On Efficient Computation of Multidimensional Oscillatory Integrals with Local Fourier Bases

A. Averbuch^a

aSchool of Mathematical Sciences, Tel Aviv University, Tel Aviv 69978, Israel

E. Braverman,^b M. Israeli^b

bComputer Science Department, Technion, Haifa 32000, Israel, e-mail maelena@cs.technion.ac.il

R. Coifman^c

cDepartment of Mathematics, Yale University, New Haven, CT 06520-8283, USA

Abstract

The integral L∫ 0 L∫ 0 e^{iνϕ(x,y,s,t)}f(s, t) ds dt

with a highly oscillatory kernel (large ν) is represented using local Fourier basis. The representation of the oscillatory kernel in this basis is sparse.

Key words: Multidimensional oscillatory integrals, Local Fourier Basis, sparse representations PACS: 65T, 65D30, 42B

1 Introduction

Computation of oscillatory integrals occurring in scientific and engineering simulations faces difficult problems as compared to the non-oscillatory case, since accurate evaluation of such integrals requires at least a few grid points per oscillation.

Preprint submitted to Elsevier Preprint 14 February 2001

For a one-dimensional integral b∫ a e^{iλϕ(s)}f(s)ds, (1)

with large λ and smooth (non-oscillating) f there exist methods for fast evaluation, for example, the method of stationary phase first developed in [7] and justified in [8]. Upon assuming large λ, we find that the rapid oscillation of exp{iλϕ(s)} produces cancellation of the integral everywhere except near the stationary points, where the derivative ϕ^′(s) vanishes. The method proved to be an effective tool in asymptotic expansions and evaluations. However, it requires analytic work in each case (cannot be applied automatically), does not reach high accuracy and it is not easily extended to higher dimensions. There exist fast algorithms for special kinds of kernels without regularity assumptions such as [6].

In [2,3] a numerical method for fast computation of the integral b∫ a dt d∫ c K(t, s)f(s) ds, K(t, s) = e^{iλϕ(t,s)}

was described and it was shown analytically and numerically that K(t, s) becomes sparse when represented in appropriate local Fourier basis (LFB). The following integral operator was chosen in [3] as a model problem L∫ 0 e^{iν|z(s)−z(t)|}f(s) ds. (2)

Here ν ≥ 100, the number of grid points N ≥ 2νL and z = z(s), 0 ≤ s ≤ L, is the parametric representation of a closed smooth curve. In [2] it was found that the number of elements above a threshold in a LFB decomposition of the kernel in (2) is O(N) provided the curve is smooth with several bounded derivatives. Here N is the number of discretization points in each direction. The present paper is an extension of [2] to higher dimensions.

We consider the problem of fast evaluation of the double integral

(T f)(x, y) = b∫ a dt d∫ c K(x, y, t, s)f(t, s) ds (3)

where K(x, y, t, s) is an oscillatory kernel and f is a smooth function. The kernel is of the type K(x, y, t, s) = e^{iλϕ(x,y,t,s)}. (4)

Whereas 2D models of acoustic scattering lead to integrals of type (2), integrals of type (3) with kernel (4) arise in 3D models of acoustic scattering [3] and similar applications. Methods, usually effective for evaluation of (1), become very expensive in the multidimensional case (3). If the oscillatory integral (3) is computed for each x, y, even the choice of a minimal number of grid points results in a large scale matrix problem. Computation time can be reduced if a sparse representation of K(x, y, t, s) can be achieved in some basis. A sparse representation of the kernels (4) with wavelets (which appeared to be an efficient tool for sparsification of matrix-vector multiplications in many cases) could be expected. However, wavelet representation of an oscillating matrix appears to be as dense as the original, i.e. oscillatory kernels cannot be handled efficiently by representing them in wavelet bases.

The paper is organized as follows. In Section 2 the Local Fourier Bases are described and various bell functions for LFB are introduced. Section 3 presents a theoretical estimation for the number of significant coefficients in the LFB decomposition of oscillatory kernels of type (4). Section 4 contains numerical results. The dependence of the sparsity of the matrix which is obtained by the decomposition of oscillatory kernel in LFB on the form of the bell is analyzed.

2 Local Fourier Bases

The local Fourier basis is known to capture well oscillatory patterns (see, for example, [1–3]) in contrast to wavelets or multiwavelets. We attempt to achieve an effective computation of the oscillatory integral by representing its kernel in LFB, i.e. we computed the following coefficients:

A^{i1,i2,i3,i4} k1,k2,k3,k4 = 2π∫ 0 2π∫ 0 2π∫ 0 2π∫ 0 K(x, y, t, s)C^{i1}_{k1}(x)C^{i2}_{k2} (y)C^{i3}_{k3} (t)C^{i4}_{k4} (s) dx dy dt ds, (5)

B^{i1,i2,i3,i4} k1,k2,k3,k4 = 2π∫ 0 2π∫ 0 2π∫ 0 2π∫ 0 K(x, y, t, s)S^{i1}_{k1}(x)S^{i2}_{k2} (y)S^{i3}_{k3} (t)S^{i4}_{k4} (s) dx dy dt ds, (6)

where

C^i_k(s) = b_i(s) ( 2 a_{i+1} − a_i )_1/_2 cos (( k + 1 2 ) π s − a_i a_{i+1} − a_i ) . (7)

Fig. 1. The collection of bell functions. Each bell is defined on three adjacent intervals.

S^i_k(s) = b_i(s) ( 2 a_{i+1} − a_i )_1/_2 sin (( k + 1 2 ) π s − a_i a_{i+1} − a_i ) . (8)

Let the interval [0, 2π] be divided into M subintervals I_i = (a_i, a_i + 1), also let b_i(s) be a collection of smooth window (bell) functions supported on I_{i−1} ∪ I_i ∪ I_{i+1} such that M∑ i=1 b^2_i (s) = 1, b_i(s) = b_{i−1}(2a_i − s).

A discrete system of basis functions is constructed. Let N be the number of discretization points. Following [2,3] we choose N ≥ 2νL, i.e. N ≥ 4πν. Usually in the numerical implementations we assumed N = 8ν.

To achieve sparser representation we use the optimized bells developed in [5] which minimize the number of local Fourier coefficients necessary for their representation (9). These bells generalize the Coifman-Meyer (CM) construction [4] by extending the choice of the bell functions. Each bell is defined on three adjacent intervals as shown in figure 1.

Each bell is given by:

b_k(x) = 1 2 ( 1 + ∑k_{−1} n=0 g_n sin(n +^1_2 )πx ) , −^1_2 ≤ x ≤^1_2 1 2 ( 1 + ∑k_{−1} n=0(−1)^ng_n cos(n +^1_2 )πx ) ,^1_2 ≤ x ≤^3_2

0 otherwise (9)

where the coefficients g_n are the solutions of a linear system and its values for k = 0, . . . , 11 are tabulated in [5]. Here k is a parameter that characterizes the smoothness of the bell and its steepness on the boundaries of the window. Figure 2 illustrates the bells for k = 1, 6, 11.

Fig. 2. The form of the bell for the steepness k = 2, 6, 11, respectively.

The basis which was built corresponds to the discretization of the continuous basis functions where N discretization points x_j are taken such that a_i are midpoints between adjacent x_j.

3 Sparsification of the kernel by local Fourier bases: theoretical estimates

We compute the following integral

(T f)(x, y) = 1∫ 0 1∫ 0 e^{iνϕ(x,y,s,t)}f(s, t) ds dt (10)

where ϕ is a smooth function satisfying | | | | ∂^{α1+α2+α3+α4} ϕ(x, y, s, t) ∂x^{α1}∂y^{α2}∂s^{α3}∂t^{α4} | | | | ≤ C. (11)

If a one-dimensional function is decomposed with local cosine basis, each coefficient of such a decomposition corresponds to a certain location (window) q and a certain frequency p. Let us assume that we have N = 4ν discretization points (less than two points per oscillation would not work), √ N = 2 √ ν bells (windows for local cosine transform). Then, the number of the window q is such that 0 ≤ q < 2 √ ν, and frequency p : 0 ≤ p < 2 √ ν. Let us denote by c_q = q/(2 √ ν) the origin of the q-th interval and by d_q = (q+1/2)/(2 √ ν) the center of the q-th window and bell. Then the basis function corresponding to location q and frequency p is C_{q,p}(x) = 2 √ νb(2 √ ν(x − d_q)) cos (( p + 1 2 ) π(x − c_q)2 √ ν ) (12)

where b(x) is the bell function.

The collection of functions C_{q,p} forms an orthogonal basis. Thus, the interaction between two windows with 2D locations q_1, q_2 and q^′_1, q^′_2 and frequencies p_1, p_2 and p^′_1, p^′_2 is given by the expression

G_{(q}0_{1,q}0_{2;p}0_{1,p}0_{2)(q1,q2;p1,p2)} =

2 √ ν 1∫ 0 1∫ 0 1∫ 0 1∫ 0 exp{iνϕ(x, y, s, t)}b ( (x − d_q0_1 )2 √ ν ) b ( (y − d_q0_2 )2 √ ν )

×b ( (s − d_{q1} )2 √ ν ) b ( (t − d_{q2} )2 √ ν ) dx dy ds dt (13)

× cos (( p^′_1 + 1 2 ) π ( x − q^′_1 2 √ ν ) 2 √ ν ) cos (( p^′_2 + 1 2 ) π ( y − q^′_2 2 √ ν ) 2 √ ν )

× cos (( p_1 + 1 2 ) π ( s − q_1 2 √ ν ) 2 √ ν ) cos (( p_2 + 1 2 ) π ( t − q_2 2 √ ν ) 2 √ ν ) . After change of variables

z_1 = (x − d_q0_1 )2 √ ν, z_2 = (y − d_q0_2 )2 √ ν, w_1 = (s − d_{q1} )2 √ ν, w_2 = (t − d_{q2} )2 √ ν (14)

we obtain x = z_1 2 √ ν + q^′_1 + 1/2 2 √ ν , y = z_2 2 √ ν + q^′_2 + 1/2 2 √ ν , s = w_1 2 √ ν + q_1 + 1/2 2 √ ν , t = w_2 2 √ ν + q_2 + 1/2 2 √ ν . The boundaries for z_1, z_2 and w_1, w_2 are

m^z_i = −q^′_i − 1/2 ≤ z_i ≤ 2 √ N − q^′_i − 1/2 = M^z_i ,

m^w_i = −q_i − 1/2 ≤ d_i ≤ 2 √ N − q − 1/2 = M^w_i , i = 1, 2, (15) and x − q^′_1 2 √ ν = x − q^′_1 + 1/2 2 √ ν + 1 4 √ ν = z_1 2 √ ν + 1 4 √ ν . (16)

Formulas similar to (16) are valid for the variables y,s,t.

The change of variables (14) turns (13) into: 1 2 √ ν Mw_1 ∫ mw_1

Mw_2 ∫ mw_2

Mz_1 ∫ mz_1

Mz_2 ∫ mz_2 exp { iνϕ ( q^′_1 2 √ ν + z_1 2 √ ν , q^′_2 2 √ ν + z_2 2 √ ν ,

q_1 2 √ ν + w_1 2 √ ν , q_2 2 √ ν + w_2 2 √ ν )} b(z_1)b(z_2)b(w_1)b(w_2)

× cos (( p^′_1 + 1 2 ) π ( z_1 + 1 2 )) cos (( p^′_2 + 1 2 ) π ( z_2 + 1 2 ))

× cos (( p_1 + 1 2 ) π ( w_1 + 1 2 )) cos (( p_2 + 1 2 ) π ( w_2 + 1 2 )) dz_1 dz_2 dw_1 dw_2.

Let us expand the function νϕ into a Taylor series and denote by r^ν_q0_{1,q}0_{2,q1,q2} the residual of the linear approximation. Then the residual has the following form:

r^ν (z_1, z_2, w_1, w_2) = r^ν_q0_{1,q}0_{2,q1,q2} (z_1, z_2, w_1, w_2) = νϕ ( q^′_1 2 √ ν + z_1 2 √ ν , q^′_2 2 √ ν + z_2 2 √ ν , q_1 2 √ ν + w_1 2 √ ν , q_2 2 √ ν + w_2 2 √ ν )

−νϕ ( q^′_1 2 √ ν , q^′_2 2 √ ν , q_1 2 √ ν , q_2 2 √ ν ) (17)

− √ ν 2 [ ∂ϕ ∂q^′_1 ( q^′_1 2 √ ν , q^′_2 2 √ ν , q_1 2 √ ν , q_2 2 √ ν ) z_1 + ∂ϕ ∂q^′_2 ( q^′_1 2 √ ν , q^′_2 2 √ ν , q_1 2 √ ν , q_2 2 √ ν ) z_2 + ∂ϕ ∂q_1 ( q^′_1 2 √ ν , q^′_2 2 √ ν , q_1 2 √ ν , q_2 2 √ ν ) w_1 + ∂ϕ ∂q_2 ( q^′_1 2 √ ν , q^′_2 2 √ ν , q_1 2 √ ν , q_2 2 √ ν ) w_2 ] . We assume |z_1| < 1, |z_2| < 1, |w_1| < 1, |w_2| < 1 which corresponds to overlapping of less than half a window. These restriction enable the convergence of the Taylor series.

Denote

β(z_1, z_2, w_1, w_2) = b(z_1)b(z_2)b(w_1)b(w_2) exp {ir^ν (z_1, z_2, w_1, w_2)} (18)

and by A_1, A_2, B_1, B_2 the first partial derivatives multiplied by √ ν/2 at the point ( q^′_1 2 √ ν , q^′_2 2 √ ν , q_1 2 √ ν , q_2 2 √ ν ) :

A_1 = √ ν 2 ∂ϕ ∂q^′_1 , B_1 = √ ν 2 ∂ϕ ∂q_1 , A_2 = √ ν 2 ∂ϕ ∂q^′_2 , B_2 = √ ν 2 ∂ϕ ∂q_2 . (19)

Then the original integral, which defines the interaction between two windows, has the following form: 1 2 √ ν exp { iνϕ ( q^′_1 2 √ ν , q^′_2 2 √ ν , q_1 2 √ ν , q_2 2 √ ν )}

× Mw_1 ∫ mw_1

Mw_2 ∫ mw_2

Mz_1 ∫ mz_1

Mz_2 ∫ mz_2 β(z_1, z_2, w_1, w_2) exp{A_1z_1 + A_2z_2 + B_1w_1 + B_2w_2}

× cos (( p^′_1 + 1 2 ) π ( z_1 + 1 2 )) cos (( p^′_2 + 1 2 ) π ( z_2 + 1 2 )) dz_1 dz_2 dw_1 dw_2.

× cos (( p_1 + 1 2 ) π ( w_1 + 1 2 )) cos (( p_2 + 1 2 ) π ( w_2 + 1 2 )) (20)

In addition to local cosine, the function can be also expanded into local sine bases. We now represent the cosine as a combination of exponentials. To compute (20) we have to evaluate the following integral: 1 2 √ ν exp { iνϕ ( q^′_1 2 √ ν , q^′_2 2 √ ν , q_1 2 √ ν , q_2 2 √ ν )} ∑ ± Mw_1 ∫ mw_1

Mw_2 ∫ mw_2

Mz_1 ∫ mz_1

Mz_2 ∫ mz_2 β(z_1, z_2, w_1, w_2)

× exp { i [ ± ( p^′_1 + 1 2 ) π ( z_1 + 1 2 ) + A_1z_1 ]}

× exp { i [ ± ( p^′_2 + 1 2 ) π ( z_2 + 1 2 ) + A_2z_2 ]}

× exp { i [ ± ( p_1 + 1 2 ) π ( w_1 − 1 2 ) B_1w_1 ]}

× exp { i [ ± ( p_2 + 1 2 ) π ( w_2 − 1 2 ) B_2w_2 ]} dz_1 dz_2 dw_1 dw_2 = 1 2 √ ν exp { iνϕ ( q^′_1 2 √ ν , q^′_2 2 √ ν , q_1 2 √ ν , q_2 2 √ ν )} ∑ ± exp { ±i ( p^′_1 + 1 2 ) π 2 }

× exp { ±i ( p^′_2 + 1 2 ) π 2 } exp { ±i ( p_1 + 1 2 ) π 2 } exp { ±i ( p_2 + 1 2 ) π 2 }

× Mw_1 ∫ mw_1

Mw_2 ∫ mw_2

Mz_1 ∫ mz_1

Mz_2 ∫ mz_2 β(z_1, z_2, w_1, w_2)

× exp { i [ ± ( p^′_1 + 1 2 ) π + A_1 ] z_1 } exp { i [ ± ( p^′_2 + 1 2 ) π + A_2 ] z_2 }

× exp { i [ ± ( p_1 + 1 2 ) π + B_1 ] w_1 }

× exp { i [ ± ( p_2 + 1 2 ) π + B_2 ] w_2 } dz_1dz_2dw_1dw_2

= 1 2 √ ν exp { iνϕ ( q^′_1 2 √ ν , q^′_2 2 √ ν , q_1 2 √ ν , q_2 2 √ ν )} ∑ ± exp { ±i ( p^′_1 + 1 2 ) π 2 }

× exp { ±i ( p^′_2 + 1 2 ) π 2 } exp { ±i ( p_1 + 1 2 ) π 2 } exp { ±i ( p_2 + 1 2 ) π 2 }

β̂ ( A_1 ± ( p^′_1 + 1 2 ) π, A_2 ± ( p^′_2 + 1 2 ) π, B_1 ± ( p_1 + 1 2 ) π, B_2 ± ( p_2 + 1 2 ) π ) , Here β̂ is the Fourier transform of β(x, y, s, t) = b(x)b(y)b(s)b(t) exp { ir^ν_q0_{1,q}0_{2,q1,q2} (z_1, z_2, w_1, w_2) } , where r^ν_q0_{1,q}0_{2,q1,q2} is the residual after the linear approximation (17).

Let us evaluate β̂. We claim that there exists a constant K such that | | |r^ν_q0_{1,q}0_{2,q1,q2} (z_1, z_2, w_1, w_2) | | | ≤ K and | | | | | ∂^{i+j+m+l} ∂x^i∂y^j∂s^m∂t^l r^ν_q0_{1,q}0_{2,q1,q2} (z_1, z_2, w_1, w_2) | | | | | ≤ K ( √ ν)^{i+j+m+l} . (21)

We observe that the residual r^ν_q0_{1,q}0_{2,q1,q2} has a leading term which is the sum of ten quadratic terms, four containing the derivatives of ϕ in z_1, z_2, w_1, w_2 and six with mixed derivatives. Each of the terms is bounded, therefore the residual is bounded.

Similarly, the first differential of the residual is a sum of terms; each of them is the third partial derivative of ϕ (in z_1, z_2, w_1, w_2 or mixed) with an appropriate coefficient multiplied by (z^i_1z^j_2w^m_1 w^l_2)/ √ ν, i + j + m + l = 3. The third derivatives of ϕ are bounded due to the assumptions, consequently

∂r^ν_q0_{1,q}0_{2,q1,q2} (z_1, z_2, w_1, w_2) ∂z_i = O ( 1 √ ν ) , ∂r^ν_q0_{1,q}0_{2,q1,q2} (z_1, z_2, w_1, w_2) ∂w_i = O ( 1 √ ν ) . Similarly all the partial derivatives of r^ν_q0_{1,q}0_{2,q1,q2}(z_1, z_2, w_1, w_2) of order k are O(1/ν^{k/2}), which proves (21).

The function

β(z_1, z_2, w_1, w_2) = b(z_1)b(z_2)b(w_1)b(w_2) exp { ir^ν_q0_{1,q}0_{2,q1,q2} (z_1, z_2, w_1, w_2) }

is bounded together with all the partial derivatives of β up to order M: | | | | | ∂^{i+j+m+l} ∂x^i∂y^j∂s^m∂t^l β(z_1, z_2, w_1, w_2) | | | | | ≤ C, i + j + m + l ≤ M. (22)

It is known that if a function f is bounded together with its derivatives | | | | | ∂^{i+j+m+l}f(x, y, s, t) ∂x^i∂y^j∂s^m∂t^l | | | | | ≤ C, i + j ≤ M, (23)

then the Fourier transforms of these derivatives are also bounded: | | | | | ^ ( ∂^{i+j+m+l}f(x, y, s, t) ∂x^i∂y^j∂s^m∂t^l )| | | | = | | |f̂ (ξ_1, ξ_2, η_1, η_2)ξ^i_1ξ^j_2η^m_1 η^l_2 | | | ≤ C_1. (24)

Moreover, | | |f̂ (ξ_1, ξ_2, η_1, η_2) | | | ≤ C_1 1 + max(|ξ_1|, |ξ_2|, |η_1|, |η_2|)^M . Thus | | |β̂(ξ_1, ξ_2, η_1, η_2) | | | ≤ C_1 1 + max(|ξ_1|, |ξ_2|, |η_1|, |η_2|)^M . This means that for large ξ_1, ξ_2, η_1, η_2 the Fourier coefficients are negligible and therefore there is only a constant number C_2 of significant Fourier coefficients for each two windows corresponding to q_1, q_2 and q^′_1, q^′_2.

For example, if anyone of ξ_1, ξ_2, η_1, η_2 exceeds 10, then | | |β̂(ξ_1, ξ_2, η_1, η_2) | | | ≤ C_1 1 + 10^M , which means that the coefficients corresponding to frequencies |ξ_1| + |ξ_2| + |η_1| + |η_2| > 10 are negligible.

We have (2 √ ν)^2 = 4ν windows, so there are 16ν^2 pairs of interaction for windows located at various pairs of frequencies, not more than C_2 coefficients above a certain threshold for each interaction lead to 16ν^2C_2 significant coefficients among the total of 256ν^4 coefficients. Thus, the total number of coefficients above a threshold is O(N^2), where N is again the number of grid points in each direction (we recall that the total number of points is N^4).

4 Numerical results

Consider the case where the smooth surface is a sphere, and the oscillatory integral has the following form: π∫ 0 dα_1 2π∫ 0 exp{iνρ(u(α_1, β_1), u(α_2, β_2))}f(α_1, β_1) dβ_1, (25) wind. type 10^{−2} 10^{−3} 10^{−4} 10^{−5} 10^{−6} 10^{−7} diagonal 1 2 4 8 15 20 close 0.1 - 0.2 0.2 - 0.5 0.5 - 1.0 1.0 - 2.0 1.6 - 3.0 2.0 - 5.0 distant 0.05 - 1.0 0.1 - 0.2 0.2 - 0.4 0.4 - 0.8 0.8 - 1.4 1.4 - 2.0 Table 1 Percent of coefficients above a threshold in diagonal blocks and blocks with strong and weak interaction. Size of the block is 32^4, with 16 points of overlapping, ν = 128, bell with k = 10 ν 10^{−2} 10^{−3} 10^{−4} 10^{−5} 10^{−6} 10^{−7} 1 0.0093 0.024 0.060 0.16 0.37 0.71 2 0.018 0.035 0.070 0.16 0.36 0.69 4 0.021 0.043 0.092 0.21 0.44 0.81 8 0.026 0.053 0.12 0.26 0.54 0.95 16 0.034 0.067 0.15 0.33 0.65 1.11 32 0.039 0.081 0.19 0.41 0.76 1.27 64 0.050 0.10 0.23 0.48 0.87 1.43 128 0.063 0.12 0.26 0.54 1.00 1.64 256 0.096 0.19 0.40 0.81 1.44 2.28 Table 2 Percent of coefficients above a threshold in a diagonal block 32^4, with 16 points of overlapping for various ν, bell with k = 10 where ρ(u_1, u_2) is the distance between two three dimensional points

u_1(x_1, y_1, z_1), u_2(x_2, y_2, z_2) : ρ(u_1, u_2) = √ (x_1 − x_2)^2 + (y_1 − y_2)^2 + (z_1 − z_2)^2 Here u_1, u_2 are points on the unit sphere:

u_i(α_i, β_i) = (sin α_i cos β_i, sin α_i sin β_i, cos α_i), 0 ≤ α_i < π, 0 ≤ β_i < 2π.

Tables 1-3 describe the percent of coefficients above a certain threshold in the LFB decomposition; the computation is for one window only. Table 1 compares the sparsities of matrices for the interaction of a window with itself (“diagonal” blocks), interaction of close windows (blocks of strong interaction) and of distant windows.

Table 3 describes the dependence of the percent of significant coefficients on the smoothness k of the bell [5] for two distant windows 32 × 32.

k 10^{−2} 10^{−3} 10^{−4} 10^{−5} 10^{−6} 10^{−7}

2 0.61 2.35 8.36 22.4 51.14 81.88

4 0.13 0.39 1.35 3.14 7.20 17.11

6 0.084 0.24 0.49 1.12 2.75 5.39

8 0.056 0.15 0.35 0.69 1.24 2.37

10 0.063 0.12 0.26 0.54 1.00 1.64

11 0.070 0.13 0.25 0.50 0.92 1.56 Table 3 Percent of coefficients above a threshold in a diagonal block 32^4, with 16 points of overlapping, ν = 2048 for various steepness k of the bell We observe that with a smoother bell function the number of significant coefficients is less. This matches the theoretical results since the representation of the kernel in LFB can be reduced to the Fourier transform of the residual (which is smooth) multiplied by bells.

References

[1] A. Averbuch, G. Aharoni, R. Coifman and M. Israeli, Local cosine transform - a method for the reduction of the blocking effect in JPEG, Journal of Mathematical Imaging and Vision, Special Issue on Wavelets, 3 (1993), 7-38.

[2] A. Averbuch, E. Braverman, R. Coifman, M. Israeli, A. Sidi, Efficient computation of oscillatory integrals via adaptive multiscale Local Fourier Bases, Applied and Computational Harmonic Analysis 9 (2000), No 1, 19 - 53.

[3] B. Bradie, R. Coifman and A. Grossman, Fast numerical computations of oscillatory integrals related to acoustic scattering, I, Applied and Comput. Harmonic Analysis 1 (1993), 94-99.

[4] R.R. Coifman and Y. Meyer, Remarques sur l’analyse de Fourier à fenêtre, C.R.

Acad. Sci. Paris I, pp. 259-261, 1991.

[5] G. Matviyenko, Optimized local trigonometric bases, Applied and Computational Harmonic Analysis, 3 (1996), 301-323.

[6] V. Rokhlin, Diagonal forms of translation operators for the Helmholtz equation in three dimensions, Appl. Comput. Harmonic Anal. 1 (1993), 82-93.

[7] G.G. Stokes, On the numerical calculation of a class of definite integrals and infinite series, Camb. Philos. Trans. 9 (1856), 166-187.

[8] G.N. Watson, The limits of applicability of the principle of stationary phase, Proc. Camb. Philos. Soc. 19 (1918), 49-55.