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Abstract

5/4
We give an explicit construction of arbiased set ovek bits of sizeO (ﬁ(l/e)) .

This improves upon previous explicit constructions whés roughly (ignoring logarith-
mic factors) in the rangg:—!-5, k~°-5]. The construction builds on an algebraic-geometric
code. However, unlike previous constructions we use lograe divisors whose degree
is significantly smaller than the genus.

Studying the limits of our technique, we arrive at a hypoihéisat if true implies
the existence of-biased sets with parameters nearly matching the lowerdoamd in
particular giving binary error correcting codes beating @ilbert-Varshamov bound.

1 Introduction

Explicitly constructing combinatorial objects with certain properties (suckgaraler graphs,
extractors, error correcting codes and others) is an intriguing challengomputer science.
Often, it is easy to verify that a random object satisfies the requirecepsowith high proba-
bility, while it is difficult to pin down such an explicit object.

In most cases it is believed (and sometimes proven) that a random objeatrlg optimal.
Therefore, giving an optimal explicit construction becomes a derandtiomzaroblem. There
are, however, rare cases in which explicit constructions outperf@ige mandom construc-
tions. Perhaps the most remarkable example of this type is that of Algebeaici&ric codes
(AG codes). In the seminal work of Tsfasman et al. [8] it was shownttieat are Algebraic-
Geometric codes over constant size alphabets that lie above the Gilbdraivers bound, a
bound that was believed to be optimal at the time.
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The important case dfinary error correcting codes is still open. The Gilbert-Varshamov
bound gives the best known (explicit or non-explicit) codes to date. ifignan explicit con-
struction that attains this bound is an open problem as well. The above stédatsenapply
if we restrict ourselves to codes with distance close to half, which is a ¢apedal interest.

Another closely related question is that of finding[ank,% — ¢€]2 binary code, in which
the relative weight of every non-zero codeword is in the radge ¢, 5 + ¢|. Such codes are
callede-balancedand they are related to another kind of combinatorial objects calkédsed
sets An e-biased set is a s&t C {0, 1}* such that for every non-empty subgetc [k], the
binary random variabl€p, - s;, wheres is sampled uniformly fromS, has bias at most
It turns out that-biased sets are justbalanced codes in a different guise: the columns of a
matrix whose rows generate atbalanced code form anbiased set, and vise versa. In terms
of parameters, am, k|, e-balanced code is equivalent to ebiased se5 C {0, 1}’g of size
n.

The status of-balanced codes is similar to that|ef, &, , % — €]o codes. In both cases the
probabilistic method gives non-explidit, k], e-balanced codes with = O(E%), whereas the
best lower bound is = Q(ﬁ). For a discussion of these bounds see [1, Section 7].

There are severaixplicit constructions of such codes. Naor and Naor [5] give a construc-
tion withn = & - poly(e~!). Alon et al. [1] have the incomparable bound= O(L).

€2 log?(k/e)
Concatenating Algebraic-Geometric codes with the Hadamard codefrgi#e@(%). In

this paper we show an explicit construction offank], e-balanced code with = O( 10’;(1) )5/4,
which improves upon previous explicit constructions wheés roughly (ignoring Iogaritehmic
factors) in the range df~ 15 < ¢ < k=0 (see Figure 1).

The construction is simple and can be described by elementary means. t\tékéra finite
field IF, of the appropriate size. We then carefully choose a subsétF, x ;. The elements
in thee-biased set are indexed by paf(s, b), c) € A x F,. For each((a,b),c) € A x F, the
corresponding element is the bit vec{dta't’), C>2)i,j’ where(i, j) range over all integers j
whose sum is bounded by an appropriately chosen parameter and theriodect is of the
binary representation of the element&in The analysis of the construction relies oaZBut’s
Theorem.

To put the construction in context, we need to move to algebraic function fesicénol-
ogy. AG codes arevaluationcodes where a certain set @faluation functionss evaluated
at a chosen set @valuation points The space of evaluation functions used is a vector space
(this is the reason we get a linear error correcting code) and is deterinyreedivisor G. We
explain what a divisor is and other terminology in Section 3, and for the timaylm@intinue
with an intuitive discussion. We denote the code associated with a disgrC (G).

The codeC(G) has the following parameters. Thengthof the code is the number of
evaluation points and is denoted Ny= N (F') (F is the algebraic function field). The distance
of the code iV — deg(G) (deg(G) is the degree of7, we explain what it is in Section 3). The
dimension of the code]im(G), is the dimension of the vector space of evaluation functions.
When the "degree” of7 is larger than thgenus(we explain what the genus is in Section 3),
the Riemann-Roch Theorem [6, Thm 1.5.17] tells us exactly what the dimedsiofG) is,
and it turns out to béeg(G) — g + 1. This almost matches the Singleton bound, except for a
loss of Iy in the dimension. Thus, our goal is to get as many evaluation points while keepin
the genus small. Indeed, a lot of research was done on the best poasitblbetween the
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Figure 1: Constructions efbiased sets for = k¢

length of the codeéV(F') and the genus. The bottom line of this research, roughly speaking, is
that N (F') can be larger than the genus by at most a multiplicatige— 1 factor and this is
essentially optimal.

A simple check shows that wheleg(G) is larger than the genus, an AG code concatenated
with Hadamard cannot givebalanced codes with better tha@(ﬁ). In contrast, our

construction takes as an outer code an AG a0@(€@) wheredeg(G) is much smaller than the
genus, and we show that this leads to a better code. One explanation gsatonirnprovement
was not found before is that previous research often focused arode€sC (G) wheredeg(G)

is higher than the genus.

A natural question is whether thebalanced codes we achieve are the best binary codes
one can achieve using this approach. We do not know the answer to #8ticqu When
deg(G) is smaller than the genus, one cannot use the Riemann-Roch Theorerstiaradieg
deg(@G) is often a challenging task. Furthermotém(G) now depends ox- itself, and not
just on its degree as before. However, we can formulate the questiotiaagst The important
thing to us is not the best possible ratio between the number of rational poitts and the
genus. Instead, we are interested in the best possible ratio bel@enanddeg(G), where
G is alow-degredlivisor having darge dimension

We show that such a good ratio implies goetlalanced codes. Using the Hermitian
function field we give the construction with = O( 102(1))5/4 mentioned above. Further-
more, assuming aft(q)-ratio we show we can construct binarypalanced codes with =
O(%), i.e., matching the known lower bound and outperforming the Gilbert-Varshamo

€2 log( 2
bound. If this is the case, then AG codes would outperform naive rarcdales even over the
binary alphabet. We mention that a simple argument due to Henning Stichtehstioys the




ratio can never be bigger thagn+ 1 (we repeat his argument in Section*4).

We hope our paper would lead researchers to study not only the pogajbleetween the
genus and the number of rational points, but also the possible gap betngdedimension
divisors and the number of rational points — a problem that has been $@mheeglected so
far.

The rest of the paper is organized as follows. In Section 2 we descelm®tistruction and
its analysis using Bzout's Theorem. Section 3 contains a description the same construction
in algebraic function fields terminology. In Subsections 3.1 and 3.1.1 wetlgévaecessary
background on algebraic function fields and geometric Goppa codesllyFim Section 4
we describe a possible hypothesis regarding function fields and its implisatierbalanced
codes.

2 A self-contained elementary description of the construction

We first recall the definition of aarbiased set:

Definition 1. A setS C {0, 1}’~C is e-biasedf for every nonempt§” C [k],

il e
s€S

<e.

The construction: Givenk ande, letp = 2¢ be a power of in the range{(e%)l/4 2 (6%)1/4} :

Defineq = p? andr = ¢p3. LetF, denote the finite field witly elements andr, its
subfield withp elements. Consider the vector space of bivariate polynomialsloyer
with total degree at most/(p + 1):

r N T
V:{QbEFQ[xay} : deg(¢)§M}ZSPan{$ Y Z+]§p—|—1}‘

2

The dimension of this space (ovgf) is k' = 9(2—2) = Q(k).

Let A C F, x F, be the set of roots of the polynomig + y — 2P, Thee-biased set
over k' bits that we construct is

S = {( (bin(a’t’), bin(c)), ) . (a,b) € A and c € Fq},

o
HISp

wherebin : F, — Z2¢ is any isomorphism between the additive grougFgfand the
vector spac&z2’ and(-, -), denotes inner product ovéz’.

The analysis: The following claim will be used to bound the size ®f

Claim 1. The cardinality ofA is p.

We also mention that an(,/q)-ratio follows by using function fields whe® (F') is larger than the genus by
that factor.



Proof: The trace functiorilr(y) = y” + y mapsF, to F,. We claim that for every
a € I, the number of solutions iR, to Tr(y) = « is p. To see this, observe thét is

a linear function. Hence, the set of solutionsTiqy) = 0 is a subgroup oF, that has
at mostp elements. For every € F,, the set of solutions tdr(y) = « is either empty
or a coset of this subgroup. As every elemenFgfs in one of these cosets, it must be
the case that for every € ), there are exactly solutions.

The norm functiorN(z) = zP*! also maps, to F,. Thus, for everyx € F, there are
exactlyp valuess € F, such thaflr(3) = N(«). Therefore|A| = p>. n

We want to apply Bzout's Theorem on the bivariate polynomjéh-y—2P+!1. However,
we first need to show it is irreducible. We need Eisenstein’s Criterion iedurcibility:

Theorem 2 (Eisenstein’s Criterion [4, Thm 3.1]Let U be a unique factorization ring
and letK be its field of fractions. Lef(z) = Y. ,a;z' be a polynomial of degree
n > 1in Ulzx]. Letp be a prime of/, and assume:

e a, #0 (mod p)
e Foreveryi < n,a; =0 (mod p)
e ag # 0 (mod p?).

Thenf(z) is irreducible in K [z].

With that we conclude:

Claim 3. The polynomia}? + y — 2P is irreducible overF,.

Proof: This follows from Eisenstein’s Criterion. The unique factorization ring we-c
sider isU = F4[y]. The prime element we use gs= y. The leading coefficient is-1
and—1 # 0 (mod y). Every other coefficient except the lasbidhence it i) (mod y).
The last coefficient is alsb (mod y). Finally, sincep > 2, y” = 0 (mod ?) buty # 0
(mod y?), hencey? +y # 0 (mod y?). Therefore the univariate polynomial (ir) is
irreducible over the field of fractions and in particular olfgfy]. This implies the bi-
variate polynomial is irreducible over the fielg. |

We are now ready to recallé@&out’'s Theorem and apply it proyeis indeede-biased.

Theorem 4 (Bézout's Theorem [2, Section 5.3]pupposes and ¢ are two bivariate
polynomials over some field. ¢fand > have more thedeg(¢) - deg(v) common roots
than they have a common factor.

Theorem 5. For everyk ande such thate < ﬁ S is ane-biased set ovet’ = Q(k)

bits of sizeD (%)5/ ;

€2 log(

Proof: By Claim1,|S| =|A|-¢=p"> =0 (6%)5/4.



LetT C [k'] be some non-empty set. We identify] with the set{(i,j) it < p_’;l]}
andT with the corresponding subset.
Lets € S be an element specified by the pgit, b),c) € A x F,. Then,

Z S(ij) = Z <bin(aibj),bin(c)>2:<bin( Z aibj),bin(c)> .

(4,9)€T (4,9)€T (4,9)€T 2

The polynomialpr = Z(meT x'yJ is a non-zero polynomial. Clearly, for arfy, b)
which is not a root ofp, the inner-product will be unbiased when ranging ovére.
exactly half of the values for will make the inner produdd). From the assumption
€ < ﬁ it follows thatdeg(¢r) < p + 1. Hence, by Claim 3 it follows that, and

y? + y — P! have no common factors. Therefore, by Bezout’s theorem we conclude
that the number of roots ef that are inA is at most_’ - (p+1)=r,and,

;" Z(_l)ZieT Si
seS

< r
< — =e
Al

. . . _ 5/4
Remark 6. The above construction can be improved tednased set of siz@ (Eglogw>

1/4
€ 1 ; ; k
for everyk ande such that\/W < 7 To achieve this we chooge= © (52 log(l/eps)) :

We then observe that instead of taking a basislfooverF,, we can actually afford to take

a basis oveif,. Finally we need to use the fact that by the constraints we have iriol-
lows thatlog(1/¢) = ©(log(p)). When we restate the construction in algebraic function fields
terminology, we also include this improvement.

3 Restating the construction in algebraic function fields terminol-
ogy

Without putting the above construction in the proper context, it may app@acidental. We
now describe the general framework of algebraic-geometric codesxqtain why the above
construction fits into this framework.

3.1 Algebraic-Geometry

We recall a few notions from the theory of algebraic function fields. Aitktaxposition of
the subject can be found, e.g., in [6].

[F, denotes the finite field with elementsF,(x), wherez is transcendental ovét,, is the
rational function field, and it contains all rational functionsarwith coefficients inF,. #'/F,
is an algebraic function field, if’ is a finite algebraic extension &¥,(x).

A place P of F'//F, is a maximal ideal of some valuation rirdg of the function field. We
denote byO p the valuation ring that corresponds to the platéNe denote by p thediscrete
valuationthat corresponds to the valuation ri6igp. Therefore, we can writ® andOp as

P={zeF :vp(x) >0} and Op={x€F : vp(x)>0}.

6



Since P is a maximal idealFp = Op/P is a field. For everyr € Op, z(P) denotes
z(mod P) and is an element of'». The degree of a plac® is defined to beleg(P) =
[Fp : F,]. In particular, if a place is of degreethen Fp is isomorphic tdF,. Pr is the set of
places ofF". N(F) is the number places alegreel (also calledational pointg in £'/F, and
is always finite.

Dr is the free abelian group over the placesFof A divisor is an element in this group,
i.e., itis asumG = ZPGPF npP with np € Z and wherenp # 0 for only a finite number
of places. We also denote>(G) = np. Thedegreeof the divisor) , npP is defined to be
> pnp-deg(P), and it is always finite. We say; > G, if G is component-wise larger than
G, i.e.,vp(G1) > vp(Gy) for any placeP.

Each elemend # x € F is associated with two divisors. The first is called grancipal
divisor of z and it is defined by

() =) vp(x)P.
P

The degree of a principal devisor is always The second is thpole divisorof x and it is
defined by

(@)oo= > wp(z)P.
P:wp(x)<0
If z € F\ F,thendeg((2)oo) = [F : Fy(x)].
For a divisorG, we define th&Riemann-Roch spade

LG)={zeF : (z) > -G}u{0}.

We define the dimension @ by dim(G) = dim £(G) and we use the two notations inter-
changeably. The fact that the degree of each principal divisbiriglies that ifdeg(G) < 0
thendim(£(G)) = 0.

3.1.1 Geometric Goppa Codes

A Goppa code is specified by a triplef, Y, G), whereF'/F, is a function fieldY = {Pi, ..., P,}
is a set of places of degréeand(G is an arbitrary divisor with no support over any plac&in
Notice that for anyr € £(G), vp,(x) > 0 and thereforec € Op, andz(F;) € IF,. The triplet
(F,Y, G) specifies the code:

CY;G) = {(@(P),...,2(P)) : z € L(G)} CF,"

Claim 7 ([6, Thm 11.2.2]). If deg(G) < n thenC(Y;G) is an[n,dim(L(G)),n — deg(G)]
linear code oveif,.

We want the gap betweetim(£(G)) anddeg(G) to be small. It turns out that for any
function field /I, there exists a constagte N, such that for any divisafr € Dy, deg(G) —
dim(L(G)) < g — 1. The minimal integer with this property is called thenusof F'/F,. The
Riemann-Roch Theorem says that:

Theorem 8([6, Thm 1.5.17]) If deg(G) > 2¢g — 1 thendim(L(G)) = deg(G) — g + 1.



This, in particular, allows one to easily compute the dimension of the code adgé6’) >
2g. The only remaining question is how many places of dedrexxist. Informally, the
Drinfeld-Vladut bound tells us that wheptends to infinity,n < g( /g — 1), and several
explicit constructions meet this bound (see [3, Chapter 1]).

In this paper we look at divisor§ whose degree is smaller than the genus. Much less is
known about such small-degree divisors. In this regidiey,(L£(G)) depends on the divisar
itself, and not only on its degree, as is the case wheiiG) > 2g. For some special algebraic
function fields the vector spad® ) (and therefore also its dimension) is known in full. We
talk more about this below.

3.2 Concatenating AG codes with Hadamard

We concatenate an outer code with the Hadamard code. If the outer code is/a , d|, code
andg is a power of two, then concatenating it with 282, k, = log(q), 1], Hadamard code
gives an[n = 2niq,k = k1(1 + logq)]2 code that iss = ”}gd balanced, because non-zero
symbols in the outer code expand by the concatenation to perfectly balallockd.

Using Reed-Solomon code as the outer code, one gdts an2q¢®, k = ki (logq + 1)]2
code that i = %1 balanced. Rearranging parameters, this givepiah|, e-balanced code

with n = O((elog(ﬁ)ﬁ). This is one of the constructions in [1].

Taking the outer code to be an AG cod¢Y’; G) overF,, with deg(G) > 2g and optimal
lengthg,/q, one gets ann = g,/q, k = deg(G) + 1 — g]» code that iss = des(@) piased.

9va
Doing the calculation one sees that O(Eglog"?w). As these are the best AG codes possible

for the caseleg(G) > 2g, no improvement is possible here unless we consider low-degree
divisorsG.

So we now turn our attention to the case whésg(G) < 2¢g — 1. In this caselim £(G)
depends on the divisar and not just its degree. One special case is the case where
rQ, r € N and(Q is a place of degree 1. For any suchdim £(rQ) is either equal to
dim £((r — 1)Q) ortodim L((r — 1)Q) + 1. In the former case is said to be gap number
of Q). Weierstrass Gap Theorem [6, Thm 1.6.7] says that for any platkere are exactly
g = genus(F/F,) gap numbers, and they are all in the rafipg — 1].

The non-gap numbers (also callpdle numbersform a semigroup oN (i.e. a set that is
closed under addition). This semigroup is sometimes referred to &¥dlsgstrass semigroup
of Q. We say a semi-group is generated by a set of elemeRig}, if eachg; € S and,
furthermore, every elemente S can be expressed as= )  a;g; with a; € N.

The structure of the Weierstrass semigroup is crucial to our construdfienknow that
there are exactly elements of this semigroup in the rande2g|. If these elements are too
concentrated on the upper side of the range then the behaviondi(rQ) will be very similar
to the case where > 2g — 1. Thus, our goal is to find a function field that has many places
of degreel, say,N(F) > €(g,/q), while at the same timé" has a degree placeQ with a
"good” Weierstrass semigroup.

3.3 The Construction

Let p be a prime power ang = p?. The Hermitian function field oveF, can be represented
as the extension fiell,(z, y) of the rational function field, (z) with y» + y = 2P, This



function field hasl + p? places of degree one. First, there is the common Qgleof = andy.
Moreover, for each paiic, 3) € F, with 37 + 3 = oPT! there is a unique plack, s of degree
one such that(P, 3) = a andy(P, ) = 8 and we already saw there arésuch points. The
genus of the Hermitian function field is= p(p — 1)/2.

For the outer code we take the Goppa catle= C(Y, G = rQ ), WhereY is the set of
all degreel placesP, 3 mentioned above and = ep3. The Weierstrass semigroup 6fis
generated by andp + 1, and a basis fo£(G) = L(rQ«) is

{:Uiyj :j<p—1 and ip+j(p+1)<r}.
The dimension of the code is
[{(i,5)  j<p—1 and ip+j(p+1) <7}

We can now see the similarity between this construction and the one in Sectione2. T
parameter will be chosen such that the constrajnt p — 1 will be nullified. Therefore, both
use evaluations of low degree bivariate polynomials over the same gepoints?

Theorem 9. For everyk and everye such that—-— < -1 there exists an explicit
/log(1/e€) k
. . 5/4
[n, Q(k)]2 code that is-balanced, withh = O (m) .

Proof: For a givenk ande, let

v (wmtwm) 2 (i)

be a power of two. It can verified thgg < e < S and sdog(1/¢) = O(log(p))-

Letr = ¢p® and letF, be the field withg = p? elements. Lef" denote the Hermitian
function field overF, and letY denote its set of places of degree 1, excludipg. This
implies that|Y'| = p3. Define the divisoG to beG = 7Q. Sincer < p?, dim L(rQs) >
(3m)” = Uep") = Q(j50). By Claim 7, the Goppa code that is obtained from the triplet
(F\Y,G)isa

k

3 3
p 79 T )P
| (10g(p))

code. Concatenating this code with Hadamard givies,&2(k)]» code that is-balanced (since

-5 = €). Now, by our choice op, it follows that

— r]p2

k

€2 log(%) - @(p4)

and therefore: = p° = O(( 10’;(;))5/4) as desired. m

2The only slight difference is that in this construction we take all bivariatgronials with boundedveighted
total degree. However, the weight is nearly identical for both varialsidssa this does not affect much the param-
eters of the construction.



4 A hypothesis and its consequence

The power of AG codes comes from the fact that the number of rationatspd’ (F') may
be larger by a factor of/q than the genug(F). The genus measures the maximal loss in
dimension compared to the degree. By the Drinfeld-Vladut theorem, this ghnitied to a
factor of  /q.

Motivated by the results of the previous section we start with a simple questibat is
the maximal gap between the number of rational poiitgd’) and the degree of a divisaf
with somepositivedimension. A few definitions are in place:

Definition 2. A sequencé over[F, is an infinite sequencé = (F1, F», .. .) of function fields
F; /F4 such thatlim; .. N (F;) = oco.

Definition 3. We say a divisoti € D has positive dimensiondim(£(G)) > 1.

Definition 4. LetF be a sequence ovél,, and0 < b = b(q) < 1. We sayF has ab-gap, if

there exist divisorsy; € D, with positive dimension such thtn d]:g(féz) =b.

For example, any divisor with degree above the genus has positive danefitius, if 7
is asymptotically optimal (meaning thiain N (F;)/g(F;) > \/q — 1) thenb = /g — 1.

In fact, we can do better. We already saw function fields with a largerlgape Hermitian
function field,G = pQ, has positive dimension, amd(F)/ deg(G) > p®/p = p* = ¢. One
can also build a tower over the Hermitian function field and get a sequertgarésarves this
gap.

Can the gap be larger? The following argument, shown to us by Henningestth,
shows this is not possible:

Lemma 10. Let F'/IF, be a function field and: € Dr a divisor with positive dimension. Then
N(F) < deg(G) - (g +1).

Proof: Asdim(L(G)) > 1, there exists some € F'\ I, such thaiz) > —G. Fix any such
z. In particular,deg(z)s < deg(G). Also, by [6, Thm 1.4.11]deg(z)s = [F : Fy(z)].
On the other hand, we may vieiv as a finite extension over the rational function figldx).
Every place of degree of F' lies above some place of degreef F,(z). There are exactly
q + 1 places of degreé of F,(x), and each one of them may split to at m@st: F,(x)]
places of degree of F' (by the fundamental equality, [6, Thm [11.1.11]). Altogeth&f(F') <
(¢ + D[F : Fy(@)] = (g + 1) deg(2)o < (¢ + 1) deg(G). .

We now move on to what we actually want. We want&ig) gap between the number of
degreel places and a divisor withlarge dimension. We define:

Definition 5. We say a diviso6i € Dy is c-dense, fob < ¢ < 1, if G > 0 anddim(L(G)) >
c- deg(G).

Definition 6. LetF be a sequence ovél,, and0 < b = b(q),c = c¢(q) < 1. We sayF has a

c-denseb-gap, if there exist-dense divisorsy; € Dy, such thaflim d]evg((%‘z) =b.

When we use concatenation of a linear code over a large alphabet aratylinear code
and we want the resulting code to be linear, we require that the size of tieedhnhabet is a
power of2. Without this restriction, we may still construct binary codes with concatematio
but not necessarily linear ones.

10



Definition 7. An (not necessarily linear) code ésbalancedf the relative Hamming distance
between every two codewords is in the rafige- e, 5 + €.
Lemma 11. If F has ac-denseb-gap, then for infinitely many there exists arin, k)2 code
thatise = .- balanced anch = A - —* _ whereA = 1 4_. 1os(b—1)

b—1 2log(1) cb—1  log(q)

Proof: LetG; € Dy, be the promised divisors. L&} be the set of all places of degréén F;
that are disjoint withGs;. |Y;| > N(F;) — deg(G;). The Goppa code that is obtained from the
triplet (F;, D;, G;) is an

[N = N(F;) — deg(G;) , c-deg(G;) , N —deg(Gy)]y
code. Concatenating this with Hadamard gives a

(n=q- (N(F;) — deg(Gi)), k = c- deg(Gi)log(q))2

code which is — %-balanced. Taking large enough, we essentially get ;2.
Thus,

- _ _deg(Gy) qlog({) k
n = q(N(F) —deg(Gh)) ~ g (0—1) - deg(Go) X 4 e = G Ticlogg 2 log(d)’

For example, ifF is asymptotically optimal andeg(G;) > 2g thenb = ©(,/q) and

c > % Another example is given by the divisors we chose for the Hermitian fumdidd.

There we chosdeg(G;) = r and we hadlim(G;) = @(;—5), thusc = @([%) andb = @(?)
and altogethebc = ©(,/q) (the constants in the big- notation are independent gf.

If bc can be madé€)(q), with a constant independent @fthen one would match the lower
bound fore-balanced codes. We formulate this hypothesis below. We have no idelaewrite
is valid. On the one hand, we saw that one can find divihrs D, with positive dimension
andg-gap. On the other hand, we were unable to find such divisorslargle densityand so,
we do not know of an example whelre > /q.

Hypothesis 12. There exist positive constantsc < 1 and an infinite sef) C N such that for
everyq € @ there exists a sequengeoverF, that has ac-dense(3q)-gap.

Theorem 13. Under Hypothesis 12 there are infinitely many parametekssuch that there
exists ann, k), code that is-balanced withh = O <62b§w>
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