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Abstract

The analysis of 3D discrete volumetric data becomeremgingly important as computation power increases.
3D analysis and visualization appltaans are expected to be especially valet in areas like medical imaging and
nondestructive testing, where elaborated continuous theory exists. However, this theory is not directly applicable
to discrete datasets. Therefore, we have to establish theoretical foundations that will replace the existing inexact
discretizations, which have been based on the contintegime. We want to preserve the concepts, properties,
and main results of the continuous theory in the discrete case. In this paper, we present a discretization of the
continuous X-ray transform for disceeBD images. Our definition of the discrete X-ray transform is shown to be
exact and geometrically faithful as it uses summation along straight geometric lines without arbitrary interpolation
schemes. We derive a discrete Fourier slice theorem, which relates our discrete X-ray transform with the Fourier
transform of the underlying image, and then use this Fourier slice theorem to derive an algorithm that computes the
discrete X-ray transform i@ (n*logn) operations. Finally, we show that our discrete X-ray transform is invertible.
0 2004 Elsevier Inc. All rights reserved.

1. Introduction

The X-ray transform is an important practical tool in many scientific and industrial areas. An example
of such area is computerized tomography (CT) scanning where the X-ray transform plays a major role
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in the derivation and implementation of various tomographic methods. See [1] for an introduction to
computerized tomography and the application of the X-ray transform to various tomographic methods.

1.1. The continuous X-ray transform

The continuous X-ray transform of a 3D functigitx, y, z), denoted byP f, is defined by the set of
all line integrals off. For a lineL, defined by a unit vecta# and a pointc on L, we expresd. as

Lit)y=x+1t0, teR. (1.2)
The X-ray transform off on L is defined as

Pf(L)é/f(x+z9)dz. (1.2)

The X-ray transform maps each lidein R® to a real value that represents the projection of the function
f along the lineL. For convenience, Eq. (1.2) is sometimes written with the notation
Pof(x) ZPF(L), (1.3)

whereL is given by Eq. (1.1).

The X-ray transform is closely related to the Radon transform. However, while the 3D X-ray transform
is defined using line integrals of a functigh we define the 3D Radon transform as integralg ofver all
planes inR3. Note that in the 2D case, the X-ray transform coincides with the Radon transform. See [2—4]
for more information about the continuous Radon transform.

1.2. The continuous Fourier slice theorem

The Fourier slice theorem connects the continuous X-ray transform, defined by Eqg. (1.2), with the
Fourier transform. For a given 3D functigh it defines the relation between the 2D Fourier transform of
the X-ray transform off and the 3D Fourier transform gf. The Fourier slice theorem is summarized in
the following theorem.

Theorem 1.1. For a function f (x, y, z) and a family of lines irR3, whose direction is given by the unit
vectord, it holds

Pof &) = f(®), (1.4)
where¢ € 9+ andé@+ is the subspace perpendiculardo

1.3. Discretization guidelines

We define a 3D:i x n x n image as the set
I:{I(u,v,w): —n/2<u,v,w<n/2—1}. (1.5)

Note that we defind in Eg. (1.5) as a cube of voxels with an even side of lengthVe refer to the
image! as a cube of size x n x n to simplify the formulation of the discrete transform. The entire
formulation can be repeated for an imagwith arbitrary dimensiona, x n, x ns.
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As was done for the discretization of the Radon transform in [5], we are looking for a discrete definition
of the X-ray transform for discrete imagéghat simultaneously satisfies the following properties: (P1)
algebraic exactness, (P2) geometric fidelity, (P3) rapid computation algorithm, (P4) invertibility, and
(P5) parallelism with the continuum theory. Detailed description of the properties (P1)—(P5) is given
in [5].

In this paper we present a discrete definition of the 3D X-ray transform for discrete images, which
satisfies the properties (P1)—(P5). We prove the Fourier slice theorem that relates our definition of the
X-ray transform with the Fourier transform of the imafyjand develop a rapid computational algorithm,
which is based on the Fourier slice theorem. We also show that our discrete X-ray transform is invertible.

The present work is based on [5] and [6]. However, there are important differences between them
and the present work. [5] and [6] establish a framework for surface integrals decomposition of discrete
objects. The present work derives a framework for line integrals decomposition of discrete objects. The
two frameworks coincide for the 2D case, but for higher dimensions there are some fundamental differ-
ences between them. Although both frameworks follow the same guidelines and use the same building
blocks, they require different discretizations of the continuous space because of the difference between
the underlying continuous transforms. This results in a different frequency domain geometry, a different
relation between the space domain and the frequency domain, and a different numerical computation
algorithm.

The structure of the paper is as follows. In Section 2 we give a definition of the discrete X-ray
transform, which defines transform for discrete images and a continuous set of liRés$ection 3
establishes the fundamental Fourier slice theorem for our definition of the X-ray transform. In Section 4
we redefine the X-ray transform for both discrete images and a discrete set of liRésiia., we dis-
cretize the set of lines given in the definition of the X-ray transform in Section 2. We show in Section 5
that for this special discrete set of lines the discrete X-ray transform is rapidly computable. Finally, in
Section 6 we show that our discrete X-ray transform is invertible.

2. Semi-discrete transform definition

We parameterize a line iR® as the intersection of two planes. Using this parameterization we define
three families of lines, which we catllines y-lines andz-lines Formally, ax-line is defined as
_[Yy=ax+c,
Figure 1 is a 3D illustration of the family of-lines that corresponds g = ¢, = 0, together with its
projections on different axes. Similarly,yaline and az-line are defined as

el <1, |B] <1, c1,co€{—n,...,n}. (2.2)

_[x=ay+ca,

ZY((Y’,B,CLCZ)— {Z:ﬁy+c2’ |a| gl’ |/8| glv Cl,CZE{_n,'-wn}’ (22)
. X =uaz+cy,

Lefencd={[_% Lo lal<L |BI<L cucoe(—n.....n). (2.3)

We denote the sets of altlines, y-lines, andz-lines inR® by L., L,, andL;, respectively. Also, we
denote the family of lines that corresponds to a fixed directior8) and variable intercept&:, ¢,), by
Li(a, B), Iy (a, B), andl, (e, B) for a family of x-lines, y-lines, ancz-lines, respectively. See Fig. 2 for an
illustration of the different families of lines far; = ¢> = 0.
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Fig. 2. The line familiey, Ly, and ;.

It is easy to see that each line R can be expressed as eithexine, y-line, or z-line. In other
words, each line ifR® belongs tol,, £, or £.. Note that the set§,, £,, and£, are not disjoint.

Generally speaking, for a given imadgeand a linel, we define the discrete X-ray transform of the
image for the linel as the sum of the samples bfalong!. Since the imagd is discrete, we must
carefully select a continuous extension/ah order to compute the samplesbélong!. As we will see,
there exists an extension scheme that enables us to define the discrete X-ray transform while satisfying
properties (P1)—(P5) from Section 1.3.

For a discrete imageof sizen x n x n we define three continuous extensiong pivhich we denote by
I, I, andI,. Each of the extensions, I,, and!, is a continuous function in the directions perpendicular
to its index. This means, for example, thatis a continuous function in the andz directions. Formally,
we define these three extensions by

nj2-1  nj2-1

Ly, 2= Y Y 1 v,w)Dyu(y—v)Dy(z—w),

v=—n/2 w=—n/2
ue{-n/2,....,n/2—1}, y,z €R, (2.4)
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nj2-1 n/2—1

Lx,v,2)= > > 1, v, w)Dy(x — u)Dylz — w),

u=—n/2w=—n/2
vel{-n/2,...,n/2—-1}, x,z €R, (2.5)

n/2-1 n/2-1

L(x,y,w)y= Y > 10, v,w)Dy(x —u)Dy(y —v),

u=—n/2v=—n/2

we{-n/2,....,n/2—-1}, x,y €R, (2.6)
whereD,, is the Dirichlet kernel of lengtim = 2n + 1 given by
sinrw¢
D,{t)=———. 2.7
@) mSsin(xwt/m) 27

The Dirichlet kernel, given by Eqg. (2.7), performs trigonometric interpolation of lengtiherefore,
the continuous functiong,, 7,, and I, are obtained from the discrete imageby zero padding the
relevant directions of to lengthm and then performing trigonometric interpolation. The lengtbf the
interpolatory kerneD,, is critical and its selection will be described below.

Next, we usel,, I, and/, to define the discrete X-ray transform. Foxdine [, («, B, c1, ¢2) € Ly,
given by Eg. (2.1), we define the discrete X-ray transfatyi (o, B, c1, c2) as

n/2—1
le(a’ ﬂ’ 1, C2) = Z Ix(u, ou +C1, ,BM + C2)
u=-n/2
el <1, |B] <1, c1,co€{—n,...,n}, (2.8)

wherel, is given by Eq. (2.4). The transformatidh : £, — R is obtained by traversing the lirie with
unit steps in the: direction, and for each integerthe value of the imagé at the point(u, cu + ¢1, fu +
¢p) is summed.

The parametersy, ¢, andm in Egs. (2.1) and (2.4) are carefully chosen to ensure that the transform,
defined by Eqg. (2.8), is invertible and geometrically faithful. We begin by inspecting the selection of the
parameterg; andc,. The transform in Eq. (2.8) must be defined over all lines that intersect the image
Since the slopea and g are limited to the interval—1, 1], one can easily verify that it is sufficient to
selectcy, ¢, € {—n, ..., n}. For example, if we set = 8 = —1, then forc, = ¢, = —n, thex-line that is
given by the parameter, 8, c1, ¢o) intersects/ at a single poin{—n/2, —n/2, —n/2). For values of
c1 andc, smaller than-n, the line does not interseét and, therefore, it is ignored. To conclude, for the
family of x-lines, defined by Eq. (2.1), it is sufficient to selegtc, € {—n, ..., n}. Note that although
the set of values faf; andc; is discrete, the set of-lines £, is continuous since the slopesand g are
continuous. Therefore, to obtain a fully discrete definition of the X-ray transform we have to discretize
the set’,, i.e., the slopea and . We will handle this discretization in Section 4.

We choosen > 2n + 1 as the length of the interpolation kern@), to avoid line wraparound due to
the periodic nature of the Dirichlet kernel. Loosely speaking, using a kernel shorterithad 2auses
the samples of, along a linel, at points with (for example} value greater than/2 to coincide with
the samples of, with —n/2 < z <n/2. Geometrically, this is interpreted as a wraparound of thel}ine
To avoid this wraparound and to achieve a summation over true geometric lines, werseléet + 1.
Hence,m = 2n + 1 is the shortest kernel that satisfies property (P2) from Section 1.3. See [5] for a
rigorous derivation of the length of the shortest valid kernel.
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Similarly to Eq. (2.8), we define the discrete X-ray transfo#q/ («, B, c1,c) for the y-line
l_}'(av ﬂa Cl, C2) € ['y as

n/2—1

PyI(a, B, c1,¢2) = Z Ly(av+c1,v, Bv+c2), (2.9)
v=—n/2

wherel, is given by Eq. (2.5). Finally, we define the discrete X-ray transf@m(e, B, c1, cp) for a
z-linel,(«, B,c1,¢c0) € L, as
n/2—1
P I(a, B, c1,co) = Z L(aw + c1, Bw + ¢z, w), (2.10)
w=—n/2
wherel, is given by Eq. (2.6).

Equations (2.8)—(2.10) define the X-ray transform.fdines, y-lines, andz-lines, respectively. Since
each line inR3 can be expressed as either-tine, y-line, or z-line, then, given a ling, we express it as
either ax-line, y-line, or z-line and apply on it our definition of the X-ray transform. Hence, for a given
image! and a line/, we define the discrete X-ray transform fofor the linel as

Definition 2.1.
PI(), leLl,,
PI(l)y= PI(), leL,, (2.11)
PI(), [leL,.

There is a subtle difference between the continuous X-ray transform, given in Eq. (1.2), and the dis-
crete X-ray transform, given in Eq. (2.11). The continuous X-ray transform assigns to each line the
integral of the object along the line, where the value of the integral is independent of the parameteriza-
tion of the line. The discrete X-ray transform assigns a value to a specific parameterization of the line.
This means that if the same line is written in two different ways in Eq. (2.11), then, it may receive two
different values. This problem occurs only for lines that have an angle°ah4fome direction. We can
eliminate this problem by using a more subtle construction in Eq. (2.11). However, since this issue does
not pose any computational problems, we simply ignore it.

The X-ray transform, given by Definition 2.1, is defined for a set of lineRiwith a discrete set of
intercepts(cy, ¢) and a continuous set of slopés, 8). Therefore, Definition 2.1 is what we call “semi-
discrete,” since it is discrete with respect to the imdgand the set of intercepigs, c»), but it uses a
continuous set of slope@, 8). In Section 4 we show how to discretize the &gt8) to have a fully
discrete definition of the X-ray transform, which is rapidly computable and invertible.

3. Discrete Fourier dice theorem for the discrete X-ray transform

As we showed in Eq. (1.4), the continuous X-ray transform satisfies the Fourier slice theorem, which
associates the continuous X-ray transform of a funcfianith the Fourier transform of . This relation is
very useful for both the computation and analysis of the continuous X-ray transform. We will, therefore,
derive a similar relation for the discrete X-ray transform, and we will later utilize it to rapidly compute
the discrete X-ray transform.
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For a 2D arrayX of sizem x m (m = 2n + 1), the 2D discrete Fourier transform (DFT) %f denoted
by X, is defined by
Xk.D= " 3 X, vye Zku/me=2nloin g j=—p .. n, (3.1)
The 2D inverse discrete Fourier transform is given by
X(u,v) = Z Z X (k, 1)e&rtku/m2milv/m 0y — _p . n. (3.2)
k=—nl=—n
Given a family ofx-linesi, («, 8), we denote the X-ray transform of the imagdor this family of
lines by Py, ) 1. Formally,

Pi.pyl e P I(a,B,c1,¢c0), c1,c=—n,...,n (3.3)

or for specificc; andes,

Pr.pyl(c1,c2) 2P, B.c1,c2), (3.4)

where P (o, B, c1, ¢2) is given by Eq. (2.8) P p)! is the 2D array generated by applying the X-ray
transform to a family ofc-lines with a fixed directior«, 8).

We will inspect the 2D discrete Fourier transform of the arry, g /. The 2D DFT of the array
Py.p 1 is given by

i);(a)ﬁ)l(k, l) — Z Px(a,ﬂ)l(uv 0)672nzkcl/n1672mlcz/m (35)

u,v=—n
n n/2—1
= > Y Iy, )Dulx +u—y)Dy(Bx + v —g)e TR/

u,v=—n x,y,z=—n/2

(by Eq. (2.4)) (3.6)
n/2—1 n
= Y Iy, z)( Y Dylax+u— y)eZ”l"“/m)
x,y,2=—n/2 u=-—n
X ( Z D, (Bx +v— z)e_zml”/’") (3.7)
To analyze theter "_ D, (ax +u—y)e~2"k/" givenin Eq. (3.7), we use theanslation operatoy
given in [5], and define it by
Ta:C"—>C" m=21+11eR (L)) = Y a;Du(t+j—u). (3.8)
j=—n

Lemma 3.1 [5]. Letm = 2n + 1, ¢ (x) = eZ**/™_ Define the vectot, € C" by ¢y (1) = @i (1), u =
—n,...,n. Then, for an arbitraryr ¢ R andv = —n, ..., n we have(T, ¢;) (v) = ¢ (v — 1).
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If we denote by, (1) the vectorg, = (e~2"'¥*/™), uw = —n, ..., n, then, by using Eq. (3.8) we can
write

Y Dylax +u—y)e 7 = (Tyegy),y. (3.9)
Since¢, is a vector of samples of the exponentiglx) = e=2"%*/ then, by Lemma 3.1 we have
(Tuxi)y = p(y — ax) = e 2KO—e0/m, (3.10)
Substituting Eqg. (3.10) in Eq. (3.9) we get
Z Dm(ax +u— y)672mku/m — efzmk(yfax)/m. (311)
Similarly, for the term)_"__ D,,(Bx + v — z)e~2"!V/™ given in Eq. (3.7), it follows that:
Z Dm(,BX +u— Z)672ﬂzlv/m — 672nzl(zfﬂx)/m. (312)
Combining Egs. (3.11) and (3.12) into Eqg. (3.7) we obtain
n/2—1
i)\x(a,ﬁ)l(k, l) — Z I(u, v, w)e—2mk(v—om)/me—2ml(w—ﬁu)/m (313)
u,v,w=—n/2
n/2—1
— Z I(u, v, w)672mu(7akfﬁl)/m672mkv/m672mlw/m (314)
u,v,w=—n/2
= [(—ak — Bl k1), (3.15)

where] is the trigonometric polynomial defined by
n/2-1 n/2-1 n/2-1
[ELE.8)= Y Y D I(u,v,w)e 2mun/mem2nitov/mo2mbsu/m, (3.16)
u=—n/2v=—n/2w=-—n/2
We just proved the following theorem.

Theorem 3.2 (x-Lines Fourier slice theorem)or a given family ofc-lines I, («, 8) with fixed slopes
(o, B) and variable interceptscy, c2), we take the 2D array of projectionB, g /. Then,

Peapl (k1) = [ (—ak — Bl k, 1), (3.17)
where/ is given by Eq(3.16)and E(a,ﬂ)l(k, [) is the 2D DFT of the arrayPyq,5)1 -

Similar theorems hold fop-lines andz-lines.

Geometrically, Theorem 3.2 states that the 2D DFT of the discrete X-ray transform over a family
of x-lines with fixed slopege, B) is equal to the samples of the trigonometric polynondiadn the
plane defined by the points-ak — B, k, 1). Explicitly, we need to samplé on the plane given by the
equationx = —ay — Bz. Figure (3) depicts these-planes for various values efandg. Theorem 3.2 is
very important for the rapid computation of the discrete X-ray transform, as it relates the discrete X-ray
transform of the imagé to the 3D DFT of!.
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4. Discretization of the X-ray transform

Definition 2.1 defines the X-ray transform over the continuous linesgt£ ,, andL.. These line sets
are comprised from lines that have discrete intercepts and continuous slopes. In this section we define the
discrete X-ray transform for a discrete set of lines, which are discrete both in their slopes and intercepts.
Consider the set defined by

S={2p/n}, p=-n/2,...,n/2. (4.2)

We define thediscrete X-ray transfornas the restriction of Definition 2.1 to the set of slogesx S.
Formally, we define three discrete sets of lines:

e discretex-lines
£ =1l(a, B, cr,cr) €L |a €S, BeS), (4.2)

e discretey-lines
£y={ly(@, B.cr.cr)eLy|xeS, BeS), (4.3)

e discretez-lines
L£f={l(a.B.cr.c) e L, |aeS, BeS). (4.4)

The setC? is defined by

cr=riuciucLl. (4.5)

By using the lines inC¢ we define the discrete X-ray transform for discrete images as
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Definition 4.1. For an imagd and a linel(«, 8, c1, ¢2) € £¢ the discrete X-ray transform is given by

PI(), leLd,
PI()= PI(D), 1eL], (4.6)
PZI(Z)’ l € ﬁfa
whereP,, P,, and P, are defined by Egs. (2.8)—(2.10), respectively.

Definition 4.1 defines the discrete X-ray transform for discrete images by using a discrete set of lines.
This transform is not defined for all lines &2, but only for lines inC?. We will show in Section 5 that
for the set of linesC? the discrete X-ray transform can be computed using a fast algorithm. Moreover,
we will show in Section 6 that the discrete X-ray transform is invertible.

Since the Fourier slice Theorem 3.2 holds for continuous slépges8), it holds in particular for the
discrete set of slopes defined by Eq. (4.1). Substituting the discrete set of slopes, given by Eq. (4.1), into
Theorem 3.2 gives the discrete Fourier slice theorem, which is defined for both discrete images and a
discrete set of directions.

Corollary 4.1 (Discrete Fourier slice theoremlet S be the set given in Eq4.1) and let/ be the
trigonometric polynomial defined by

n/2—1 nj2—-1 nj2-1

IA(&, %-2, 53) — Z Z Z I(M, v, w)e—Zmélu/me—2m§2v/me—2m§3w/m. (47)

u=—n/2v=—n/2w=—n/2

Then,

e For a given family ofc-lines/, (o, B), « =2p/n € S1, B =2q/n € Sy,

E(Zp/n,Zq/n)I(ka l) = i(_zpk/n - 2‘]1/”’ ka l) (48)
e For a given family ofy-linesi,(«, ), « =2p/n e S1, B=2q9/n € Sy,

PyopmaqmI (k1) = I (k, —2pk/n — 2ql/n, 1). (4.9)
e For a given family ot-linesl, («, B),x =2p/ne S1, B=2q/n € S,

P-opynagmd (k1) = Tk, 1, —=2pk/n — 2q1/n). (4.10)

5. Computing the discrete X-ray transform

Equation (4.6) shows that direct computation of the discrete X-ray transform according to its definition
requiresO (n’) operations. As we will shortly see, by utilizing the frequency domain relations between
the samples of the discrete X-ray transform, it is possible to computeitifilogn) operations without
sacrificing the accuracy. This is quite a remarkable result if we consider the fact that the lower bound
for such a computation i€ (n*) operations, since there are four independent parametegs c1, c,) to
consider.
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We consider only the computation of the discrete X-ray transformZforgiven by Eq. (4.2). The
algorithm for computing the discrete X-ray transform Efrandﬁ;’ is similar. The discrete Fourier slice
theorem for ac-line [, (Eq. (4.8)) is given by

Prapynagml U, 1) = [(=2pk/n —2ql/n, k1), p,qe{n/2,...,n/2). (5.1)

If we can rapidly sample the trigonometric polynomialgiven by Eq. (3.16), at the points-2pk /n —
2ql/n,k,1) for some fixedp and g, then, by the 2D inverse DFT we can recover the values of
Py2p/n,2q/m1 (c1, c2) for fixed p andq. Hence, once we compute the sampls;n 24/ 1 (k, 1) for
all possible values op, g, k, andl, it requires(n + 1) applications of the 2D inverse DFT (one for each
pair of p andq) to recoverp, [ for all x-lines/, € £4. This results in a total 0 (n*logn) operations to
recoverP, I from P, 1. Therefore, remains to show that we can compytg,;..2,/n 1 (k, 1) for all p, g,
k, and! using O (n*logn) operations.

We take some fixed slope= 2p/n € S and denote

I,(q.k,1)=1(=2pk/n—2ql/n k.1I), (5.2)
where/ is given by Eq. (3.16). By expanding Eq. (5.2) using Eq. (3.16) we obtain
I(q.k.1)=1(—2pk/n—2ql/n. k1) (5.3)
n/2—1
— Z I(l/t, v, w)e—Zmu(—2pk/n—2ql/n)/me—2mkv/me—Zmlw/m' (54)
u,v,w=—n/2
Denote
nj2-1 nj2-1
IAyZ(u, k,l)= Z Z I(u,v, w)e_zmk”/'"e_zmlw/'". (5.5)

v=—n/2w=—n/2
By substituting Eq. (5.5) into Eqg. (5.4) we obtain

n/2—1
ip(q, kD)= Z iyz(ua k, l)e—Zmu(—Zpk/n—qu/n)/m (56)
u=-n/2
or
n/2—1
Lig. k)= Y Iy k De >, (5.7)
u=—n/2
where
Aw = —21/(nm), wo = —2pk/(nm), wy =wo+qAw. (5.8)

If we computef,,iq,k,l), given in Eq. (5.7), for all values q@f, k, and!, then, by Egs. (5.2) and (5.1)
we can computeP, 2,/n.24/n)1 (k, [) for a fixed directionp. Repeating the process for all possible values
of p produces the values @, ,,..2,/» 1 (k, ) for all possiblep, ¢, k, and!. Hence, rapid evaluation of
Eg. (5.7) enables rapid computation of the discrete X-ray transform.

Equations (5.7) and (5.8) reveal a special relation between the sammAp(quh ). As we will see
in Section 5.1, we can utilize this relation to rapidly compute the valuég(qt k, 1) by using the chirp
Z-transform. We first introduce the chigp-transform, and later show how to use it to rapidly compute
the discrete X-ray transform.
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5.1. The chirpzZ-transform

Given a sequence(j), j=-—n/2,...,n/2—1, its Z-transform is defined by
n/2—1
X@= Y x(z. (5.9)
j=—n/2
The chirp Z-transform, first discussed in [7], rapidly comput&sgz,) for points z; = AW, where
A, W e C. Specifically, the chirgz-transform allows to comput® (z;) along contours of the form

e =7 = wo+ kAw, k=-n/2,...,n/2, (5.10)

wherewy is an arbitrary starting frequency andv is an arbitrary frequency increment. See Fig. 4 for an
illustration ofz, defined by Eq. (5.10). For the contour defined by Eq. (5.10), the éhimansform has
the form
n/2—1
X(ez’”‘”k) = Z x(j)e FHN  k=—n/2, ...,n/2. (5.11)
j=—n/2
For the case wherey, = 0 and Aw = 1/n, the chirpZ-transform in Eq. (5.11) computes the discrete
Fourier transform of the sequencgé€y).
The algorithm described in [7—9] computes the cHirtransform of a sequencs j) of lengthr and
arbitrarywg and Aw using O (n logn) operations.
Equations (5.7) and (5.8) state that for fixednd!, fp(q, k, 1) can be rapidly computed by setting

x()=1I,.(j. k, 1),  wo=—2pk/(nm), Aw = —21/(nm) (5.12)

and using the chirZ-transform. These settings are used in the next section for the rapid computation of
the discrete X-ray transform.
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Fig. 4. Z-plane samples of the chiip-transform
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5.2. Fast algorithm for the computation of the discrete X-ray transform

We will use the chirgZ-transform algorithm from Section 5.1 to rapidly compuﬁé(l)ior au\l eLd,
v/v\hereﬁd is defined in Eg. (4.5). The algorithm consists of three phases, which complité, 7, and
P.1 for lines "l Le, E;’,Aand £, respectively. We present only the algorithm for computid. The
algorithms forP, 1 and P, are similar.

We use the following notation in the description of the algorithm:

e E,, E.—Extension operators, which symmetrically zero-pad the infaigelength 2 + 1 along the
y andz directions, respectively.

e F,, F,—1D discrete Fourier transform (FFT) along the specified direction. For examfpleakes
all the vectord (x, -, z) and applies on them the 1D FFT.

e CZT (x,wqo, Aw)—The chirp Z-transform, defined in Section 5.1, with parametegsand Aw.
Specifically,CZT (x, wg, Aw) is defined by

n/2—1

CZT (x,wg, Aw)y = Z x(j)eiZ’”j‘”k, wy =wo+kAw, k=—n/2,...,n/2. (5.13)
j=-n/2

5.2.1. Algorithm description
The output of the algorithm is stored in the array Refssize(n +1) x (n+1) x m xm, (m = 2n + 1).

e ComputingP, I:
1. [ =E,E.I
2. [=F,F.I
3.foreach p in —n/2,...,n/2

4 foreach k,/ in —n,...,n

5. xeg < I k1) (x,is asequence of lengih)
6. wo < —2pk/(nm), Aw <« —21/(nm)

7 Res(p, -, k, 1) =CZT (x1;, wo, Aw)

8 endf or

9. endf or

5.2.2. Correctness of Algorithm 5.1
Theorem 5.1. Upon termination of Algorithn®.2.1we have

ReS (. q. k. 1) = Prap/moqml (k, D).

Proof. According to step 2 of Algorithm 5.2.1, and the definitions/afnd F, it follows that:

n n/2—1
(F, D) (u,v,l)= Z I(u, v, w)e 2rhwim — Z I(u, v, wye Zim = 2n+1. (5.14)

w=-—n w=—n/2

Applying F, to Eq. (5.14) yields
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n
[,k )2 Fy(F.D) k.= Fd(u v, e 2/ (5.15)
n n/2—1
— Z Z I(u,v, w)672mkv/n1672mlw/m (5.16)
v=—nw=—n/2
n/2-1 nj2—1
— Z Z I(u, v, w)672mkv/m672mlw/m. (517)

v=—n/2w=—n/2
According to step 5 of Algorithm 5.2.1 and Eq. (5.17), we define the sequepgckas

n/2-1 n/2-1

(D =TG kD= Y Y I, v, wye 2 ke/mem2mivm, (5.18)
v=—n/2w=—n/2

By applying theCZT (step 7) to{x,;}, given in Eq. (5.18), with parametegs and Aw, defined in step 6
of Algorithm 5.2.1, we obtain

Res(p,q,k,1) = CZT (xy1, wo, Aw)y (5.19)

n/2—1

= Z Xk (f)zg” |Zq:ezma)q (5.20)
j=-n/2
n/2—1

= Y x(je i (5.21)
j=-n/2
n/2—1

= Y (e It (sincew; = wo + g Aw) (5.22)
j=-n/2
n/2—1

= Z xg g (j)e™ZrH (Z2pk/(um)=2q1/(nm) — (according to step 6) (5.23)
j=-n/2

n/2—1

— Z I(], v, w)e—2mkv/me—2mlw/me—2mj(—2pk/n—2ql/n)/m (524)
Jjv,w=—n/2

=1(=2pk/n—2ql/n, k1), (5.25)

where Eq. (5.24) follows from Eq. (5.23) by using Eq. (5.18).
According to Theorem 4.1 we have that

Propin 2qpml (k1) = 1(=2pk/n—2q1/n, k1) (5.26)
and by combining Egs. (5.25) and (5.26) we obtain

Res (p,q.k, 1) = Pepnogml(k,1). O (5.27)
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5.2.3. Complexity of computing the discrete X-ray transform (Algorithm 5.2.1)

We analyze the complexity of computi@l (Algorithm 5.2.1). The complexity of computinﬁyl
andP,I is the same.

Step 1 of Algorithm 5.2.1 require® (n®) operations as it doubles the size of a 3D image of stday
zero padding each direction. Step 2 requires the applicati@n(of) 1D FFTs along the direction and
O(n®) 1D FFTs along the direction. Since each FFT application requi@é: logn) operations, this
accounts to a total af (n°logn) operations.

Next, for fixedk, [, and p, steps 5-7 requir® (n logn) operations, since the most expensive opera-
tion is to compute th& ZT (chirp Z-transform) in step 7, which requira3(n logn) operations. This
accounts to a total of (n*logn) operations for the processing of all valueskof, and p. Hence, com-
puting Pl requiresO (n*logn) operations.

Note that Algorithm 5.2.1 computeB, I for all directionsp andg. If for some application not all
directions are needed, they can be discarded from the computation, reducing the complexity of Algo-
rithm 5.2.1.

6. Invertibility

We will show that the samples of the discrete X-ray transform, given in Eg. (4.6), are sufficient to
uniquely recover the underlying imageSince there is a one-to-one correspondence between the discrete
X-ray transform of an imagé and its Fourier transformé}l , f’yl , andﬁzl , it is sufficient to show that
given the Fourier transform samplésl, 13;1, andEI, we can uniguely recover the underlying image

We will use the following lemma, which states that the chiffransform, defined in Section 5.1, is
invertible.

Lemma6.1. Then + 1 samples/ (1), [ = —n/2, ..., n/2, of the polynomial

n/2

0= Z cje”Zmien, (6.1)

j=—n/2
wherew; = wo + [ Aw, Aw # 0, uniquely determine;, j = —n/2,...,n/2.
The proof of Lemma 6.1 is trivial and therefore we omit it.

We begin by inspecting the Fourier sampfés. According to Eg. (4.10), for a-line defined by the
parametergp, g, k, ) we have

P.I(p,q.k,1)=1(k,1,—2pk/n —2ql/n) (6.2)
n/2—1
— Z I(u, v, w)e—kau/me—Zntlv/me—Zm(—2pk/n—2ql/n)w/m (63)
u,v,w=—n/2
n/2—1
— Z fxy(kv 1, w)e—Zm(—2pk/n—2ql/n)w/m’ (64)

w=—n/2
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where
n/2—1 n/2—1
IAXy(k, L, w)= Z Z I(u,v, w)eZrHku/m g=2milv/m (6.5)
u=—n/2v=—n/2

is the DFT ofI in thex andy directions, and Eq. (6.3) follows from Eq. (6.2) by using Eg. (3.16). For
fixed p, k, and! and a variabley, we can rewrite Eq. (6.4) as
n/2—1
PI(p.q. k)= Lyl w)e 2 eotstom, (6.6)
w=—n/2
wherewg = —2pk/(nm) and Aw = —2I/(nm). According to Lemma 6.1, for fixed and!, such that
[ # 0, we can recovel,,(k,l,w), w=—n/2,...,n/2— 1. If we repeat this process for d@lland/ such
that!/ # 0, we recovelfxy(k, [, w) for all the Cartesian grid points except the plare0. Similarly, if we
rewrite Eq. (6.4) as
n/2—1

PI(p.q.k. D)= Y Lyl I w)e 2 aoteon, (6.7)
w=—n/2

wherewg = —2g1/(nm) andAw = —2k/(nm), we can recover, according to Lemma GIf,Jy,(k, [, w) for
all k £ 0. Therefore, we can recovéxy(k, 1, w) for all the Cartesian grid points except the line- 1 = 0,
i.e., except the ray in thediArectionIA(O, 0, w). Hence, by applying 1D DFT in thedirection we recover
I, the 3D DFT of7, from I,, on all grid points except the lin, 0, w). We denote this set of points
recovered from’ by /. R

We next inspect the Fourier samplés/. According to Eq. (4.9), for ay-line with parameters
(p,q,k,1) we have

PI(p,q.k, 1) =1k, —2pk/n—2ql/n,1I) (6.8)
nj2—1
— Z I(u,v, w)e—Zntku/me—Zm(—2pk/n—2ql/n)v/me—27nlw/m (6.9)
U, v, w=—n/2
n/2—1
_ Z Lok, v, 1ye2r12pk/n=2q1/myv/m (6.10)
v=—n/2
where
n/2—1 nj2-1
I, (kv )= Z Z I(u, v, w)e Zrthuimo=2milw/m (6.11)

u=—n/2w=—n/2
is the DFT ofI in thex andz directions. If we rewrite Eq. (6.10) for fixed, k, and/, we obtain

n/2—-1 n/2—1
PiI(p.q.k.)= Y (kv Dye 2 C2kin=2al/mvim — N2 f(k v, [)e 2 @otatol (6.12)
v=—n/2 v=—n/2
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wherewo = —2pk/(nm) and Aw = —2//(nm). By applying Lemma 6.1 to Eq. (6.12) for fixédand/,
we can recovel,,(k, v, 1) forv=—n/2,...,n/2 - 1. If we repeat this process for &land/ such that
[ #0, we recovel,,(k, v, 1) for all I # 0. Now, if we rewrite Eq. (6.10) for fixed, k, and/ as

n/2—1 n/2—-1
i);[(p, q, k, l) — Z fxz(k’ v, l)e—Zm(—2pk/n—2ql/n)v/m — Z fxz(kv v, l) e—2m(pAw+wo)v’
v=—n/2 v=—n/2
(6.13)

where wg = —2¢l/(nm) and Aw = —2k/(nm), then, we can recovefxz(k, v,l) forv=-n/2,...,
n/2 — 1. Again, by repeating the process for alland/ such thatk # 0, we recoverl,,(k, v, 1) for
all k # 0. Therefore, by combining the last two arguments, we recb)gemn all grid points except the
line I,.(0, v, 0). Hence, by applying 1D DFT in the direction we recove! from /.. on all grid points
except the ling0, v, 0). We denote this set of points recovered frq)r’ny I,. If we combinel; and i, we
recover/ on the entire grid except the origin. At the origin we have

n/2—1 nj2—-1 nj2-1

P.1(0,0,000= > > > I(u,v.w)=1(0,0,0). (6.14)

u=—n/2v=—n/2w=—n/2

To conclude, we showed that given the Fourier transform samples of the discrete X-ray transform we
can recovet, the 3D Fourier transform of the imadeand, therefore, we can recover the imdge

7. Conclusions and futureresearch

We presented a definition of the discrete X-ray transform for discrete images. The presented trans-
form does not use an arbitrary interpolation scheme and its parameters are carefully chosen to preserve
geometric fidelity (summation along straight geometric lines). It obeys the discrete Fourier slice theorem
that allows exact frequency domain analysis with no frequency domain interpolation. Computation of
the discrete X-ray transform that is based on the discrete Fourier slice theorem requires no interpolation
and uses only 1D frequency domain operations (1D FFTs). This allows efficient implementation using
existing 1D tools. An interesting property of the discrete X-ray transform is that it is not limited to 3D
and can be easily extended to higher dimensions. All the properties proved for the 3D case exist also in
higher dimensions.

We showed that our definition of the discrete X-ray transform is invertible. Analysis of a rapid inver-
sion algorithm is yet to be done as well as investigation of the applicability of such algorithm to physical
problems. Computerized tomography is a typical problem where the existing 3D inversion algorithms are
inexact and have high complexity.

The forward X-ray transform, which we presented in this paper, has many interesting applications.
For example, it enables to perform volumetric directional processing of images in applications such as
Fourier volume rendering [10,11], which allows to reduce the complexity of exact slice visualization of a
3D object by almost an order of magnitude. This is in contrast to current implementations, which require
frequency domain interpolation that causes artifacts in the reconstructed images. By employing our exact
X-ray transform, we do not use any frequency domain interpolations and this leads to both fast and exact
slice-visualization algorithms.
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