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Abstract. A classical Gentzen-type system is one which employs two-
sided sequents, together with structural and logical rules of a certain
characteristic form. A decent Gentzen-type system should allow for di-
rect proofs, which means that it should admit some useful forms of cut
elimination and the subformula property. In this survey we explain the
main difficulty in developing classical Gentzen-type systems with these
properties for many-valued logics. We then illustrate with numerous ex-
amples the various possible ways of overcoming this difficulty, and the
strong connection between semantic completeness and cut-elimination
in each case. Our examples include practically all 3-valued and 4-valued
logics, as well as Gddel finite-valued logics and some well-known infinite-
valued logics.

1 Introduction

Many-valued logics are, above all, Logics. This means that like any other logic,
the main issue with which they deal is: what formulas follow from what sets
of premises (under certain assumptions). The “many-valued” part of their name
refer to the type of semantics which determines the answers they give to this basic
question. However, any logic needs efficient proof systems in order to actually
be applied (as well as for a deeper understanding of its logical properties), and
many-valued logics are no exception. The problem of adapting to many-valued
logics the usual methods of automated reasoning (like Gentzen-type systems,
tableaux, and resolution) has therefore attracted a lot of attention in recent
years. The main idea which is used in most of the works on this subject is to
use for any particular n some n-valued counterparts of the structures used in
the usual proof systems for classical logic (like sequents with n components,
tableaux systems with n signs, etc.). This fact is well reflected in two recent
survey papers [Hah99] and [BFS00] (see there for extensive list of references).
In this paper we concentrate, in contrast, on proofs systems which use the same
syntactic structures as the classical ones (with particular emphasis on Gentzen-
type systems, on which all other systems are based). This approach has two
advantages. First, the implementation of the proofs systems described here can
be based on existing systems, because no new data structure is used. Second,



two sided sequents (like those used in classical logic) can directly represent the
consequence relation of any given logic, and this after all is what logics are all
about.

A decent Gentzen-type system for a logic should allow for direct proofs,
which means that it should admit some useful forms of cut elimination and the
subformula property. In the rest of this survey we explain the main difficulty
in developing classical Gentzen-type systems with these properties for many-
valued logics, and discuss the possible methods of overcoming this difficulty. We
then illustrate with numerous examples these methods. Our examples include
practically all 3-valued and 4-valued logics, as well as Gdodel finite-valued logics
and some well-known infinite-valued logics which can be taken to be semi-finite.
One of our main goals is to demonstrate the strong connection which exists in
all cases between semantic completeness and the admissibility of the cut rule.
The various proofs we present (most of which are new) establish therefore both
(strong) completeness and (strong) cut-elimination at the same time.

2 Gentzen-type Systems— A Background

In what follows £ is a propositional language, p,q,r denote atomic formulas,
A, B,C,v,p, ¢ denote arbitrary formulas (of £), and I, A denote finite sets of
formulas of £. A sequent of £ has the form I' = A. We use s as a variable for
sequents and S as a variable for a finite set of sequents. Following tradition, we
write I, and I, A for I' U {¢} and I" U A (respectively).

Definition 1.

1. [Sco74b,Sco74a] A (Scott) consequence relation (scr for short) for L is a
binary relation - between (finite) sets of formulas of L that satisfies the
following conditions:

R reflexivity: {o} F {¢} for every ¢.
M monotonicity: if ' Aand T CTI', ACA' then I+ A,
C cut: if ', Aand I, = A then I, T+ A, A,

2. An scrt is called structural if I' = A implies o(I') & o(A) for every uniform
substitution o and for every I' and A. = is consistent (or non-trivial) if there
exist non-empty I' and A s.t. I' i/ A.

3. A propositional logic is a pair L = (L,t1.), where L is a propositional lan-
guage and -y, is a structural consistent scr for L.

Some notes concerning this Definition are in order:

— The notion of an scr is a natural symmetric generalization of the notion of
a Tarskian consequence relation (tcr), which is defined similarly, but is a
relation between sets of formulas and formulas (the monotonicity condition
applies in it therefore only to the Lh.s.).



— There are exactly four inconsistent finitary scrs in any given language: the
one in which I' - A iff I" and A are non-empty; the one in which I" - A iff
I' is non-empty; the one in which I" - A iff A is non-empty; and the one in
which I' + A for all I" and A. All of them should be considered trivial, and
are excluded from our definition of a logic.

— A useful generalization of the concept of an scr is obtained by giving up
the monotonicity condition. In what follows we shall call a reaction which
satisfies conditions R and C of Definition 1 a generalized scr. It is easy to see
that any generalized scr - can be extended to an ordinary scr F* by letting
I' =* A iff there exist I C I, A" C A such that I'" = A’. There are further,
less natural, generalizations of the concept of an scr in which the relation is
taken to be between multisets, or even sequences, of formulas rather than
sets thereof. We shall have no use here for such generalizations. In fact, we
shall see that a many-valued logic always directly defines an scr, and any
other entailment relation associated with it is reducible to that scr (at least
in all cases I know).

A Gentzen-type calculus ([Gen69]) over £ is an axiomatic system which ma-
nipulates higher-level constructs called sequents, rather than the formulae them-
selves. There are several variants of what constitutes a sequent. Here we shall
always take it to be a construct of the form I' = A, where I', A are finite sets of
formulae of £ and = is a new symbol, not occurring in £. In other variants I, A
may be either multisets or sequences of formulae. There is no real difference,
if we assume the following standard structural rules (permutation, contraction,
and expansion, respectively):

In,p,0, 11 = A I'= Ay o0, Ay
I I = A I'= A, 0,49
I',p,0, 15 = A I'= A p,0, A
In,p, Iy = A I'= Ay, As
I,p, I = A I'= Ay, As
I',p,0, 15 = A I'= A p,0, A

Definition 2. A Gentzen-type system G is called standard if its set of axioms
includes the standard axioms: 1 = 1 (for all ©), and its set of rules includes
(the standard structural rules and) the following Weakening and Cut rules:

I'=> A In= A, p, Iy = A,
I, r=AA I, Iy = A, A,

Definition 3. A rule of a Gentzen-type system G is called pure ([Avr91lb]),
or multiplicative ([Gir87a]), if whenever I' = A can be inferred by it from
Iy = A; (i =1,...,n) then, for arbitrary I'{,..., I}, A},..., Al the sequent
nry,....,r = AA}, ..., Al can also be inferred by it from I;, I} = A;, A}
(i=1,...,n)t. G is called pure if all its rules are pure.

! In other words: a rule is pure if it is context-free. In practice, this means that there
are no side conditions on how it can be applied.



What a Gentzen-type system G directly defines is a Tarskian consequence
relation between sequents: A sequent s follows in G from a set S of sequents
(S kg s) iff s can be derived from the sequents in S and the axioms of G using
the rules of G. Usually, however, a Gentzen-type system G is mainly used as
a tool for investigating scrs between the formulas of the underlying language.
Any non-trivial standard Gentzen-type system G naturally defines in fact an scr
(which we shall also denote by Fqg):

Definition 4.

1. Let G be a standard Gentzen-type system. We say that I' g A iff I'" = A’
is a theorem of G for some I'" D I'yA' D A. Fq is called the standard scr
defined by G.

2. A Gentzen-type system G over a language L is sound and complete for a
logic L = (L,by) if b= Fg. G is weakly sound and complete for L if for
all Y, b o iff = ¢ is provable in G.

Proposition 1. If G is standard then the relation Fq is a finitary scr. More-
over: if I' and A are finite then I' Fg A iff e I' = A.

We leave the easy proof for the reader. We note only that the first part of
this proposition (but not the second) remains true even if the set of rules of G
does not include the weakening rule.

Proposition 2. If a Gentzen-type system G is both standard and pure then
Py Pn e Y1, .. U, iff the empty sequent = follows in G from

S = {(:> @1)7"'7(:> @n):('l/)] :>)7---=('¢)m :>)}
This remains true even if G is not closed under weakening.

Proof: If some subsequent of ¢¥1,...,¥, = ¥1,...,%y, is provable in G then
= can be derived from it and the sequents in S using cuts. For the converse,
assume that P is a proof in G of = from S. Obtain P* from P by adding (for each
i and j) ¥; to the left hand side of all the sequents in P which depend on = ¢;,
and ; to the right hand side of all the sequents which depend on 1; =. These

changes turn the premises from S which are used in P into axioms, while the

conclusion = of P is turned into a subsequent of ¢1,..., ¥, = ¥1,...,%,. Since
all the rules of G are pure, all inference steps in P remain valid in P*. Hence
P* is a valid proof in G of its conclusion, and so ¢¥1,...,%9, Fg ¥1,---, ¥m-

Note: kg is no doubt the most natural consequence relation associated with
a given Gentzen-type system G. However, it is not the only possible or useful
one. Thus the identification of a formula 1) with the singleton = ¢ (implicitly
used already in Definition 4) naturally leads to another important Tarskian
consequence relation frequently associated with G, according to which a formula
¢ follows from the set {@1,...,¢,} if {(=¥1),...,(= ¥n)} Fa= 9.



An ideal Gentzen-type system (of which the usual systems for classical logic
provide the principal examples) is a pure, standard system in which every logical
rule is an introduction rule for one connective. Moreover: it should introduce
exactly one occurrence of that connective in its conclusion, no other occurrence
of connectives should be mentioned anywhere else in its formulation, and its
side formulas should be immediate subformulas of the principal formula. The
next definition formulates this idea in exact terms, and provides a method for
describing such rules.

Definition 5. ([ALO1])

1. A canonical rule of arity n is an expression of the form {II; = X;}1<i<m/C,
where m > 0, C is either o(p1,pa,...,pn) = or = o(p1,p2,...,pn) for
some connective o (of arity n), and for 1 <i < m, II; = X; is a clause such
that Hi, 21 g {pl,pg, e ;pn}-2

2. An application of a canonical rule of the form:

is any inference step of the form:

{I,II} = A, X hi<i<m
F7<>(1/)17"'71/}n) = A

where IT} and X} are obtained from II; and X; (respectively) by substituting
W for p; (for 1 < j < n), I;,A; are any finite sets of formulas, I' =
U, I, and A = 2, A;. An application of a canonical rule for introducing
a connective on the right hand side is defined similarly.

Notes:

1. Definition 5 allows the case m = 0, when canonical rules reduce to canonical
azioms of the form o(p1,p2,...,pn) = or = o(p1,pa, ..., pn). This amounts
to allowing canonical propositional constants.

2. We have used in the last definition the multiplicative form of an application of
a rule. In what follows we shall usually prefer the additive ([Gir87a]) version,
in which all premises of a rule have the same side formulas. Thus an appli-
cation of a canonical rule of the form {II; = X; }1<i<m / © (P1,...,Pn) =
has in the additive version the form:

{0 = A, X hicicm
F,O(wl,...,d]n) = A

where ITY and X} are as above. The two versions are easily seen to be
equivalent in the framework of standard systems (since both weakening and
contraction are available in them).

2 By a clause we mean a sequent which consists of atomic formulas only. When propo-
sitional clauses are written in this way, resolution and cut amount to the same thing.



Ezample 1. The two usual introduction rules for classical conjunction can be
formulated as the two canonical rules:

{prsp2 =)}/ i AP = {(=p1),(=p2)} /= piAp
Applications of these rules have the form:

Ly, o= A I's Ay I'=> A¢
yAng= A "= AA YA

(for the additive versions of these rules see the system GCPL below).

Definition 6. A Gentzen-type system is called canonical if its azioms include
the standard azioms, its rules include the standard structural rules, cut and weak-
ening, and all its other rules and axioms are canonical.

A canonical system is obviously standard and pure. However, in order for Fg
to really be an scr, one further condition should be satisfied:

Definition 7. The coherence condition: Whenever S1/ o (p1,p2,...,0n) =
and So/ = o(p1,D2, ..., Pn) are rules of G, the set of clauses S1US, is classically

inconsistent (and so the empty clause can be derived from it using cuts).

Theorem 1. ([ALO1]) If G is a canonical system then Fq is consistent (and so
an scr) iff the coherence condition is satisfied. Moreover: any canonical system
which satisfies this condition admits cut-elimination.

Ezample 2. The two classical rules for conjunction described in Example 1 form
a coherent pair of rules, where Sy = {(p1,p2 =)}, So = {(= m), (= p2)}. S1US,
is here the inconsistent set {(p1,p2 =), (= p1), (= p2)}.

3 A Classical Example

The classical examples of canonical Gentzen-type systems are those for Classi-
cal Propositional Logic (CPL) and its fragments. We present now a well-known
canonical Gentzen-type systems for CPL. We follow [Gen69] in using the ad-
ditive form of the rules. The reason is that in the classical case (as well as in
most of the systems we discuss later) the additive rules are invertible (i.e.: their
premises can be derived in the system from their conclusion using the other rules
of the system, including cut). This property is very useful, and so in describing
standard systems we shall use the additive form of a rule whenever it is invertible.

THE SYSTEM GCPL
Axioms: A=A

Structural Rules: Cut, Weakening (and the standard rules)



Logical Rules:

I'=AA AT = A
(==) AT S A T=A-4 (=-)
(5=) I's>AA BTI'=A I'A= AB (=)
ADB,I'= A I'=>AADB
A INA,B= A I'= A A I'= AB A
(A=) TLANB= A T=AAANB (=)
v =) A= A I'B= A I'=> A A B (= V)
I''AvVB=A I'=> A AVEB

The semantic of C PL is of course the classical, two-valued semantics, with the
classical interpretation of the connectives. A valuation v in {¢, f} which respects
the classical operations is a model of sentence ¢ if v(¢) = ¢t. The corresponding
classical scr is defined by: I' Feopy, A if every model of all the sentences in I is a
model of some sentence in A. A sequent I' = A is classically valid if I' - pp, A.
The concepts of truth and consequence can be extended to sequents as follows:
A valuation v is a model of a sequent I' = A if v(p) = f for some ¢ € I, or
v(p) =t for some ¢ € A. A sequent s classically follows from a set S of sequents
if every model of all the sequents in S is also a model of s. It can easily be seen
then that a sequent is classically valid iff it classically follows from 0.

It is not difficult to show that GCPL is strongly sound for the classical
semantics described above, i.e.: if S Fgopr s than the sequent s classically
follows from S (in particular: if s is provable in GCPL then it is classically valid).
The completeness of GC PL, on the other hand, is one of the two most important
theorems concerning this calculus. The other one is Gentzen’s celebrated cut-
elimination theorem ([Gen69,TS00]). We present and simultaneously prove now
strengthened forms of both theorems.

Theorem 2. Strong Completeness and Cut-elimination for GCPL: A
sequent s classically follows from S = {I't = Ay,..., [, = A,} iff s has a proof
in GCPL from S in which all cuts are done on formulas in J_, I U}, A;.

Proof: We start by introducing some definitions. Let F' = (J;_, [; UJ}, A;.
An S-cut is an application of the cut rule in which the cut formula belongs to
F. An S-proof of a sequent s is a derivation of s in GCPL in which the sequents
of S may be used as extra axioms, and all the cuts are S-cuts. Finally, a sequent
I'* = A* is called S-saturated if:

(1) It has no S-proof.
(2) IfeeF thenype I™UA*
(3) IfeDyeA* theny € I'™ and ¢ € A*



If ¢ D¢ € I'* then either ¢ € A* or ¢y € I'*
(4)  Similar conditions, corresponding to the other rules of GCPL, obtain for
the other connectives.

We shall show now that if s does not have an S-proof then there is a model of .S
which is not a model of s. This will be done in two stages, reflected in the two
lemmas below. The theorem easily follows from these two lemmas.

Lemma 1. If I" = A has no S-proof then it can be extended to an S-saturated
sequent [™* = A*.

Proof of Lemma 1: Let I'™* = A* be a maximal extension of I' = A which
does not have an S-proof, and such that I'™*UA* contains only formulas from F™*,
where F* is the set of subformulas of formulas in F'U I"U A (since F* is finite,
such a maximal extension exists). Obviously, if ¢ € F* then ¢ & I'* (¢ ¢ A¥)
ift o, I = A* (I'* = A* ) has an S-proof. It follows that if ¢ € F* but
@ & I' U A* then both I'™* = A* ¢ and ¢, [™ = A* have S-proofs. ¢ cannot
therefore be an element of F' in such a case, since otherwise an S-cut on ¢ would
provide an S-proof of I'* = A*. Hence I'* = A* satisfies the second condition
in the definition of an S-saturated sequent. We show now that it satisfies the
others as well. So assume, e.g., that ¢ D ¢ € A*. In such a case ['* = A* can
be derived from ¢, I'™* = A* ) in a single logical inference step. It follows that
p, '™ = A* 4 has no S-proof, and so the maximality property of I'* = A*
implies that ¢ € I'* and ¢ € A*. The other conditions are proved similarly.

Lemma 2. If I'™* = A* is S-saturated then there is a model of S which is not
a model of I'* = A*.

Proof of Lemma 2: Define

{5 Len

We show by induction on the complexity of ¢ that v(¢) = t for every ¢ € I'*,
and v(®) = f for every ¢ € A* (and so v is not a model of I'* = A*). If p is
atomic this follows immediately from the definition of v and the fact that if
p € A* then p & I'™* (otherwise I'* = A* would have a trivial S-proof). Assume
now that ¢ = ¢ D 1 (other cases are treated similarly). In such a case if ¢ € A*
then ¢ € I'* and ¢p € A*. Hence v(¢) =t and v(¢)) = f by induction hypothesis,
and so v(¥) = f. If, on the other hand, ¢ € I'* then either ¢ € A* or o) € I'*.
Hence either v(¢) = f or v(1p) = ¢, and in either case v(¥) = t.

It remains to show that v is a model of S. Let I'; = A; be an element of S.
Then I;UA; C I'* U A* because I'* = A* is S-saturated. It cannot be the case
that both I; C I'™ and A; C A*, because in such a case I'* = A* would have a
trivial S-proof (using only weakenings). Hence either ¢ € A* for some ¢ € I3,
or ¢ € I'* for some ¢ € A;. In the first case v(¢) = f and so v is a model of
I'; = A;; in the second v(¥) = t, and again v is a model of [; = A;.



Theorem 2 has the following immediate corollaries:
Corollary 1. Completeness of GCPL:

1. A sequent s classically follows from a set S of sequents iff S Fgopy, s.

Corollary 2. Strong Cut-elimination for GCPL ([Gir87b,Avr93)):

1. I' = A is derivable in GCPL from S = {Ih = Ay,....I, = A} iff
it has a proof in GCPL from S in which all cuts are done on formulas in
U?:] I; U U?:] Ai.

2. Fgepr, I' = A iff it has in GCPL a cut-free proof.

Note: The proof we have just presented demonstrates the semantic approach to
the issue of cut-elimination, and it is paradigmatic: all our proofs below for other
systems use similar methods and lines of thought (though the details might be
more complicated). It should be noted that Gentzen’s original method of proof,
in contrast, was completely syntactic: it shows how to constructively eliminate
cuts by a double induction on the complexity of the cut-formula and on the sum
of the lengths (or of the heights) of the proofs of their premises. This approach
has its own advantages, but for our present purpose of demonstrating the deep
connection between the admissibility of the cut rule and semantic completeness,
the semantic approach is superior.

The (strong) cut-elimination theorem for GC' P L has many applications, like:
decidability, the interpolation theorem, and the subformula property. It is also
the basis for the two main proof search methods for CPL (see [Avr93] for more
details):

The Tableaux Method: Try to show that I' Fopy, A by searching for a cut-free
proof of I' = A in GCPL. This is done by applying “backwards” the invertible
versions of the rules. In particular: one shows that ¢ is valid by searching for
a cut-free proof of = ¢. This gives either such a proof, or an equivalent set of
clauses (i.e.: sequents consisting of atomic formulas) which can be translated
into a conjunctive normal form for ¢.

The Resolution Method: Try to show that ¢q,...,9, Fopr ¥1,...,% by
showing that the empty sequent = can be derived in GCPL from the set:

{(i 4101)7:-"7(:} wn):("/)l :>)77(1/}k =>)}

(In particular, show that a formula ¢ is valid by proving that (¢ =) Feopr=).
For this replace (using tableaux) each (= ¥;) and (¢»; =) by an equivalent set
of clauses. By the strong cut-elimination theorem, if = is derivable from the
original set of sequents, then it can be derived from the union of the equivalent
sets of clauses using only cuts.



4 The Problem with Many-Valued Logics

We start by defining in precise terms what we mean by “a finite-valued logic”,
and, more generally, “a many-valued logic”.

Definition 8.

1. A matrix M for a language L is a triple (M, D,O) such that:
(a) M is a nonempty set (of “truth-values”).
(b) D is a proper, nonempty subset of M (the “designated values”).?
(¢) O is a set of operations on M, so that for each connective of L there is
a corresponding operation on M .

2. Let M =< M,D,0 > be a matriz for L. A function v from the set of
formulas of L into M is called a valuation in M if it respects the operations
in O. A valuation v is an M-model of a formula ¢ of L if v(p) € D. v is an
M-model of a set T of formulas if it is an M-model of each element of T.

3. Let M be a matriz for L. -, the consequence relation induced by M, is

defined by: I' Far A iff every model of I' is a model of some formula in A.

A sequent I' = A is M-valid if I' - A.

Let M be a matriz for L. A valuation v is an M-model of a sequent ' = A

if v(p) & D for some ¢ € IT', or v(p) € D for some p € A. A sequent s

follows in M from a set S of sequents if every M-model of all the sequents

in S is also an M-model of s.

Sl

Tt is easy to see that 4 is indeed a consequence relation (this is true in fact
for any relation which is based on some notion of a “model” in a way similar to
that of Fq), that (£,F ) is a logic (see Definition 1), and that again a sequent
is M-valid iff it follows in M from ). Obviously, the various parts of the last
Definition are all straightforward generalizations of the corresponding classical
notions.

Definition 9.

Let n > 2 be a natural number. A logic L = (L,+1) is called n-valued if there
exists a matric M for L such that M has exactly n elements, and Fyp=Fr. L
is called weakly n-valued if there exists an n-valued matriz M for L such that
for every sentence ¢, Far ¢ iff FL @ -

Notes:

1. A matrix M is frequently used for defining entailment relations (which are
usually not scrs) other than F 4. In all cases we know the definitions of these
alternative consequence relations can be reduced to the validity of certain
formulas in M (usually connected to what is taken to be the “official” impli-
cation connective of the logic), and so to k. Thus the “consequence rela-
tion” usually associated with Lukasiewicz 3-valued logic can be characterized

# In [Urq86] and elsewhere the only condition concerning D is that it should be a

subset of M. We exclude here the two extreme cases (D = M and D = () because
the corresponding scrs (as defined below) are not consistent.



as follows: ¢y, ..., ¢, F 4 iff the formula ©1 — (Y2 = (... (Pn = ¥)...)) is
valid in Lukasiewicz 3-valued matrix. Similar definitions are used for many
other finite-valued “logics”. Therefore by finding an appropriate Gentzen-
type system which is sound and complete for -4 (or at least weakly com-
plete for it) we almost always solve also the problem of Gentzenizing other
logics which are based on M.

2. In the literature the term “many-valued logic” usually has a broader sense
than the notion of a “finite-valued logic” which we have just defined. In
particular: it includes some logics which do not have a finite characteristic
matrix. However, the scope of this notion should be restricted somehow,
since if we allow arbitrary characteristic matrices then every logic (closed
under substitution) would become “many-valued” by a famous theorem of
Los and Suszko ([L.S58,Urq86]). Our next definition demarcates the class of
“many-valued” logics which are dealt with in this paper:

Definition 10. A logic L = (L,FL) is called (weakly) many-valued if there
exists a matriz M for L such that Fyp=Fr (Fa @ iff Fr @ for every sentence
@), and for every finite I’ and A (for every sentence @) there is a finite submatriz

M* of M such that T'Fr, A (o) iff T'Fas A (Fags ).

The following theorem is the main obstacle to providing decent Gentzen-type
calculi for many-valued logics:

Theorem 3. ([ALO1]) Let G be a consistent canonical calculus. Then either
G defines a logic which is a fragment of classical logic, or it is not sound and
complete for any many-valued logic.

It follows that a Gentzen-type calculus for a given many-valued logic should
use at least one of the following:

— Noncanonical rules And/or axioms which are neither standard nor canonical
— Impure rules (i.e.: rules with side conditions on their applications)
— A nonstandard set of structural rules

In the following sections we shall see examples of all these alternatives.

5 Three-Valued Logics

We start with the simplest type of non-classical many-valued logics: the three-
valued ones. We assume (w.l.0.g.) that those three values are t, f and I, where
t is designated and f is not. The 3-valued logics are accordingly divided into
two classes: those in which I is designated (i.e. D = {¢,I}), and those in which
it is not (i.e. D = {t}). The logics inside each class differ only with respect to
the expressive power of their languages. Hence a logic the language of which
includes a functionally complete sets of 3-valued operations contains all other
logics in its class. Essentially there are therefore just two 3-valued logics, and



all the rest are just fragments of them. Our main strategy in what follows is
therefore to select for each of the two cases an appropriate functionally complete

Under one minimal requirement from the language (that it includes the most
standard three-valued negation), this will allow us to find an adequate set of
rules for every connective, and so for every 3-valued logic (having this negation).

A crucial guiding line in choosing in each case an appropriate set of connec-
tives is to use, as far as possible, connectives which are obvious counterparts
of the common classical connectives. Moreover: we want our systems to closely
resemble GCPL (so that their use and implementation would require almost
no new efforts). We also want to employ connectives which are actually used
in current applications of 3-valued logics. Now the most famous 3-valued logics
(including, e.g., Lukasiewicz’ Ls ([Luk67])) and Kleene’s K3 ([Kle50])) employ
generalizations of the classical connectives —, V and A, in which V, A are in-
terpreted as the max and min operations (respectively) according to the order
f < I <t, while the interpretation of — is given by:

The above three connectives are not expressive enough for defining (in either
of the two cases) an implication connective for which the two classical rules (or
just both MP and the deduction theorem) are valid. For this we use the following
general construction from [AA96]:

Definition 11. Let M = (M, D,0) be a matriz such that t € D. The natural
implication operation of M is defined by:

_|b ifaeD
an{t ifa g D

Unlike in the two-valued case, the resulting set of connectives {—,V, A, D} is
not functionally complete yet (in both cases). In [Avr99] it is proved, however,
that by adding the propositional constants f and I (interpreted as the corre-
sponding truth values), one does get a functionally complete set of connectives.
In what follows we shall use therefore the set {—,V, A, D, f, I} as our basic set of
connectives. Note that among the connectives of this set only the propositional
constant I is not a counterpart of a standard classical operation and is pecu-
liar to three-valued logics (any functionally complete set of 3-valued connectives
should contain at least one connective of this sort, of course).

Notes:

1. Unlike the other connectives, the interpretation of D depends on the choice
of D. Hence we use here in fact two different implications: Dy (in the
case D = {t}), and Dy 1y (in the case D = {t,I}). The two implications are
however definable in terms of each other using negation and the propositional
constant f. In fact, a Dy b= —(-a Dyy,1y f) Vb and similarly a D¢ 1y b=
=(=a Dy f)Vb. In what follows we shall usually use just D for both, relying
on the context for determining which one we have in mind.



2. The connective Dy was originally introduced by Stupecki in [Stu36]. It was
independently reintroduced in [Mon67,Wo0j84,Sch86] and [Avr91a] (see also
[Bus96]). The language {—,V, A, Dy} is equivalent ([Avr9la]) to that used
in the logic LPF of the VDM project ([Jon86]), as well as to the language of
Lukasiewicz 3-valued logic Ly ([Luk67])).4

3. The connective Dy jy was first introduced in [DAC70,dC74]. It was in-
dependently introduced also in [Avr86]. The language {—,V,A, Dy 3} is
equivalent to that used in the standard 3-valued paraconsistent logic J3
([D’085,Avr86,R0289,Eps90]. In [Avr9lal, it is called Pac), as well as to
that used in the semi-relevant system RMj ([AB75,AB92,Dun86]. See also
[Avr86,Avr9la]).5

Definition 12.

1. M?{)t} is the 3-valued matriz for the language {—,V, A, D, f, I} in which D =
{t} and the interpretation of D is Dyy.

2. Mét’l} is the 3-valued matriz for the language {—,V,A,D, f,I} in which
D = {t,I} and the interpretation of D is Dy 1y

5.1 The Use of Noncanonical Rules and Axioms

The most important feature of canonical rules is that they introduce exactly one
new occurrence of a connective at a time. Most of the Gentzen-type systems for
many-valued logics give up this feature by allowing rules which introduce two
occurrences of connectives at the same time. To see how to satisfactorily do it
in the present case we check first what rules of GCPL remain valid according
to their 3-valued interpretations. It can easily be seen that this is the case with
the classical rules for V, A, and D. This is true for both Mgt} and Mgt’l}. The
situation with negation is different: in both matrices one of the two rules for —
is valid, while the other is not. In M?{)t} the rule (= =) is valid while (= —) is

not, and the opposite is true in Mét”}. It follows that — is the connective which
needs noncanonical rules. It seems that the best way to handle negation is to
replace, first, of all, its two classical rules with standard rules for the combination
of negation with the classical connectives of the language. This is what is done
in the following basic system (from [Avr91lal):

THE SYSTEM GBS: This is the systems obtained from GCPL by deleting the
two rules for negation and adding instead the following rules and axioms:

* It is in fact the language of all 3-valued operations which are classically closed (See
[Avr99] for further details and references).

It is the language of all 3-valued operations which are classically closed and free
([Avr99]).



AT = A I'=AA

(7==) AT = A T= A A4 (=)
(= 5=) A -B, I'=> A I'=s A A I' = -B (= =)
B ~A>B),I=A I'= A ~(ADB) -
v I'-A,-B= A I'=s A -A I'=> A,-B v
(=v =) TI,~(AVB) = A T= A,~(AVB) (=-V)
(=A =) I'-A= A I''-B= A I'=> A -A-B (= —A)
B I=(AAB) = A I'= A,~(AAB) -
(f =) f= = f (= ~f)

Theorem 4. Strong Soundness of GBS: If S Fgps s than the sequent s
follows from S in any matriz (M, D,O) (for a language which includes that of
GBS) that satisfies the following conditions:

1.teDand f¢D

2. the interpretation of the propositional constant f is the truth value f, and
the interpretation of D is like in Definition 11.

3. avbeDiffae D orbe D

aNbeD iffae D andbe D

The operation — is an extension of the classical negation which satisfies the

De Morgan laws as well as the double negation law, i.e.:

S

-t=f, ~f =t, -—a =a, =(aVb) =-aA-b —(aAb)=-aV b

Proof: We show here the validity of the (- D=) rule, leaving the other cases
for the reader. So assume that v is a model of A,-B,I" = A. We show that
it is also a model of =(A D B),I" = A. This is obvious in case v(¢) ¢ D for
some ¢ € I' or v(p) € D for some ¢ € A. Otherwise either v(A) ¢ D, or
v(A) € D and v(—=B) ¢ D. In the first case v(=(A D B)) = f, in the second
v(=(A D B)) = v(=B), and so in both v(—(4 D B)) ¢ D.

It immediately follows from the last theorem that GBS is strongly sound for

both Mgt} and Mit’l}. It is obvious therefore that in order to get corresponding
sound and complete systems one needs to extend GBS.

THE SYSTEM GM.": This is GBS together with the following axioms:

-A A=

1= -1 =



THE SYSTEM GM}"“"}: This is GBS together with the following axioms:

= —A, A
=17 = I

Theorem 5. Strong Soundness, Completeness and Cut-elimination for
GMs.{t} and GMB{M}: For D € {{t},{t,I}}, a sequent I' = A follows in MY
from S ={IN = Ay,...,T, = A} iff ' = A has a proof in GMP from S in
which all cuts are done on formulas in |J;_, I} U U, A;.

Proof: We give the proof for GM:;{“} (the case of GMs.{t} is dual).
Since it is easy to check that the extra axioms of GMB,{“} are valid in Mit’l},

the strong soundness of GM:;{“} follows from Theorem 4.

The simultaneous proof of strong completeness and the admissibility of Cut
closely follows the proof of Theorem 2. We define the notions of an S-cut, an
S-proof, and an S-saturated sequent like there (only in the definition of an S-
saturated sequent one should replace, of course, the conditions which corresponds
to the classical rules of negation by the conditions induced by the negation rules
of GBS. For example: the condition that if -(4 D B) € I'* then A € I'* and
—B € I'*). It remains then to prove the obvious counterparts of lemmas 1 and
2 of that proof. The proof here of Lemma 1 is identical to its proof there. To
prove Lemma 2 (i.e.: that if I'™* = A* is S-saturated, then there is a model of S
which is not a model of I'™* = A*) we define:

t -peA*
v(p) =< 1 pg A, —pgA*
f pe A*

Since = p,—p is an axiom of GM3.{t’I}7 and I'* = A* is S-saturated, it is
impossible that both p and —p are elements of A*. Hence v is well defined. We
prove now that it has the property that if ¢ € I'™ then v(¥) € D (which is
{t,I} in the case we are doing) and if ¢ € A* then v(¥) ¢ D. From this the
fact that v is model of S which is not a model of I'™* = A* follows exactly as
in the proof of Theorem 2. To show this crucial property of v we use induction
on the complexity of ¢. The case where ¢ is a literal (i.e.: an atomic formula
or a negation of such a formula) other than f,—f, I, and —I is immediate from
the definition of v and the fact that if ¢ € I'* then ¢ ¢ A* (since I'* = A* is
S-saturated). The cases where ¢ € {f,—f, I, I} also follow from this fact, using
the relevant axioms of GM:;{“} (for example, if I € I'* then trivially v(¥) € D,
because always v(¢) = I € D, while it cannot be the case that I € A*, because
otherwise I'* = A* would have had a trivial S-proof from the axiom = TI). The
induction step is very much like in the classical case, and basically follows from
the fact that all the logical rules of GM:;{“} are semantically invertible ¢. We do

6 This is true of course also for GM;”, and so the proof of the induction step is
identical in both systems!



the case where ¢ = =(A D B) as an example. Well, if (A D B) € I'* then also
A € I'* and —=B € I'*. Hence, by induction hypothesis, both v(A4) and v(—B)
arein D. But if v(A) € D then v(=(4A D B)) = v(-B), and so v(=(4 D B)) € D
as well. Similarly, if =(4 D B) € A* then either A € A* or =B € A*. Hence
either v(A) ¢ D or v(—=B) ¢ D. If v(A) ¢ D then v(—=(A D B)) = f & D. If not,
then v(—(A D B)) = v(—B), and so again v(—~(4 D B)) ¢ D.

3

Corollary 3. Strong Completeness of GMs.{t} and GMs.{t”}: Let D be either

{t} or {t,I}.

1. A sequent s follows in MY from a set S of sequents iff S l—GM? S.

Corollary 4. Strong Cut-elimination for GMB{t} and GMS,{t’I}: Let D be
either {t} or {t,1}.

1. I' = A is derivable in GMP from S = {Il = Ay,...,I, = A,} iff it
has a proof in GMYP from S in which all cuts are done on formulas in
Ui U Ui, Ai

2. "GM? I = A iff it has in GMP a cut-free proof.

Notes:

1. From the proof of Theorem 5 it is clear that we may restrict the various
axioms of GM?ft} and GMB,{“} to the case in which they contain only literals.

2. The second parts of each of the last two corollaries were proved in [Avr9la).
The first parts are new here.

Theorem 5 and its corollaries have the same applications and consequences
in the 3-valued case as in the two-valued one. Examples are the interpolation
theorem, and an appropriate version of the subformula property (according to
which a proof of a sequent contains only subformulas of this sequent, or nega-
tions of proper subformulas of it). It also leads to versions of the tableaux and
resolution methods which are very similar to those used in the classical case.
The differences are as follows:

1. A “clause” in the present context is a sequent which contains only literals
on both sides. Since all the rules of the systems above are invertible, every
sequent can be reduced to an equivalent finite set of clauses (in this sense)
by the corresponding tableaux rules.

2. A clause I' = A is valid not only when I'N' A # (), but also when it contains
other axioms of the corresponding system (for example: if for some atomic
p, {p,—p} C I (in case D = {t}), or {p,—p} C A (in case D = {t,1})).

3. For proving ¢1,...,9¢, F ¥1,...,¢ using resolution, the set of clauses ob-
tained from the set {(= ¥1),,...,(= ©.), (Y1 =),..., (¥ =)} should be
extended with all nonstandard axioms of the corresponding system which
contain atomic formulas occurring in the original sequent (for example: se-
quents of the form p, -p = (in case D = {t}) or = p,—p (in case D = {¢,I}).



Note: In the tableaux method one should basically consider 4 types of signed
formulas: Ty, T-¢, Fe, and F-y. It might be more convenient to use instead
four different signs: T, Tn, F and Fn. The resulting rules become very similar
to the classical ones (but T—, e.g., is reduced to Fny rather than to F¢).
There are then also several ways to close a branch, each closely related to the
classical case (except those in which I is involved). For example: in the language
without the propositional constants a branch is closed iff for some ¢, it contains
either Ty and Fy, or Tnw and Fng, or (in case D = {t}) Ty and Fny, or (in
case D = {t,1}) Tny and Fo.

5.2 Systems for Lukasiewicz Logic L3 and for RMj3

Since the sets of connectives used in the complete systems above are functionally
complete, we can use the rules of these systems as a basis for finding an adequate
set of rules for every connective (and choice of D), and so for every 3-valued
logic (provided its language includes —). As an example, we show how to handle
Lukasiewicz 3-valued logic. This logic is in fact equivalent ([Avr99]) to the logic
of M?{)t} in the language of =, vV, A, D. However, instead of D another connective
is taken as primitive (and as the official “implication” connective of the logic):
Lukasiewicz 3-valued implication —, (or just —, when no confusion may arise).
Giving a decent Gentzen-type system for Lukasiewicz 3-valued logic amounts
therefore to providing an appropriate set of rules for his implication. Now ¢ — v
is equivalent (in the strong sense of always having the same truth-value) to the
formula (¥ Dy ¥) A (=9 Dy =¥). This leads to the following four rules for —-:

I+ww=A INe=>A I'=y,-p A
ry—-p=A

y=pA I-p=>- A
I'syp—=p A
Iy, ~p = A
I=—¢)=>A

I'sy,A I'=s-p A
T= (09,4

(==)

(=-)

(-==)

(=)

Let us explain, as an example, how the first (and most complicated) rule
in this list is obtained. Well, the sequent I,y — ¢ = A is equivalent to the
sequent I', (1) D @) A (= D —p) = A. Using the invertibility of the rules of

GMSt (which can easily be established using cuts or the strong completeness of
GMS{t}) we find that this sequent is equivalent to the following set of sequents:

{lo,~p, ' = A), (p,I'=> A,~¢), (¢, =A%), (I'=>A¢,-¢)}

Now the second sequent in this list, @, I' = A, =@, can be replaced by the simpler
@, I" = A, to which it is equivalent in GMs.{t} (the first can be derived from the



second using weakening, the second can be derived from the first by using a
cut with the axiom —¢, ¢ =). Similarly, the third sequent can be replaced by
the equivalent =), I" = A. After these replacements the first sequent in the list
becomes superfluous (since it can be derived from either of the two new sequents
using weakening), and can be deleted. We are left with the set of premises used
in the rule (—=) above.

Note: It should be emphasized again, that the sequents of the Gentzen-type
system we have just presented for Lukasiewicz 3-valued logic do not reflect the
“consequence relation” which is induced by using — as the official implication.
That relation is not even a Tarskian consequence relation, since it is a relation
between multisets of formulas and formulas, not between sets of formulas and
formulas. Indeed, the contraction rule fails for this relation. However, a sentence
¢ follows in it from a multiset of sentences ¢q, ..., ¥, iff the singleton sequent
= ¢ = (P2 = (..(pn — )...)) is provable in the system we have just
described.

The counterpart of Lukasiewicz 3-valued logic in the case where D = {t, I}
is the semi-relevant system RM3 ([AB75,AB92,Dun86]), which is the strongest
logic in the family of the relevant logics. Its language is equivalent in its ex-
pressive power to that of {—,V,A, Dy} (sometimes also f is added), but
again instead of D another connective is taken as primitive (and as the offi-
cial “implication” connective of the logic). This time this is Sobociniski’s im-
plication —g from [Sob52]. Again ¢ —g v is strongly equivalent ([Avr86]) to
(® Doy ¥) A (=% Dy —%), and again this leads to a set of rules for —5
which is very similar to that for Lukasiewicz implication. The only difference is
that the rule (—=-) above should be replaced by the following dual (all other
rules remain the same):

I's Ay I's A-p I'N'-ppo= A
ry—-p=A

5.3 A Semi-Canonical System for Sobocinski Logic

As we have emphasized above, there can be no canonical system which is sound
and complete for a given finite-valued logic (unless it is sound and complete for
some two-valued matrix). Nevertheless, in this subsection we present GRM,,,
a Gentzen-type system for the important 3-valued logic of Sobocinski, which is
almost canonical in the sense that all its logical rules are canonical, its axioms are
standard, and in addition to these rules and axioms it has only purely structural
rules (the only reason we call it “semi-canonical” is that instead of the full
weakening rule it has a certain weaker version). One should note, however, that
GRM,, is only weakly complete (see Definition 4) for the ordinary scr defined
by Sobocinski’s 3-valued matrix, although it is strongly complete for a certain
generalized scr (see the third note after Definition 1) which is based on this
matrix and is described below.



Sobocinski 3-valued matrix was first introduced and weakly axiomatized in
[Sob52]. It was later shown ([AB75]) to be equivalent to RM,,, the purely multi-
plicative (or “intensional”) fragment of Dunn-McCall semi-relevant system RM.
The idea behind this logic is that the content of certain sentences may be taken
as totally insignificant for certain purposes. When this is the case no real truth-
value should be attached to such sentences. This situation is represented by
assigning to them the “truth-value” I (meaning “Insignificant”, or “Irrelevant”,
or “don’t care”), which should not be taken as a real truth-value. Now the the
main principles that guide the semantics of the logic are that a complex is sig-
nificant iff at least one of its components is significant, and that only significants
components should be taken into account in computing truth values and in de-
ductions. Thus a conjunction of sentences should be taken as true iff it has some
significant conjunct, and all its significant conjuncts are true. It should be taken
as false iff at least one of its conjuncts is false (such a conjunct is then significant
by definition). This leads to the following interpretation for a binary conjunction,
which we denote here by ®: 7

f ifa=forb=f
a®b =<1 ifa=ITandb=1
t  otherwise

The principles described above imply that a 3-valued n-ary connective o (n > 1)
may be allowed in the language iff it satisfies the following condition:

olar,...,an) =1 iff a1=a=...=a,=1

It can be proved that a connective satisfies this condition iff it is definable in
the language of {—,®} (where — is the standard 3-valued negation). We take
therefore these connectives as the primitive connectives of the logic (instead of
® we could have taken the implication —g described at the end of the previous
subsection, since it is easy to see that ® and —g are definable from each other
using — exactly like the conjunction and implication of CPL).

The principles described above determine also the logic’s concept of validity,
which takes into account only valuations which are relevant to the formulas or
sequents under consideration:

Definition 13.

1. A valuation v is relevant to a formula ¢ iff it assigns a real truth value (either
t or f) to at least one atomic formula which occurs in ¢ (this happens iff
v(p) € {t, f}). v is relevant to a sequent I' = A iff it is relevant to at least
one formula in T'UA (iff v(p) € {t, f} for some atomic formula which occurs
in "= A).

" This is the notation which was used by Girard in [Gir87a] for his multiplicative con-
junction, which is characterized by the multiplicative versions the classical canonical
rules for conjunction (Example 1 above, and the system below). Nowadays this is the
common notation for multiplicative conjunction in all substructural logics, including
relevant logics.



2. A sequent I' = A is called RM,,-valid iff for every v which is relevant to it
we have that v(¥) = f for some ¢ € I" or v(p) =t for some p € A.

It can easily be seen that a sequent I' = A is RM,,,-valid if every valuation v
agrees with it, when we say that v agrees with I" = A if either v(yp) = f for some
wel,oruv(p)="tforsome ¢ € A, or v(p) =1 for all p € ' U A 8. Tt follows
that a sequent of the form = ¢ is RM,,-valid iff v(y) € {t, I} for every valuation

v, i.e.: iff ¢ is valid in Mét’l}. Hence a Gentzen-type system which proves exactly
the RM,,-valid sequents would be weakly complete for the multiplicative (i.e.:
the {—, = g}-) fragment of RMj5. We present now such a Gentzen-type system.
THE SYSTEM GRM,,

Axioms: A=A

Structural Rules: Cut, and the following Mingle ? rule:
I = A I = A,

I, Ih = Ay, Ay
Logical Rules:
(- =) I'=A4 Alr'sA (= )
B —AT = A I'= A A -

(% =) IA,B=> A = A,A FQ:AQ,B(
F,A®B2>A Fl,F2:>A1,A2,A®B

= ®)

Notes:

1. Recall that I') A etc. are here finite sets of formulas, and that we should in
principle have written {A} rather than just A.

2. As in GCPL, it is easy to see that it suffices to take as axioms only sequents
of the form p = p where p is atomic. In the rest of this section we assume
that this is the case.

Theorem 6. Soundness of GRM,,,: If Fgrm,, s then s is RM,,-valid.

Proof: From the definition of validity it follows that any axiom of GRM,, is
valid, because given a valuation v, the three possibilities (v(p) = f, v(p) = ¢,
and v(p) = I) exactly match the three cases in which v agrees with p = p. We
next prove for every rule of GRM,, that if a valuation v agrees with its premises
then it agrees also with its conclusion. We do here the two more difficult cases,
leaving the other cases for the reader.

& It is easy to see that by defining I' Fs.;, A iff this condition obtains for all v we get
a generalized scr Fsop-
9 Also called “mix” in the literature on Linear Logic ([Gir87a]).



— The case of Cut: Suppose that v agrees with both I7 = Ay, ¢ and ¢, I3 =
As. We show that it also agrees with I, 15 = A;, Ay. This is obvious
if v(A) = f for some A € IN,I5 or v(A) = t for some A € Ay, Ay, If
this is not the case then v(y) cannot be t (since otherwise v would not
agree with ¢, I'hy = A,), and it is not f either (since otherwise v would not
agree with I1 = Ay, ). It follows that v(p) = I, and the only possibility
that remains for v to agree with the two premises is that v(A) = I for all
A€y, Iy, Ay, Ay. But in this case it again agrees with Iy, Iy = Ay, As.

— The case of (= ®): Suppose that v agrees with I't = Ay, ¢ as well as with
Iy = Ay, 1. We show that it also agrees with I, Iy = Ay, Ay, ¢ ® 1. This
is obvious if v(A) = f for some A € I, I; or v(A) =t for some A € Ay, As.
If this is not the case then there are four possibilities: v(¢) = ¢ and v(¢)) = t,
v(p) =tand v(A) = forall A € ILUA,U{¢}, v(¢b) =t and v(A) =T for
all A e ITUu A, U{QDL and ’U(A) =Jforall Ae [MUIL,UA, UAQU{QD,’(/)}.
In the first three cases v(¥ ® 1) = t. In the forth v(A) = I for every formula
Ain ITUTILU A UA U{e ¢}

Our next goal is to prove the completeness of GRM,, and the cut-elimination
theorem for it. As usual in this paper, this will be done simultaneously.

Notations: For the rest of this section “F” and “provable” mean “provable in
GRM,, without a cut”. A(X) denotes the sets of atomic formulas which occurs
in X (X may be a formula or a sequent).

The following Lemma shows that an important special case of weakening is
admissible in GRM,,:

Lemma 1: If F I' = A and A(p) C A(I' = A) then F ¢, I' = A and
FI= A .

Proof of Lemma 1: By induction on the complexity of . The base case (where
@ is atomic) is done by induction on the length of the proof of I" = A. The
base case of this inner induction uses the special form we use for the axioms of
GRM,,, while both the induction step of the inner induction and the induction
step of the main one are easy consequence of the fact that all rules of GRM,,
are pure (multiplicative).

Definition 14. Let I' = A be a sequent such thatt/ I' = A. I' = A is called
saturated if it also satisfies the following conditions:

(i) If ~p € T" then ¢ € A

(ii) If ~p € A then p e I’

(iii) If p R € ' thenp € I and € T

(iv) If oY € A andlt/ T' = A, ¢ then ¢ € A
() If o1 € A andlt/ I' = A then i) € A.



Lemma 2: If I/ I' = A then there exists a saturated sequent I™ = A* such
that I CI™ ACA* Y I'™* = A* and A(I™ = A*) = A(I" = A).

Proof of Lemma 2: If I/ I" = A and I' = A is not saturated then it is possible
to properly extend I' = A by some of its subformulas without making the new
sequent provable (this is obvious and standard if one of the conditions (i) (iii) is
violated by I' = A, and trivial in the special cases (iv) (v)). Since I" = A has
only finitely many subformulas, this process must stop with a saturated sequent.

Lemma 3: If I' = A is saturated and I/ I" = A then I' = A has a counter-
model (i.e.: a valuation v which does not agree with it).

Proof of Lemma 3: Assume that I" = A has these properties. Define:

IT=A)={pec Al = A) |pe'nA}

I pel(l’=> A)
v(p) =<t pelpgA
f pgrl

We show that this v is a countermodel of I' = A. For this we first show
by induction on the complexity of ¢ that if ¢ € I' then v(y) # f, and if
@ € A then v(p) # t. This is obvious in case ¢ is atomic. In case ¢ = -
the claim follows easily from the induction hypothesis and conditions (i) (ii)
from Definition 14. If ¢ = ¢ ® ¢»» and ¢ € I' then the claim follows from
the induction hypothesis concerning ¢ and 2 and condition (iii) of Definition
14. Finally assume that ¢ = 1 ® ¥» and ¢ € A. Had both I' = A ¢, and
I' = A,y been provable, so I' = A would have been (since ¢ € A). Hence one
of those sequents is unprovable. Assume, e.g., that I I' = A ;. Then ¢; € A
by condition (iv) of Definition 14. Hence v(11) # t by induction hypothesis. If
v(1) = f then v(p) = f # t. Assume, therefore, that v(1,) = I. Hence v(p) = I
for every p € A(¢q), and so A(yq) C I(I' = A). Now F A(¢1) = A(¢n)
because of the Mingle rule, and so + A(y1) = A(¢1),v1 by Lemma 1. It is
not possible therefore that F I' = A 1)y, since otherwise we would have that
FIA(W) = A, A(Yr), Y1 ® e, and so that - I' = A (since )1 Q 1y = p € A,
A1) C I, and A(y1) C A). It follows by condition (v) of Definition 1 that
o € A, and so v(t2) # t by induction hypothesis. Now if v(1y) = f then
v(p) = f #t, while if v(¢p2) =T then v(p) = IR I =1#1t.

To show that v is a countermodel of I' = A it remains now to eliminate the
possibility that v(p) = I for all ¢ € I"'UA. Well, had this been the case we would
have that v(p) = I for all p € A(I' = A), and so that A(I' = A) = I(I" = A).
Since I(I' = A)C I, II'=> A) CAjand F I(I' = A) = I(I' = A) (using
mingle), Lemma 1 would have implied then that - I" = A. A contradiction.

Theorem 7. Completeness and Cut-elimination for GRM,,: A sequent
I' = A in the language of GRM,, is RM,,-valid iff it has a proof in GRM,,
without cuts.



Proof: Assume that I/ I' = A. By lemma 2 there exists an unprovable sat-
urated sequent I'* = A* such that A(I'™* = A*) = A([' = A), ' C I'*, and
A C A*. These last 3 properties are easily seen to entail that every model of
I' = Ais also a model of I'* = A*.'19 Hence the countermodel of I'* = A*
given by lemma 3 is also a countermodel of I' = A.

Corollary 5. (Completeness of GRM,,)

1. A sequent in the language of GRM,, is RM,,-valid iff it is provable in
GRM,,

2. A sentence ¢ in the language of GRM,, is valid in Mét’l} iff = @ is provable
in GRM,,

Corollary 6. The system GRM,, admits cut-elimination.

Note: The last two corollaries were proved (using two unrelated proofs) already
in [Avr87] (but were known to relevance logicians much before).

6 Four-Valued Logics

There are basically 3 four-valued logics, differing according to the number of
designated truth-values in their matrices (1, 2, or 3). The most important of
them is by far the one in which there are exactly two. We devote most of this
section to this useful logic.

6.1 Belnap’s Four-valued Logic and Its Extensions

The methods used above for three-valued logics can be extended with very slight
changes to four-valued logics in which there are exactly two designated elements.
Let the truth values of these logics be ¢, f, T, and L, where ¢t and f are the clas-
sical values. According to Belnap’s suggestion in [Bel77b,Bel77a], T should rep-
resent the truth-value of formulas about which there is inconsistent data (such
a formula is “both true and false”), while L is the truth-value of formulas on
which no data at all is available (“neither true nor false”). This intuition is the
basis of what is known as Belnap four-valued logic and of various extensions
suggested in the literature ''. Obviously, according to these interpretations T is
the four-valued counterpart of the 3-valued designated I, while | is the coun-
terpart of the 3-valued non-designated I. The corresponding four-valued matrix
may therefore be taken as a combination of the two 3-valued matrices. We make
our choice of connectives and their interpretations accordingly. In particular:
the partial order <; we use for defining conjunction and disjunction is simply
the union of the partial orders which are used for this purpose in Mgt} and

M;E“} (where I is replaced, respectively, by L and T). <; is defined therefore
by: f<¢ T, L <t

0 Note that the first one is crucial here, since ordinary monotonicity fails.

! Belnap’s structure is nowadays known also as the basic (distributive) bi-
lattice, and its logic — as the basic logic of (distributive) bilattices (see
[Gin87,Gin88,Fit90b,Fit90a,Fit91,Fito4, AA94, AA96,AA9S]).



Definition 15. Let Ly = {—,V,A, D, f, L, T}.
The matric My = (My, D4, Oy4) for Ly is defined as follows:

- My={t, f,T,L1}
— Dy ={t,T}
— The operations in Oy are defined by:
1. ~t=f —f=t, -T=T, =L=1
2. D is defined like in Definition 11
3. aVb=sup<,(a,b), aNb=1inf< (a,b)
4. The propositional constants f, L and T are interpreted by the correspond-
ing truth values.

We present now a Gentzen-type system which is strongly sound and complete
for My, and for which the (strong) cut-elimination theorem obtains. Since L4
is a functionally complete set of connectives for 4-valued logics (J[Avr99]), this
again allows us to find a complete, cut-free Gentzen-type system for any 4-valued
logic in which D = {¢, T}.

THE SYSTEM G My: This is the systems obtained from GBS by adding to it
the following axioms:

1= -1 =
=T =T

Theorem 8. Strong Soundness, Completeness and Cut-elimination for

GMy: A sequent s follows in My from S = {I = Aq,..., I, = An} iff s has a

3 3

proof in GMy from S in which all cuts are done on formulas in J;_, IUU;_, A;.

Proof: The new axioms concerning T and L are obviously valid in M. Hence
the strong soundness of G M, easily follows from Theorem 4.

The simultaneous proof of the strong completeness and of the strong Cut-
elimination Theorem closely follows the proofs of Theorems 2 and 5. The main
difference is that this time to prove Lemma 2 (that if I'™* = A* is S-saturated,
then there is a model of S which is not a model of I'* = A*) we define:

t pel™,—~pgI* or pgA*,-pe A
)L peA* pe A*
7)(]3) = T pe F*,_‘p er=
f otherwise
As usual, we next prove that v is well-defined, and that if ¢ € I'* then
v(p) € Dy, while if ¢ € A* then v(¢) ¢ D4. Details are left for the reader.

Corollary 7. Strong Completeness of GM,:

1. A sequent s follows in My from a set S of sequents iff S Fau, S.
2. ', Aiff I'kFau, A.



Corollary 8. (Strong Cut-elimination for GM,:

1. s is derivable in GMy from S = {I'N = Ay,..., I, = A,} iff it has a proof
in GMy4 from S in which all cuts are done on formulas in U?:] F,;UU?:] A;.
2. Fam, I' = A iff it has in GMy a cut-free proof.

Notes:

1. Again from the proof of Theorem 8 it is clear that one may restrict the
axioms of GMy to the case in which they contain only literals.

2. The second parts of each of the last two corollaries were claimed in [Avr91a]
and proved in [AA94]. The first parts are new here.

3. The results of this section have the same applications here as in the 3-valued
case. In fact, both of the resulting tableaux and resolution methods are
simpler here than in the 3-valued case, because the set of axioms is simpler
in the present system than in its 3-valued counterparts.

6.2 Other Four-valued Logics

Except for the class just dealt with, there are two other possible classes of 4-
valued logics: those with D = {t¢}, and those with D = {¢, T, L}. These two
classes are dual to each other: it is easy to see that a sequent I' = A is
valid according to one iff =A = —I" is valid according to the other (where
- is the connective defined in the previous subsection, and —{A;,...,4,} =
{=4,,...,7A,}). In principle it suffices therefore to find an appropriate system
for one of these cases. This can indeed be done by methods which are similar to
those used above. We demonstrate this claim for the case D = {t} in subsection
7.2 below, using the four-valued Gdodel’s logic as a basis. We note, however, that
at present the known systems for the two other classes are more complicated
and less elegant than those in the case D = {¢, T}.

7 Infinite-valued Logics and Related Logics

Up to now, we have only considered three- or four-valued logics. In this section
we want to show that our methods may be applicable to n-valued logics with n
having bigger values, and even to infinite-valued logics.

7.1 Godel-Dummett Logics

In [G6d86] Godel introduced a sequence {G,} (n > 2) of n-valued matrices. He
used these matrices to show some important properties of intuitionistic logic.
An infinite-valued matrix G, in which all the G,s can be embedded was later
introduced by Dummett in [Dum59]. The logic of G, was axiomatized in the
same paper, and has been known since then as Gédel-Dummett’s LC. It is
probably the most important intermediate logic, which turns up in several places,
such as the provability logic of Heyting’s Arithmetics ([Vis82]), and relevance
logic ([DM71]). Recently it has again attracted a lot of attention because of its
recognition as one of the three most basic fuzzy logics ([Haj98]).



Definition 16. Let Lic = {—,V,A, f}.

1. The matrix G, = (G, Drc,Orc) for Lic is defined as follows:
—G,=NU{t, f} "
= D ={t}
— The operations in Opc are defined by:
(a) a—=b —{Z Z;Z
Here < is the usual order on N extended by a greatest element t and
a smallest element f.
(b) aVb=maz<(a,b) and a Ab = min<(a,b).
(¢) The propositional constant f is interpreted by the corresponding truth
value.
2. LC =(Lc,Fg,)
3. for n > 2 the matriz G, is defined like G, but its the set of truth values is

gust {1,...,n —2}YU{¢t, f}.
Notes:

1. The matrices we have just defined are not those given by Goédel and Dum-
mett, but their duals. We note also that for the application as a fuzzy logic
it is more useful ([Haj98]) to use instead of N U {t, f} the real interval [0,1],
with 1 playing the role of ¢ (and 0 that of f). This makes a difference only
when we consider inferences from infinite theories.

2. Tt is not difficult to see that LC' is indeed a many-valued logic according to
Definition 10, since I' g, A iff I' Fg, A, where k is the number of atomic
formulas occurring in I"U A.

A cut-free Gentzen-type formulation for LC was first given by Sonobe in
[Son75]. His approach was improved in [AFM99] and [Dyc99]. All those systems
have, however, the serious drawback of using the following rule, which introduces
an arbitrary number of implications, and has an arbitrary number of premises,
all of which contain formulas of essential importance for the inference:

I'= A R—

Here A contains exactly m > 0 implicational formulas ¢; — ;i = 1,...,m
(A may also contain some other kinds of formulas). A? denotes the multiset
consisting of exactly the m — 1 implicational formulas of A other than ¢; — ;.

An alternative sound and complete system GLCgrg for LC has been given
in [AKO1]. Like the former systems, GLCgs admits cut-elimination, but it does
not have a rule with arbitrary number of premises. The idea behind GLCRgg is
again to use noncanonical invertible rules which decompose formulas in a sequent
into simpler ones, until a set of “clauses” equivalent to the original sequent is
reached. However, unlike in the 3-valued and 4-valued logics described above, in

'2 Instead of adding f one may identify it with the number 0.



GLCRrs a “clause” is defined as a sequent consisting only of atomic formulas or
implications between atomic formulas. Accordingly, instead of having for each
connective rules for its combinations with negation, we have rules for all its
possible combinations with —. The four needed rules for — itself are:

I'= A = o, 0 — o

I'= Ao — (Y1 — ¢a)

F,wl—)wgiA F/(p—)w2:>A
L= (P = 4hn) = A

I'= Aoy =9 o1 = oo = At
I'= A (p1 = @2) =0

F,(pg—)wﬁﬂ,(pl—)(pg F/Zﬁ:}A
L= @) == A

(== (=)

(= (=) =)

(= (=) =)

(=) ==)

The number of rules needed for each binary connective other than — is six. The
rules for V, for example, are:

I'= Ajp, 9
(=V) I'=s AjpVy
I'eg=A Iy = A
(v=) vy = A
F:>A,(p1—)w F:>A,(p2—)w
F$A=(<P1V<P2)—>7/J
F:¢1_>1/}7902_)1/)$A
F,((P1V<P2)—>w:>A
F:>A=<P—>UJ1;<P—>1/12
FiA:QO_)(’l/}]V’l/}Q)
F7(p—>’l/J]:>A F7(p—)'(/)2:>A
Iip— (Y1 Vi) = A

(=V )

(Vo>=)

(=->V)

(= V=)

Like in the previous cases, these rules are not sufficient for completeness. We
need to have also means for determining which “clauses” (or “basic sequents”)
are valid. The straightforward way of doing so is again to add appropriate non-
standard axioms. Unfortunately, the needed axioms are here much more compli-
cated than those employed in the 3-valued and 4-valued cases described above:

Definition 17. Let I' = A be a clause of GLCgs.

— We say that (p<q) € (I'= A) iff (p—q) e T.
— Wesay that (t <q) e (I'= A) iffge I.
— We say that (p < q) € (I' = A) iff (¢ —» p) € A.

We say that (¢ <t) € (I' = A) iff g € A.
— Let p,q be either atomic formulas or t 13. We say that (p<q) € (I' = A) iff
either (p < q) € (I' = A) or (p < q) € (I' = A).

3 Note that in this paper ¢ is not an official symbol of the language of LC. Here,
however, it is used in the metalanguage.



— A sequence qi,...,q (where q; is either atomic or t) is called a strictly

increasing sequence for I' = A if (¢ <qjy1) € (' = A) for 1 <j <1-1,
and either (¢; < qiy1) € (I' = A) for some 1 <i<Il—1,0rq =t, q = f.

The azioms of the system GLCgs '* are those clauses for which there exists a
strictly increasing sequence q .. .q; such that either ¢ = q;, orq1 =t, orq = f.

As we noted above, the system GLCgg is sound and complete for LC, and
the cut-elimination theorem obtains for it. The proofs given to this in [AKO01]
can easily be extended to proofs of the corresponding strong versions of these
facts by applying the method used in this paper. We omit the details.

To get a system GLC% ¢ with similar properties for the finite k-valued Godel-
Dummett logic, one needs to add as axioms all basic sequents s having a strictly
increasing sequence ¢ ... ¢ such that for at least k different ¢;’s, (¢; < gi+1) € s.

Instead of enriching the set of axioms, an alternative approach presented in
[AKO1] is to employ special analytic simplification rules. Those needed for the
infinite-valued LC' are:

I'p—>qq—>r,p—o>r=A
I'p—gqq—r=A
I'p—qpqg=>A
I'p—>qp=>A
I'=s Aqg—p,p

Transitivity:

Left maximality:

Right maximality:

I'=Aqg—>0p
Linearity: L pl_,_;qqu_;Jp_) P
Minimality of f: I pF%pfi)ff_):}p: A

Note: All the logical rules of the systems described in this subsection have what
might be called the semi-subformula property: written in Polish notation, every
formula in their premises either appears in their conclusion or is obtained from
some formula there by deleting some of its symbols. This is not very different
from the usual subformula property. The simplification rules, in contrast, do
not have this property. Nevertheless, each of them is still analytic in the sense
that its possible premises (for any potential conclusion) are determined by its
conclusion, they are finite in number, and can be found effectively. These rules
are close in nature to analytic cuts (see section 7.3), but they are simpler.

7.2 The Four-valued Logic with a Single Designated Element

The matrix G4 is a four-valued matrix in which D = {t}. The corresponding
system GLCFg can therefore be used as a basis for an appropriate Gentzen-type
system for the universal four-valued logic in which there is exactly one designated
truth-value. The main problem in doing so is that the set of connectives of this

' Tn [AKO1] this version with new axioms is called GLCjy.



matrix is not functionally complete. It can however be shown that by adding
to Lo the connective = as well as the propositional constants T and 1, and
by giving these new connectives the same interpretations they have in My, one
does obtain a language with a functionally complete set of connectives. Let us
call the corresponding matrix Mit} 15 To get a sound and complete system

for Mit}, all we need to do is to add to GLC4¢ appropriate rules and axioms
for the new connectives. Now GLCp¢ is based on the idea of using invertible
rules for reducing any sequent to a set of “clauses” in the sense of GLCgg. The
connective - should therefore be treated here exactly as V and A (and so its
role here is completely different from the one it has in GM,). In other words:
we should find for it a full set of decomposition rules (i.e.: invertible sound rules
which make it possible to get rid of it in backward reasoning). It is not difficult
to show that the following six rules constitute such a set:

(= =) INA—f=A
B I -A= A
I's AJA— f
=~ —T=5a-a
I'A=A I'B=>A I'N'A->B=>AA->f
(= —==)
I (~A) > B= A
(= _))F,A—>,f:>A,B I'=> A AJA—> B
B I'= A, (-A) = B
I'A—-f=>A I'NB-f=A I'A—-B=AB
(=-=) TAS B A
I'B=>AA—f I'sAA—>BB-f
(=)

I'=> A A—-B

Note: These rules for — are sound and invertible also in G, provided the inter-
pretation of — is given by:

f a=t
—a =<t a=f
a otherwise

It follows that by adding these rules to GLCrs and GLC% ¢ we get systems which
are strongly sound and complete for the corresponding extended matrices, and
in which the strong cut elimination theorem obtains.

Returning to Mit}, we should take into account also the fact that its lan-
guage includes the constants T and L. Their presence is not relevant to the

!5 Note that the interpretations of V and A in Mit} is not identical to interpretations
they have in My!



decomposition rules, but is relevant to the question what “clauses” (i.e.: basic
sequents) should be taken as axioms (because now the set of atomic formulas
includes these two new constants). It is not difficult to see that what we should
do is to add to the axioms of GLC4} all basic sequents s for which there exists
a strictly increasing sequence ¢ . .. q satisfying one of the following conditions:

. q1 = T and there are at least two different i’s such that (¢; < g;11) € s
¢ = L and there are at least two different i’s such that (¢; < gi+1) € s
. g1 = L and there are at least three different i’s such that (g; < ¢;1+1) € s
. q = T and there are at least three different i’s such that (¢; < g;y+1) € s

By a straightforward adaption of the proofs given in [AK01] one can show

now that the resulting system Gth} is strongly sound and complete for M;{lt},
and that the strong cut elimination theorem obtains for it.

7.3 The Modal S5

In this subsection we present one important example of the use of an impure rule:
the standard Gentzen-type system for the modal logic 5. Like most other modal
logics, S5 has a well-known (particularly simple) possible-worlds semantics: A
frame for S5 is a pair (W, v) where W is a nonempty set (of “possible-worlds”)
and v is a function which assigns to each sentence in the language of S5 a subset
of W, so that v(AVB) = v(A)Uv(B), v(AAB) = v(A)Nv(B), v(—A) = W —v(A4),
and v(0A) = Wifv(A) = W, ) otherwise. A sentence A is truein a world w € W
if w € v(A), and valid in W if it true in all worlds of W (i.e.: if v(A) = W). Tt
is obvious that a frame may be viewed as a pair of a matrix and a valuation in
it. In fact, a slight generalization of this semantical characterization of S5 had
already been given in [Scr51] (much before the Kripke-style semantics of this
system was discovered). This many-valued semantics of S5 is given in the next
definition.

Definition 18. Let Lo = {—,V, A, O}.
A matrix A= (A, D4, 04) for Lo is called an S5-matrix if:

{01} CA O£
- Da={1}
— (A,V,A,—,1,0) is a Boolean Algebra

1 a=1
Da{O a#1

It has been proved in [Scr51] that (the Hilbert-type formulation of) S5 is
sound and complete for the class of S5-matrices. Moreover: if a sentence ¢ in
the language of S5 is not a theorem of S5, then it is refutable in some finite
structure of this type (with at most 22" elements, where n is the number of
atomic formulas occurring in ¢). All these finite matrices are embeddable in one



denumerable matrix, which is characteristic for S5. Hence S5 is many-valued
logic according to Definition 106,

We present now (GS5, the standard Gentzen-type system for S5 (originally
introduced in [OM57]). This system is obtained from GCPL by adding to it the
following two simple rules:

p,I'=> A I'= A

O - T - T =
(B=) Op,I'=> A I'= A Dy

(=0)

There is, however, a side condition on the application of (= O), which makes
this rule impure: all the side formulas (i.e., the formulas of I" and A) should
begin with O (an equivalent version demands them only to be essentially modal,
in the sense that each occurrence of an atomic formula should be within the
scope of a O).

Definition 19.

1. Let s be the sequent Aqy,..., A, = By,...,Byr. ¢, the standard interpreta-
tion of s, is the sentence = Ay V...V —-A,V By V...V By.

2. A model of a sequent s in the language Lo is a pair (A,v) where A is an
S5-matriz, and v is a valuation in A such that v(ps) = 1 (in particular:
(A, v) is a model of = ¢ iff it is a model of ).

3. A sequent s follows in S5 from a set S of sequents if every model of S is
also a model of s.

Theorem 9. Strong Soundness of GS5: If a sequent s has a proof in GS5
from a set S of sequents then it follows in S5 from S.

We leave the easy proof to the reader. As usual, we want next to turn to a
simultaneous proof for GS5 of strong completeness and strong cut elimination.
There is a problem, though: the cut elimination theorem is not valid for GS5.
However, we have a satisfactory substitute: the possibility to eliminate mnon-
analytic cuts:

Definition 20. A cut in a proof of a sequent s from a set S of sequents is called
analytic if the cut formula is a subformula of some formula in S U {s}.

Theorem 10. Strong Completeness and Analytic Cut-elimination for
GS5: A sequent s follows in S5 from S = {Ih = Aq,...,I, = A,} iff it

has a proof in GS5 from S in which every cut is done either on a formula in
Ui, IUUi, A, or on a subformula of the form OA of some formula in SU{s}.

Proof: Again the proof follows to a great extent that of Theorem 2. Given S
we define first an S-proof as a proof which is permitted by the formulation of
the theorem. We then define when a a sequent I'™* = A* is S-saturated like in
the proof of Theorem 2, but with two more conditions:

6 As far as I know, this is not true for other famous Modal Logics.Modal Logics.



(A) If Op € I'* then v € IT'™*.
(B) If Oy is a subformula of a formula in I'* U A* then Op € I'™ U A*.

It is easy to prove that if a sequent s has no S-proof then it can be extended
to an S-saturated sequent consisting only of subformulas of formulas in S U {s}.
It remains therefore to show that if s = I'* = A* is S-saturated then there is a
model of S which is not a model of s. For this let W be the set of all S-saturated
sequents I' = A which consist only of subformulas of formulas in s, and which
satisfy the following condition for every formula A:

(x) DAerl iff DAerl™

(by condition (B) this implies that also A € A iff OA € A*). W is obviously
finite, and P(W) is a Boolean Algebra with the usual operations of union, inter-
section etc. This Boolean Algebra can be extended to an S-matrix in a unique
way. Let A be this S-matrix. Define a valuation v in it by:

vip)={'=>AeW |peTl}

We show next by induction on complexity of formulas that for every I' = A € W
and every sentence @, if ¢ € I' then I' = A € v(y), while if ¢ € A then
I' = A ¢ v(p). Most of the induction steps are straightforward. We do here the
case ¢ = O:

— Assume O € I'. Then by the definition of W, O belongs to the antecedents
of all the sequents in W. Hence by condition (A) so does ) itself. It follows
that v(¢) = W, and so also v(0O0¢) = W. In particular: I' = A € v(0y).

— Assume Oy € A, Let O(I™) and O(A*) be the sets of boxed formulas in
I'* and A* (respectively). The sequent O(I'™*) = O(A*),4¢ does not have
an S-proof (since otherwise so would have I'* = A*, using an application
of (= O) and weakenings), and so it can be extended to an S-saturated
sequent I'# = A# consisting only of subformulas of formulas in I'* = A*.
Since I'* = A* satisfies condition (B), I'* = A# cannot have new boxed
formulas in addition to those in O(I™*) = O(A*),4, and so I'* = A# is in
W. By induction hypothesis we have therefore that I'# = A# ¢ v(¢), and
so v(O¢) = @. In particular: I' = A &€ v(Oy).

It can easily be seen that (A, v) is a model of Ay,..., A, = By,..., By iff
for every s € W, either s € v(B;) for some i, or s ¢ v(A;) for some j. Hence
what we have just shown imply that (A, v) is a model of S which is not a model
of I'* = A* (the proof that this entails the validity in (A, v) of the sequents in
S is similar to the way this is done in the proof of Theorem 2).

Corollary 9. Strong Completeness of GS5:

1. A sequent s follows in S5 from a set S of sequents iff S Fggs s.
2. A formula ¢ is valid in S5 iff Fass= ©.

Corollary 10. (Strong Analytic Cut-elimination for GS5:



1. A sequent s follows in GS5 from S = {1 = Ay,...,I, = A,} iff it has
a proof in GS5 from S in which every cut is done either on a formula in
Ui, Iy Ui, Ai, or on a subformula of the form OA of some formula in
SuU{s}.

2. Fgss s iff there exists a proof in GS5 of s in which all the cuts are analytic
and are performed on formulas of the form Oap.

This corollary suffices for the subformula property, and for developing a good
tableaux system for S5.

Note: Fggs, the standard consequence relation defined by GS5, is different
from that induced by the many-valued semantics described above (for example:
¢ g5 O according to that semantics, but the sequent ¢ = O is not provable
in GS5). What we do have is that I" Fggs A iff ¢ - A is valid according to this
semantics.'”

7.4 The Infinite-valued Purely Relevant Logic

Substructural logics ([SHD93]) are logics defined by Gentzen-type systems with
an irregular set of structural rules (the “regular” set being the one consisting
of the standard structural rules, weakening, and cut). The official consequence
relation associated with a logic of this kind is therefore not a Scott consequence
relation in the sense of Definition 1. Its set of valid formulas may still correspond,
however, to some many-valued logic. In subsection 5.3 we have already seen an
example in which this happens with a 3-valued logic. We now shortly review
another example, this time with an infinite-valued logic.

The system GRM I,, is obtained from GCPL by simply deleting the weak-
ening rule!® (or from G RM,, of subsection 5.3 by deleting the mingle rule. Note
that again we assume that the two sides of a sequent consists of sets. In other
words: although we do not have weakening, the expansion rule is still available).
It is easy to prove, using Gentzen’s original purely syntactic method, that cut-
elimination still obtains for this system. Moreover: a strong form of the interpola-
tion theorem holds for it: = ¢ — v is provable only if there exists an interpolant
¢ containing only atomic formulas common to © and ¢ '°. This puts the corre-
sponding logic, RM I,,,, in the family of Relevance logics (in which framework it

7 ass corresponds to the “truth” consequence relation of modal logic, while the
Tarskian consequence relation between singleton sequents which is induced by GS5
corresponds to its “validity” consequence relation (see [Avr91b] for these notions).
The fact that these CRs are different is due to the impurity of the rules of GS5.

In the literature on relevance logic (including [Avr84], from which the results below
are taken) the symbols ~, —, o, + are used instead of =, D, A, V (respectively). We
use therefore these symbols below, except that instead of o we use ®, which is more
common today (recall that we did the same in section 5.3).

Unlike in classical logic, such atomic formulas necessarily exist in case = ¢ — 1) is
provable in GRM I,,,. This is called the “variable sharing property” in the literature
on relevance logics ([AB75,AB92,Dun86]), and it is the most characteristic feature
of these logics.



was originally introduced and investigated). In [Avr84] it was proved that it is
also weakly many-valued according to Definition 10. The corresponding matrix,
called A, in [Avr84], is the following:

Truth Values: {t, f, I, 5, I5...}.
Designated Values: All elements except f.

Operations: ~t = f, ~ f=t, ~I; =1; (1< j < o00).

t a=forb=t
a—>b—{Ij a:b:Ij
f otherwise .

a+b=~a—-b a®b=~(a—~0D)

Like G, A, can be viewed as the “limit” of its finite substructures. Indeed, let
A,, be the substructure of A, consisting of {¢, f, I1,..., I,}. Then we have:

Theorem 11. A formula ¥ is valid in A, (or in all of the finite structures A,,)
iff FarMm1, = ¥. Moreover, if ¢ contains n atomic formulas and Yarar, = ¥
then there is a valuation which refutes ¢ already in A, .

It follows that the logic of the matrix A, is weakly many-valued according
to Definition 10, and that GRM I,,, is sound and weakly complete relative to it.

Notes:

1. Again we have here only weak completeness. Indeed, GRM I,,, is not strongly
complete for A, (thus A® B k4, A, but the corresponding sequent is not
provable in GRMI,,).

2. In [Avr97] it is proved that the logic of the matrix A, is in fact many-valued
according to Definition 10 (not only weakly so).

3. This is the only case dealt with in this survey in which the present known
proofs of the completeness of the system and of the cut elimination theo-
rem for it are completely separated. It is an interesting challenge to find a
simultaneous proof of both in this case as well.
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