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The notion of a bilattice was first introduced by Ginsburg (see [Gin]) as a general
framework for a diversity of applications (such as truth maintenance systems, default in-
ferences and others). The notion was further investigated and applied for various purposes
by Fitting (see [Fil]-[Fi6]). The main idea behind bilattices is to use structures in which
there are two (partial) order relations, having different interpretations. The two relations
should, of course, be connected somehow in order for the mathematical structure to be
useful. It is not clear, however, what this connection should be. Ginsberg, for example,
has made the connection through an extra operation of negation. Fitting, on the other
hand, has investigated connections in the form of conditions on the structure (such as
being interlaced — see below). These conditions are independent of the existence, or even
the possibility to define, operations like Ginsberg’s negation.* Fitting defines, accordingly,
notions like “an interlaced bilattice”, “a distributive bilattice”, “a bilattice with negation”
and others. He does not provide, however, any definition of the notion of bilattice itself
(without an extra modifier). I was unable to find anywhere, in fact, a definition which will
cover all the structures which were called “bilattice” in the literature.

Despite the last statement, there is something which seems to be common to all
the finite bilattices which were used or investigated (and practically only such bilattices

were suggested for actual use). All of them can be represented by a kind of a Hasse

* In [Fi5] there is an example of an interlaced bilattice in which no operation of negation as

defined by Ginsberg is available.



diagram, which viewed bottom-up, represents one of two order relations while viewed from
left to right, represents the other (see examples in Figs. 1 and 2 below). This type of
representation seemed, somehow, to be natural, but there has not been (as far as I know)

an attempt to show that it can always be used.

k k
T T
of 9 ot
f t f ’ . t
df dt
1 t 1

Figure 1: FOUR and NINE
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Figure 2: DEFAULT

The present note has two purposes. The first is to suggest in the finite case a general
definition of “a bilattice” which will cover all the agreed upon particular cases. The second
— to show that every such bilattice can be represented by a diagram as described above.
This will show, I believe, that the suggested definition is adequate. At the same time it

will justify this general method of representation.



Definition 1 [Fil]. A prebilattice is a structure B = (B, <;,<j) such that B is a non-
empty set containing at least two elements, and both (B, <;) and (B, <j) are (complete)

lattices.

Notation. Following Fitting, we shall use A and V for the lattice operations which

correspond to <;, and ® and @ for those that correspond to <j.

Definition 2 [Fil]. A prebilattice is interlaced if each of the four operations A,V,®

and @ is monotonic with respect to both <; and <j.

Examples. FOUR and NINE (see Fig. 1) are interlaced. DEFAULT (Fig. 2) is
not.*

The notion of a prebilattice has been used by Fitting as a general framework for the
study of bilattices. In order to investigate representability by graphs it is useful to consider

even more general notions.

Definition 3. A biposet is a structure B = (B, <;,<g) in which both (B,<;) and

(B,<}) are posets.

Notation. a <} b (a <} b) will mean that b is an immediate <; (<j) successor of a.

a <; b (a <i b) will mean that a <; b (a <, b) but a # b.

Definition 4.
(a) A finite biposet B is graphically representable if there exists a finite graph G = (V, E)
of points in R? and a bijection f of B onto V such that:

(1) There is an edge between two vertices =1,z in V iff f~*(z;) and f~!(z3) are
related by either <i or <} (i.e. if one of them is an immediate successor of the
other according to either <; or <g).

(2) If (a1,b1) € V, (az,b2) € V and the two points are connected by an edge then
ay # ay and by # b,.

(3) = <y iff there exists a (possibly empty) sequence of points (a1,b1),...,(@n—1,bn_1)
in V such that if f(z) = (a0, bo) and f(y) = (an,bn) thenag < a; < ---an_1 < an

and there is an edge between (a;,b;) and (a;41,bi41) for: =0,1,...,n — 1.

* FOUR is due to Belnap ([Bel], [Be2]), DEFAULT - to Ginsberg (|Gin]).
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(4) = <y yiff there exists a (possibly empty) sequence of points (a1, b1), ... , (¢n—1,bn_1)
in V s.t. if f(z) = (ao,bo) and f(y) = (an,bn) then by < by < -+-bu_1 < b, and
there is an edge between (a;,b;) and (a;1,bit1) for i =0,...,n — 1.
(b) B is precisely representable if in place of (1) we have:
(1)* {z1,25} € E iff f~1(z1) and f~1(z,) are related by both <! and <1.

An example. FOUR, NINE and DEFAULT are all graphically representable, as Fig-
ures 1 and 2 show. FOUR and NINE are precisely representable (see Fig.1). DEFAULT
is not. (In Fig. 2 there is an edge between dt and ¢ although dt <j ¢ but —(dt <j t). It

will follow from Theorem 2 below that no other precise representation exists.)

Theorem 1. A finite biposet B is representable iff the following two conditions are sat-
isfied:

(i) fz <} y then © <y y or y <j x.

(ii) If z <} y then ¢ <,y ory <4 .

Proof: The necessity of the conditions is easy. Suppose, for example, that a <} b. Then
by condition (1) of Definition 1, there is an edge between f(z) = (ao,bo) and f(b) = (a1,b1).
By condition (2), by # by and so by < by or by < byp. Hence, by condition 4 (with n = 0),
r <p y ory <t ¢. For the converse, assume that conditions (i) and (ii) obtain. Let
B = {zy,23,...,%m,}. We construct a set V C R? and bijection f from B onto V so that:
() If f(zi) = (@i, b5), f(z;) = (aj,b;) and z; <4 z; (#; <p ;) then a; < a; (b; < b;).
Moreover if z; <} z; (z; <} ;) then a; # a; and b; # b;.

The construction is by induction on m. The case m =1 is trivial. Suppose we have a
construction for {z1,...,zm}. Let A; = {i | z; <t Tm+y1}, Bt = {t | Tm+1 <¢ z;}. Suppose
f(zi) = (as,b;) for 1 <4 < m. By induction hypothesis, a; < a; for every i € A;, j € B;.
Let @11 be some number between ?eli}f{ai} and Zrélg:{az} so that a,,+1 # a; whenever
T+ <}c T; Or =; <}c Zm+1. (The existence of such a number is due to the finiteness of
m.) Choose by,+1 in a similar way (using <y instead of <;). The choice of (am+1,bm+1)
can obviously be done so that this point does not belong to {f(z1),...,f(zm)}. Add
(@m+1,bm+1) to V and let f(zm+1) = (@m+1,bm+1). Obviously, condition (*) is preserved.

Now connect f(z;) and f(z;) by an edge iff z; and z; are related by either <; or
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<i. We claim that the resulting (V, E) (together with f) is a graphical representation of
B. 1t is trivial that f is a bijection of B onto V and that the first two conditions in the
definition of a graphical representation are satisfied. The proofs of the other two conditions
are practically identical. We prove here condition (3).

Assume first that z <; y. Since B is finite, this entails that there are z1,...,2,-1 € B
st ® <} 21 <} - <} zn—1 <; y. Let f(z;) = (ai,b;). From the construction of V it
follows that (a1,b1),...,(an—1,bn_1) are points as required.

For the converse, assume f(z) = (ao,b0), f(y) = (an,bn) and that there exist points
(a1,01),...,(@n—1,bn—1) in V sit. ap < a1 < -+ < @an—1 < a, and there is an edge
between (a;,b;) and (a@it1,b;41) for 0 < 7 < n — 1. This means, by definition, that
zi = f~a;,b;) and 2i41 = f71(@it1,bi41) are related by either <} or <;. By condition
(ii) of the theorem this entails that z; and z;;; are related by <;. It is impossible that
ziy1 < 2;, since this implies, by (%), that a;41 < a;. Hence z; <; z;41. It follows that

—
-
—

=20 <t 21 <g <g2n-1 <yt 2n=19,and soxz <;y.

Theorem 2. A finite biposet B is precisely representable if the following two conditions
obtain:

(i) If z <} y then z <} y or y <; z.

(ii) If z <3 y then z <} y or y < z.
Proof: Obviously (i) and (ii) imply, respectively, conditions (i) and (ii) of Theorem 1.
Hence we can apply the same construction as in the proof of Theorem 1. It is immediate

from the definitions and (i), (ii), that the representation we get is precise. =
We now suggest the following definition of bilattices in the finite case:

Definition 5.
(a) A finite bilattice is a finite prebilattice which satisfies conditions (i) and (ii) of Theorem

1.
(b) A precise (finite) bilattice is a (finite) prebilattice which satisfies conditions (i) and
(ii) of Theorem 2.

If we adopt these definitions we can reformulate the two theorems above as follows:
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Corollary.
(a) A finite prebilattice is a bilattice if it is graphically representable.

(b) A finite prebilattice is precise if it is precisely representable.

A connection with Fitting’s notions is given by the following theorem:

Theorem 3. Every interlaced prebilattice B is precise.*

Proof: Assume, e.g., that a <; b. Then @ <; b and so (since B is interlaced) a =
aba<;adb<;bDb=>b Hencea <;a@db<;b Since bis a <; — successor of a,
this means that either a b = a or a & b = b. Since a # b this entails that either b < a
or a < b. Assume, e.g. that the first case holds, i.e. b < a. We show that a is a <j—
successor of b. Let ¢ satisfy: b <p ¢ <j a. The fact that B is interlaced implies now that
a=bha<pcha<paAha=a(bAa=asince a <;b!). Hence cNa =a and a <;c. On
the other hand, from b <y ¢ <j a follows also that b =bV b <, ¢cVb<aVb=2> Hence
cVb=>bandsoc<;b Wegeta<;c<;b. Since a <; b, this means that ¢ = a or ¢ = b.
To sum up: we have shown that if b <j ¢ <t a then ¢ = b or ¢ = a. This means that a is

a <g-successor of b (since a # b and we are assuming b < a).

[1]

The other case, a <g, b, is similar and is left to the reader.

Corollary. Every finite, interlaced bilattice is precisely representable in R?.

Conjecture. Every finite and precise bilattice is interlaced.

If the last conjecture is true then the notion of an interlaced bilattice is a natural
generalization of the idea of a precisely representable (pre) bilattice, a generalization which
can be applied to arbitrary prebilattices, not necessarily finite ones (in infinite lattices the
<! relation does not determine < and may even be empty. This happens, for example,
when the order relation is dense). It would be nice to have a similar generalization for the
more general class of finite, representable prebilattice. Such a generalization can serve as

an adequate definition of the notion of a bilattice. One natural possibility is the following:

* it is worth mentioning here that in [Fil] it is shown that every distributive bilattice is interlaced.
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Definition 6. A bilattice in the strong sense is a prebilattice which satisfies:
(i) fa<;bthena<;a®@b<;banda <;a®b<;b.
(ii) fa<gbthena <paANb<pband a<paVb<yb.

An example. FOUR, NINE and DEFAULT are all bilattices in the strong sense.
Obviously, every interlaced bilattice is a bilattice in the strong sense, and every finite
bilattice in the strong sense satisfies the two conditions in Theorem 1 and so is graphically
representable. None of the two converses is true. In Figure 3 we have an example of a
finite bilattice in the strong sense which is not precise (and so — not interlaced). In Figure
4 we have an example of a representable prebilattice which is not a bilattice in the strong

S€nse.

Figure 3 Figure 4

It is not clear that we want a prebilattice as in Figure 4 to count as a bilattice, and
so Definition 6 might be a good candidate for a definition of this notion.

Another possibility is the following:

Definition 7. A prebilattice is called a bilattice in the weak sense if it satisfies:
(i) If @ <; b then these exists a <; ¢ <; b such that (a <z ¢ V ¢ <ga) N (b<i
¢ Ve <pb).
(ii) If @ <j b then there exists a <j ¢ <p b such that (a <; ¢ V ¢ <;a) AN (b <
¢V ec<ib).
Obviously, a bilattice in the strong sense is a bilattice in the weak sense. The in-

verse, however, fails. Figure 4 again represents a counter-example. Also every bilattice
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in the weak sense trivially satisfies the conditions in Theorem 1 and so is graphically

representable.

Conjecture. In the finite case the converse also holds: every graphically representable

prebilattice is a bilattice in the weak sense.
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