D) uniformlyinx [ D,D]ands [ 1,1].

Proof. It is sufcient to prove the theorem fob T since we can always scale the variables
andy. This affects the constan® in Lipc(a, R?) but it does not affectr. In diffraction tomography
context, f (X, y) describes a physical object; therefore, scaling @ndy corresponds to a change in
the metric units. From the de nition[S[ f](x ,m) T[fs](x , ). By the note from De nition8.3, for
any functiong: R2 R, we haveg,'?, gn WhenD  mt. Therefore,

TLFI(x,m)  TRIFRI, M) T, M) TRIfNI(x, )
[TOfl(x 1) Tn[fs JOx, M) Tn[fs ] (x,m)  TRIENIX, )] (8.1)

In (8.1) we added and subtracté’dJ[fSN], where fs is a 2D trigonometric interpolation ofs. By
the fact thatTN[fsN] Tn|[ fs] (see the note to De nitior8.7) and by the application of the triangle
inequality, we get

TFI(x,m) - TROfNI(X, )
ST, ) In[fs (M| TnEfsl(x,m) - TRIfNI(X,TT) (8.2)

Since f  Lipc(a, R?), then the functionfs Lip( zac(@, R2) fors [ 1,1]. Using Theorem
5.9, we conclude that the differend®@[ fs](x ,m)  Tn[ s, ](x , )| tends to zero uniformly i

[ m,m]. fis continuous on the bounded set y < 1 and equals zero outside this set. Hente,
is bounded. Denot&  sup, ) rz f(X,y).Wehavesug ,y r2 fs(x,y) Aforanys [ 1,1J.
From Corollary5.10 it follows that the convergence of the rst term i8.2) to zero is uniform not only
inx [ m,m]butalsoins [ 1,1]. We denote the second term 82 by

Ru(x)  Tn[fs](x,m)  TRIfNI(x, ). (8.3)
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vertical diffracted projection of a sheared object is affected by these points, which are not present in the
original object.

8.2 DDP as an approximation of a diffracted projection

THEOREM 8.10 Let f.x; y/ be an object function. Consider the discrete object that is obtained from
samplingf.x; y/ on a Cartesian grid:

2D 2D
o[u;v] D f VU; VV ;o uv2[ N:NI: (8.5)

Let p (De nition 6. 1) and p > (6.1) be the DDPs ob[u; v] de ned in Section6.2 Assume that the
wave number i$oD 2D Then forany®2 [ N:NJands2[ 1;1]we have

T[f] -uSD D zp[O] u; (8.6)
2D
INEN! W u D D—p[O] u9: (8.7)

Proof. To see that§.6) is correct, we comparé(13 and the de nition ofp[lslo. u?. The only difference
between these two expressions is the constant f%ztor

In order to prove§.7), we substituté o D - into the de nition of TS[ f1.x% y9:
2D 2 XX 2D 2D 2D 2 2
0 == D £~ £ L E 0.0 .
TF91.x%yI D M fN MquMv VY eV Ky VRV A
uD NvD N

Then, we expanKy 22u; 22v; x% y0 by using its de nition 6.1 with ! ¢ D - and substitute
x°D 22uPandy®D D:

2D oD 2 X X 2D 2D 2D
INE VUQ,D D - o WUCS Y mY
uD NvD N

2
W eizﬁk.uou/C 4o kel

dv — : (8.8)
kD N M2
From the de nition ofp[lg]s, we have
r
5 2 W N i ku e %ZKZ%V
suWp = o[u; v]e'V g
Pl -U st 4

2
uD NvD N kD N % k2
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Thus, to prove §.7), it remains to show thaf? 22u C s32v; 22v D off[u;v]. Indeed, from the

v
de nition of f,\'?.x; y/ (De nition 8.3) we get

2D 2D 2D
f@ —uCs—v; —v
M M M
X 2D 2D 2
D f Vn;vk Dwm i n u sv/ k v/
nD NkD N
X 2 X 2D 2D 2
D Dm V.n u sv/ f m n;—Mk Dm V'k v/
nD N kD N
X 2D 2D 2
D f —n,—v Dy —.n u sv/ (8.9
M M M
nD N

since Dy zvn equals one fon D Mk, k 2 Z, and zero otherwise. On the other hand, from the
de nition of of, we have

2
oQ[u;v]D on;viIBy.n u sv/iD o[n;Vv]Dy V.n u sv/ : (8.10)

nD N nD N

By comparing 8.9 and 8.10 and using 8.5), we see that the left-hand sides of both equations are
equal, which completes the proof.

8.3 Optimality of the wave number choice

Theorem8.10 states that for a xed\ and a xed wave number g D %, we can approximate the

basically vertical diffracted projection sampledMt equidistant pointsszu; u2 [ N: NJ]onthe
receiver liney D D by using the basically vertical DDPg D % binds the wave number with the size

N of the grid. This means, e.g. that for a xed, we cannot takeN to in nity; therefore, we cannot

reach an arbitrary degree of precision when approximating the vertical diffracted projection by means
of the vertical DDP. Nevertheless, it turns out that this constraint agrees very well with the existing
practical constraints. The following discussion is based on the study of the experimental limitations of
diffracted tomography given iKak & Slaney(2002).

Let T denote the sampling interval (the distance between detectors on the receiver line). From the
Nyquist theorem, the effect of a non-zero sampling interval can be modelled by a low-pass ltering,
where the highest measured frequehgasis given by! measD T If we discard the evanescent waves
(which are of no signi cance beyond about 10 wavelengths from the source), then the highest received
wave number i$ max D ! . By equating the highest measured frequency to the highest received wave
number, we get that the highest wave number that can be used for a given sampling integ\&al 4s.

Consider the sampling intervdl D ZWD. The highest wave number, which can be used for this
sampling interval, id o D + D %. Note that this is exactly the wave number for which we can
compute the approximation of the diffracted projection by using the DDP. We see that this wave number
is optimal in the following sense: if the wave number is bigger tln%q, then, due to aliasing, the
measured data may not be a good estimate for the received waveform. If the wave number is smaller,
the sampling interval can be increased without loss of information.
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domain that corresponds to a vertical projection of the sheared object. Consequently, there is no one-to-
one correspondence between the set of rotated projections of an object and the set of vertical projections
of a sheared object. This is the reason why the DDT cannot approximate a set of rotated projections of

the object and the inverse DDT cannot reconstruct the object from a set of rotated projections.

9. Implementation and numerical results

We use the operator notation to describe the implementatiorN Lt a positive integei D 2N C 1
ando[u; v] be a discrete object of sizdd M. We denotebp : RM M1 R4 M M the DDT from

De nition 7.1 We denote bfp : RM M1 R4 M M the gperator that maps a discrete objgot v]

to the set of samples bf! 1;! 5/ on the se§p from (7.1). We denote bppg :R* M M1 R4 M M

the operator that satise® D Dg Fp. The existence of this operator is a direct corollary of the
discrete Fourier diffraction theorem. Bdth andDg can be applied in ON?log N/ operations as we
can see from the proof of Theorenb.

9.1 The forward transform

Operatorg-p andDg were implemented in Matlab. The fast forward transform is computed by succes-
sive application of these two operators. To verify the correctness of this implementation, we compare
the results to the reference implementation of the DDT, which is based on De ffition

For the input matmo[u v],u;v 2 [ N : NJ, we denote byD(q).i; I; k/ the output of the reference
algorithm and byD i;l; k/ the output of the fast algorithm, 2 f1;2; 3;4gandl;k 2 [ N : NJ.

For a xedi andl, tﬂ1e vectorDq.i;1; k/, k 2 [ N : NJ, is a projection of a sheared object. For
each projection, we compute the relatigeerror between the outputs of the fast and the reference
implementation and then we take the maximum dvandl. Both algorithms were executed 02N C

1/ .2N C 1/ random matrices for different values Nf with entries uniformly distributed between 0

and 1. We compare the errors for moderate-sized matrices, since direct implementation of the DDT is
extremely slow. Comparison results are given in Tdble

Next, we estimate the number of oating-point operations ( ops) required for the application of the
operatord=p andDg . We assume thatMlog, N ops are needed folN-point FFT. Evaluation of an
N-point FrFT requires 2R log, N C 44N ops (Bailey & Swarztrauberl9917).

From the de nition,Fp evaluated.! 1;! 5/ on the setSy from (7.1). & is the union of four
sets, where each is of the for@®y or G, that were specied in7.2) for D 1. In Lemma7.4, we
showed thab.! 1;! »/ can be evaluated on the 8t or G, in O.N2log N/ operations. We now de-
rive a more exact estimate. Using the notation in Leni# we note that the evaluation &1 for

D 1 requiresM evaluations ofVi-point FFT to computéA.u; k/ j u;k 2 [ N : N]g thenM?
multiplications by precomputed exponential factors are needed to cofifputek/ j u; k2 [ N : Nlg
and thenM evaluations of anM-point FrFT. The total isM.5M log, M/ C M? C M.20M log,
M C 44M/ D 25M?log, M C 45M? ops. Since Sy is a union of four sets, evaluation Bf requires
100M?2log, M C 180M? ops.

To estimate the number of ops, it is required to apply the operBtor(see the proof of Theorem
7.5). Using the notation from this proof, we note that, given samplés!of;! o/ on the setSy, the set
in (7.5 can be computed usinil 2 multiplications by the precomputed factdesk/; k 2 [ N : NJ.

Then, the setp N kljl;k2 [ N : N] is computed byM applications of the invers#-point
FFT. Application ofDg requires the computation obE’O]N Kjlk2[ N:NJ,i2f1;2;3;4g The
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TABLE 1 The error between the outputs of the direct and fast implementations of the
DDT. Inputimagesizeis(2N 1) (2N 1)

N 2 4 8 16 24
Error 695 1016 173 101 139 101 314 101 585 101

TABLE 2 The CPU time (in seconds) required for the computation of the DDT on
a(2N 1) (2N 1) input matrix

N 16 32 64 128 256 512 1024
Thwd 0.10 0.28 0.84 2.90 10.20 39.21 270.98

number of ops which are required for the applicatior®#f, is 45M?log, M M?)  20M?log, M
am2,

SinceD Dz Fp, the computation of the DDT of al M input matrix requires 1202Iogz
M  184M2 ops. For comparison, the 2D FFT computation of & M matrix requires about
10M?log, M operations.

For completeness, we present in TaBlthe execution times of the non-optimized Matlab imple-
mentation of the DDT. The code was executed on PentiunD&RBz machine running Windows XP.

9.2 Theinversetransform

The inverse DDT algorithm is a modi cation of the iterative inverse DRT algorithm from Averbuch
etal. (2008h. Considerthe DDT operatd Dz Fp. The inverse transform amounts to the solution
of (Dr Fp)x y for x. D can be inverted in (N?log N) operations, so it remains to solve
Fpx z wherez Dz ly.

If, e.g. y is not necessarily in the range of the DDT due to noise or measurement errors, we want
to solve mix FpXx z 2. Solving this minimization problem is equivalent to solving the normal
equations

FprFpx Fpz (9.1)

where F;) is the adjoint ofFp. This operator, likeFp, can be applied in (N?log N) operations.
SinceF;) is symmetric and positive de nite, we can use the conjugate gradient methefihen &
Bau 1997 to solve 0.1). We use the same preconditioner agwrerbuchet al. (20080 to improve the
convergence rate of the conjugate gradient algorithm.

Table3 shows the performance of the iterative inversion algorithm for random images ¢8ize
1) (2N 1) for different values ofN. The entries in each image are uniformly distributed between
0 and 1. Given an image, its forward DDT was computed, then an iterative inversion algorithm was
applied to recover the image. The error tolerance of the conjugate gradient method was setQo®.
Note that the error tolerance of the conjugate gradient algorithm is speci ed in terms éftioem
(Trefethen & Bay1997, p. 294). This is not the reconstruction error.

We evaluate the quality of the reconstruction by computing the relative error in the Frobenius norm:

\/Zu >, o[u,v]  ofu,v] 2
2 :

V ZU ZV O[U,V] 2

E (9.2)
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The rest of this section is devoted to the proof of the following claim: gBeof classByo;1;, the
sequence of Riemann surg. f/ of the functionp% converges to the integr& f/ on the interval

[0; 1] and the convergence is uniform fér2 B.
The following notation will be used in subsequent lemmas. For a %&d.0; 1/, we denote

Z 1 " /
R.f/D p———d (10.5)
0 1 2
and
Z1 gy
T.f/ID p——d: (10.6)
101 2
From (10.2), (10.5 and (0.6), we get
SfIDR.fICT .fl: (10.7)

Equations {0.9—(10.7) de ne a split of S. f/ around the point 1 ". In order to de ne a split of5y. f/
around the point 1 ", we use the following de nition.

N 1<1 "6 n.,where ,are the subdivision points de ned b$@.3. Note thatN+ depends on
both N and".
Fora xedN 2 Nand" 2 .0; 1/, we de ne

. 2 oA f.0/
Ry.f/ D g—2N¢1 : 10.8
N 2NClnDO“1 am 2 2NC1 (10.8)

This is the part ofSy. f/ that corresponds to the interval [Oy.]. Fora xed N 2 Nand" 2 .0; 1/, we
de ne

2 N f 2n

Ty.f/ D g—2NL . 10.9
N 2NC1 n 2 (10.9)

nDN- 1 SNCT

This is the part ofSy. f/ that corresponds to the interval.; 2 . From (10.2 (Sy. f/), (10.8 and
(10.9, we have

Sn. f/ D Ry. f/ CTy. f/: (10.10)

See Fig9 for an illustration ofRy. f/ andTy. f/.

In order to prove that wheB is of classByo:1], the convergence diy. f/ to S. f/ is uniform for
f 2 B, we show that for any> 0, the following claims hold (independently éf2 B): there exists
" suchthafT". f/j < = 4, there existd\; such tha§Ty. f/j < = 2foranyN > Nj and there exists
Nz such thaiRy. f/ R .f/j< = 4foranyN > N,. Lemmasl0.4-10.8contain the proofs.

EMMA 10.4 LetB be of classBjp;1). For any" 2 .0;1/ and anyf 2 B, we havejT .f/j 6
PP
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3t RE(f) T (f)

L WAIa Sl
AR

(04
N =1 N,
-3} 1-¢

0 01 02 03 04 05 06 07 08 09 1

FiG. 9. lllustration ofRsN (f) (coloured gray) and',f, (f) (coloured white)

Proof. By De nition 10.3 forany f B and anya [0, 1], we havef (a) < 1. Using this fact
together with 10.6), we get
1
1
o < / ——da.
1¢ 1 a2

1 1
/&dag/
1¢ 1 o2 1€

LEMMA 10.5 For anyA > 0, there exists (0, 1) such thatfll e %da <A
a

f@ |,

TE(f
(f) T

Proof. We x A > 0. Foranye (0, 1), we get from the proof of Lemmiio.lthatfl1 ¢ l;du

T arcsifl ¢€).Foranye (0,1),wehaveO< 5 arcsifl ¢€) <2 €. We choose (7)2.
Then, foranyf By, [ . %da <2 & A O

a2
LEMMA 10.6 LetB be of classBg,1j. Lete (0, 1). Then, for anyd > 0 there existsNo N such that

foranyN > Noand anyf B, we have T&(f) < J;, %
a

Proof. Let f B. By De nition 10.3 we have f(a) < 1 foranya [0, 1]. From (0.9 and the
triangle inequality, we have that foraty N,

T <=2 3|t |2 S ! 1011

2N 1

There existdN; N such that for anyN > N1, we have%1 < &.Then,N¢ < N 1, which
means thagy, is de ned. From (0.3 and (L0.4) we haveny, < .. Consider a partition of the interval
[N . 1], where the subdivision pointsar&, n  Ng,...,N (J 1 and the intermediate points are
& N Ng,...,N
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The Riemann sum op% which corresponds to this partition, is

2 X 1 1 1
Dy D g g (10.12)
2NC1nDN-- 1 2'\?(1:1 2 oN 2 2NC1

(see Figl10for illustration). From 0.11) and (0.12, we get

1 1

1 oN 2 2NC1°
2NC1

jTy.f/j6 DNC g

(10.13)

Sincep% monotonically increases on;[@], Dy is a lower Darboux sum opﬁ on [ n.;1].
From the de nition ofN-, we have 1 " 6 n. < n..Consequently,

Dy 6 p——6 P (10.14)
w 12 101 2
. R
From (10.13 and (L0.14, it follows thatjTy,. f/j 6 . pf _ C —1 - sxe - By simpli-
1 e
fying the last term, we have

iTx f/'621“d Cp . (10.15)
Jn- 1) P2 PaNer -

Since the last term in1Q.15 tends to 0 adN grows to in nity, there existsNg > Nj such that for
any N > Np we have{aﬁCl < . Thus, we foundNg 2 N such that for anyf 2 B, we have

I
JTNf/] 6 [ Pﬁc

FIG. 10. The area under the stairs' equBlg .
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TO(f) < 4. Thus, for anyN > Ny and anyf B, we have Sy(f)  S(f) < RO(f)
Rfo(f) % % and by Lemmal0.8there existdN, N such that for anyN > N, and anyf B,
we have Rf\f(f) Rfo(f) < %. We deneNg max(Ni, N2). Then, from these two equations we
conclude that foraniN > Ng and anyf B, Sy(f) $(f) <A. 0

DEFINITION 10.10 (Function clasB; 1,17)

LetF f f:[ 1,1 R .WesaythaB FisofclassB| 1,1 if the following claims hold:
any f Bisdifferentiable or{ 1,1);foranyf Banda [ 1,1], f(a) < 1;foranye ( 1,1),
theset f f B isuniformly boundedon[1l ¢€,1 €]

LEMMA 10.11 ConsideB of classB[ 1,1). Then f[O,l] f B isofclassBip,y.
LEMMA 10.12 ConsideB of classB[ 1,15. Then f( x) f B isofclassB[ 1,1].

LEMMA 10.13 (Convergence lemma)
Let B be of classB[ 1,1j. For anyA > 0, there existdNg N such that for anyN > Np and any
f B, we have

dcx

<A. (10.22)

2 (1) /
_2n
v ()

; f20
Proof. DenoteA j a W212r11 i M andBc g A fcd f@ da.
on )2 1 a2
1 ()
From Lemmasl0.11and 10.9 there existdN; N such that for anyN > N; and anyf B,
| Ao,N % Bo1| < %. Consider the set of functiors f( x) f(x) B.ByLemmas

10.12 10.11and10.9 there existdN> N such that for anyN > N, and anyf B, we have| Ao, N

f =2
% Bo,1| < 5. Therefore, for amN > N and anyf B we have‘%l >N (¢1)2

1 (5f™)

£ 1 f(a
w1 Jo (1;20'“‘<

A
2
]A N0 % B 1,0\ < %. By the application of the triangle inequality to the left-hand side of
(10.22, weget A NN B 11 < |AO,N % BO,1| |A N,O % B 1‘o|. We choose

No  max(Ni, N2). Then, from the above equations we get that for &hy> Ng and anyf B,
A NN B 11 <A O

: Sincefo1 %da fol %da, we can rewrite this equation as
a (o}

10.2 Convergence of Kn(X, Y, X,y ) (Theorem 5.5)

In this section, we prove Theoresb. It is suf cient to prove this theorem fapg 1. The proof for an
arbitrarywg can be then obtained by scalirgy, X andy by wo.

The functionfy(x, y, X,y ) in (5.3) is complex valued. To prove Theoremb, it is thus suf cient
to show that for ang > 0 there exist$\g such that for anyN > Ng and anyx, y, x andy in Q,

2

N
MnZN of fan (%, ¥, X, y)] /11 el fa(x, v, X, y)lda| <&/ 2 (10.23)

and that a similar inequality holds for the imaginary parfgfx, y,x ,y).
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