Available online at www.sciencedirect.com

Applied and
SCIENCE DIRECT?®
@ Computational
ACADEMIC Harmonic Analysis
PRESS Appl. Comput. Harmon. Anal. 15 (2003) 33-69
www.elsevier.com/locate/acha
3D Fourier based discrete Radon transform
Amir Averbuch and Yoel Shkolnisky
School of Computer Science, Tel Aviv University, Tel Aviv 69978, Israel
Received 21 March 2002; accepted 22 October 2002
Communicated by Vladimir Rokhlin

Abstract

The Radon transform is a fundamental tool in many areas. For example, in reconstruction of an image from
its projections (CT scanning). Recently A. Averbuch et al. [SIAM J. Sci. Comput., submitted for publication]
developed a coherent discrete definition of the 2D discrete Radon transform for 2D discrete images. The definition
in [SIAM J. Sci. Comput., submitted for publication] is shown to be algebraically exact, invertible, and rapidly
computable. We define a notion of 3D Radon transform for discrete 3D images (volumes) which is based on
summation over planes with absolute slopes less than 1 in each direction. Values at nongrid locations are defined
using trigonometric interpolation on a zero-padded grid. The 3D discrete definition of the Radon transform is shown
to be geometrically faithful as the planes used for summation exhibit no wraparound effects. There exists a special
set of planes in the 3D case for which the transform is rapidly computable and invertible. We describe an algorithm
that computes the 3D discrete Radon transform which ugasl@ N) operations, wher&/ = n? is the number
of pixels in the image. The algorithm relies on the 3D discrete slice theorem that associates the Radon transform
with the pseudo-polar Fourier transform. The pseudo-polar Fourier transform evaluates the Fourier transform on a
non-Cartesian pointset, which we call the pseudo-polar grid. The rapid exact evaluation of the Fourier transform at
these non-Cartesian grid points is possible using the fractional Fourier transform.

0 2003 Elsevier Inc. All rights reserved.

1. Introduction

An important problem in image processing is to reconstruct a cross-section of an object from several
images of its projections. A projection is a shadowgram obtained by illuminating an object by penetrating
radiation. Figure 1 shows a typical method for obtaining projections. Each horizontal line shown in this
figure is a one-dimensional projection of a horizontal slice of the object. Each pixel of the projected image
represents the total absorption of the X-ray along its path from the source to the detector. By rotating the
source-detector assembly around the object, projections for several different angles can be obtained.
The goal ofimage reconstruction from projectionis to obtain an image of a cross-section of the object

1063-5203/$ — see front matter 2003 Elsevier Inc. All rights reserved.
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Fig. 1. An X-ray CT scanning system. Fig. 2. 3D projection geometry.

from these projections. Imaging systems that generate such slice views are called CT (computerized
tomography) scanners.

The Radon transform is the underlying fundamental concept [4,5] used for CT scanning, as well for
a wide range of other disciplines, including radar imaging, geophysical imaging, nondestructive testing
and medical imaging [3,8].

1.1. 3D continuous Radon transform

The 3D Radon transform is defined using 1D projections of a 3D objéet y, z) where these
projections are obtained by integratingx, y, z) on a plane, whose orientation can be described by
a unit vectora (see Fig. 2). Geometrically, the continuous 3D Radon transform maps a functivh in
into the set of its plane integrals & (see Fig. 3). Formally, we have

Definition 1.1 (3D continuous Radon transfo)mGiven a 3D functionf (X) £ f(x, y, z) and a plane
(whose representation is given using the northaind the distance of the plane from the origin), the
3D continuous Radon transform gffor this plane is defined by

Fig. 3. 3D Radon transform illustration.
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The Radon transform maps the spatial domainy, z) to the domain(@, s). Each point in thea, s)
space corresponds to a plane in the spatial dorain, z). Note that(a, s) are not the polar coordinates
of (x,y,2).

The 3D cgntinuous Radon transform satisfies 3ie Fourier slice theorem/vlhich states that the
central slicef (¢a) in the directionx of the 3D Fourier transform of (X) equalsh f (a, &), that is

Nf(@, &)= fEa) = f(&sindcosp, £ sind sing, & cos), (1.3)
where

fentatr= [ [ [ ries O E-lg bl F=roy ) (L4)
is the 3D Fourier tr;os;‘ogr;oof and

Nf(@ &)= /OO Nf(@,s)e "5 ds (1.5)

is 1D Fourier transform of the 3D Radon transfa¥hf («, s) along the parameter.
1.2. Discretization of the Radon transform

For modern applications it is important to have a discrete analoguésfdior 3D digital images
I=Uw,v,w): —n/2<u,v,w <n/2).

The definition of the 3D discrete Radon transform should follow guidelines that were employed in
[1,2] for the definition of the 2D discrete Radon transform. Specifically, any definition of the 3D discrete
Radon transform should satisfy the following properties:

(P1) Algebraic exactnessThe transform should be based on a clear and rigorous definition, not, for
example, on analogy to Eq. (1.1), e.g., formulations such as ‘we approximate the integral in Eq. (1.1)
by a sum’.

(P2) Geometric fidelityThe transform should be based on true geometric planes rather than planes which
wrap around or are otherwise nongeometric.
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(P3) SpeedThe transform should be rapidly computable, for example, admit@nl@ N) algorithm
whereN = 3 is the size of the data ih.

(P4) Invertibility. The transform should be invertible on its range. Moreover, there should be a fast
reconstruction algorithm.

(P5) Parallels with continuum theoryT he transform should obey relations which parallel with those of
the continuum theory (for example, relations with the Fourier transform).

In this paper, the approach suggested by [1] is generalized to prove that requirements (P1)—(P5) hold
for the 3D case. This is accompanied by a complete analysis and proofs of the 3D case. Note that we only
show invertibility (P4) for the 3D case. A reconstruction algorithm, however, is will be treated in another
paper.

The organization of the paper is as follows. Section 1 gives an overview of the 3D continuous Radon
transform and the discretization guidelines. Section 2 defines the 3D discrete Radon transform. It explains
the selection of the transform parameters and details the geometry of the discrete definition. In Section 3
we prove the Fourier slice theorem for the 3D discrete Radon transform. In Section 4 we define the
pseudo-polar grid and the pseudo-polar Fourier transform. In Section 5 we derive a fast algorithm for the
computation of the 3D discrete Radon transform. Finally, in Section 6 we show that our notion of the 3D
discrete Radon transform is invertible.

2. Definition of the 3D discrete Radon transform

Inspired by the definition of the 2D discrete Radon transform given in [1,2], the 3D discrete Radon
transform is defined by summing the interpolated samples of a discreteldmray, w) lying on planes
which satisfy certain constraints. Formally, given a plane whose explicit equation is

Z=s851x + sy +1 (2.2)

(where the constraints an, s, andr will be determined shortly), we define the operaryl for the
plane given in Eqg. (2.1) by

n/2—1 nj2—1
Ral(sq1,52,1) = Z Z I3(u, v, s + spv + 1), (2.2)
u=—n/2v=—n/2
where
n/2—1 n n
i3 s Uy = I s Uy Dm - ) ) :__a~~~a__1a Ra 23
(u,v,2) w;/z u,v,w)Dp(z—w), u,v > > 7€ (2.3)
and D,, is the Dirichlet kernel given by
sin(rmt)
D,(t)= ————, =3 1 2.4
) msSin(wt/m) m "t (2.4)

The choicen = 3n + 1 for the length of the Dirichlet kernel in Eq. (2.4) is critical and will be explained
later.

We used the notatiof®, since we interpolate in thedirection, which we consider the third direction.
We refer to thex-, y-, z-direction, as the first, second, and third direction, respectively.
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2.1. Selection of the parametarandm

In order for our definition to be geometrically faithful, the summation over planes must not wraparound
over true samples af. We want to sum only over “straight” planes. This can be achieved, as in the 2D
case detailed in [1,2], by limiting the valugof a planez = s1.x + s,y + ¢) can have on the given domain
(the imagel), limiting the slopessy, s, and using padding to size@ = 3n + 1. The size ofn will be
explained later. Limiting the value of the slopgsands, limits the value of; sincex, y in Eq. (2.1) are
bounded on the domaih

Interpolated summation over planes do wraparound due to the periodic nature of the interpolation
kernel D,,. If we pad, it wraps around over the zeros of the padding and not over true samples, from
and, therefore, we can think of it as if the wraparound never occurred (it lacks geometrical impact).

We start by limitings; and s, to determine the size oh that is needed for padding. Using the
interpolation kernebD,, is equivalent to symmetrically zero padding a given vector of samples to length
m and then using trigonometric interpolation.

By taking a plane of the form = s1x + soy + ¢t and by choosings1| < 1 and|s,| < 1, we limit thez
value of the plane over the domaim /2 < x <n/2, —n/2<y < n/2. Geometrically, we allow slopes
of up to 453 in each directionX andy directions). This is a reasonable restriction, while considering the
symmetry ofx, y, andz.

Fixing the ranges of,; ands,, we first determine the set of discrete intercepis Eq. (2.1), which
is relevant to our choices off ands,. The geometrical interpretation of the intercedor the plane
z=s1x + 52y + 1t is thez value atx = 0, y = 0 which measures the “intercept” of the plane at the origin.

We would like that for each family of planes, which corresponds to fixec, and variable intercept
to include at least all the planes in the given directigns, that intersect withl (u, v, w). The reason is
that we want to sum over all planes in a given direction (fixgd,) that produce nontrivial projections
of I, i.e., intersect the image Thus, for a given direction we must find at least all intercepksat cause
the planez = s1x + soy + ¢ to intersect/.

It is easy to see that the extremal valueg afe obtained on the boundary of the domairodnds,,

i.e., for|si| = |s2| = 1. The general plane equation reduces tox + y + ¢ for s; = 1 ands, = 1. Since
we are interested only invalues that cause the plane to interseave require that-n/2< z <n/2. It
follows that we first look for the maximalsuch that

ty4r<o
X < =
Y 2

for at least one point frond (one point from the domain of andy). It is easy to see that the largest
value ofz, for which the plane = x + y + ¢ still satisfiest=x+y+t <n/2o0nl,is

r< 3
2
For such a value of, the extremal value of in I is obtained for
n n
=T Y73
and in this case
n 3n

—xfy+r=—2-T4 =
LEATYTIE TS T, T T T
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For any larget, there is no paitx, y) in I such that the correspondingsatisfies, < n/2. Similarly, we
wantz to satisfyz > —n/2 for at least one point fromi. Again, it follows that the extremal plane in this
case must satisfy + y +t > —n/2 forx < n/2 andy < n/2 and therefore

(>
We conclude that the relevant range of intercepts for the definition of the 3D discrete Radon transform
must include the intervat3n/2 <t < 3n/2.

For the definition of the 3D discrete Radon transform we need the inteeabe of odd length.
Therefore, we defineto be in the interval

Next, we must properly select the padding valu¢o retain geometric fidelity. We begin by checking
the maximalz that the extremal plane can have (the plane that achieves the maxiimathe given
domain). This value is achieved for =1 ands, = 1. Sincer < 3n/2,x <n/2,y < n/2, it satisfies

n 3n 5n

n
Z=251X + 52y + <2+2+2 >

Suppose we use padding of sizg- 1 on top of/ andn at the bottom of along thez-axis. This looks
as abox of(n/2) x (n/2) x (n+ 1) zeros on top of and (n/2) x (n/2) x n at the bottom off along
the z-axis (see Fig. 4 for 2D projections dfand its padding and Fig. 5 for a 3D illustration). In this
case the extremal sample on the extremal plane will hdess than b/2, or by taking the wraparound
into account, less tharn /2, which is the first true sample df. Hence, padding with boxes of zeros
of total of size 2 + 1 eliminates wraparound of planes onto samples, @nd therefore the summation
over these planes is a summation over geometric planes and not over planes which wraparound over true
samples ofl.

We conclude that to eliminate wraparound due to trigonometric interpolation, the padding size that is
needed in the 3D case ia 2 1 along thez-axis, meaning that the trigonometric interpolation takes place
over 31 + 1 samples. In other words; = 3n + 1, wherem is the length of the interpolation kerngi,,.

z

3

n+1
Zeros

Fig. 4. Projections of a padded 3D image. Fig. 5. A padded 3D image.
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An important observation is that although we considered only planes of thezfermx + soy + ¢, if
we consider planes of the forms= s1x + s,z +¢ andx = sy + 52z + ¢ with the same constrainis; | < 1
and|s,| < 1, we impose the same constraintsr@andm, i.e.,—3n/2 <t < 3n/2 andm = 3n + 1.

2.2. 3D geometry

The last observation leads to a definition of three types of planes, namelafes”, “

, ‘y-planes”, and
“z-planes”.

Definition 2.1.

e A plane of the form

x=sy+sz+1t, wherels;] <1, |sp] <1

is calledx-plane
e A plane of the form

y=s1x+sz+1t, where|sy| <1, [sp] <1

is calledy-plane
e A plane of the form

z=s1x +s2y+1t, wherels;| <1, |52/ <1

is calledz-plane

Lemma 2.1. Each planep in R® can be expressed as one of the plane types from Defirditiofx-plane,
y-plane, orz-plané.

Proof. Assume we take an arbitrary plapen R3
p.ax+By+yz=t.
If two of the coefficientsy, 8, andy are zero, the plane has one of the following forms:
e x=t/a (B=y =0,a #0), and it follows that the plang is x-plane;
e y=1t/B (e =y =0, 8 #0), and it follows that the plang is y-plane;
e z=t/y (¢ =B8=0,y #0), and it follows that the plang is z-plane.
Suppose that only one coefficient is zero, for example; 0. One of two cases must hold
o If |a| > |B] then the plang is converted into
t
(2
o (04

with |8/a| < 1, and it follows that the plane is-plane.
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e If |a| < |B] then the plane is converted into

_(_z>x+i
Y=\TB) T

with |a/8] < 1, and it follows that the plane is-plane.

Similar results hold itx =0 or 8 =0.
Remains to check the case where: 0, 8 £ 0, y # 0. Rewrite the plane equation
ax + By +yz=t
as
z=a'x+pBy+t. (2.5)
If |’'| <1and|f’| <1thenp is z-plane. Otherwise, one of the following must hold:

o If |&'| > |B’| then|a'| > 1. Rewrite Eq. (2.5) as

() (2)-
o o o

with [1/a’] < 1, |8'/a'| < 1, and it follows thatp is x-plane.
o If |&'| < |B'| then|B’| > 1. Rewrite Eq. (2.5) as

() (Bt
T )T B

with |o’/8'] < 1,]1/8'| < 1, and it follows thatp is y-plane.
We conclude that every planecan be written as either-plane,y-plane, orz-plane. O

2.3. Formal definition of the 3D Radon transform

We first define the 3D Radon transform on discrete 3D imdgasd on continuous set of planes, and

later we discretize the planes set.

We define three summation operators, one for each type of plapi&fe, y-plane,z-plane defined
in Definition 2.1). Each summation operator takes a plane and an ifmage calculates the sum of the
samples froml “on” the plane. More precisely, it calculates the sum of the interpolated samplesrof

the plane.

Definition 2.2 (Summation operatoysLet I be a discrete image of sizex n x n.

e Forx-plane we define

n/2-1 n/2-1
Rador({x =51y + 522 + t}, I) = Z Z IY(s1v + sow + 1, v, w), (2.6)
v=—n/2w=—n/2
where
n/2—1 n n
I*x, v, w) = Z I(u,v,w)D,,(x —u), v,wée {_E’ g T 1}, x eR. 2.7)

u=-—n/2



A. Averbuch, Y. Shkolnisky / Appl. Comput. Harmon. Anal. 15 (2003) 33-69 41

e Fory-plane we define

n/2-1 n/2-1
Rador({y = 851X + $pz7 + t}, I) = Z Z IP(u, st + sow + 1, w), (2.8)
u=—n/2w=—n/2
where
n/2—1 n n
iz ’ ’ - I s Uy Dn - ) ) € __,...,__1, ER. 2.9
(u, y, w) U;ﬂ/z(uvw) ((y —v) uw{2 5 }y (2.9)
e Forz-plane we define
n/2—1 n/2—1
Rador({z = 851X + 52y + t}, I) = Z Z I3(u, v, s1u + spv + 1), (2.10)
u=—n/2v=—n/2
where
n/2—1 n n
Bu,v,z)= _X_:/Zl(u, v,w)D,,(z —w), u,ve {_E’ T 1}, zeR. (2.11)

Using the summation operators (Egs. (2.6), (2.8), and (2.10)), we define three Radon opiators
(i =1,2,3) for a 3D image (volumej as

e Forx-planex =s1y + s2z + ¢ define

R1I(s1, 2, 1) 2 Rador(x = s1y + spz + 1, I). (2.12)
e Fory-planey = s1x + sz + ¢ define

R>1 (s1, 52, 1) £ Radon(y = s1x + spz + 1, ). (2.13)
e Forz-planez = s1x + soy + ¢ define

R3l (s1, 52, 1) = Radon(z = syx + 52y +1, I). (2.14)

For a given plang we can classify it by Lemma 2.1 as an eitheplane, y-plane, orz-plane with
slopess; ands,. We define the “canonization transform” that takes an arbitrary ptaaed transforms
it into one of the plane types that were defined in Definition 2.1.

Definition 2.3 (Canonization transforin Given a planep whose equation is given by
p:oax+pBy+yz+1t=0,

we denote byP the set of all planep in R3. Let C: P — R* be the transformation that takes a plane
p € P and transforms it into one of the plane typesplane,y-plane, orz-plane. Forp € P

C(p) = (q, 51,52, 1),
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where

e g =1if C(p)isx-planex = s1y + soz + 1" with —1 < 51,55 < 1,
e g =2if C(p)is y-planey = six + spz + ¢/ with —1 < s1, 50 < 1;
o ¢ =3if C(p)isz-planez =six + soy + ¢’ with —1 < s1, 55 < 1.

Definition 2.4 (3D Radon transforln Assume thatl is a discrete image of size x n x n and the
planep is determined by (p) from Definition 2.3. Then, the 3D Radon transform/obn p is defined
by
Ryl (s1,52,1), q=1,
RI(p.I)=RI(s1,52.1) = { Ral (s1,82,1), q=2, (2.15)
R3l(s1,52,1), q=3,
whereRy, R,, andR; were defined in Eqgs. (2.12)—(2.14) aipds,, s», andr are determined frond' (p)
according to Definition 2.3.

2.4. Traditional(¢, 0) representation of planes

The definition of the 3D Radon transform uses slopes and intercepts to designate a specific plane.
The notation of a plane using slopes is less common and should be further explained. Usually, a plane
in R3 is defined using a unit normal vectdrand the distance of the plane from the origin. Formally,

(n, (x,y,z)) =t, wheren can be represented using the angles)) (see Fig. 2) as

n = (Cos¢ sind, sing sind, cosh).

We would like to find a correlation between ttg 0, 1) representation of a plane and the explicit plane

representation (using slopes). We begin by inspecting the explicit equatianmtaez = s1x + soy + ¢
where|s;| < 1 and|s,| < 1. This can be rewritten as
((_Sla —S82, l), (-xa y, Z)> =1.

Define

s= | on—sa D = fsF+ 3+ 1

and by normalizing the normal vector, we obtain

wheren = (—s1/s, —s2/s, 1/s) is the unit normal vector to the plane.
By expressing¢, 0) of the vector: usings; ands, we obtain
_ =s2fs _ s
tang = =2t = 2

[2/c24 o272
tan@:i%:i 52+ s2.
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The range of¢, 6), which corresponds tg-planes, is

tang = S—Z, tand = +,/s? + 52,
S1

where|s1| < 1 and|s,| < 1.
Resolving fors; ands,, we obtain

§2 — tar?rg
17 1ttarte’
2 _ tarf@tarf¢ (2.16)

52 = Trarg
Sincels;| < 1 and|sy| < 1 it follows that:

tarf o
1+tar ¢ <L

taré 0 tarf ¢
1+tarf <l

(2.17)

We conclude that the range @p, 0), which defines alt-planes, satisfies Eq. (2.17). Equation (2.17)
does not define a domain that is simple to describe and therefore it is less convenient than the slopes
notation used to define our notion of 3D Radon transform (Definition 2.4).

Inspecting the relations betweerplanes and/-planes and thég, 6) notation yields similar results
and will not be detailed here.

Equations (2.16) and (2.17) allow us to compute the 3D Radon transform for a plane whose normal is
given as a pair of angleg®, 6), by using transformation to explicit plane representation withnds..

3. 3D discrete Fourier dicetheorem

Equation (1.3) states the well-known Fourier slice theorem for the 3D continuous Radon transform.
This slice theorem defines the relation between the 3D continuous Radon trafisfooha function
f(x,y,2) and the 3D Fourier transform gf along some radial line. Moreover, it allows us to evaluate
the continuous Radon transform using the 3D Fourier transform of the fungtion

Following the continuum theory, we will look for the relation between the discrete Radon transform
and the 3D discrete Fourier transform of the im@g#Ve use this relation to compute the discrete Radon
transform. In order to derive such a relation we will develop an alternative definitioRF4EQ. (2.15))
which is more suited for such a construction.

We begin by defining some auxiliary operators (translation, extension, truncation, shearing, and
backprojection operators) which will be used for the evaluation of the 1D Fourier transfoid .of
The key-idea behind the alternative formulation of the 3D Radon transform (to be explained shortly) is
that summation over the plane, v, siu + sov + 1) in EQ. (2.10) is equivalent to a shift of the vector
(u, v, ) by —(s1u + sov) (using trigonometric interpolation) and summation over the plaag.

Since we use trigonometric interpolation, which gives circular shift, it is necessary to 4s& + 1
to avoid plane wraparound and achieve geometric fidelity (see Section 2.1).

Definition 3.1 (Translation operatoy. Let
T.,.C"—->C", m=3n+1
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Fig. 6. Translation of the vecter with 7 = 1.

Given a vectolr = (o;: —3n/2 <t < 3n/2) and somer € R, we define the vectof,a = ((T,a),) —
3n/2<u<3n/2, where

3n/2

(Tra), = Z aD,(u—i—1), m=3n+1 (3.2)
i=—3n/2

andD,, defined in Eq. (2.4).

The operatoff, translates the vectar by t, performing trigonometric interpolation when necessary.
For example, assume = 1. Calculating(T,«), for u = 0 (the zero element of the translated vector)
gives

3n/2
(Tr@)o= ) aDy(—i—1).
i=—3n/2
Since D, is zero on all integers except 0, the only nonzero element in the sum occuss afl (for
which D,,(0) =1).
Thus,(T;a)o = @_1 and the operatar; translatedr one place to the right (see Fig. 6).

Definition 3.2 (Adjoint operatoj. Let T be an operatof : X — Y. The operatolG : Y — X is called the
adjointof T, denoted byG = adjT, if for eacha € X, €Y (T, 8) = (&, GB).

Lemma3.l adiT, =T_,.

Proof. Leta, B C",m=3n+ 1.

3n/2 3n/2 3n/2
(T )= Y. (Tayfi= Y. ( > a,-Dm<i—j—r>>ﬂ£"

i=—3n/2 i=—3n/2 \ j=—3n/2
3n/2 3n/2 3n/2 3n/2

S DIEETXEERIES ol (Dol R
i=—3n/2 \ j=—3n/2 j=—3n/2 \i=—3n/2

3n/2 3n/2 3n/2 3n/2 *
=Y. ( > ﬂ;"Dm(i—j—r)>a,-= > ( > ﬂiDma—j—r)) o

j=—3n/2 \i=—3n/2 j=—3n/2 \i=—3n/2
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3n/2 3n/2 *
= > ( > ﬂiDm(j—i+r)> @; (sinceD,,(t) = D, (1))

j=—3n/2 \i=—3n/2
3n/2

= ) (Tpja;=(0.Tp).
j=—3n/2

This yields
T_.=adjT;. a

An important property of the translation operatBr is that the translation of an exponential is
algebraically exact. In other words, the translation of a vector of samples of an exponéfitidl"e
is exactly the same as resampling the exponential in the translated points. This observation will have a
great importance in proving the Fourier slice theorem.

Lemma 3.2. Letm = 3n + 1, p(x) = ***/m_ Define the vectop € C” to beg, = ¢(t), —3n/2 <t <
3n/2. Then

(T, ), = o(t — 1) ¥
T - —-7), xS
t =@ > >

whereT, defined in Eq(3.1).

Proof. Given a vectowr = («;: —3n/2 <t < 3n/2), the interpolated underlying function, when using
trigonometric interpolation is

3n/2
Li(x,@)= Y a;Dulx— ), (3.2)
Jj=—3n/2
whereD,, was defined in Eq. (2.4),,(x, «) denotes interpolation of the vecterat the pointc. We note
that from Eq. (3.1) we have

3n/2

(Tra) = Y @Dyt —j—1)=1I,(t —7,) (3.3)
j=-3n/2

meaning that translating the veci@r= («;: —3n/2 <t < 3n/2) is simply resampling the interpolated
function I,,,(x, @). In our case we are looking at the vectbe C™: ¢, = ¢(t), —3n/2 <t < 3n/2, of
samples from the continuous functigrix) = €7**/™ and therefore Eq. (3.2) has the form

3n/2

L. d)= Y ¢;Dulx— ). (3.4)

j=—3n/2
We show that Eq. (3.4) can be rephrased as a trigonometric polynomial of the form

3n/2

Ln(x,9)= Y p& /" (3.5)

k=—3n/2
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with someg,. From Eq. (2.4)
sin(rmt)

msin(re/m)’

Rewriting Eq. (3.6) we have fon =3n + 1

D, (t) = m=3n+1. (3.6)

B sin(rt)
D) = mSin(rt/m) (3.7)

B E sin(rt)

 m2sin(wt/m)

2 Sin(‘?’"_‘H- ﬂ)

(3.8)

2 3n+1
=——= > 3.9
m ZSin(%sijZl) 59)
We take the identity
1 & sin((L + 1/2)x)
= kx) = . 3.10
2 + ; cos(kx) 2sin(x/2) ( )
and by substitutind. = 3r/2 in Eq. (3.10) we obtain
3n/2 .
1 sin(((3n +1)/2)x)
= COoS(kx) = 3.11
2+k2:; (k) 2sin(x/2) (3.11)
By substitutingx = (2r¢)/(3n + 1) into Eqg. (3.11) we obtain
1 < s( 2t ) sin(¥5= 225 )
~+) cod k =——— > (3.12)
2 ; Sn+1 2sin(3575)
Using Egs. (3.12) and (3.9) we have
3n/2
2(1 2t
D,(t)=—|= coy k , =3 1. 3.13
© m(2+k2:; s(3n+1>> M= (313)
Since each term c@s(271)/(3n + 1)) in Eq. (3.13) can be written as
2t
k — elk(ZT[t/m) 2z 71k(27‘[t/m)’ -3 1 3.14
COS( 2 +l> Vi + A€ m n + ( )
for somey, and,, then Eqg. (3.13) can be written as
2/(1 3n/2 3n/2
D,,(t) = — ( E + Z(ykelk(Znt/m) + )\‘ke—tk(Znt/m))> — Z Mkelk(Znt/m) (315)
m k=1 k=—3n/2
for some coefficientg,. Therefore, using Eq. (3.15), Eqg. (3.4) can be written as
3n/2
In(x, )= Y ¢;Du(x —j) (3.16)

j=—3n/2
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3n/2 3n/2
= Y ¢ Y wehram (3.17)
j=—3n/2  k=-3n/2

3n/2 3n/2
— Z ¢j Z Mke72mkj/melk(2nx/m) (318)
j=—3n/2 k=—3n/2

3n/2
= Y pemhim, (3.19)
k=—3n/2

where Eq. (3.19) follows since Eq. (3.18) is aggregation of terms of the & e
Using Eq. (3.5) we have that(x) = e¥****/" and I,,(x, ¢) are 2 trigonometric polynomials that
coincide on 3 + 1 pointst = —3n/2, ..., 3n/2, and hence (see [6]), we have

P(x) = L (x, @).
Therefore, by Eq. (3.3)

et —1)=1,(t—1,0) = (T ). O

The 3D image spadg ., for k, [, andg even, is defined as

xel, —k/2<x <k/2
Tixixg =31(x,y,20)€ClyeZ, —1/2<y<1/2 ;. (3.20)
z€l, —q/2<z<q/2

If, for example k = 2p + 1, thenl,,,«, is defined as

xeZ,—p<x<p
7€, —q/2<z2<q/2

Definition 3.3 (Extension operato)s E*, E?, andE®
El:HVanXVl _)]Imxnxn’ Ez:]L”anXn _)anmxn’ E3:]In><n><n _)]Inxnxmv
wherem = 3n + 1 and

Iu,v,w), —n/2<u,v,w<n/2,i=123,

0, otherwise (3.22)

E'l(u,v,w)= {
are called thextensioroperators.

We pad with zeros the interpolated direction. For example, if we interpglfteeach(x, y) then we
pad in thez direction.

We refer tol as a 3D function rather than a 3D array, meaning thatZ/far, v, w), the parameters
(u, v, w) are referred to as the y, z coordinates, respectively.

Complementary to thextensioroperatorst’ we define théruncationoperators.
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Definition 3.4 (Truncation operators U?, U?, andU?
U Toasn = Dixcnxns U2 Tamn = Tocxns U i = T
wherem = 3n + 1 and
U'lw,v,w)y=1u,v,w), —-n/2<u,v,w<n/2,i=1273 (3.23)

are called théruncationoperators.
We have the following relation betwee#i andU’ (i =1, 2, 3).
Lemma33.adjE'=U!,i=1,2,3.

Proof. We will prove that adfz® = U3. The proofs forE* and E? are identical.
Assumem =3n+ 1. LetA € l,xuxns B € Lisnxm-

n/2-1 n/2-1 3n/2
(E3A.B)=>_ > > (EA)G.j. 0B j. k)
i=—n/2 j=—n/2k=—3n/2
n/2-1 n/2-1 nj2-1
= > > > (E*A)G,j.k)B* G, j. k) (3.24)
i=—n/2 j=—n/2k=—n/2
n/2-1 n/2-1 nj2-1
= > > > AG.j.RBG. ., (3.25)
i=—n/2 j=—n/2k=—n/2
where Eq. (3.24) follows sincE3A(, j, k) =0fork >n/2 ork < —n/2 (by Eq. (3.22)) and Eq. (3.25)
follows sinceE3A(, j, k) = A(, j, k) for the indices—n/2 < i, j, k <n/2.
On the other hand, from the definition &f (Eq. (3.23)), we have

n/2-1 n/2-1 n/2-1

(A.U%B)= > > > AG.j.k)(UB)'G. j. k)

i=—n/2 j=—n/2k=—n/2
n/2-1 n/2-1 n/2-1

— Z Z Z AGi, j,k)B*(i, j, k).

i=—n/2 j=—n/2k=—n/2
Therefore,
(EA, B)=(A,U®B).
We get
Ul=adjE®. O
Consider g-plane p, whose explicit equation is = s1x + soy + t. We shiftz for each point(x, y)
on the planep by —(s1x + sy). This way the plang is transformed into a plane of the form=¢. We

denote this shift for-plane byr3(u, v, s1, 52).
Similarly, we define the size of the shift at each point for each type of plane.
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Definition 3.5 (Translation magnitude Let t1, 72, and z2 be the “translation magnitude” of-plane,
y-plane, and:-plane, respectively. We define
For x-planex = s1y + spz + ¢

(51, §2, v, W) = 570 + SHW. (3.26)
For y-planey = s1x + 5oz + ¢

72(s1, 2, U, W) = s1U + SHW. (3.27)
For z-planez = s1x +spy + ¢

73(s1, $2, U, V) = 511 + S20. (3.28)

Notation. Let

1= E, 12=E?], 13=E°I

Definition 3.6 (Shearing operatods The three “shearing operators”

1 . 2 . 3 .
S;l 52" ]Imxnxn — ]Imxnxn’ SSl 52" anmxn — anmxnv Ssl 52" ]Inxnxm - ]Inxnxm

with m = 3n + 1 are defined by

(Ssll 52 )(u v, w) = ( —71(s1,52,0, w)I( v, w)) (329)
(Ss21 52 )(M v, w) - ( 72(s51,52,u w)I(u’ T w))v’ (330)
(S?l 52 )(u v, w) = ( —13(s51,850,u, v)I(u v, )) (331)

whereT, is the translation operator given by Eq. (3.1) aftdr?, andz2 defined in Definition 3.5.
We can use the shearing operator to give an alternative formulation to the 3D Radon transform.

Lemma 3.4. For z-plane whose explicit equation is given by s1x + soy + ¢t we have

n/2-1 n/2-1

RI(sq,52,1) = Z Z 3 LI, vn).

u=—-n/2v=—n/2

Proof. By Definition 2.4, forz-plane, we have

nj2-1 nj2—1
RI(sq1,52,1) = Z Z P, v, s1u + spv + 1), (3.32)
u=—n/2v=—n/2
where
n/2—1 n n
P, v, z)= I(u,v,w)D,,(z —w), u, ——,...,=—1! zeR. 3.33
(u,v,2) Z (u, v, w)D,,(z — w) uve{ > > } Z€E ( )

w=—n/2
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Substitutingz = s1u + sov + ¢ into Eq. (3.33) we get
n/2—1
i3(u, v, 51U +sov+1) = Z I(u,v,w)D,,(s1u + spv+t — w).
w=—n/2
Substituting Eqg. (3.34) into Eq. (3.32) we get
n/2—1 n/2-1 n/2-1

RIG1.s2.0= > Y > I v,w)Dy(siu+s0+1—w).

u=—n/2v=—n/2w=—n/2
On the other hand, from Eq. (3.31)

n/2—-1 n/2-1 n/2-1 n/2-1

Z Z 5152]3 (Lt v, t)_ Z Z —r3(51 szuv)l (l/t v, ))

u=—-n/2v=—n/2 u=—n/2v=—n/2

From Eq. (3.1) we have

3n/2
T3, v, ) = Y PBuv,w)Dult —w—1), wvei—o,... 2—1}
22
w=—3n/2

and substituting: = —73(sq, s, u, v) into Eq. (3.37) we obtain using Eq. (3.28) that

3n/2
T—r?’(Sl,Sz,u,v)Ig(ua v, ) = Z 13(’4’ v, W) Dy (f — w + 51U + 520)
w=—3n/2
n/2—1
= Z I(u,v,w)D,,(t —w + s1u + s7v).
w=—n/2

Therefore, substituting Eqg. (3.38) into Eq. (3.36) it follows that

n/2-1 n/2-1 n/2-1 n/2-1

Z Z 515213 (Lt v, t): Z Z —r3(51 szuv)I (Lt v, ))

u=—n/2v=—n/2 u=—n/2v=—n/2
n/2-1 n/2-1 n/2-1

= Z Z Z I(u,v,w)D,,(t —w ~+ squ + spv).

u=—n/2v=—n/2w=—n/2
Hence, forz-plane whose equation {s= s1x + spy + ¢

n/2-1 n/2-1

RI(s1,52,1) = Z Z . 82I3 (u,v,1). O
u=—n/2v=—n/2

By repeating the proof fot, y-planes, we prove the following theorem:

Theorem 3.5. Given a planep, one of the following holds

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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(1) If C(p) is x-plane given by = s1y + 52z + ¢ then
n/2—1 nj2—1

Ryl () 2RI s2.0)= Y > (8L 1Y)t v, w);

v=—n/2w=—n/2
(2) If C(p) is y-plane given by = s1x + 52z + ¢ then
n/2-1 n/2-1

Ryl )2 RIGLs2.00= Y Y (82,11, w);

u=—n/2w=—n/2
(3) If C(p) is z-plane given by, = s1x + soy + ¢ then
n/2—1 nj2—1

Ryl V2 RIGLs2.0)= Y > (82 13w v.1),

u=—n/2v=—n/2
whereC (p) is the canonization transform defined in Definiti3.

Definition 3.7 (Backprojection operatojsLet ¢ = (y,: —3n/2 <t < 3n/2) be a vector. The operators
(i=1273)
51 52

1 . mm 2 . mm 3 .m
le 52 ° (C - ]Imxnxn’ BSl 52 ° (C - anmxnv BSl 52 ° (C - ]Inxnxm
are defined by
(lel ;21;0)(”7 v, w) = (Trl(sl,sz,v,w)w)(u)’ (339)
(BS21 Szlp)(u’ U, U)) = (T‘L’Z(Sl,sg,u,w)w)(v)’ (340)
(BS ,¥) (u, v, w) = (Teay g0 ¥) (). (3.41)
Lemma 3.6.
adJ le 52 Z 51,82° adj le 52 Z 51,52 adJ le 52 Z Ssl §2°
The domain and the range of &jj ,,
adJle 52. mxnxn ~> Cm, adJB_yl 52. nxmxn ~> Cm, adJB_yl 52. nxnxm ~> Cm

Proof. ConsiderB? | . LetI3 €1, xm andy € C". Then,

n/2-1 n/2-1 n/2-1 n/2-1
< Z Z S182 (u v, )W> Z Z 3132 (” v, )W)

u=—n/2v=—n/2 u=—n/2v=—n/2
n/2-1 n/2-1

= Z Z r3(5152uv)1 (u,v,-), lﬂ) (by Eg. (3.31))
u=—n/2v=—n/2
n/2—1 n/2-1

= > Y (PP v. ), Tagygun¥) (by Lemma3.1)

u=—n/2v=—n/2
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n/2—1 nj2-1

= > D (Pwv), (B ,¥) v, ) (by Eq. (3.41))
u=—n/2v=—n/2
n/2-1 n/2-1  3n/2

= Z Z Z Pu,v,w) (B2 Y, v,w) =1, BS ).

u=—n/2v=—n/2w=—-3n/2
Then,

a'dJ le 52 Z 51,82°

The proofs forBl | andBZ , are similar. O

51,52

From Theorem 3.5 we have that for arplane

51521_<Z slsg )

Hence, we can write the adjoint Radon transform operator as

adjR,, ,, =adjE* o adJ(Z 51, 52>

v, w

Using Lemmas 3.3 and 3.6 we obtain feplane

adjR,,,,=U'o B . (3.42)
Similarly, we have for the-plane

adjR,,,,=U?o B2 , (3.43)
and for thez-plane

adjR,,,,=U°o B . (3.44)
Since

Bl ,iC" = Lyusn  (m=3n+1)
and

U T = Lnscnsen
it follows that

adjR;, 5, ' C" — Lyxpsn-

We will use the adjoint Radon transform to analyze the projections of the Radon transform on the
exponentialsp® (1) = e#*'/™m wherek € Z, —3n/2 < k < 3n/2. Define a vector of samples from

(k)
@' (1) by

3n 3n
k) _ ) _ (k)
0 =(e(-3) 0" (7))
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Sincegp™® is a vector of exponentials, by Lemma 3.2 it follows that
(T:¢Y), =®(t — 1) (3.45)
and by substituting?, 72, andt? from Definition 3.5 into Eq. (3.45) we obtain

1 _ 1
(Ttl(.sl,.sz,v,w)¢(k))(u) = (p(k) (u — 177(81, 82, V, w)) = gl@mk/mu=r (sl,sz,v,w))’ (346)
2 _ .2 $1.8
(Trz(sl,sz,u,w)(p(k))(v) = Qp(k) (U — (81, S2, U, w)) = e(2mk/m)(v ‘ (sl,sz,u,w))’ (347)
_.3
(Tr3(s1,sz,u,v)¢(k))(w) — gﬂ(k)(w _ ‘L’3(S1, So, U, U)) — e(ka/m)(w T3 (51,52,4,0)) (3.48)

For (s1,s52) slopes of anc-plane we have

3n/2
RI(sy.s2.k)= > RI(s1, 52, )€ ™ /" =(RI (51, 52, ¢") = (I. (adj Ry, ;,)$*)
t=—3n/2
=(.U'B;, ") (by Eq. (3.42))
n/2-1 n/2-1

- Z Z I(u’ v, w)(Tf1(51,52,v,w)¢(k))*(u) (by Eq. (339))

v,w=—n/2u=—n/2
n/2-1 n/2-1
= Y3 v, we FmHmurtmzrn) by Eq. (3.46))

v,w=—n/2u=—n/2

n/2-1 n/2-1
= Z Z I (u, v, w)e~2rk/mu=sw=s2w) (hy Eq. (3.26))

v,w=—n/2u=-n/2
= i(k’ _Slka —Szk),

wherek € {—3n/2, ..., 3n/2} and! is the trigonometric polynomial

n/2-1 n/2-1 n/2-1

[ELE.8)= Y Y D I(u,v,we 2r/meutiviin, (3.49)

u=—n/2v=—n/2w=—n/2
We established the 3D Fourier slice theoremxfgglanes
RI(s1,52.k) = I (k, —s1k, —s52k) (3.50)

that says that the 1D Fourier transform of our Radon transform for fixed dire¢tion,) equals
to the samples of along the line whose direction vector &, —sq, —s2) at (k, —s1k, —s0k), k =
—-3n/2,...,3n/2.
For sloped(sy, s2) of a y-plane we have
3n/2
RI(s1,52, k)= RI(s1,50,0€ 2" /™ =(RI(s1, 52, ), ") = (I, @djRy, )9
t=—3n/2
=(1,U?B% _¢"™) (byEq. (3.43))

51,52
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n/2—-1 n/2-1
= Z Z I(Lt, v, w)(Trz(sl,sz,u,w)¢(k))*(v) (by Eq (340))
u,w=—n/2v=—n/2
n/2—-1 n/2-1
= Y Y I, v w)eZmeT ez (py Eq. (3.47))
u,w=—n/2v=—n/2
n/2—-1 n/2-1
= 3 Y v, weZRmemsue gy Eq. (3.27))
u,w=—n/2v=—n/2
= [(—s1k, k, —s7k),

wherek € {—3n/2, ..., 3n/2} and] is the trigonometric polynomial given in Eq. (3.49).
Thus, for ay-plane with slopess1, s2) we have

RI(s1, 52, k) = I (—s1k, k, —s2k). (3.51)
Finally, for slopeg(sy, s») of z-plane we have
3n/2
RI(sy.s2.k)= > RI(s1, 52, )€™ /" = (R (s, 52,7, ¢") = (I. (adjRy, ;,)$*)
t=—3n/2

=(1,U®B? ") (by Eq. (3.44))
n/2-1 n/2-1

= Y > v w) (T pund®) () (by Eq. (3.41))

u,v=—n/2w=—n/2
n/2-1 n/2-1

= > Y I v, weFHmer i) (by Eq. (3.48))

u,v=—n/2w=-—n/2

n/2-1 n/2-1

= Z Z I (u, v, w)e=Zrk/mw=sw=s2v) 4y Eq. (3.28))

u,v=—n/2w=—n/2
= [(=s1k, —s2k, k),

wherek € {—3n/2, ...,3n/2} and! is the trigonometric polynomial given by Eq. (3.49).
For az-plane with slopegs1, s2) we have

RI(s1, 52, k) = I (—s1k, —sok, k). (3.52)
We proved the following theorem:
Theorem 3.7 (3D Fourier slice theoremGiven a 3D imagel € I,,.,.x» and a planep with C(p) =
(q,51,52,1), |s1] <1, |s2| <1, t €{-3n/2,...,3n/2} (defined in Definitior2.3), then

_ I(k, —sik, —s2k), q=1,
RI(s1,52, k) =\ I(=s1k, k, —s2k), g =2, (3.53)
I(_Slkv —Szk, k)’ q = 3!
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whereR] is the 1D Fourier ofR1 along the parameter
3n/2
RI(s1.52.k)= Y RI(sy,50,0)€ 2" keZ, —3n/2<k <3n/2
t=—3n/2
and
n/2—1 n/2-1 n/2-1

[ 6 8)= Y Y > Iu,v,wye 2r/meutivitn,

u=—n/2v=—n/2w=-—n/2

4. 3D pseudo-polar grid

The Fourier slice Theorem 3.7 establishes the relation between the 1D DFT of the Radon transform
RI given by Eq. (2.15) and the trigonometric polynomial
n/2—1 n/2-1 n/2-1
[EL 8= Y Y D I(u,v,w)e2r/mEuertrtion gy —3p 41, 4.1)
u=—n/2v=—n/2w=-—n/2
RI is defined for continuous slopés, s») in [—1, 1] x [—1, 1] while I is discrete. We would like to
discretizes; ands, while satisfying properties (P1)—(P5) (Section 1.2).
We define three sets

[ n n j n n
Sé _’l:__"”’_ , Sé —":——,...,— ,
L {n/Z 2 2} 2 {n/2 1=

Té{teZ|—3—n<t<3—n}.
2 2
The 3D discrete Radon transform will be defined as the restrictia/dDefinition 2.4) to the set of
slopes(sy, sp) € Sy x S withr e T
By restrictings; ands, we defined a discrete set of planes over which we sum (interpolated) samples
of I. More specifically, in our definition of the 3D Radon transform as summation over planes of the
interpolated values of the imade we sum over the following planes:

o All x-planesx = s1y + s2z + ¢, where(sy, s2) € S1 X Sy, t € T
o All y-planesy = s1x + s2z + ¢, where(sy, s2) € S1 X Sy, t € T
o All z-planesz = s1x + 5oy + 1, where(sy, sp) € Sy x So, t € T.

The slopes in each direction in the described planes are equally spaced.

Definition 4.1 (3D discrete Radon transformGiven a planep whose canonized form i€ (p) =
(g, 51, 52, 1) with slopes(sq, s2) € S1 x S2,t € T, then
R1l(s1,502,1), q=1,
RI(s1,52,1) £ 1 Ral (s1,52,1), g =2, 4.2)
R3l(s1,52,1), q=3,
whereR11, R,I, andR3I are defined in Definition 2.4.
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RI is not defined for every plang, but only for planes such that forC(p) = (g, s1, s2, t) it holds
that (s, s2) € S1 x S> andr € T. The difference between Definitions 2.4 and 4.1 is in the discrete set
of slopesS; x S,. It replaces the continuous set of slogesdl, 1] x [—1, 1]. Definition 4.1 describes a
transform that takes an imadeof sizen® into an array of size % (3n+ 1) x (n + 1)2.

The Fourier slice Theorem 3.7 holds also for the discrete set of sl§ypesS, for each of the plane

types:

e For anx-plane

20 2j A 2 2j n n 3n 3n
RI[=, 2L k) =1 k——k ——k l,je{——=,....,=t, ke{——,...,— . (43

e Foray-plane

2 2j ~f 2 2j . n n 3n 3n
RI|= L k)=i-=k k- = -=..... =] (@44
(n ; k) ( nkyh nk), 1“16{ > ,2},k€{ TR 2} (4.4)

e For az-plane

20 2j 2 2j n n 3n 3n
RI[Z. 2L —Zk, - ief—=, ... 2L == @
(n : k) ( = kk) l,Je{ " 2} ke{ . 2} 4.5)

where/ is the trigonometric polynomial given by Eq. (4.1).
Next we will describe how the samples bfn Egs. (4.3)—(4.5) are scattered in the sp&éeln order
to obtainR7 over all x- -planes, by Eq. (4.3) we sampleat

pal(s Zlk 2jk n n ke 3n 3n
1_ ’ n b n 2"“’2’ 27""2 .

Similarly, to obtainRI over all y-planes, by Eq. (4.4) we sampieat

A 2] 2] n n 3n 3n
PAE =Sk k, -k 5o keSS
n n 2 2 2 2

and finally, to obtainR7 over allz-planes, by Eq. (4.5) we sampieat

. 2 2j n n 3n 3n
Ps= ——k, ——k, k —— = kel ——, .., = (¢
n n 2 2 2 2

The set

P2 P UP,UP;

is called thepseudo-polar gridSee Figs. 7-10 for illustrations of the séts P,, Ps, andP.
The pseudo-polar Fourier transform is defined by sampling the trigonometric polynpraialthe
pseudo-polar grid®.
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Fig. 7. lllustration of the 3D
pseudo-polar grid.

Fig. 9. The sectoP,. Fig. 10. The sectoPs.

Definition 4.2 (Pseudo-polar Fourier transforin The pseudo-polar Fourier transforP; (i =1, 2, 3)
is a linear transformation from 3D imagés I,,..,., defined by

. 20 2j Y 2j
PPk, I, j)=1(k, ——k —=k),  PPI(kI,j)=1——k k, —=k],
n n n n

: (4.6)
W o A2
PPk, I, j)=1—k, —=Lk, k),
n n

where
3 3
z,je{—%,...,ﬁ}, ke{——”...—”}, m=3n+1

and
n/2-1 n/2-1 nj2-1

[ &)=Y Y. Y I, v,we 2r/meutautin,

u=—n/2v=—n/2w=—n/2
Using the pseudo-polar Fourier transform we can exprRdsas
RI=F'oPPl (i=1223), 4.7

where F~1 is the inverse Fourier transform.
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We can regard, ands, as “pseudo-angles” ank as a “pseudo-radius”. This corresponds to the
(r, ¢, 0) representation of the polar grid.

5. Rapid computation of the 3D discrete Radon transform

We will show that the 3D discrete Radon transform can be computed byraiid@») algorithm.
Let F~1 be the 1D inverse Fourier transform. From Eq. (4.7)

RI=F'oPPl (i=1223), (5.1)

we see that it is being calle@ + 1) times for eachP P;1. Each vector inP P;1 corresponds to fixed
slopesl,j. Hence, all applications of ~! take Qn3logn) operations. Remains to show that the 3D
pseudo-polar Fourier transforl@P;1 (i = 1,2, 3) can be computed in @3logn) operations as the
standard 3D FFT.

From Definition 4.2 it follows that for a given imagec I, ., the pseudo-polar Fourier transform
of I is defined by

I(k,~2k,—2k) (s=1)

PPy (k1. ),
PPIGs, k.1, j)=1 I(=%k .k~ k) (s=2>={Ple<k,l,j), (5.2)
P2k, 2k k) (s=3 FPRIEL)).
where
l,je{—%,...,%}, ke{—:%n,...,g?n}, m=3n+1
and

n/2-1 n/2-1 n/2-1

[ 6 8)= Y Y D Iuv,wye 2/ meutiviin,

u=—n/2v=—n/2w=-—n/2

We will show that for a given imagé, we can rapidly resamplé on the pseudo-polar grid points.
The operator behind this resampling process idridetional Fourier transform

Definition 5.1 (Fractional Fourier transforn). Given a vectorX, X = (X (j), —n/2< j <n/2), and an
arbitrarya € R, the fractional Fourier transform is defined as

n/2
(F,?HX) (w) = Z X (uye e/t e 7, —n/2<w <n/2. (5.3)
u=—n/2

An important property of the fractional Fourier transform defined in Definition 5.1 is that for a given
vector{X (j)} of n + 1 numbers, the sequencE; , X)(w) can be computed using(@logn) operations
foranyo € R (see [7]).

The main idea behind the algorithm for the computation of the 3D pseudo-polar Fourier transform is
to use the samples of the equally spaced 3D DFT (which can be computéd3togn)), and resample
them rapidly on the pseudo-polar grid points, using the fractional Fourier transform.
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We first give the pseudo-code for the algorithm that comp®@&d, then a proof of its correctness
will be given, and finally, the time complexity of the algorithm will be analyzed.
Throughout this section we will use the following notation:

Notation 1. F, 1. 1D inverse DFT.

F¢. Fractional Fourier transform with facter. The operator accepts a sequence of lemgthads
it symmetrically to lengthn = 3n + 1, applies to it the fractional Fourier transform with factqrand
returns the: 4+ 1 central elements.

F5. 3D DFT.

G... Consecutive application df; ! followed by F2/":

A 2k/n -1
Gin 2 F&"o F 71,

5.1. Algorithm description for the rapid computation of the 3D pseudo-polar Fourier transform
(pseudo-code)

Input: Imagel of sizen x n x n.
Output: Three arrays, ResRes, and Reg, of sizem x (n +1) x (n+ 1).
Working arrays. Six auxiliary arraysly, 1>, Tz, T{, T,, Ty:
e Tiisof sizem xn x (n+1);
o Trisofsize(n+1) x m x n;
o Tzisofsizen x (n+1) x m;
o T/, T,, Ty are of sizen x (n+1) x (n +1).
Process: Res computation:
(1) I, < F5(E'I).3D DFT of I padded to length: in the x-direction whereE! was defined in
Definition 3.3.
(2) For eachk and!

U=1Ik,1,>)
and compute
Ti(k,1,-) = Gy ,U.
(3) Foreachk and;
V ="k, j)
and compute
Tk, -, j) = GraV.
(4) Foreaclk,1, j
Res(k,1, j)=T{(k,—1,—}).

The following steps resemble the steps (1)—(4) above whilg &&$ Reg are used instead of Res
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Res computation:
(5) I, < F3(E2I).3D DFT of I padded to length in the y-direction wheret2 was defined in
Definition 3.3.
(6) For eachk and!

U=lyCk, j)
and compute
To(, k, j) = G U.
(7) Foreachk andj
V =Txl,k,-)
and compute
Ty(k,1,-) = G, V.
(8) Foreaclk, 1, j
Res(k, 1, j) = Ty(k, =1, —j).

Reg computation:
(9) I, < F5(E3I). 3D DFT of I padded to lengthn in the z-direction whereE3 was defined
in Definition 3.3.
(10) For eachk and!

U=141,k)
and compute
13, -, k) = G ,U.
(11) For eactk and
V=T5,j, k)
and compute
Ty(k, -, j) = GiaV.
(12) For eaclk, 1, j
Res(k, 1, j) = T4k, —1,— ).

5.2. Algorithm 5.1 correctness
To illustrate the flow of the algorithm we show its operations onzRes

(1) Both ends of the-direction of the imagd are zero padded. The 3D DFT of the padded image is
computed. The results are placed/jn See Figs. 11(a) and 11(b).

(2) Take each vector frony, which corresponds to fixed andz. Apply on it the 1D inverse DFT and
resample it using 1D fractional Fourier transform where- 2z/n. The result 3D array is denoted
by T3. See Fig. 11(c).
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.
]<
.

(a) Step 1 (b) Step 2 (c) Step 3 (d) Step 4

Fig. 11. lllustrating the computation of Rgs

(3) Take each vector frordz, which corresponds to fixed and z. Apply on it 1D inverse DFT and
resample it using 1D fractional Fourier transform where= 2z/n. The result array is;. See
Fig. 11(d).

(4) Flip T3 along they- andz-axis.

The indices in Res Res, and Reg have the following meaning:

o Res(k, 1, j) k pseudo-radius (unit steps indirection),
[ pseudo-angle ip-direction,
J pseudo-angle ip-direction;

o Res(k,l, j) k pseudo-radius (unit steps jndirection),
I pseudo-angle im-direction,
J pseudo-angle ip-direction;

e Res(k, [, j) k pseudo-radius (unit steps irdirection),
[ pseudo-angle im-direction,
J pseudo-angle ip-direction.

Theorem 5.1 (Algorithm correctness).

o Res(k,l, j)=PPI(L k1L j),
e Res(k,l,j)=PPI(2,k,l, j);
o Res(k,l, j)=PPI3,k,1,]).

We will prove the correctness of the algorithm only for Résteps (1)—(4) of Algorithm 5.1). The
proofs for Reg and Resg are the same.

Proof. After step (1) of Algorithm 5.1 we have

n/2-1 n/2-1 n/2-1

IiGre )= > > Y I(u,v,wye /g enav/nganiu/n (5.4)

u=—n/2v=—n/2w=—n/2
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<EH< D <ty ts<t
— —= <& &< .
2 2" 2 525355

We next calculate the entri(k, [, j). According to step (2) of Algorithm 5.1, we take a vector
from I, which corresponds té&, =k, &, =1, and a variablé;

U=Ik,1I,-) (5.5)
and applyG, , to Eqg. (5.5)
Ty(k,1, ") = G, U = F2'"(F,HU)).
By expandingU using Eq. (5.4) we get
n/2—=1 n/2-1 nj2—1

U(]) — fd(k, l, ]) — Z Z Z I(u, v, w)efknku/mefbnlv/nefbujw/n

u=—n/2v=—n/2w=—n/2

n/2—1 nj2—1 nj2—1
= Z ( Z Z I(u,v,w)e—kau/me—zmzv/n>e_zj,,jw/n

w=—n/2 \u=—n/2v=—n/2
n/2—1
= Y cuwe i, (5.6)
w=—n/2
where
n/2—1 n/2-1
cri(w) = Z Z I(u,v,w)efzmk”/me*z’“lv/". (5.7)

u=—-n/2v=—n/2
As we can see from Eq. (5.6), the vectoiis the DFT of the vectofc, ;(w)}, and therefore
F7U) = {e(w)). (5.8)

We next compute the fractional Fourier transform/ft(U), i.e., the fractional Fourier transform of
the vector{c; ;(w)} with &« = 2k/n. From Eq. (5.8)

(Fa " (B ), = (B (feew) ), (5.9)
n/2—1

— Z Ck)l(w)efzm(Zk/n)jw/m (510)
w=—n/2

n/2-1 n/2-1 n/2-1

— Z Z Z I(u’U’w)e—kau/me—Zmlv/ne—Zm(Zk/n)jw/m’ (511)

w=—n/2u=—n/2v=—n/2
where Eq. (5.9) follows from Eg. (5.8), and Eq. (5.11) follows from Eg. (5.7). Thus we have
n/2—1 n/2-1 nj2-1

(FmZk/n(Fn_lU))j — Z Z Z I(M, v, w)e—kau/me—Zmlv/ne—Zm(Zk/n)jw/m. (512)
w=—n/2u=—n/2v=—n/2

Hence, after step (2) of Algorithm 5.1 we have from Eqg. (5.12)
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Tk, 1, j) = (GraU); = (FF"(F7HW))),

n/2—1 nj2-1 nj2-1

= Z Z Z I(u, v, w)e—ZITtkM/me—Zﬂllv/ne_zn,(Zk/n)jw/m

u=—n/2v=—n/2w=—n/2

(k i ﬂ) (5.13)

n n

In order not to confuse with the following referencestad, j, we rewrite Eq. (5.13) as

2
Ti(1. £2.63) = 1<51, san. s;&)

According to step (3) of Algorithm 5.1, we take a vectofrom Ty, which corresponds to fixed = %,
&= j, and a variablé,

V =Tk, j). (5.14)
By applying G, to Eq. (5.14) we get
T{(k, -, j) = Gi.aV = F2/"(F, (V). (5.15)

Again, we will first computeF,1(V) and then thdth element of the vectdF; (, -, j), i.e., the entry
T/(k,1, j). Using Eq. (5.13)

n/2—1 nj2—-1 nj2-1

V()=Tik, 1, j)= Z Z Z I(u, v, w)efbnku/me72mlv/ne72m(2k/n)jw/m

u=—n/2v=—n/2w=—n/2

n/2-1 [/ nj2-1 n/2-1
= Z ( Z Z I(u,v,w)e —2mku/m Zm(Zk/n)jw/m)e—Zmlv/n

v=—n/2 \u=—n/2 w=—n/2
n/2-1
= Y o e, (5.16)
v=—n/2
where
nj2—1 n/2—1
() = Z Z I (u, v, w)e Zriku/me=2mi@k/m juw/m (5.17)

u=—n/2w=—n/2

Equation (5.16) implies that the vect®ris the DFT of the vectofc, ;(v)}, and therefore

F'V) = a0} (5.18)
Applying F2/" to F,1(V) (i.e., to the sequende. ;(v)}) we obtain
(P ), = (B2 e ), 619
n/2—1

- Z ck,j(U)e_zm(Zk/ﬂ)lv/m
v=—n/2
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n/2—1 nj2—-1 nj2-1

— Z Z Z I(u’v,w)872mku/me72m(2k/n)lv/me72m(2k/n)jw/m (520)

u=—n/2v=—n/2w=—n/2

[ 2k 2jk
=1 k,_a—
n n

where Eg. (5.19) follows by using Eq. (5.18), and Eq. (5.20) follows by using Eq. (5.17). Hence we have

20k 2jk
Ty(k,1, j) = (F'"(F,(V))), = (k — L) (5.21)
n
Using Eq. (5.21) we have after step (4) of Algorithm 5.1 (end of computation of) Rest
2k  2jk
Res(k, 1, j) = T}k, 1, —j) = 1<k == —L) = PPIL k1 j). O
n n

5.3. Complexity

We first compute the complexity of calculating ReSach application ofs, , involves the application
of a 1D inverse Fourier transform followed by the computation of the fractional Fourier transform.
Both the computation of the 1D inverse Fourier transform and the computation of the fractional Fourier
transform require Ozlogn) operations. Thus, the computation @f , requires Qnlogn) operations.
The complexity of steps (2) and (3) in Algorithm 5.1 is@n +1) xn and 3n + 1) x (n + 1)
applications ofG, ,, respectively. Since each application cosi® [0gn) operations, this gives a total
of O(n®logn) operations for each of steps (2) and (3). The complexity of the 3D DFT in step (1) is
O(n3logn) and the complexity of step (4) (flipping;) is O(n3). This gives a total of ©:logn) for
the computation of RgsThe complexity of calculating Re&ind Reg s identical to the complexity of
calculating Res and therefore the total complexity of the algorithm i€©813logn), namely, Gr3logn)
operations.

6. Invertibility of the 3D discrete Radon transform

We will show that our definition of the 3D discrete Radon transform is invertible. Given the 3D discrete
Radon transfornk 1, we show that it is possible to uniquely recoveirom R1.
From Eq. (4.7)

RI=FloPPI (i=1223), (6.1)

where F~ (the 1D inverse Fourier transform) is invertible, and therefore left to show/the@n be
recovered fromPP;I, i =1,2, 3.

Given the values oP PI (Eq. (5.2)), we take a vector of samples frah#®, 7, which corresponds to
somekq # 0. From Definition 4.2,

2ko  2jko . n n
PP (ko 1, j) =1 ko, ——, — ljei—=,...,= %
n n 2 2

By expanding/ using Eq. (4.1) atko, —2lko/n, —2jko/n), we have
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A 21k, 27k
,(ko,__o,_ﬁ)

n n
n/2-1 n/2-1 n/2-1

— Z Z Z I(u’U’w)e72mkou/me72m(721ko/n)v/me72m(72jko/n)w/m. (62)
u=—n/2v=—n/2w=—n/2

Rewriting Eq. (6.2) we have

A 21k 2jk
I(ko,— 0o _2 o)
n

n

n/2—1 ( n/2—1 n/2-1

— Z Z Z I(u’v’w)e—kaou/me—Zm(—21k0/n)v/m>e—Zm(—ijo/n)w/m

w=—n/2 \v=—n/2u=—n/2
n/2—1
— Z cko)l(w)e—Zm(—ijo/n)w/m’ (63)
w=—n/2
where
n/2-1 n/2-1
Chot (W) = Z Z I(u,v, w)e~ 2 tkou/mg=2mi(=2lko/mv/m 4, o {—%, . % — 1}. (6.4)

v=—n/2u=—n/2

For fixedko, I, and variablej denote

2jk A 2k 2jk
2 22

n n
Then, from Eq. (6.3) we have

n/2-1

2jko o n
Tko’l(_7> - Z Cho.t (w)E 2T (F2ko/mw/m
w=—n/2
In other words Ty, /(—2jko/n), j € Z, —n/2< j <n/2, are the values of the polynomial

n/2—1
)
Tioi(x) = E Cho 1 (w)E™2THX/™
w=—n/2

at {—2jko/n}. Since we have the values @f,,;(x) atn + 1 distinct points{—2jko/n} (and thus we
requiredko # 0), we can uniquely determingy,;(w)} and Ty, ;(x), and therefore we can compute
Tj.1(x) for anyx.
By computingT7y, ;(x) at integer points we can recover
n/2—1
Toa() =D cipi(wye /™ (6.5)
w=—n/2

for everyko, [. Substitutingey, ;(w) (Eq. (6.4)) in Eq. (6.5) we obtain
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20k .
Hko,./'o (_70> £ Tko,l(]o)

n/2—1 n/2-1 n/2-1
— Z ( Z Z I(u’v,w)e—kaou/me—Zm(—21k0/n)v/m>e—ijow/m

w=—n/2 \v=—n/2u=—n/2
n/2—1 ( n/2-1 n/2-1

— Z Z Z I(u’v,w)e2mkou/meijow/m>eZTrz(2]k0/n)v/m

v=—n/2 \u=—n/2w=—n/2
n/2-1

_ Z Cl/co’jo(U)efzm(fZIko/n)v/m’ (6.6)
v=—n/2

where
n/2-1 n/2-1

Clo,jo (V) = Z Z I(u, v, wye Zrhou/me-2mijow/m, ve{—

n n
u=—n/2w=-—n/2 2 2
From Eq. (6.6)

- 1}. (6.7)

Nk n/2—1
0 o~
H(<52) = 3 closetwe
v=—n/2
and we have thaldy, j,(—2/ko/n) are the samples of the trigonometric polynomial
n/2—1
Hko’-/o(x) = Z C/Lo,jo(v)e_zmxv/m (6.8)
v=—n/2
at{—2lko/n}. Again, since we have the valugg, ; (x) atn + 1 distinct points (for + 1 distinct values
of /), we can uniquely determinig;, ; (v)} and the underlying trigonometric polynomil, ;,(x) given
by Eq. (6.8).
EvaluatingH,, j,(x) for integer points, we obtain using Eq. (6.7)
n/2—1
Hko,jo(l) — Z cllco!jo(v)e—Zmlv/m
v=—n/2
n/2—1 nj/2-1 nj2-1

= Y ) I, v, wye tmhen/meZrion/me v/

v=—n/2u=—n/2w=—n/2
= I (ko, 1, jo). (6.9)
Equation (6.9) states that we have recoveted integer grid points for everk, # O (the entire discrete
grid except the plang; = 0). Remains to evaluate on the plan€; = 0, or, in other words, the values
10,1, j).
As before, by taking a sequence of samples fi®i®, 1, which corresponds to sonig = 0, we have
from Definition 4.2

PPZI(kOvl’j) - i(__’ko’ -
n
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By repeating exactly the same arguments as above we have using Eq. (4.1)

, 2jko\ o »f 2ko 2jko
TW(‘T):I ke
n/2-1 n/2-1 n/2-1

— Z Z Z I(u’v’w)e—Zm(—21k0/n)u/me—2mkov/me—Zm(—2jko/n)w/m
u=—n/2v=—n/2w=—n/2

n/2-1 ( n/2-1 n/2-1

— Z Z Z I(u’v’w)e—Zm(—2lko/n)u/me—2mkov/m>e—Zm(—ijo/n)w/m

w=-n/2 \u=-n/2v=-n/2
n/2-1
- Z Cko,l(w)efz’”(*szO/n)w/m’
w=-n/2
where
n/2=1 n/2-1

n n
Croa(w) = Z Z I (u, v, w)e 2 (- 2ko/mu/mg=2rtkov/m we{—z,...,z—l}. (6.10)
u=—n/2v=—n/2

Usingn + 1 distinct sample$7; ;(—2jko/n)} atn + 1 distinct points(—2jko/n} j = —n/2,...,n/2,
we can computécy, ;(w)} and the trigonometric polynomial

n/2—1

—2
Tk/o)l(x): Z Cko’l(l,l))e Trlxw/m.
w=—n/2

For everyl we evaluatel; ,(x) at integer points and by using Eq. (6.10) we obtain

n/2-1

2 ko . o
Hléo,jo(—T) ST GO = Y cru(w)e2mionim
w=—n/2

n/2-1 n/2-1 n/2-1

— Z Z Z I(u’v’w)efbn(721k0/n)u/m672mkov/me72mjow/m

w=—n/2u=—n/2v=—n/2
n/2—1 ( n/2—-1 n/2-1

— Z Z Z I(u’v,w)e—kaov/me—ijow/m>e—2m(—2lko/n)u/m

u=—n/2 \v=—n/2w=—n/2
n/2—1
— Z C]/{O’jo(u)e—Zm(—Zlko/n)u/m’ (611)
u=—n/2
where
n/2-1 n/2-1 . .
o= Y > I(u, v, w)e 2rikov/me2miiow/m ue{—é,...,é—l}. (6.12)

v=—n/2w=—n/2
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Usingn + 1 distinct sample$H, . (—2/ko/n)} from Eq. (6.11) at + 1 distinct points £ + 1 distinct
values ofl), {c, ;. ()} is uniquely determined and

n/2—1

1 _ ’ —2mixu/m
Hko,jo(x) - Z ckosjo(u)e :
u=-—n/2

EvaluatingH, . (x) atinteger points and using Eq. (6.12), we obtain

n/2—1
1 / —2m1l
Hko,jo(l): Z ckoxjo(u)e T/
u=—n/2
n/2—1 n/2-1 nj2-1

u=—n/2v=—n/2w=—n/2
=1, ko, jo)-

We evaluated (, ko, j) at grid points wherég # 0. Specifically, we computefi(0, ko, ;).

Finally, we have to computé on the line¢; = 0, & = 0. By using exactly the same arguments on
P P51 as above, we evaluafeon all grid points excepjs = 0. Thus, we have the values bbn all grid
points except the origif(0, 0, 0). SinceP P11 (0, 0, 0) = 1 (0, 0, 0) we have the values dfon the entire
grid.

Since we can recover (the 3D DFT of!) from P P1, and trivially recover! from 7, it follows that
we can recovef from PP, and thusP P in invertible.

7. Futureresearch
The following topics are being considered for current and future research.

Higher dimensions. By following the methodology employed in the construction of the 3D discrete
Radon transform, we can generalize it to have Radon transforms of higher dimensions. In the
construction of the 3D discrete Radon transform we employed two key paradigms that allowed
generalizations into higher dimensions: (1) the representation of hyper-planes using slopes
instead of normal vectors, that allows easy representation of hyper-planes at any dimension (and
not just planes as in the 3D case) and (2) establishing guidelines for the selection of the transform
parameters andm. Both these paradigms can be easily extended to higher dimensions, and will
be used as a basis for establishing the definition of the discrete Radon transform for higher
dimensions.

Malzbender [9] and Lichtenbelt [10] showed a fast algorithm for rendering slices of a 3D
discrete object using the X-ray transform and its Fourier slice theorem. Since the X-ray transform
lacks a discrete definition, such algorithms involve inaccuracy from the underlying interpolation.
A discrete definition for the X-ray transform that is parallel to our discrete definition of the Radon
transform will enable rapid and exact Fourier volume rendering algorithms as suggested by [9]
and [10].
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