
A NOTE ON THE STRUCTURE OF BILATTICESA. AvronSchool of Mathematical SciencesSackler Faculty of Exact SciencesTel Aviv UniversityTel Aviv 69978, IsraelThe notion of a bilattice was �rst introduced by Ginsburg (see [Gin]) as a generalframework for a diversity of applications (such as truth maintenance systems, default in-ferences and others). The notion was further investigated and applied for various purposesby Fitting (see [Fi1]-[Fi6]). The main idea behind bilattices is to use structures in whichthere are two (partial) order relations, having di�erent interpretations. The two relationsshould, of course, be connected somehow in order for the mathematical structure to beuseful. It is not clear, however, what this connection should be. Ginsberg, for example,has made the connection through an extra operation of negation. Fitting, on the otherhand, has investigated connections in the form of conditions on the structure (such asbeing interlaced { see below). These conditions are independent of the existence, or eventhe possibility to de�ne, operations like Ginsberg's negation.* Fitting de�nes, accordingly,notions like \an interlaced bilattice", \a distributive bilattice", \a bilattice with negation"and others. He does not provide, however, any de�nition of the notion of bilattice itself(without an extra modi�er). I was unable to �nd anywhere, in fact, a de�nition which willcover all the structures which were called \bilattice" in the literature.Despite the last statement, there is something which seems to be common to allthe �nite bilattices which were used or investigated (and practically only such bilatticeswere suggested for actual use). All of them can be represented by a kind of a Hasse* In [Fi5] there is an example of an interlaced bilattice in which no operation of negation asde�ned by Ginsberg is available. 1



diagram, which viewed bottom-up, represents one of two order relations while viewed fromleft to right, represents the other (see examples in Figs. 1 and 2 below). This type ofrepresentation seemed, somehow, to be natural, but there has not been (as far as I know)an attempt to show that it can always be used.
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Figure 2: DEFAULTThe present note has two purposes. The �rst is to suggest in the �nite case a generalde�nition of \a bilattice" which will cover all the agreed upon particular cases. The second{ to show that every such bilattice can be represented by a diagram as described above.This will show, I believe, that the suggested de�nition is adequate. At the same time itwill justify this general method of representation.2



De�nition 1 [Fi1]. A prebilattice is a structure B = hB;�t;�ki such that B is a non-empty set containing at least two elements, and both hB;�ti and hB;�ki are (complete)lattices.Notation. Following Fitting, we shall use ^ and _ for the lattice operations whichcorrespond to �t, and 
 and � for those that correspond to �k.De�nition 2 [Fi1]. A prebilattice is interlaced if each of the four operations ^;_;
and � is monotonic with respect to both �t and �k.Examples. FOUR and NINE (see Fig. 1) are interlaced. DEFAULT (Fig. 2) isnot.*The notion of a prebilattice has been used by Fitting as a general framework for thestudy of bilattices. In order to investigate representability by graphs it is useful to considereven more general notions.De�nition 3. A biposet is a structure B = hB;�t;�ki in which both hB;�ti andhB;�ki are posets.Notation. a <1t b (a <1k b) will mean that b is an immediate �t (�k) successor of a.a <t b (a <k b) will mean that a �t b (a �k b) but a 6= b.De�nition 4.(a) A �nite biposet B is graphically representable if there exists a �nite graph G = hV;Eiof points in R2 and a bijection f of B onto V such that:(1) There is an edge between two vertices x1; x2 in V i� f�1(x1) and f�1(x2) arerelated by either <1t or <1k (i.e. if one of them is an immediate successor of theother according to either �t or �k).(2) If (a1; b1) 2 V , (a2; b2) 2 V and the two points are connected by an edge thena1 6= a2 and b1 6= b2.(3) x <t y i� there exists a (possibly empty) sequence of points (a1; b1); : : : ; (an�1; bn�1)in V such that if f(x) = (a0; b0) and f(y) = (an; bn) then a0 < a1 < � � � an�1 < anand there is an edge between (ai; bi) and (ai+1; bi+1) for i = 0; 1; : : : ; n � 1.* FOUR is due to Belnap ([Be1], [Be2]), DEFAULT { to Ginsberg ([Gin]).3



(4) x <k y i� there exists a (possibly empty) sequence of points (a1; b1); : : : ; (an�1; bn�1)in V s.t. if f(x) = (a0; b0) and f(y) = (an; bn) then b0 < b1 < � � � bn�1 < bn andthere is an edge between (ai; bi) and (ai+1; bi+1) for i = 0; : : : ; n� 1.(b) B is precisely representable if in place of (1) we have:(1)� fx1; x2g 2 E i� f�1(x1) and f�1(x2) are related by both <1t and <1k.An example. FOUR, NINE andDEFAULT are all graphically representable, as Fig-ures 1 and 2 show. FOUR andNINE are precisely representable (see Fig.1). DEFAULTis not. (In Fig. 2 there is an edge between dt and t although dt <k t but :(dt <1k t). Itwill follow from Theorem 2 below that no other precise representation exists.)Theorem 1. A �nite biposet B is representable i� the following two conditions are sat-is�ed:(i) If x <1t y then x <k y or y <k x.(ii) If x <1k y then x <t y or y <t x.Proof: The necessity of the conditions is easy. Suppose, for example, that a <1t b. Thenby condition (1) of De�nition 1, there is an edge between f(x) = (a0; b0) and f(b) = (a1; b1).By condition (2), b0 6= b1 and so b0 < b1 or b1 < b0. Hence, by condition 4 (with n = 0),x <k y or y <k x. For the converse, assume that conditions (i) and (ii) obtain. LetB = fx1; x2; : : : ; xmg. We construct a set V � R2 and bijection f from B onto V so that:(�) If f(xi) = (ai; bi), f(xj ) = (aj ; bj ) and xi <t xj (xi <k xj) then ai < aj (bi < bj ).Moreover if xi <1t xj (xi <1k xj ) then ai 6= aj and bi 6= bj .The construction is by induction on m. The case m = 1 is trivial. Suppose we have aconstruction for fx1; : : : ; xmg. Let At = fi j xi <t xm+1g, Bt = fi j xm+1 <t xig. Supposef(xi) = (ai; bi) for 1 � i � m. By induction hypothesis, ai < aj for every i 2 At, j 2 Bt.Let am+1 be some number between maxi2Atfaig and mini2Btfaig so that am+1 6= ai wheneverxm+1 <1k xi or xi <1k xm+1. (The existence of such a number is due to the �niteness ofm.) Choose bm+1 in a similar way (using �k instead of �t). The choice of (am+1; bm+1)can obviously be done so that this point does not belong to ff(x1); : : : ; f(xm)g. Add(am+1; bm+1) to V and let f(xm+1) = (am+1; bm+1). Obviously, condition (�) is preserved.Now connect f(xi) and f(xj ) by an edge i� xi and xj are related by either �1t or4



�1k. We claim that the resulting hV;Ei (together with f) is a graphical representation ofB. It is trivial that f is a bijection of B onto V and that the �rst two conditions in thede�nition of a graphical representation are satis�ed. The proofs of the other two conditionsare practically identical. We prove here condition (3).Assume �rst that x <t y. Since B is �nite, this entails that there are z1; : : : ; zn�1 2 Bs.t. x <1t z1 <1t � � � <1t zn�1 <1t y. Let f(zi) = (ai; bi). From the construction of V itfollows that (a1; b1); : : : ; (an�1; bn�1) are points as required.For the converse, assume f(x) = (a0; b0), f(y) = (an; bn) and that there exist points(a1; b1); : : : ; (an�1; bn�1) in V s.t. a0 < a1 < � � � < an�1 < an and there is an edgebetween (ai; bi) and (ai+1; bi+1) for 0 � i � n � 1. This means, by de�nition, thatzi = f�1(ai; bi) and zi+1 = f�1(ai+1; bi+1) are related by either <1t or <1k. By condition(ii) of the theorem this entails that zi and zi+1 are related by <t. It is impossible thatzi+1 <t zi, since this implies, by (�), that ai+1 < ai. Hence zi <t zi+1. It follows thatx = z0 <t z1 <t � � � <t zn�1 <t zn = y, and so x <t y. �Theorem 2. A �nite biposet B is precisely representable if the following two conditionsobtain:(i) If x <1t y then x <1k y or y <1k x.(ii) If x <1k y then x <1t y or y <1k x.Proof: Obviously (i) and (ii) imply, respectively, conditions (i) and (ii) of Theorem 1.Hence we can apply the same construction as in the proof of Theorem 1. It is immediatefrom the de�nitions and (i), (ii), that the representation we get is precise. �We now suggest the following de�nition of bilattices in the �nite case:De�nition 5.(a) A �nite bilattice is a �nite prebilattice which satis�es conditions (i) and (ii) of Theorem1.(b) A precise (�nite) bilattice is a (�nite) prebilattice which satis�es conditions (i) and(ii) of Theorem 2.If we adopt these de�nitions we can reformulate the two theorems above as follows:5



Corollary.(a) A �nite prebilattice is a bilattice if it is graphically representable.(b) A �nite prebilattice is precise if it is precisely representable.A connection with Fitting's notions is given by the following theorem:Theorem 3. Every interlaced prebilattice B is precise.*Proof: Assume, e.g., that a <1t b. Then a �t b and so (since B is interlaced) a =a � a �t a � b �t b � b = b. Hence a �t a � b �t b. Since b is a �t { successor of a,this means that either a � b = a or a � b = b. Since a 6= b this entails that either b <k aor a <k b. Assume, e.g. that the �rst case holds, i.e. b <k a. We show that a is a �k{successor of b. Let c satisfy: b �k c �k a. The fact that B is interlaced implies now thata = b ^ a �k c ^ a �k a ^ a = a ( b ^ a = a since a �t b!). Hence c ^ a = a and a �t c. Onthe other hand, from b �k c �k a follows also that b = b _ b �k c _ b � a _ b = b. Hencec _ b = b and so c �t b. We get a �t c �t b. Since a <1t b, this means that c = a or c = b.To sum up: we have shown that if b �k c �k a then c = b or c = a. This means that a isa �k-successor of b (since a 6= b and we are assuming b �k a).The other case, a <k b, is similar and is left to the reader. �Corollary. Every �nite, interlaced bilattice is precisely representable in R2.Conjecture. Every �nite and precise bilattice is interlaced.If the last conjecture is true then the notion of an interlaced bilattice is a naturalgeneralization of the idea of a precisely representable (pre) bilattice, a generalization whichcan be applied to arbitrary prebilattices, not necessarily �nite ones (in in�nite lattices the<1 relation does not determine < and may even be empty. This happens, for example,when the order relation is dense). It would be nice to have a similar generalization for themore general class of �nite, representable prebilattice. Such a generalization can serve asan adequate de�nition of the notion of a bilattice. One natural possibility is the following:* it is worth mentioning here that in [Fi1] it is shown that every distributive bilattice is interlaced.6



De�nition 6. A bilattice in the strong sense is a prebilattice which satis�es:(i) If a �t b then a �t a
 b �t b and a �t a� b �t b.(ii) If a �k b then a �k a ^ b �k b and a �k a _ b �k b.An example. FOUR, NINE and DEFAULT are all bilattices in the strong sense.Obviously, every interlaced bilattice is a bilattice in the strong sense, and every �nitebilattice in the strong sense satis�es the two conditions in Theorem 1 and so is graphicallyrepresentable. None of the two converses is true. In Figure 3 we have an example of a�nite bilattice in the strong sense which is not precise (and so { not interlaced). In Figure4 we have an example of a representable prebilattice which is not a bilattice in the strongsense.
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Figure 3 Figure 4It is not clear that we want a prebilattice as in Figure 4 to count as a bilattice, andso De�nition 6 might be a good candidate for a de�nition of this notion.Another possibility is the following:De�nition 7. A prebilattice is called a bilattice in the weak sense if it satis�es:(i) If a �t b then these exists a �t c �t b such that (a �k c _ c �k a) ^ (b �kc _ c �k b).(ii) If a �k b then there exists a �k c �k b such that (a �t c _ c �t a) ^ (b �tc _ c �t b).Obviously, a bilattice in the strong sense is a bilattice in the weak sense. The in-verse, however, fails. Figure 4 again represents a counter-example. Also every bilattice7



in the weak sense trivially satis�es the conditions in Theorem 1 and so is graphicallyrepresentable.Conjecture. In the �nite case the converse also holds: every graphically representableprebilattice is a bilattice in the weak sense.REFERENCES[Be1] N.D. Belnap. A Useful Four-Valued Logic. Modern Uses of Multiple-ValuedLogic (G. Epstein, J.M. Dunn -Eds.), Oriel Press, 1977.[Be2] N.D. Belnap. How Computers Should Think. Contemporary Aspects of Phi-losophy (G. Ryle - Ed.), Oriel Press, pp. 30-56, 1977.[Fi1] M. Fitting. Kleene's Three-Valued Logics and Their Children. Proc. of theBulgarian Kleene 90 Conference, 1990.[Fi2] M. Fitting. Kleene's Logic, Generalized. Journal of Logic and Computation, 1(Dec. 1990), 797-810.[Fi3] M. Fitting. Modal/Multiple Valued Logics. Dec. 1990 (forthcoming in Hand-book of Logic in AI and Logic Programming, Oxford University Press).[Fi4] M. Fitting. Bilattices in Logic Programming. The 20th Int. Symp. onMultiple-Valued Logic (G. Epstein { Ed.), IEEE Press, 1990.[Fi5] M. Fitting. Bilattices and the Semantics of Logic Programming. Journal ofLogic Programming 11(2) (1991), 91-116.[Fi6] M. Fitting. Negation as Refutation. Proc. 4th Annual Symp. on Logic inComputer Science, IEEE Press, 63-70, 1989.[Gin] M. L. Ginsberg. Multivalued Logics: A Univrom Approach to Reasoning in AI.Computer Intelligence, 4 (1988), 256-316.8


