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The discrete diffraction transform
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In this paper, we de�ne a discrete analogue of the continuous diffracted projection. We de�ne the discrete
diffraction transform (DDT) as a collection of the discrete diffracted projections (DDPs) taken at speci�c
set of angles along speci�c set of lines. The `DDP' is de�ned to be a discrete transform that is similar
in its properties to the continuous diffracted projection. We prove that when the DDT is applied to a
set of samples of a continuous object, it approximates a set of continuous vertical diffracted projections
of a horizontally sheared object and a set of continuous horizontal diffracted projections of a vertically
sheared object. A similar statement, where diffracted projections are replaced by the X-ray projections,
that holds for the 2D discrete Radon transform (DRT), is also proved. We prove that the DDT is rapidly
computable and invertible.
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1. Introduction

Ultrasound imaging is an example of diffracted tomography (seeKak & Slaney, 2001). X-ray tomog-
raphy, mathematically described by the continuous Radon transform, is an example of non-diffracted
tomography imaging. In both cases, the transforms act on a physical body, which is continuous in the-
ory, but in practice it is always discrete because the number and the size of the receivers that collect the
energies, be it X-ray or ultrasound, which are used to illuminate the body, are �nite.

In practice, the fact that projections are always discrete gives rise to the question whether there
exists a transform that accepts a discrete set of samples of a continuous object and produces a set of
discrete projections that approximate the actual projections of the object. If such transform exists and it
is invertible, we can use the inverse transform to reconstruct the samples of the original object from its
projections.

The notion of a 2D Radon transform, which acts on discrete 2D objects, is de�ned inAverbuchet al.
(2008a). Actually, the 2D Radon transform of a discrete object along a line can be viewed as a `discrete
projection' of the object. The discrete Radon transform (DRT) is a collection of these projections along
a speci�c set of lines. This transform is invertible and rapidly computable. Its complexity is O(N log N ),
whereN = n2 is the number of pixels in the image. The DRT is used to approximate the X-ray projec-
tions of the object. It is based on a discrete set of samples of the continuous object. The inverse DRT is
used to reconstruct the object from the set of rotated projections.

In this paper we use the ideas which underlie the de�nition of the 2D Radon transform, to de�ne
a `discrete diffracted projection' (DDP), which is a discrete transform similar in its properties to the
continuous diffracted projection. We also de�ne a discrete diffraction transform (DDT) as a collection
of DDPs along speci�c set of lines. We explain how the DDT is related to the continuous diffracted
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2.1 Trigonometric interpolation

DEFINITION 2.1 Trigonometric polynomial of orderN is an expression of the form

T (x) =
N∑

n=−N

cn einx , (2.1)

wherecn are complex numbers.

THEOREM 2.2 (Zygmund, 1993, p. 1, Uniqueness of a trigonometric interpolating polynomial) Given
2N + 1 pointsx−N , . . . , x0, . . . , xN , which are distinct modulo 2π , and arbitrary numbersy−N , . . . ,
y0, . . . , yN , there always exists a unique polynomial (2.1) such thatT (xk) = yk, k = −N , . . . , N .

The polynomialT (x) is called the `(trigonometric) interpolating polynomial' corresponding to
points xk and valuesyk . The pointsx−N , . . . , x0, . . . , xN are often called `fundamental' or `nodal'
points of the interpolation or `interpolation nodes'.

The trigonometric interpolating polynomial, which corresponds to{xn}N
n=−N and nodes

{2π
M n

}N
n=−N ,

is explicitly given by

x(t) =
1
M

N∑

k=−N

x̂k eikt =
N∑

n=−N

xn DM

(
2π
M

n − t

)
, (2.2)

whereM = 2N + 1, {̂xk}N
k=−N is the 1D DFT of{xn}N

n=−N andDM (t)
Δ
= 1

M
sin
(

M
2 t
)

sin
(

1
2 t
) = 1

M

∑N
k=−N eikt

is the Dirichlet kernel of orderN .

DEFINITION 2.3 `Scaled trigonometric polynomial' of orderN with a `scaling factor'α is an expression

of the formTα(x)
Δ
=
∑N

n=−N cn eiαnx , wherecn are complex numbers andα is a positive real number.

THEOREM 2.4 (Uniqueness of a scaled trigonometric interpolating polynomial)
Let N be a positive integer andα be a positive real number. Given 2N + 1 pointsx−N , . . . , x0, . . . ,

xN , which are distinct modulo2πα , and arbitrary numbersy−N , . . . , y0, . . . , yN , there always exists a
unique scaled trigonometric polynomial of orderN with a scaling factorα such thatTα(xk) = yk,
k = −N , . . . , N .

Proof. Follows from Theorem2.2. �
The polynomialTα(x) is called the `scaled trigonometric interpolating polynomial' of orderN with

a scaling factorα that corresponds to pointsxk and valuesyk .
One way to interpolate sequence of values{xn}N

n=−N at equidistant nodes{nT }N
n=−N , whereT 2

R+, is to usexT (t)
Δ
= x

( 2π
MT t

)
, wherex(t) is given by (2.2). xT (t) is a scaled trigonometric interpolating

polynomial with scaling factor2πMT that corresponds to points{nT }N
n=−N and values{xn}N

n=−N .
WhenT = 1, we denote the corresponding scaled trigonometric polynomial byx̃(t). Thus,

x̃(t)
Δ
= x

(
2π
M

t

)
=

1
M

N∑

k=−N

x̂k ei 2π
M kt =

N∑

n=−N

xn D̃M (n − t), (2.3)

whereD̃M (t)
Δ
= DM

(2π
M t
)

is called a scaled Dirichlet kernel.



THE DISCRETE DIFFRACTION TRANSFORM 499

DEFINITION 2.5 A 2D trigonometric polynomial of orderN is an expression of the form

T (x, y) =
N∑

k=−N

N∑

l=−N

ck,l ei[kx+ly],

whereck,l are complex numbers.

A 2D trigonometric polynomial of orderN that interpolates an arbitrary set of values{xu,v}N
u,v=−N

given at nodes
{(2π

M u, 2π
M v

)}N
u,v=−N is explicitly by

x(t, s) =
1

M2

N∑

k=−N

N∑

l=−N

x̂k,l ei[kt+ls] =
N∑

u=−N

N∑

v=−N

xu,vDM

(
2π
M

u − t,
2π
M
v − s

)
,

whereM = 2N + 1, {̂xk,l}N
u,v=−N is the 2D DFT of{xu,v}N

u,v=−N and

DM (t, s)
Δ
= DM (t)DM (s) =

1
M2

N∑

u=−N

N∑

v=−N

ei[ut+vs] (2.4)

is the 2D Dirichlet kernel of orderN . Such an interpolating polynomial is unique.

2.2 Shear transformation and its properties

DEFINITION 2.6 (Continuous shear) Letf (x, y) be a real-valued function. For a �xeds 2 R, the

real-valued functionf h
s (x, y)

Δ
= f (x + sy, y) is called a `horizontal shear' off (x, y). Similarly, the

real-valued functionf v
s (x, y)

Δ
= f (x, y + sx) is called a `vertical shear' off (x, y). The parameters

describes the `shear' size applied to the object.

Theorem2.7 establishes the relation between the Fourier transform of a sheared object and the
Fourier transform of the original object.

THEOREM 2.7 (2D continuous Fourier transform of a sheared object) Letf (x, y) be a real-valued
function of two real variables. Lets be a real number. Then,

f̂ h
s (ωx , ωy) = f̂ (ωx , ωy − sωx ) and f̂ v

s (ωx , ωy) = f̂ (ωx − sωy, ωy),

where f̂ (ωx , ωy) is the 2D Fourier transform off (x, y).

This theorem states that the 2D Fourier transform of a horizontally sheared object is a vertical shear
of the object's 2D Fourier transform, and 2D Fourier transform of a vertically sheared object is a hori-
zontal shear of the object's 2D Fourier transform.

A similar result to Theorem2.7holds for discrete objects. LetN be a positive integer and leto[u, v]
be a discrete object de�ned onu, v 2 [−N : N ]. We cannot directly apply the same formula as in the
continuous case in order to de�ne horizontal shear ofo[u, v], sinceu + sv is, in general, not an integer.
We therefore begin by de�ning horizontal and vertical interpolation of a discrete objecto[u, v].

DEFINITION 2.8 (Horizontal and vertical interpolation of a discrete object) Leto[u, v], u, v 2 [−N :

N ], be a discrete object. Then,̃oh(x, v)
Δ
=
∑N

u=−N o[u, v] D̃M (u − x), x 2 R, v 2 [−N : N ], is called
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a `horizontal interpolation of the discrete objecto[u; v]', and eov.u; y/ �D
P N

vD� N o[u; v] eDM.v � y/ ,
u 2 [� N : N]; y 2 R, is called a `vertical interpolation of the discrete objecto[u; v]'. The subscripts h
and v mean `horizontal' and `vertical', respectively.eDM.t/ is a scaled Dirichlet kernel de�ned by (2.3).

For a �xed v,eoh.x; v/ is the scaled trigonometric interpolation of the sequencefo[u; v] j u 2 [� N :
N]g. Since the �rst argument ofeoh.x; v/ is continuous, we can shear it horizontally using the continuous
shear transformation. We de�ne the `horizontal shear of a discrete objecto[u; v]' by resamplingeoh.x; v/
on the setf.u; v/ j u; v 2 [� N : N]g.

DEFINITION 2.9 (Horizontal and vertical shear of a discrete object) Leto[u; v], u; v 2 [� N : N], be a
discrete object. Lets be a real number. The discrete objectoh

s[u; v] D Qoh.u C sv; v/; u; v 2 [� N : N],
where! 2.x; v/ is given by De�nition2.8, is called a `horizontal shear' ofo[u; v]. Similarly, the discrete
objectov

s[u; v] D Qov.u; vCsu/; u; v 2 [� N : N], is called a `vertical shear' ofo[u; v]. The superscripts
h and v mean `horizontal' and `vertical', respectively.

The following theorem relates the 2D DFT of a sheared discrete object to the 2D DFT of the original
object.

THEOREM 2.10 (2D DFT of a sheared discrete object) Leto[u; v], u; v 2 [� N : N], be a discrete
object. Lets 2 R. Then,

coh
s.k; !/ D bo.k; ! � sk/ and cov

s.!; k/ D bo.! � sk; k/;

where! 2 R, k 2 [� N : N] andbo.! 1; ! 2/ is given by (1.1).

Proof.

coh
s.k; !/ D

NX

uD� N

NX

vD� N

oh
s[u; v]e� i 2�

M [ukCv! ] D
NX

uD� N

NX

vD� N

eoh.u C sv; v/e� i 2�
M [ukCv! ]

D
NX

vD� N

e� i 2�
M v!

 
NX

uD� N

eoh.u C sv; v/e� i 2�
M uk

!

: (2.5)

By De�nition 2.8, eoh.t; v/ is a scaled trigonometric interpolation offo[u; v] j u 2 [� N : N]g
at integer nodes [� N : N]. The bracketed expression in (2.5) is the DFT of the sequencefeoh.u C
sv; v/ j u 2 [� N : N]gfor k. In Sedelnikov(2004), we show that when we use scaled trigonometric
interpolation, the DFT shift property can be generalized for the case of a non-integer shift, i.e.

NX

uD� N

eoh.u C sv; v/e� i 2�
M uk D

NX

uD� N

o[u; v]e� i 2�
M uk e� i 2�

M . � sv/k: (2.6)

From (2.5) and (2.6), we conclude that

coh
s.k; !/ D

NX

vD� N

e� i 2�
M v!

NX

uD� N

o[u; v]e� i 2�
M uk e� i 2�

M . � sv/k D
NX

uD� N

NX

vD� N

o[u; v]e� i 2�
M .v! Cuk� svk/

D
NX

uD� N

NX

vD� N

o[u; v]e� i 2�
M .ukCv.! � sk// D bo.k; ! � sk/:

The proof of the second statement is similar. �
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3. 2D discrete Radon transform

In this section, we brie�y review the 2D DRT that is introduced inAverbuchet al. (2008a). We keep
our current notation for the discrete object, but in addition, we assume thatN is an even positive integer
ando[u; v] D 0 whenever.u; v/ =2

�
� N

2 : N
2 � 1

�
�

�
� N

2 : N
2 � 1

�
. This assumption is introduced

in order to comply to the de�nition of the DRT fromAverbuchet al. (2008a), which was de�ned for
discrete objects of sizeN � N.

The continuous Radon transform is de�ned by the set of all line integrals of the object. Loosely
speaking, the 2D DRT is de�ned by summing the values of a discrete objecto[u; v] along a discrete set
of lines. DRT along vertical lines is de�ned by the following.

DEFINITION 3.1 (2D Radon transform along vertical lines) LetN be an even positive integer ando[u; v]

be a discrete object. Then, Radon.fx D tg; o/ �D
P N

vD� N o[t; v], t 2 [� N : N].

Similarly, we de�ne the following.

DEFINITION 3.2 (2D Radon transform along horizontal lines) LetN be an even positive integer and

o[u; v] be a discrete object. Then, Radon.f y D tg; o/ �D
P N

uD� N o[u; t], t 2 [� N : N].

The key question is how to process lines of the discrete transform that do not pass through grid
points. InAverbuchet al.(2008a), all the lines inR2 are partitioned into two families, namely, `basically
vertical lines' and `basically horizontal lines'. A basically vertical line is a line of the formx D syC t
where the slopejsj 6 1. A basically horizontal line is a line of the formy D sx C t where the slope
jsj 6 1.

DEFINITION 3.3 (Averbuchet al., 2008a, 2D Radon transform along basically vertical lines) LetN be
an even positive integer,M D 2N C 1 ands 2 [� 1; 1]nf0g. Then, for allt 2 [� N : N], Radon.fx D

syC tg; o/ �D
P N

vD� N Qoh.sv C t; v/ , whereQoh.x; v/ is given by De�nition2.8.

DEFINITION 3.4 (Averbuchet al., 2008a, 2D Radon transform along basically horizontal lines) Let
N be an even positive integer,M D 2N C 1 ands 2 [� 1; 1]nf0g. Then, for all t 2 [� N : N],

Radon.f y D sx C tg; o/ �D
P N

uD� N Qov.u; suC t/, whereQov.u; y/ is given by De�nition2.8.

Equivalently, we can de�ne the 2D DRT for basically vertical lines as follows.

DEFINITION 3.5 Let o[u; v] be a discrete object ands 2 [� 1; 1]nf0g. Then, for allt 2 [� N : N],
Radon.fx D syC tg; o/ D Radon.fx D tg; oh

s/ , whereoh
s[u; v] is given by De�nition 2.9.

To verify that De�nition 3.5is indeed equivalent to De�nition3.3, we �x s 2 [� 1; 1] andt 2 [� N :
N]. Then,

Radon.fx D tg; oh
s/ D

NX

vD� N

oh
s. t; v/ D

NX

vD� N

Qoh.t C sv; v/ D Radon.fx D syC tg; o/:

Thus, a basically vertical 2D Radon of a discrete objecto[u; v] along the linex D syC t is equivalent to
a vertical 2D Radon of a horizontally sheared objectoh

s[u; v]. Similarly, for a basically horizontal line
we have the following.

DEFINITION 3.6 Let o[u; v] be a discrete object ands 2 [� 1; 1]nf0g. Then, for allt 2 [� N : N],
Radon.f y D sx C tg; o/ D Radon.f y D tg; ov

s/ , whereov
s[u; v] is given by De�nition 2.9.
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In this section, we propose a discretization that approximates the vertical diffracted projection. The
de�nition of a DDP in Section6 is based on this proposed discretization. Consider the object function
f (x, y). If we ignore the evanescent waves, then the Born approximation of the vertical diffracted �eld
is given by

ud(x
0, y0) =

i
4π

∫ ∞

−∞

∫ ∞

−∞
f (x, y)eiω0y

∫ ω0

−ω0

1
√
ω0

2 − α2
ei[α(x 0−x)+

√
ω2

0−α2|y0−y|] dα dy dx . (5.1)

In Section5.1, we introduce a discretization of the inner integral in (5.1). Using this discretization,
we introduce in Section5.2a discretization of the triple integral in (5.1). In Section8.2, we show that if
o[u, v] is a discrete object that was obtained by samplingf (x, y) on a Cartesian grid, then the proposed
discretization approximates the samples of the continuous vertical diffracted projection off (x, y).

This approximation is valid for a speci�c choice of the wave number of the plane wave that is used
for illumination. In Section8.3, we show that this choice of the wave number is in some sense optimal.

5.1 The inner integral in (5.1)

In this section, we prove that the inner integral in (5.1) is a Lipschitz function, propose for it a discretiza-
tion and prove the convergence of its discretization.

We introduce a special notation for the inner integral in (5.1).

DEFINITION 5.1 Letω0 2 R+. For arbitraryx, y, x 0, y0 2 R, we de�ne

K (x, y, x 0, y0)
4
=
∫ ω0

−ω0

1
√
ω2

0 − α2
ei[α(x 0−x)+

√
ω2

0−α2|y0−y|] dα. (5.2)

DEFINITION 5.2 (Lipschitz class LipC (α,Ω)) LetΩ � Rn . If f : Rn → C satis�es the condition

| f (x)− f (y)| 6 Ckx − ykα, 0< α 6 1,

for all x, y 2 Ω, then we say thatf belongs to the class LipC (α,Ω). When the value of the constantC
is not important, we say thatf is Lipschitzα onΩ.

THEOREM 5.3 K (x, y, x 0, y0) in De�nition 5.1 is a continuous function. Moreover, for anyD 2 R+

there existsC 2 R+ such that for any �xedx 0 2 [−D, D], the expressionK (x, y, x 0, D), as a function
of x andy, belongs to LipC (1,Ω), whereΩ = {(x, y) | x, y 2 [−D, D]}.

Proof. Consider the integrand from the de�nition ofK (x, y, x 0, y0) given by (5.2):

fα(x, y, x 0, y0)
Δ
=

1
√
ω2

0 − α2
ei[α(x 0−x)+

√
ω2

0−α2|y0−y|]
. (5.3)

This is a complex-valued function of the real variableα. Therefore,

<eK (x, y, x 0, y0) = <e
∫ ω0

−ω0

fα(x, y, x 0, y0)dα =
∫ ω0

−ω0

<e fα(x, y, x 0, y0)dα. (5.4)

A similar equality holds for the imaginary part ofK (x, y, x 0, y0).
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DEFINITION 5.4 Let! 0 2 RC, N 2 N andM D 2N C1. Let f : R2 ! R. For arbitraryx; y; x0; y02 R,
we de�ne

KN.x; y; x0; y0/
4
D

2! 0

M

NX

kD� N

1
q

! 2
0 �

� 2! 0k
M

� 2
e

i
�

2! 0k
M .x0� x/C

r

! 2
0�

�
2! 0k

M

� 2
j y0� yj

�

: (5.6)

THEOREM 5.5 Let
 � R4 be a bounded set,! 0 2 RC, N 2 N. Then,KN.x; y; x0; y0/ converges to
K .x; y; x0; y0/ uniformly in .x; y; x0; y0/ 2 
 .

The proof of Theorem5.5 is given in Section10.

5.2 Discretization of a vertical diffracted projection

In this section, we discretize the integral given in (5.1). We denote byC0.R2/ the set of all continuous
functions fromR2 to R. Given a function f .x; y/ 2 C0.R2/, we assume that there existsD such
thatf . x; y/ D 0 wheneverjxj > D or j yj > D. In what follows, we assume that the constantD and the
wave number! 0 in (5.1) are known and �xed.

DEFINITION 5.6 LetD; ! 0 2 RC. Let f 2 C0.R2/. For arbitraryx0; y02 R, we de�ne

T[ f ]. x0; y0/
4
D

Z D

� D

Z D

� D
f .x; y/ei! 0yK .x; y; x0; y0/dy dx: (5.7)

Note that the functionT[ f ] in (5.7) depends on bothD and! 0 though they do not explicitly appear
in the notation.

DEFINITION 5.7 LetD; ! 0 2 RC, N 2 N andM D 2N C 1. Let f : R2 ! R. For arbitraryx0; y02 R,
we de�ne

TN[ f ]. x0; y0/ �D
�

2D
M

� 2 NX

uD� N

NX

vD� N

f
�

2D
M

u;
2D
M

v
�

ei! 0
2D
M v KN

�
2D
M

u;
2D
M

v; x0; y0
�

: (5.8)

LEMMA 5.8 Let 
 � Rn be a closed bounded set. Let 0< � 6 � 6 1, f 2 LipC1
.�; 
/ and

g 2 LipC2
.�; 
/ . Then, there exists a positive constantC such thatf g 2 LipC.�; 
/ .

Proof. The proof is straightforward. �

THEOREM 5.9 (Approximation of a vertical diffracted projection) LetC 2 RC; � 2 .0; 1]. Let N 2 N;
M D 2N C 1. Denote
 D f .x; y/ j x; y 2 [� D; D]g. Let f 2 C0.R2/ \ LipC.�; 
/ . Then,
TN[ f ]. x0; D/ converges toT[ f ]. x0; D/ uniformly in x02 [� D; D].

Proof. By the triangle inequality,

jT[ f ]. x0; D/ � TN[ f ]. x0; D/ j 6

�
�
�
�
�

Z D

� D

Z D

� D
f .x; y/ei! 0yK .x; y; x0; D/dy dx

�
4D2

M2

NX

uD� N

NX

vD� N

f
�

2D
M

u;
2D
M

v
�

ei! 0
2D
M v K

�
2D
M

u;
2D
M

v; x0; D
� �

�
�
�
�
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C

�
�
�
�
�
4D2

M2

NX

uD� N

NX

vD� N

f
�

2D
M

u;
2D
M

v
�

ei! 0
2D
M v

�
K

�
2D
M

u;
2D
M

v; x0; D
�

� KN

�
2D
M

u;
2D
M

v; x0; D
�� �

�
�
�
�
; (5.9)

whereT[ f ] is given by (5.7) andTN[ f ] is given by (5.8).
It follows from the continuity off . x; y/ that there exists a positive constantA such thatj f . x; y/ j 6

A for all . x; y/ 2 
 . Consequently,j f . x; y/ei! 0yj 6 A on 
 .
Assume" > 0 is arbitrary. From Theorem5.5, there existsN1 2 N such that for anyN > N1 and

x; y; x0 2 [� D; D], we havejK .x; y; x0; D/ � KN.x; y; x0; D/ j < "
4D2A

. Then, for anyN > N1 and
anyx02 [� D; D], the last term on the right-hand side of (5.9) is less than" .

The �rst term on the right-hand side of (5.9) is the absolute value of the difference between the
de�nite integral of f . x; y/ei! 0yK .x; y; x0; D/ and its corresponding Riemann sum. From Theorem5.3,
there existsC0 2 RC such that for any �xedx0 2 [� D; D], the expressionK .x; y; x0; D/ belongs to
LipC0

.1; 
/ as a function ofx andy. Also, ei! 0y 2 Lip! 0
p

2.1; 
/ . Then, from Lemma5.8, there exists

C1 2 RC such that for anyx02 [� D; D], the expressionf .x; y/ei! 0yK .x; y; x0; D/, as a function ofx
andy, belongs to LipC1

.�; 
/ . Hence, the absolute value of the �rst term on the right-hand side of (5.9)
is bounded by

4D2

M2

NX

uD� N

NX

vD� N

C1

 
2
p

2D
M

! �

D 4D2C1

 
2
p

2D
M

! �

:

This expression tends to zero asN grows, and therefore, for any" > 0 there existsN2 such that for
any N > N2 and anyx0 2 [� D; D], the absolute value of the �rst term on the right-hand side of
(5.9) is less than" . Therefore, if we takeN0 D max. N1; N2/, then, for anyN greater thanN0 and any
x02 [� D; D], we havejT[ f ]. x0; D/ � TN[ f ]. x0; D/ j 6 2" , which completes the proof of the theorem.

�

COROLLARY 5.10 LetC 2 RC; � 2 .0; 1]. Denote
 D f .x; y/ j x; y 2 [� D; D]g. Let A 2 RC.
DenoteS D f f 2 C0.R2/ \ LipC.�; 
/ j j f . x; y/ j 6 A on 
 g. Then, the convergence ofTN[ f ]. x0; D/
to T[ f ]. x0; D/ is uniform in bothx02 [� D; D] and f 2 S.

Proof. The classSis uniquely de�ned byC, � andA. To prove the corollary, it is suf�cient to show that
N1 andN2, from the proof of Theorem5.9, depend onSbut not on a speci�cf 2 S.

The numberN1 depends only onA since the convergence ofKN.x; y; x0; y0/ to K .x; y; x0; y0/ is
independent off . The numberN2 depends onC1 and� . From the proof of Lemma5.8, we see thatC1
depends on the Lipschitz constantC of f . x; y/ and on the maximal valueA of f .x; y/ on
 . Therefore,
N2 depends onC; � andA but not on a speci�cf 2 S. �

5.3 Vertical DDP

Let f .x; y/ be an object function. Consider the discrete object that is obtained from samplingf .x; y/
on a Cartesian grid:

o[u; v] D f
�

2D
M

u;
2D
M

v
�

; u; v 2 [� N : N]: (5.10)
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Equation (5.8) de�nes an approximation of a vertical diffracted projection along they-axis. We
de�ne the vertical DDP ofo[u, v] as samples ofTN [ f ](x 0, y0) on the receiver liney0 = D at points
x 0 = 2D

M u0 for a speci�c wave numberω0 = πM
2D . The reason for this speci�c choice of the wave

number is given in Section8.3.
We substituteω0 = πM

2D into the de�nition ofTN [ f ](x 0, y0) to obtain

TN [ f ](x 0, y0) =
(

2D

M

)2 N∑

u=−N

N∑

v=−N

f

(
2D

M
u,

2D

M
v

)
eiπvKN

(
2D

M
u,

2D

M
v, x 0, y0

)
. (5.11)

Then, we expandKN
(2D

M u, 2D
M v, x 0, y0

)
using its de�nition (5.6) with ω0 = πM

2D :

TN [ f ](x 0, y0) =
(

2D

M

)2 N∑

u=−N

N∑

v=−N

f

(
2D

M
u,

2D

M
v

)
eiπv

×
N∑

k=−N

e
i πD
[

k
(

x 0− 2D
M u
)
+

√(
M
2

)2
−k2
∣
∣y0− 2D

M v
∣
∣]

√(M
2

)2 − k2
. (5.12)

We substitutex 0 = 2D
M u0 andy0 = D in (5.12) and we get for the left-hand

TN [ f ]
(

2D

M
u0, D

)
=
(

2D

M

)2 N∑

u=−N

N∑

v=−N

f

(
2D

M
u,

2D

M
v

)
eiπv

×
N∑

k=−N

e
i 2π

M

[
k(u0−u)+

√(
M
2

)2
−k2
∣
∣ M

2 −v
∣
∣]

√(M
2

)2 − k2
. (5.13)

The de�nition of the vertical DDP of a discrete objecto[u, v] in Section6 is based on a modi�cation
of this expression. We replacef

(2D
M u, 2D

M v
)

by o[u, v]. To eliminate the constantD, which is related

to the physical dimensions of the object, we divide (5.13) by D2

π2 . This results in

(
2π
M

)2 N∑

u=−N

N∑

v=−N

o[u, v]eiπv
N∑

k=−N

e
i 2π

M

[
k(u0−u)+

√(
M
2

)2
−k2
∣
∣ M

2 −v
∣
∣]

√(M
2

)2 − k2
. (5.14)

6. Discrete diffracted projections

The 2D Radon transform along basically vertical lines was de�ned in Section3 in two steps: �rst,
a vertical projection is de�ned, and then general basically vertical projections are de�ned as vertical
projections of a horizontally sheared object. Discretization of the 2D diffracted transform follows the
same lines.
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First, we de�ne the vertical DDP of a discrete object based on (5.14). This de�nition, being applied
to samples of a continuous object on a Cartesian grid, approximates continuous vertical diffracted pro-
jections of the object. Then, we de�ne the basically vertical DDP as a vertical DDP of a horizontally
sheared discrete object. The same principle, where the words `vertical' and `horizontal' being swapped,
is used to de�ne a DDP along basically horizontal lines.

The rest of the section is organized as follows. We formally de�ne the vertical/horizontal diffracted
projections. Next, we de�ne the basically vertical/horizontal DDPs. We conclude by formulating and
proving the `discrete Fourier diffraction theorem', which relates the 1D DFT of the DDP to the 2D DFT
of the object.

6.1 Projection types

Each direction vector inR2 can be speci�ed by the angle it creates with thex-axis. We divide the set of
all possible directions to four quarters

Q1
Δ
= {θ | θ 2 [π/4, 3π/4]}, Q2

Δ
= {θ | θ 2 [3π/4, 5π/4]},

Q3
Δ
= {θ | θ 2 [5π/4, 7π/4]}, Q4

Δ
= {θ | θ 2 [−π/4, π/4]}.

QuartersQ1 and Q3 together form the set of all `basically vertical' directions. The projections along
the directions fromQ1 are called the `basically vertical up-going' projections. Projections along the
directions fromQ3 are called `basically vertical down-going' projections. A projection in a basically
vertical direction is speci�ed as a pair(i, s), wherei = 1, 3 is the number of the quarter ands 2 [−1, 1]
is the slope between they-axis and the linex = sy in the direction where the projection is taken.

The quartersQ2 and Q4 together form the set of all `basically horizontal' directions. Projections
along the directions fromQ2 are called `basically horizontal left-to-right' projections. Projections along
the directions fromQ4 are called `basically vertical right-to-left' projections. A projection in a basically
horizontal direction is speci�ed by the pair(i, s), wherei = 2, 4 is the number of the quarter and
s 2 [−1, 1] is the slope between thex-axis and the liney = sx along which the projection is taken.

6.2 Definition of the DDPs

The de�nition of the DDPs is based on (5.14). We denote bypi,s
[o](u) the DDP of an objecto[u, v] in the

direction speci�ed by quarteri and slopes.

DEFINITION 6.1 (DDP along a vertical line) Leto[u, v] be a discrete object.

• A vertical up-going DDP ofo[u, v] is de�ned by

p1,0
[o] (u

0)
Δ
=
(

2π
M

)2 N∑

u=−N

N∑

v=−N

o[u, v]eiπv
N∑

k=−N

1
√(M

2

)2
− k2

e
i 2π

M

(
k(u0−u)+

√(
M
2

)2
−k2
∣
∣ M

2 −v
∣
∣)

.

• A vertical down-going DDP ofo[u, v] is de�ned by

p3,0
[o] (u

0)
Δ
=
(

2π
M

)2 N∑

u=−N

N∑

v=−N

o[u, v]e−iπv
N∑

k=−N

1
√(M

2

)2
− k2

e
i 2π

M

(
k(u0−u)+

√(
M
2

)2
−k2
∣
∣− M

2 −v
∣
∣)

.
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THEOREM 6.5 (Fourier representation of DDP) LetN be a positive integer,M = 2N + 1. Leto[u, v]
be a discrete object and let

w(k) =
4π2

M

1
√
(M/2)2 − k2

eiπ
√
(M/2)2−k2

. (6.5)

Then, for anys 2 [−1, 1] andt 2 N,

p1,s
[o] (t) =

1
M

N∑

k=−N

w(k)ei 2π
M kt ôh

s

(
k,−

(
M

2
−
√
(M/2)2 − k2

))
, (6.6)

p3,s
[o] (t) =

1
M

N∑

k=−N

w(k)ei 2π
M kt ôh

s

(
k,

(
M

2
−
√
(M/2)2 − k2

))
, (6.7)

p4,s
[o] (t) =

1
M

N∑

k=−N

w(k)ei 2π
M kt ôv

s

(
−
(

M

2
−
√
(M/2)2 − k2

)
, k

)
, (6.8)

p2,s
[o] (t) =

1
M

N∑

k=−N

w(k)ei 2π
M kt ôv

s

((
M

2
−
√
(M/2)2 − k2

)
, k

)
. (6.9)

Proof. We prove (6.6). The proofs of (6.7), (6.8) and (6.9) are similar.
From De�nition 6.3, p1,s

[o] (u
0) = p1,0

[oh
s ]
(u0). Expanding the right-hand side using De�nition6.1,

we get

p1,s
[o] (u

0) =
(

2π
M

)2 N∑

u=−N

N∑

v=−N

oh
s [u, v]eiπv

×
N∑

k=−N

1
√
(M/2)2 − k2

∙ ei 2π
M

(
k(u0−u)+

√
(M/2)2−k2

∣
∣ M

2 −v
∣
∣)
. (6.10)

Sincev 2 [−N : N ], we can replace
∣
∣M

2 − v
∣
∣ by

(M
2 − v

)
. Equation (6.10) can then be rewritten as

p1,s
[o] (u

0)=
N∑

k=−N

(
2π
M

)2 1
√
(M/2)2 − k2

eiπ
√
(M/2)2−k2

ei 2π
M ku0

∙

[
N∑

u=−N

N∑

v=−N

oh
s [u, v]e−i 2π

M

(
ku−

(
M
2 −

√
(M/2)2−k2

)
v
)]

. (6.11)

Using the weight function de�ned by (6.5), we can rewrite (6.11) as

p1,s
[o] (u

0) =
1
M

N∑

k=−N

w(k)ei 2π
M ku0

ôh
s

(
k,−

(
M

2
−
√
(M/2)2 − k2

))

which completes the proof of (6.6). �
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therefore, it is theoretically exact. However, in practical computations with a prescribed accuracy, there
are situations when USFFT is more effective than FrFT (Potts & Steidl, 2001, pp. 778–779). Therefore,
either FrFT or USFFT can be used in the implementation of the algorithm.

Next, we use the FrFT to derive an ef�cient algorithm for samplingô(ω1, ω2) on G1 given by (7.2).

LEMMA 7.4 (Ef�cient computation of̂o(ω1, ω2) on G1)
Let f (k) and g(k) be two real-valued functions that are de�ned fork 2 [−N : N ]. Let α 2 R+.
Then, the values{̂o(l f (k)+ g(k), αk) | l, k 2 [−N : N ]} can be computed in O(N 2 log N ) operations,
assuming that the exponential factors e−i 2π

M αku, e−i 2π
M f (k)lu and e−i 2π

M g(k)u are precomputed for all values
k, u, l 2 [−N : N ].

Proof.

ô(l f (k)+ g(k), αk)=
N∑

u=−N

N∑

v=−N

o[u, v]e−i 2π
M ([l f (k)+g(k)]u+αkv)

=
N∑

u=−N

(
N∑

v=−N

o[u, v]e−i 2π
M αkv

)

︸ ︷︷ ︸
A(u,k)

∙e−i 2π
M l f (k)ue−i 2π

M g(k)u

=
N∑

u=−N

(
A(u, k)e−i 2π

M g(k)u
)

︸ ︷︷ ︸
B(u,k)

e−i 2π
M l f (k)u

=
N∑

u=−N

B(u, k)e−i 2π
M l f (k)u . (7.3)

For a �xed u, the set{A(u, k) | k 2 [−N : N ]} can be computed in O(N log N ) operations because
it is the FrFT ofo[u, v] on the second variable, and the exponential factors were precomputed. Thus,
the set{A(u, k) | u, k 2 [−N : N ]} can be computed in O(N 2 log N ) operations. Based on{A(u, k) |
u, k 2 [−N : N ]}, we can compute{B(u, k) | u, k 2 [−N : N ]} in O(N 2) operations becauseB(u, k)
was obtained fromA(u, k) using multiplication by a precomputed value. It remains to estimate the

complexity to compute (7.3). For a �xed k, xu
Δ
= B(u, k) andβ Δ

= f (k), this expression is the FrFT
∑N

u=−N xue−i 2π
M βul .

From Lemma7.3, this expression can be computed in O(N log N ) operations forl 2 [−N : N ].
Thus, fork, l 2 [−N : N ], the expression in (7.3) can be computed in O(N 2 log N ) operations. Conse-
quently,{̂o(l f (k)+ g(k), αk) | l, k 2 [−N : N ]} can be computed in O(N 2 log N ) operations. �

The algorithm which computeŝo(ω1, ω2) on G2, is similar.

7.3 Efficient computation of the DDT

THEOREM 7.5 (Ef�cient computation of the DDT) LetN be a positive even integer andM = 2N + 1.
Let o[u, v] be a discrete object of sizeM × M . Then, the set{D[o](i, l, k) | i 2 {1, 2, 3, 4}, l, k 2 [−N :
N ]}, given by De�nition7.1, can be computed in O(N 2 log N ) operations.

Proof. From the de�nition of the DDT, the set described byD[o](i, l, k) is the union of the setsSi =
{

p
i, l

N
[o] (k) | l, k 2 [−N : N ]

}
, i = 1, . . . , 4. We show thatS1 can be computed in O(N 2 log N )
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operations. The proofs forS2, S3 andS4 are similar. From the Fourier diffraction theorem fork 2 [−N :

N ], we havep̂
1, l

N
[o] (k) = w(k) ∙ ô

(
k,− l

N k −
(M

2 −
√
(M/2)2 − k2

))
. By choosingα = 1, f (k) = − k

N ,

g(k) = −
(M

2 −
√
(M/2)2 − k2

)
and by the application of Lemma7.4, we get that

{
ô

(
k,−

l

N
k −

(
M

2
−
√
(M/2)2 − k2

)) ∣
∣
∣k, l 2 [−N : N ]

}
(7.4)

can be computed in O(N 2 log N ) operations. Ifw(k) are precomputed, we get that the set
{
̂
p

1, l
N

[o] (k)
∣
∣
∣k, l 2 [−N : N ]

}

(7.5)

can be computed in O(N 2 log N ) operations using the values given by (7.4). For a �xed l 2 [−N : N ],

the values
{

p
1, l

N
[o] (k) | k 2 [−N : N ]

}
can be computed from the set of frequency samples

{̂
p

1, l
N

[o] (k) |
k 2 [−N : N ]

}
in O(N log N ) operations by using the 1D inverse FFT. Repeating this for alll 2

[−N : N ] gives a total of O(N 2 log N ) operations. Hence, the setS1 can be computed in O(N 2 log N )
operations. The proofs forS2, S3 andS4 are similar. �

7.4 Invertibility of the DDT

THEOREM 7.6 (Invertibility of the DDT) The DDT of any discrete objecto[u, v] is invertible.

Proof. LetD[o](i, l, k), i = 1, . . . , 4 andl, k 2 [−N : N ]. We want to reconstruct the original object
o[u, v]. We prove a stronger result, namely, thato[u, v] can be reconstructed fromD[o](i, l, k) for i =
1, 4 andl, k 2 [−N : N ].

Assume thatD[o](i, l, k) is known fori = 1, 4 andl, k 2 [−N : N ]. From De�nition 7.1, this means

that p
1, l

N
[o] (k) and p

4, l
N

[o] (k) are known for anyk, l 2 [−N : N ]. DenoteA
Δ
=
(M

2 −
√
(M/2)2 − k2

)
. By

using the discrete Fourier diffraction theorem (Theorem6.6), we can compute the values ofô(ω1, ω2)
on the setsS1 =

{(
k,− l

N k − A
)}

andS4 =
{(

− l
N k − A, k

)}
for l, k 2 [−N : N ]. We show that the

values of̂o(ω1, ω2) on the Cartesian grid{(kx , ky) | kx , ky 2 [−N : N ]} can be found from the values
of ô(ω1, ω2) on the setsS1 andS4. Let us choose 06= kx 2 [−N : N ]:

ô(kx , ω) =
N∑

u=−N

N∑

v=−N

o[u, v]e−i 2π
M (kx u+ωv) =

N∑

v=−N

(
N∑

u=−N

o[u, v]e−i 2π
M kx u

)

e−i 2π
M ωv.

Denoteyv
Δ
=
∑N

u=−N o[u, v]e−i 2π
M kx u . Let ŷ(ω) =

∑N
v=−N yve−i 2π

M vω be the DFT of{yn}. Then,̂y(ω)
is a scaled trigonometric polynomial of orderN with scaling factor2πM . We can �nd the values of̂y(ω)

on the setS =
{

− kx
N l −

(M
2 −

√
(M/2)2 − kx

2)∣∣l 2 [−N : N ]
}

from the values of̂o(ω1, ω2) on
the setS1 from ô(kx , ω) = ŷ(ω). The setS consists ofM distinct points sincekx 6= 0 by choice. The
maximal distance between two points in the setS is 2|kx | 6 2N < M . Consequently, the points inS are
distinct moduloM . From Theorem2.4we get that̂y(ω) is uniquely de�ned by its samples on the setS.
Samplinĝy(ω) atky 2 [−N : N ] gives us the values of̂o(ω1, ω2) on the set{(kx , ky) | ky 2 [−N : N ]}.
Sincekx was chosen as an arbitrary non-zero element of [−N : N ], we can �nd the values of̂o(ω1, ω2)
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on the set{(kx , ky) | kx 2 [−N : N ] \ {0}, ky 2 [−N : N ]}. The set{(0, ky) | ky 2 [−N : N ]} is a
subset ofS4 and we get the values of̂o(ω1, ω2) on this set as well.

Thus, we found the values of̂o(ω1, ω2) on the set{(kx , ky) | kx , ky 2 [−N : N ]}. This set forms the
2D DFT of o[u, v]. By applying the inverse 2D DFT, we �ndo[u, v] for all u, v 2 [−N : N ]. �

In the proof of Theorem7.6, we reconstructed the original object from a subset of the projections
that form the DDT of the object, namely, projections that belong to quarters 1 and 4. In the same way,
we can reconstruct the object from the projections that belong to any pair of quarters, where one of the
quarters consists of basically vertical directions and the other of basically horizontal directions.

8. DDP as an approximation of diffracted projection of a sheared object

DDP was de�ned in Section6. It is based on the discretization of a continuous diffracted projection along
they-axis. In Section8.1, we describe an expression that approximates the vertical diffracted projection
of a sheared objectf (x, y) based on samples off (x, y) on the set

{(2D
M u, 2D

M v
)∣∣u, v 2 [−N : N ]

}
. In

Section8.2, we show that DDP approximates a diffracted projection of a sheared object for a speci�c
wave number choice. In Section8.3, we show that this wave number choice is, in some sense, optimal.

8.1 Discretization of a vertical diffracted projection of a sheared object

DEFINITION 8.1 Let f : R → R. We denote byfN (x) the 1D trigonometric interpolating polynomial
of degreeN corresponding to points

{2π
M u

}N
u=−N and values

{
f
(2π

M u
)}N

u=−N .

DEFINITION 8.2 Let f : R2 → R. We denote byfN (x, y) the 2D trigonometric interpolating polyno-
mial of degreeN corresponding to points

{(2π
M u, 2π

M v
)∣∣u, v 2 [−N : N ]

}
and values

{
f
(2π

M u, 2π
M v

)∣∣u, v 2 [−N : N ]
}
.

DEFINITION 8.3 LetD 2 R+ and f : R2 → R. We de�ne

f D
N (x, y)

Δ
=

N∑

u=−N

N∑

v=−N

f

(
2D

M
u,

2D

M
v

)
DM

(
2π
M

u −
π

D
x,

2π
M
v −

π

D
y

)
.

This is a 2D scaled trigonometric interpolating polynomial that corresponds to the samples off (x, y)
on the set

{(2D
M u, 2D

M v
)∣∣u, v 2 [−N : N ]

}
.

Note that whenD = π , we havef D
N (x, y) = fN (x, y).

LEMMA 8.4 Let f : R2 → R, N 2 N andv 2 [−N : N ]. Let g(x)
4
= f

(
x, 2π

M v
)
. ThengN (x) =

fN
(
x, 2π

M v
)
.

Proof. The expressionfN
(
x, 2π

M v
)
, which is considered as a function ofx , is a trigonometric polyno-

mial of degreeN . For anyu 2 [−N : N ], we have fN
(2π

M u, 2π
M v

)
= f

(2π
M u, 2π

M v
)

= g
(2π

M u
)
. The

claim of the lemma follows from Theorem2.2on the uniqueness of the 1D trigonometric interpolating
polynomial. �

DEFINITION 8.5 Lets 2 [−1, 1] and f : R2 → R. The horizontal shear off is de�ned as fs(x, y)
Δ
=

f (x + sy, y).
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DEFINITION 8.6 Let s 2 [−1, 1] and f 2 C0(R2). For arbitraryx 0, y0 2 R, T s [ f ](x 0, y0)
4
=∫ D

−D

∫ D
−D f (x + sy, y)eıω0y k(x, y, x 0, y0) dy dx

DEFINITION 8.7 Lets 2 [−1, 1], N 2 N andM = 2N + 1. Let f : R2 → R. For arbitraryx 0, y0 2 R,

T s
N [ f ](x 0, y0)

Δ
=
(

2D

M

)2 N∑

u=−N

N∑

v=−N

f

(
2D

M
u + s

2D

M
v,

2D

M
v

)
eiω0

2D
M vKN

(
2π
M

u,
2π
M
v, x 0, y0

)
.

Note thatT s
N [ f ](x 0, y0) = TN [ fs ](x 0, y0).

LEMMA 8.8 (Sedelnikov, 2004, p. 104, Uniform convergence of a shifted interpolation) LetA 2 [0, π ],
C 2 R+, α 2 (0, 1] and N 2 N. Let f (x) 2 LipC (α,R) such that f (x) = 0 whenever|x | >
A. Then, for any|δ| 6 π − A, we have| fN (x − δ) − f (x − δ)| 6 Φ(C, α, N ), x 2 [−π, π ],
where fN (x) is the 1D trigonometric interpolating polynomial of degreeN corresponding to points
{2π

M u
}N

u=−N and values
{

f
(2π

M u
)}N

u=−N andΦ(C, α, N ) is a function independent of bothf and A,
such that limN→∞Φ(C, α, N ) = 0.

THEOREM 8.9 (Approximation of diffracted projections of a sheared object) LetD, ω0 2 R+. Let
f 2 C0(R2) ∩ LipC (α,R

2) such that f (x, y) = 0 whenever|x | + |y| > D. Then,T s
N [ f D

N ](x 0, D)
converges toT s [ f ](x 0, D) uniformly in x 0 2 [−D, D] ands 2 [−1, 1].

Proof. It is suf�cient to prove the theorem forD = π since we can always scale the variablesx
and y. This affects the constantC in LipC (α,R

2) but it does not affectα. In diffraction tomography
context, f (x, y) describes a physical object; therefore, scaling ofx and y corresponds to a change in
the metric units. From the de�nition,T s [ f ](x 0, π) = T [ fs ](x 0, π). By the note from De�nition8.3, for
any functiong: R2 → R, we havegD

N = gN whenD = π . Therefore,

|T s [ f ](x 0, π)− T s
N [ f D

N ](x 0, π)| = |T [ fs ](x 0, π)− T s
N [ fN ](x 0, π)|

=
∣
∣T [ fs ](x 0, π)− TN

[
fs N

]
(x 0, π)+ TN

[
fs N

]
(x 0, π)− T s

N [ fN ](x 0, π)
∣
∣ . (8.1)

In (8.1) we added and subtractedTN
[

fs N

]
, where fs N

is a 2D trigonometric interpolation offs . By
the fact thatTN

[
fs N

]
= TN [ fs ] (see the note to De�nition8.7) and by the application of the triangle

inequality, we get

|T s [ f ](x 0, π)− T s
N [ fN ](x 0, π)|

6
∣
∣T [ fs ](x 0, π)− TN

[
fs N

]
(x 0, π)

∣
∣+ |TN [ fs ](x 0, π)− T s

N [ fN ](x 0, π)|. (8.2)

Since f 2 LipC (α,R
2), then the functionfs 2 Lip(

√
3)αC (α,R

2) for s 2 [−1, 1]. Using Theorem
5.9, we conclude that the difference

∣
∣T [ fs ](x 0, π) − TN

[
fs N

]
(x 0, π)

∣
∣ tends to zero uniformly inx 0 2

[−π, π ]. f is continuous on the bounded set|x | + |y| 6 π and equals zero outside this set. Hence,f
is bounded. DenoteA = sup(x,y)2R2 | f (x, y)|. We have sup(x,y)2R2 | fs(x, y)| = A for anys 2 [−1, 1].
From Corollary5.10, it follows that the convergence of the �rst term in (8.2) to zero is uniform not only
in x 0 2 [−π, π ] but also ins 2 [−1, 1]. We denote the second term of (8.2) by

RN (x
0)

4
= |TN [ fs ](x 0, π)− T s

N [ fN ](x 0, π)|. (8.3)
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vertical diffracted projection of a sheared object is affected by these points, which are not present in the
original object.

8.2 DDP as an approximation of a diffracted projection

THEOREM 8.10 Let f . x; y/ be an object function. Consider the discrete object that is obtained from
sampling f .x; y/ on a Cartesian grid:

o[u; v] D f
�

2D
M

u;
2D
M

v
�

; u; v 2 [� N : N]: (8.5)

Let p1;0
[o] (De�nition 6.1) and p1;s

[o] (6.1) be the DDPs ofo[u; v] de�ned in Section6.2. Assume that the

wave number is! 0 D � M
2D . Then, for anyu02 [� N : N] ands 2 [� 1; 1] we have

TN[ f ]
�

2D
M

u0; D
�

D
D2

� 2 p1;0
[o] .u0/; (8.6)

Ts
N[ f D

N ]
�

2D
M

u0; D
�

D
D2

� 2 p1;s
[o] .u0/: (8.7)

Proof. To see that (8.6) is correct, we compare (5.13) and the de�nition ofp1;0
[o] .u0/ . The only difference

between these two expressions is the constant factorD2

� 2 .

In order to prove (8.7), we substitute! 0 D � M
2D into the de�nition ofTs

N[ f ]. x0; y0/ :

Ts
N[ f D

N ].x0; y0/ D
�

2D
M

� 2 NX

uD� N

NX

vD� N

f D
N

�
2D
M

u C s
2D
M

v;
2D
M

v
�

ei�v KN

�
2�
M

u;
2�
M

v; x0; y0
�

:

Then, we expandKN
� 2D

M u; 2D
M v; x0; y0

�
by using its de�nition (5.11) with ! 0 D � M

2D and substitute
x0D 2D

M u0andy0D D:

Ts
N[ f D

N ]
�

2D
M

u0; D
�

D
�

2D
M

� 2 NX

uD� N

NX

vD� N

f D
N

�
2D
M

u C s
2D
M

v;
2D
M

v
�

� ei�v
NX

kD� N

e
i 2�

M

�
k.u0� u/C

r �
M
2

� 2
� k2

�
� M

2 � v
�
��

q � M
2

� 2 � k2
: (8.8)

From the de�nition ofp1;s
[o] , we have

p1;s
[o] .u0/ D

�
2�
M

� 2 NX

uD� N

NX

vD� N

oh
s[u; v]ei�v

NX

kD� N

e
i 2�

M

�
k.u0� u/C

r �
M
2

� 2
� k2

�
� M

2 � v
�
��

q � M
2

� 2 � k2
:
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Thus, to prove (8.7), it remains to show thatf D
N

� 2D
M u C s2D

M v; 2D
M v

�
D oh

s[u; v]. Indeed, from the
de�nition of f D

N .x; y/ (De�nition 8.3) we get

f D
N

�
2D
M

u C s
2D
M

v;
2D
M

v
�

D
NX

nD� N

NX

kD� N

f
�

2D
M

n;
2D
M

k
�

DM

�
2�
M

.n � u � sv/;
2�
M

.k � v/
�

D
NX

nD� N

DM

�
2�
M

.n � u � sv/
� NX

kD� N

f
�

2D
M

n;
2D
M

k
�

DM

�
2�
M

.k � v/
�

D
NX

nD� N

f
�

2D
M

n;
2D
M

v
�

DM

�
2�
M

.n � u � sv/
�

(8.9)

since DM
� 2�

M n
�

equals one forn D Mk, k 2 Z, and zero otherwise. On the other hand, from the
de�nition of oh

s, we have

oh
s[u; v] D

NX

nD� N

o[n; v] eDM.n � u � sv/ D
NX

nD� N

o[n; v]DM

�
2�
M

.n � u � sv/
�

: (8.10)

By comparing (8.9) and (8.10) and using (8.5), we see that the left-hand sides of both equations are
equal, which completes the proof. �

8.3 Optimality of the wave number choice

Theorem8.10states that for a �xedN and a �xed wave number! 0 D � M
2D , we can approximate the

basically vertical diffracted projection sampled atM equidistant points2D
M u; u 2 [� N : N], on the

receiver liney D D by using the basically vertical DDP.! 0 D � M
2D binds the wave number with the size

N of the grid. This means, e.g. that for a �xed! 0, we cannot takeN to in�nity; therefore, we cannot
reach an arbitrary degree of precision when approximating the vertical diffracted projection by means
of the vertical DDP. Nevertheless, it turns out that this constraint agrees very well with the existing
practical constraints. The following discussion is based on the study of the experimental limitations of
diffracted tomography given inKak & Slaney(2001).

Let T denote the sampling interval (the distance between detectors on the receiver line). From the
Nyquist theorem, the effect of a non-zero sampling interval can be modelled by a low-pass �ltering,
where the highest measured frequency! measis given by! measD �

T . If we discard the evanescent waves
(which are of no signi�cance beyond about 10 wavelengths from the source), then the highest received
wave number is! max D ! 0. By equating the highest measured frequency to the highest received wave
number, we get that the highest wave number that can be used for a given sampling interval is! 0 D �

T .
Consider the sampling intervalT D 2D

M . The highest wave number, which can be used for this
sampling interval, is! 0 D �

T D � M
2D . Note that this is exactly the wave number for which we can

compute the approximation of the diffracted projection by using the DDP. We see that this wave number
is optimal in the following sense: if the wave number is bigger than� M

2D , then, due to aliasing, the
measured data may not be a good estimate for the received waveform. If the wave number is smaller,
the sampling interval can be increased without loss of information.
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domain that corresponds to a vertical projection of the sheared object. Consequently, there is no one-to-
one correspondence between the set of rotated projections of an object and the set of vertical projections
of a sheared object. This is the reason why the DDT cannot approximate a set of rotated projections of
the object and the inverse DDT cannot reconstruct the object from a set of rotated projections.

9. Implementation and numerical results

We use the operator notation to describe the implementation. LetN be a positive integer,M D 2N C 1
ando[u; v] be a discrete object of sizeM � M. We denote byD : RM� M �! R4� M� M the DDT from
De�nition 7.1. We denote byFD : RM� M �! R4� M� M the operator that maps a discrete objecto[u; v]
to the set of samples ofbo.! 1; ! 2/ on the setSD from (7.1). We denote byDF : R4� M� M �! R4� M� M

the operator that satis�esD D DF � FD . The existence of this operator is a direct corollary of the
discrete Fourier diffraction theorem. BothFD andDF can be applied in O. N2 log N/ operations as we
can see from the proof of Theorem7.5.

9.1 The forward transform

OperatorsFD andDF were implemented in Matlab. The fast forward transform is computed by succes-
sive application of these two operators. To verify the correctness of this implementation, we compare
the results to the reference implementation of the DDT, which is based on De�nition7.1.

For the input matrixo[u; v], u; v 2 [� N : N], we denote byD[o] . i ; l ; k/ the output of the reference
algorithm and byD0

[o] . i ; l ; k/ the output of the fast algorithm,i 2 f 1; 2; 3; 4g andl ; k 2 [� N : N].
For a �xed i and l , the vectorD[o] . i ; l ; k/ , k 2 [� N : N], is a projection of a sheared object. For
each projection, we compute the relativel2-error between the outputs of the fast and the reference
implementation and then we take the maximum overi andl . Both algorithms were executed on.2N C
1/ � .2N C 1/ random matrices for different values ofN with entries uniformly distributed between 0
and 1. We compare the errors for moderate-sized matrices, since direct implementation of the DDT is
extremely slow. Comparison results are given in Table1.

Next, we estimate the number of �oating-point operations (�ops) required for the application of the
operatorsFD andDF . We assume that 5N log2 N �ops are needed forN-point FFT. Evaluation of an
N-point FrFT requires 20N log2 N C 44N �ops (Bailey & Swarztrauber, 1991).

From the de�nition,FD evaluatesbo.! 1; ! 2/ on the setSD from (7.1). SD is the union of four
sets, where each is of the formG1 or G2 that were speci�ed in (7.2) for � D 1. In Lemma7.4, we
showed thatbo.! 1; ! 2/ can be evaluated on the setG1 or G2 in O. N2 log N/ operations. We now de-
rive a more exact estimate. Using the notation in Lemma7.4, we note that the evaluation ofG1 for
� D 1 requiresM evaluations ofM-point FFT to computef A.u; k/ j u; k 2 [� N : N]g, then M2

multiplications by precomputed exponential factors are needed to computef B.u; k/ j u; k 2 [� N : N]g
and thenM evaluations of anM-point FrFT. The total isM.5M log2 M/ C M2 C M.20M log2
M C 44M/ D 25M2 log2 M C 45M2 �ops. SinceSD is a union of four sets, evaluation ofFD requires
100M2 log2 M C 180M2 �ops.

To estimate the number of �ops, it is required to apply the operatorDF (see the proof of Theorem
7.5). Using the notation from this proof, we note that, given samples ofbo.! 1; ! 2/ on the setSD , the set
in (7.5) can be computed usingM2 multiplications by the precomputed factors!. k/; k 2 [� N : N].

Then, the set
�

p
1; l

N
[o] .k/ j l ; k 2 [� N : N]

	
is computed byM applications of the inverseM-point

FFT. Application ofDF requires the computation of
�

p
i; l

N
[o] .k/ j l ; k 2 [� N : N]

	
, i 2 f 1; 2; 3; 4g. The
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TABLE 1 The error between the outputs of the direct and fast implementations of the
DDT. Input image size is (2N + 1)× (2N + 1)

N 2 4 8 16 24

Error 6.95× 10−16 1.73× 10−15 1.39× 10−15 3.14× 10−15 5.85× 10−15

TABLE 2 The CPU time (in seconds) required for the computation of the DDT on
a (2N + 1)× (2N + 1) input matrix

N 16 32 64 128 256 512 1024
Tfwd 0.10 0.28 0.84 2.90 10.20 39.21 270.98

number of �ops which are required for the application ofDF , is 4(5M2 log2 M+M2) = 20M2 log2 M+
4M2.

SinceD = DF ◦FD, the computation of the DDT of anM × M input matrix requires 120M2 log2
M + 184M2 �ops. For comparison, the 2D FFT computation of anM × M matrix requires about
10M2 log2 M operations.

For completeness, we present in Table2 the execution times of the non-optimized Matlab imple-
mentation of the DDT. The code was executed on Pentium 4 3.0GHz machine running Windows XP.

9.2 The inverse transform

The inverse DDT algorithm is a modi�cation of the iterative inverse DRT algorithm from Averbuch
et al. (2008b). Consider the DDT operatorD = DF ◦FD. The inverse transform amounts to the solution
of (DF ◦FD)x = y for x . DF can be inverted in O(N 2 log N ) operations, so it remains to solve
FD x = z, wherez = DF

−1y.
If, e.g. y is not necessarily in the range of the DDT due to noise or measurement errors, we want

to solve minxkFD x − zk2. Solving this minimization problem is equivalent to solving the normal
equations

F *
D FD x = F *

D z, (9.1)

whereF *
D is the adjoint ofFD. This operator, likeFD, can be applied in O(N 2 log N ) operations.

SinceF *
D is symmetric and positive de�nite, we can use the conjugate gradient method (Trefethen &

Bau, 1997) to solve (9.1). We use the same preconditioner as inAverbuchet al. (2008b) to improve the
convergence rate of the conjugate gradient algorithm.

Table3 shows the performance of the iterative inversion algorithm for random images of size(2N +
1) × (2N + 1) for different values ofN . The entries in each image are uniformly distributed between
0 and 1. Given an image, its forward DDT was computed, then an iterative inversion algorithm was
applied to recover the image. The error tolerance of the conjugate gradient method was set toε = 10−6.
Note that the error tolerance of the conjugate gradient algorithm is speci�ed in terms of theA-norm
(Trefethen & Bau, 1997, p. 294). This is not the reconstruction error.

We evaluate the quality of the reconstruction by computing the relative error in the Frobenius norm:

E2 =

√∑
u
∑
v |o[u, v] − õ[u, v]|2

√∑
u
∑
v |o[u, v]|2

. (9.2)
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The rest of this section is devoted to the proof of the following claim: givenB of classB[0;1], the
sequence of Riemann sumsSN. f / of the function f .� /p

1� � 2
converges to the integralS. f / on the interval

[0; 1] and the convergence is uniform forf 2 B.
The following notation will be used in subsequent lemmas. For a �xed" 2 .0; 1/, we denote

R" . f / �D
Z 1� "

0

f .� /
p

1 � � 2
d� (10.5)

and

T" . f / �D
Z 1

1� "

f .� /
p

1 � � 2
d�: (10.6)

From (10.1), (10.5) and (10.6), we get

S. f / D R" . f / C T" . f / : (10.7)

Equations (10.5)–(10.7) de�ne a split ofS. f / around the point 1� " . In order to de�ne a split ofSN. f /
around the point 1� " , we use the following de�nition.

For a �xed N 2 N and" 2 .0; 1/, we de�ne N" to be an integer fromf1; : : : ; N C 1g such that
� N" � 1 < 1 � " 6 � N" , where� n are the subdivision points de�ned by (10.3). Note thatN" depends on
both N and" .

For a �xed N 2 N and" 2 .0; 1/, we de�ne

R"
N. f / �D

2
2N C 1

N" � 1X

nD0

f
� 2n

2NC1

�

q
1 �

� 2n
2NC1

� 2
�

f .0/
2N C 1

: (10.8)

This is the part ofSN. f / that corresponds to the interval [0; � N" ]. For a �xed N 2 N and" 2 .0; 1/, we
de�ne

T"
N. f / �D

2
2N C 1

NX

nDN"

f
� 2n

2NC1

�

q
1 �

� 2n
2NC1

� 2
: (10.9)

This is the part ofSN. f / that corresponds to the interval
�
� N" ; 2

�
. From (10.2) (SN. f /), (10.8) and

(10.9), we have

SN. f / D R"
N. f / C T"

N. f /: (10.10)

See Fig.9 for an illustration ofR"
N. f / andT"

N. f / .
In order to prove that whenB is of classB[0;1], the convergence ofSN. f / to S. f / is uniform for

f 2 B, we show that for any� > 0, the following claims hold (independently off 2 B): there exists
" such thatjT" . f / j < �= 4, there existsN1 such thatjT"

N. f / j < �= 2 for anyN > N1 and there exists
N2 such thatj R"

N. f / � R" . f / j < �= 4 for anyN > N2. Lemmas10.4–10.8contain the proofs.

LEMMA 10.4 Let B be of classB[0;1]. For any" 2 .0; 1/ and any f 2 B, we havejT" . f / j 6
R1

1� "
1p

1� � 2
d� .
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FIG. 9. Illustration ofRεN ( f ) (coloured gray) andT εN ( f ) (coloured white)

Proof. By De�nition 10.3, for any f 2 B and anyα 2 [0, 1], we have f |(α)| 6 1. Using this fact
together with (10.6), we get

|T ε( f )| =

∣
∣
∣
∣
∣

∫ 1

1−ε

f (α)
√

1 − α2
dα

∣
∣
∣
∣
∣
6
∫ 1

1−ε

∣
∣
∣
∣

f (α)
√

1 − α2

∣
∣
∣
∣ dα 6

∫ 1

1−ε

1
√

1 − α2
dα.

�

LEMMA 10.5 For anyΔ > 0, there existsε 2 (0, 1) such that
∫ 1

1−ε
1√

1−α2
dα 6 Δ.

Proof. We �x Δ > 0. For anyε 2 (0, 1), we get from the proof of Lemma10.1that
∫ 1

1−ε
1√

1−α2
dα =

π
2 − arcsin(1 − ε). For anyε 2 (0, 1), we have 06 π

2 − arcsin(1 − ε) 6 2
√
ε. We chooseε =

(
Δ
2

)2
.

Then, for anyf 2 B[0,1],
∫ 1

1−ε
1√

1−α2
dα 6 2

√
ε = Δ. �

LEMMA 10.6 LetB be of classB[0,1]. Let ε 2 (0, 1). Then, for anyδ > 0 there existsN0 2 N such that
for any N > N0 and anyf 2 B, we have|T εN ( f )| 6

∫ 1
1−ε

dα√
1−α2

+ δ.

Proof. Let f 2 B. By De�nition 10.3, we have| f (α)| 6 1 for anyα 2 [0, 1]. From (10.9) and the
triangle inequality, we have that for anyN 2 N,

|T εN ( f )| 6
2

2N + 1

N∑

n=Nε

∣
∣
∣
∣
∣
∣

f
( 2n

2N+1

)

√
1 −

( 2n
2N+1

)2

∣
∣
∣
∣
∣
∣
6

2
2N + 1

N∑

n=Nε

1
√

1 −
( 2n

2N+1

)2
. (10.11)

There existsN1 2 N such that for anyN > N1, we have 2
2N+1 < ε. Then,Nε < N + 1, which

means thatξNε is de�ned. From (10.3) and (10.4) we haveαNε < ξNε . Consider a partition of the interval
[ξNε , 1], where the subdivision points are{ξn | n 2 {Nε, . . . , N }}

⋃
{1} and the intermediate points are

{ξn | n 2 {Nε, . . . , N }}.
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The Riemann sum of 1p
1� � 2

, which corresponds to this partition, is

DN D
2

2N C 1

NX

nDN"

1
q

1 �
� 2n

2NC1

� 2
�

1
q

1 �
� 2N

2NC1

� 2
�

1
2N C 1

(10.12)

(see Fig.10 for illustration). From (10.11) and (10.12), we get

jT"
N. f / j 6 DN C

1
q

1 �
� 2N

2NC1

� 2
�

1
2N C 1

: (10.13)

Since 1p
1� � 2

monotonically increases on [0; 1], DN is a lower Darboux sum of 1p
1� � 2

on [� N" ; 1].

From the de�nition ofN" , we have 1� " 6 � N" < � N" . Consequently,

DN 6
Z 1

� N"

d�
p

1 � � 2
6

Z 1

1� "

d�
p

1 � � 2
: (10.14)

From (10.13) and (10.14), it follows thatjT"
N. f / j 6

R1
1� "

d�p
1� � 2

C 1r

1�
�

2N
2NC1

� 2
� 1

2NC1. By simpli-

fying the last term, we have

jT"
N. f / j 6

Z 1

1� "

d�
p

1 � � 2
C

1
p

4N C 1
: (10.15)

Since the last term in (10.15) tends to 0 asN grows to in�nity, there existsN0 > N1 such that for
any N > N0 we have 1p

4NC1
< � . Thus, we foundN0 2 N such that for anyf 2 B, we have

jT"
N. f / j 6

R1
1� "

d�p
1� � 2

C � . �

FIG. 10. The area under the `stairs' equalsDN.
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|T
ε0
N ( f )| 6 Δ

2 . Thus, for anyN > N1 and any f 2 B, we have|SN ( f ) − S( f )| 6 |R
ε0
N ( f ) −

Rε0 ( f )| + Δ
2 + Δ

4 and by Lemma10.8there existsN2 2 N such that for anyN > N2 and any f 2 B,

we have|R
ε0
N ( f ) − Rε0 ( f )| < Δ

4 . We de�ne N0 = max(N1, N2). Then, from these two equations we
conclude that for anyN > N0 and anyf 2 B, |SN ( f )− S( f )| < Δ. �

DEFINITION 10.10 (Function classB[−1,1])
Let F = { f | f : [−1, 1] → R}. We say thatB � F is of classB[−1,1] if the following claims hold:

any f 2 B is differentiable on(−1, 1); for any f 2 B andα 2 [−1, 1], | f (α)| 6 1; for anyε 2 (−1, 1),
the set{ f 0 | f 2 B} is uniformly bounded on [−1 + ε, 1 − ε].

LEMMA 10.11 ConsiderB of classB[−1,1]. Then{ f |[0,1] | f 2 B} is of classB[0,1].

LEMMA 10.12 ConsiderB of classB[−1,1]. Then{ f (−x) | f 2 B} is of classB[−1,1].

LEMMA 10.13 (Convergence lemma)
Let B be of classB[−1,1]. For anyΔ > 0, there existsN0 2 N such that for anyN > N0 and any

f 2 B, we have
∣
∣
∣
∣
∣
∣

2
2N + 1

N∑

n=−N

f
( 2n

2N+1

)

√
1 −

( 2n
2N+1

)2
−
∫ 1

−1

f (α)
√

1 − α2
dα

∣
∣
∣
∣
∣
∣
< Δ. (10.22)

Proof. DenoteAi, j
Δ
= 2

2N+1

∑ j
n=i

f
(

2n
2N+1

)
√

1−
(

2n
2N+1

)2
andBc,d

Δ
=
∫ d

c
f (α)√
1−α2

dα.

From Lemmas10.11and10.9, there existsN1 2 N such that for anyN > N1 and any f 2 B,∣
∣A0,N − f (0)

2N+1 − B0,1
∣
∣ < Δ

2 . Consider the set of functionsB0 = { f (−x) | f (x) 2 B}. By Lemmas
10.12, 10.11and10.9, there existsN2 2 N such that for anyN > N2 and anyf 2 B, we have

∣
∣A0,N −

f (0)
2N+1 − B0,1

∣
∣ < Δ

2 . Therefore, for anyN > N2 and any f 2 B we have
∣
∣
∣ 2

2N+1

∑N
n=0

f
(
− 2n

2N+1

)
√

1−
(

2n
2N+1

)2
−

f (0)
2N+1 −

∫ 1
0

f (−α)√
1−α2

dα
∣
∣
∣ < Δ

2 . Since
∫ 1

0
f (−α)√

1−α2
dα =

∫ 0
−1

f (α)√
1−α2

dα, we can rewrite this equation as
∣
∣A−N ,0 − f (0)

2N+1 − B−1,0
∣
∣ < Δ

2 . By the application of the triangle inequality to the left-hand side of

(10.22), we get|A−N ,N − B−1,1| 6
∣
∣A0,N − f (0)

2N+1 − B0,1
∣
∣ +

∣
∣A−N ,0 − f (0)

2N+1 − B−1,0
∣
∣. We choose

N0 = max(N1, N2). Then, from the above equations we get that for anyN > N0 and any f 2 B,
|A−N ,N − B−1,1| < Δ. �

10.2 Convergence of KN (x, y, x 0, y0) (Theorem 5.5)

In this section, we prove Theorem5.5. It is suf�cient to prove this theorem forω0 = 1. The proof for an
arbitraryω0 can be then obtained by scalingx, y, x 0 andy0 byω0.

The function fα(x, y, x 0, y0) in (5.3) is complex valued. To prove Theorem5.5, it is thus suf�cient
to show that for anyε > 0 there existsN0 such that for anyN > N0 and anyx, y, x 0 andy0 in Ω,

∣
∣
∣
∣
∣

2
M

N∑

n=−N

<e
[

f 2n
M
(x, y, x 0, y0)

]
−
∫ 1

−1
<e[ fα(x, y, x 0, y0)]dα

∣
∣
∣
∣
∣
< ε/

√
2 (10.23)

and that a similar inequality holds for the imaginary part offα(x, y, x 0, y0).
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