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Abstract. This paper addresses the problem of proving safety properties of imperative pro-
grams manipulating dynamically allocated data structures using destructive pointer updates.
We present a new abstraction for linked data structures whose underlying graphs do not
contain cycles. The abstraction is simple and allows us to decide reachability between dy-
namically allocated heap cells.
We present an efficient algorithm that computes the effect of low level heap mutations in the
most precise way. The algorithm does not rely on the usage of a theorem prover. In particu-
lar, the worst case complexity of computing a single successor abstract state isO(V log V )
whereV is the number of program variables. The overall number of successor abstract
states can be exponential inV . A prototype of the algorithm was implemented and is shown
to be fast.
Our method also handles programs with “simple cycles” such as cyclic singly-linked lists,
(cyclic) doubly-linked lists, and trees with parent pointers. Moreover, we allow programs
which temporarily violate these restrictions as long as they are restored in loop boundaries.

1 Introduction
Automatically establishing safety properties of programs that permit dynamic stor-
age allocation and low-level pointer manipulations is challenging. Dynamic allocation
causes the state space to be infinite; moreover, a program is permitted to mutate a data
structure by destructively updating pointer-valued fields of nodes.

It is well understood that reachability is crucial for reasoning about linked data
structures. In this work we establish a simple abstraction method for reasoning about
reachability that is provably efficient and precise. This provides both a practical analysis
method and a theoretical contribution towards the understanding of how precise and
efficient shape analysis can be.

1.1 Main Results

We present a method to conservatively verify reachability properties via abstract inter-
pretation [4]. Specifically, we present a new lightweight method for shape analysis (e.g.,
see [10, 22]) that applies to programs on “regular tree-like” data structures. The method
is sound, i.e., whenever it reports that a safety property holds, it indeed holds. Further-
more, we computethe best abstract transformer [4] for atomic Java-like statements.
A prototype of the algorithm was implemented and is shown to be fast. The system
can be seen as a specialization of TVLA [15] to a set of data-structures and a set of
properties.

In the rest of the section, we elaborate on the key contributions. Sect. 8 includes
more detailed comparison to related work.

New Abstraction of Heap ShapeIn Sect. 3, we present our simple abstraction for
heaps based on contracting segments of the heap into a single summary-node.
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In contrast to existing methods, our abstraction admits the precise and efficient re-
covery of reachability information concerning the modeled concrete states. For exam-
ple, every path in the abstraction between “important” nodes is amust-path, i.e., it must
exist between the corresponding nodes in each modeled concrete state. Thus, reason-
ing about reachability between important nodes can be performed efficiently via simple
graph traversal.

We show that the abstraction of graphs with no undirected cycles yields a linear
number of nodes. Therefore, the size of the abstract state space is bounded for such
programs, allowing effective state space exploration. Moreover, this also holds for sim-
ple cycles such as cyclic singly-linked lists, (cyclic) doubly-linked lists and trees with
parent pointers. Furthermore, it is possible to apply our abstraction only in loop bound-
aries and thus allowing programs to temporarily violate the data-structure invariants.
Full proofs for the theorems in the paper can be found in the appendix.

Efficient Best Transformers In Sect. 4, we present an efficientO(NS ∗ V ∗ log V )
algorithm for computing the best abstract transformers for Java-like atomic program
statements including destructive pointer manipulation.V is the number of program vari-
ables.NS is the number successor abstract states (can be exponential in the number of
program variables).

Most existing methods for shape analysis including TVLA do not implement the
best transformers and may require exponential time to produce a single abstract state.
Also, in contrast to existing methods for generating the best abstract transformers (e.g. [7,
23, 2]), our method does not employ a theorem prover. Precise reachability information
is maintained using our abstraction.

Efficient algorithms for computing the best transformers for predicate abstraction in
singly-linked lists were developed in [18]. This paper can be considered as a continua-
tion of [18] that handles more complex data-structures.

Information Extraction It is important to extract information from an abstract state
about the concrete states that it models. For example, we sometimes need to verify dis-
jointness of data structures. For safety properties we check that user-specified assertions
hold in every execution leading to a given program point.

In Sect. 5, we provide a conservative and efficient method that extracts such infor-
mation by evaluating a first-order formula with transitive closure on a given abstract
state. Our method is more precise than standard Kleene evaluation (e.g., [22]), although
less precise than supervaluational semantics [3, 20]. We show that our method is exact
for “atomic” reachability properties between important nodes. Our limited experiments
indicate that one of our evaluation methods is precise enough in practice.

2 Preliminaries

We call an allocated object on the heap aheap node. Shape analysis tracks reference
program variables and reference fields, i.e., to which heap node each reference variable
points to and for each heap node where each of its reference fields point to. In this paper
we assume a fixed set of (reference) program variables denoted byPVar and a fixed
set of reference fields denoted byPRef .

A state(shape graph [10]) is a tripleC
def= (UC , envC , refC). The universe,UC , is

the set of allocated heap nodes; the environment,envC ⊆ PVar×UC , is a partial func-
tion from program variables to the heap nodes that they point to; andrefC : PRef →
P(UC × UC) is a function from each field namef to a relation which pairs each node
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with the node itsf field points to. Since these relations induce a graph on the heap
nodes, we will use the termf -edgefor a pair of nodes in the relationrefC(f) and call
f its edge type. In languages such as Java where the program cannot use the memory
address of an object directly, the specific names of the nodes inUC are immaterial.
Thus, we define equality between states as isomorphism between them.

2.1 Notations

Fig. 1 lists some notation used throughout. We shortenE{{x}} to E{x}.
Symbol Definition Meaning
E∗ Reflexive Transitive Closure ofE
succ(X, E) {(n, n′) ∈ E | n ∈ X} Restriction of first component
pred(X, E) {(n, n′) ∈ E | n′ ∈ X} Restriction of second component
E1 ◦ E2 {(n, n′′) | (n, n′) ∈ E2, (n

′, n′′) ∈ E1} Relation composition
E{X} {n′ | (n, n′) ∈ succ(X, E)} Relation image
upb→a λn. if (n = b) thena elsen Updatingb to bea
fldC ⋃

f∈PRef refC(f) Edges ofC
disj(v1, v2, v3) v1 6= v2 ∧ v1 6= v3 ∧ v2 6= v3 The variables are disjoint

Fig. 1.Notations used in the paper.

We definevar(S) def= envS{PVar} to be the set of nodes inS pointed to by program
variables andshared(S) to be that set of nodes inS that are pointed to by two or
more different heap nodes (ignoring self-loops). We say such a node isheap-shared.
Formally,shared(S) def= {v | (w1, v) ∈ fldS , (w2, v) ∈ fldS , disj(w1, w2, v)}

3 Abstraction

A state,C, is concrete if none of its edges are self loops and if eachrefC(f) is a
partial function. The main idea of the abstraction is to keep a set of distinct nodes
which are not abstracted and abstract the rest of the graph in such a way that keeps all
reachability information for these nodes explicit. The set of distinct nodes we use are
those nodes that are either pointed to by variables or heap shared, i.e.,distinct(S) def=
var(S) ∪ shared(S).

Wecontract an edge(a, b) by replacing each occurrence ofb bya, contract(S, a, b) def=
(US − {b}, envS , λf.{(upb→a(n1), upb→a(n2) | (n1, n2) ∈ refS(f)}) (note that
envS is not updated because we never contract a node pointed to by a variable). We
now define a methodB(S,D) that given a state and a set of nodesD s.t.distinct(S) ⊆
D ⊆ US , returns the abstract state generated by repeatedly applying contraction on all
edges that are not incident to nodes in D until the unique fixpoint is reached. An equiv-
alent way to defineB(S, D) is by collapsing every maximal connected subgraphTn of
S that does not contain nodes inD (the subgraph is a rooted tree) to a single noden (its
root). The edge types of the self-loops ofn are exactly the types of edges withinTn.

We call the function,M , that maps each node to the node it was collapsed into byB
theembedding function(after [22]). When multiple nodes have been embedded into a
single noden (i.e.,|M−1(n)| > 1) we calln asummary node. Fig. 2 gives an example
of a concrete stateC1 and the result ofB(C1, distinct(C1)). We mark summary nodes
with a double-circle for emphasis.

The abstraction relation,β
def= { (S,B(S, distinct(S))) | S a state}, maps each state,

S, to a state in which every edge not incident to a distinct node has been contracted.
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Fig. 2. (a) A concrete stateC1, (b) S1 = B(C, distinct(C1))

3.1 Data Structures

We limit the class of data structures handled to graphs with no undirected cycles (i.e.,
when we remove the direction of the edges we get an undirected forest) and no garbage
(i.e. all nodes are reachable from program variables). We call such statesadmissible
states. This class includes linked lists, trees, and trees with limited amount of sharing
(i.e., each pair of nodes has at most one simple path between them and each pair of
variables meets at most once). Extensions to support cyclic linked lists, doubly linked
lists and trees with parent pointers are described in Sect. 6.

We use a standard relational abstract domain with set-union as join (in Sect. 6 we
define a more concise partial-join operator). The concretization relation is defined as
γ

def= {(S,C)|(C, S) ∈ β andC is an admissible concrete state}. We say that an abstract
state,S, is feasibleif γ{S} 6= ∅, i.e.S models some admissible concrete state.

3.2 Properties of the Abstraction

We start with some important definitions:
– We say that(n1, n2) ∈ refS(f) is anf must edgewhen

∀C ∈ γ{S}, n′1 ∈ M−1(n1), n′2 ∈ M−1(n2) . (n′1, n
′
2) ∈ refC(f)

– We say that(n1, n2) ∈ refS(f) is anf may edgewhen
∀C ∈ γ{S} .∃n′1 ∈ M−1(n1), n′2 ∈ M−1(n2) . (n′1, n

′
2) ∈ refC(f)

– We say that(n1, n2) ∈ refS(f) is anf unique may edgewhen
∀C ∈ γ{S} .∃! n′1 ∈ M−1(n1), n′2 ∈ M−1(n2) . (n′1, n

′
2) ∈ refC(f)

– We say there is amust path betweenn1 andn2 when
∀C ∈ γ{S}, n′1 ∈ M−1(n1), n′2 ∈ M−1(n2) . (n′1, n

′
2) ∈ (fldC)∗

– We say there is amay path betweenn1 andn2 when
∀C ∈ γ{S} .∃n′1 ∈ M−1(n1), n′2 ∈ M−1(n2) . (n′1, n

′
2) ∈ (fldC)∗
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Fig. 3. An
abstract state
S2.

The abstract stateS2 in Fig. 3 models all singly-linked lists of length
4 or more s.t.x points to their head andy to their tail. Note that there
are cases in which there is a must path between two nodes (e.g. from
0 to 2) although the path in the abstract state contains may edges (the
edges from 0 to 1 and from 1 to 2).

Thm. 1 summarizes some important properties of our abstraction.

Theorem 1. For every feasible abstract stateS the following hold:
1. Everyf edge inS is anf may edge.
2. Every non self-loopf edge is anf unique may edge.
3. Everyf edge between non-summary nodes is anf must edge.
4. A node inS is a summary node iff it has self-loops.
5. For every summary noden the subgraph induced byM−1(n) is a tree and has a
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unique incoming edge which leads to its root.
6. Letn1 6= n2 wheren1 has no self-loops or a single self-loop of the same type as its
outgoing edge. A path fromn1 to n2 is a must path.

Proof: (sketch)
1. Immediate from definition of contraction.
2. Analysis of possible contractions reveals that the only case in which two edges

are merged by a contraction is if an undirected cycle appeared in the original state.
3. Immediate from 4 and definition of contraction.
4. Contraction always creates a self-loop. Self-loops are preserved by contraction

and contraction is the only way to create self-loops.
5. LetTn be the subgraph induced byM−1(n). Since contraction is done on edges,

the nodes inTn are weakly connected. Shared nodes are never contracted, thus there is
no sharing inTn. Since the original state had no garbage any cycle either has a variable
pointing to it, or has a shared node. In any case, an entire cycle cannot be contracted to
the same summary node. Thus,Tn is a tree. Furthermore, to avoid sharing and garbage,
the one and only incoming edge must be to its root.

6. By 5 and 1, every summary node represents a tree and every edge is a may-edge.
Thus, paths between non-summary nodes are must paths. Since a summary node is a
tree, all the nodes in it are reachable from the root and so if the target node is a summary
node, the path is still a must path. If the source node has a single self-loop it is a singly-
linked list. The only outgoing edge from a singly-linked list of the same type as the
self-loop is from its last node, thus reachable from all nodes. 2

The last property is of particular importance since it means that the reachability in-
formation in the abstract state is explicit. This property is not standard in shape analysis
abstractions (e.g., in TVLA it in not always the case). The reason for the limitation on
n1 is that ifn1 has 2 or more self-loops it embeds a tree, thusn2 is not reachable from
some nodes embedded ton1 (e.g. in Fig. 2 the path inS1 from node 3 to node 4 is not
a must path, since for example inC1 there is no path from node 5 to node 4).

Lem. 1 defines when an abstract stateS is feasible and Lem. 2 bounds its size. Note
that the set of admissible concrete states is exactly the set of feasible abstract states with
no self-loops.

Lemma 1. (Feasibility) Abstract stateS is feasible iff the following hold:
1. There are no edges between two different non-distinct nodes.
2. Distinct nodes are never summary nodes.
3. A node that has two outgoingf edges has a self-loop of a different edge type.
4. Deleting all self-loops fromS makes it admissible.

Proof: (sketch)
(Only If) 1. An edge between two different non-distinct nodes can be contracted,

which contradicts thatS is in the image ofβ.
The rest of the properties hold in concrete admissible states and are preserved by

contraction.
2. Immediate from definition of contraction.
3. A counterexample would be a node with zero or one self-loops and two outgoing
edges of the same type. Since in the original concrete state each edge is a partial func-
tion, a node without self-loops cannot have two outgoing edges of the same type. A
node with a single self-loop is a linked list, thus the only outgoing edge from it can be
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from its tail, thus a single edge.
4. It is easy to see that contractions do not introduce garbage or undirected cycles (ex-
cept for self-loops).

(If) It can be shown that a state that satisfies these properties can always be expanded
to a concrete state of finite size. 2

Lemma 2. (MaxSize)For every feasible abstract stateS we have|US | ≤ MaxSize,
whereMaxSize

def= (|PRef |+ 1) ∗ (2 ∗ |PVar | − 1)

Proof: Let C be an admissible concrete state,D a set s.t.var(C) ⊆ D ⊆ UC , and
S = B(C, D). S has the property that every node is either inD or has a parent inD.
Thus, the number of nodes in|US | ≤ |D| ∗ (|PRef | + 1). SinceC has no garbage
and no undirected cycles,|distinct(C)| ≤ |PVar | ∗ 2 − 1. Thus, if (C, S) ∈ β then
|US | ≤ MaxSize. 2

4 Best Transformers
Concrete SemanticsFig. 4 defines the concrete semantics for simple atomic state-
ments in Java-like programs. Most preconditions were added to simplify the presenta-
tion. In practice we use temporaries to translate each program statement to a sequence
of operations while maintaining the preconditions. Some preconditions such as no null-
dereference cannot be removed by a sequence of operations. The analysis detects vio-
lations of these preconditions and gives a warning.

Thegc operation performs garbage collection by removing all nodes not reachable
from any variable. Garbage collection can by executed either after everyx = null op-
eration, periodically, or we can run garbage detection instead of garbage collection to
detect memory leaks. The semantics of the other operations are straightforward formal-
izations of standard Java-like operational semantics.

Operation Precondition Semantics

gc let R = fld∗(var(S)) in
(R, env, λf.succ(R, ref(f)))

x = null (U, succ(PVar − {x}, env), ref)

x = y env{x} = ∅ (U, env ∪ {(x, n)|(y, n) ∈ env}, ref)

x.f = null env{x} 6= ∅∧ (U, env,
ref(f) ◦ env{x} ⊆ var(S) ref [f := succ(U − env{x}, ref(f))])

x.f = y env{x} 6= ∅∧ (U, env, ref [f := ref(f) ∪ {(nx, ny)|
ref(f) ◦ env{x} = ∅ (x, nx) ∈ env, (y, ny) ∈ env}])

x = y.f env{x} = ∅∧ (U, env ∪ {(x, n)|(y, n) ∈ ref(f) ◦ env},
env{y} 6= ∅ ref)

x = malloc env{x} = ∅ ∧ nmalloc 6∈ U (U ∪ {nmalloc}, env ∪ {(x, nmalloc)}, ref)

x == null env{x} = ∅
x == y env{x} = env{y}

Fig. 4. The operations supported and their concrete semantics.

4.1 Abstract Transformers

We now show how to compute the best abstract transformers (see [4]) for the our ab-
straction and concrete semantics defined in Fig. 4. The best transformer of an operation
st is defined asstbest def= β◦st◦γ (i.e, for each concrete state inγ{S} apply the concrete
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semantics and abstract). This definition is not constructive since the number of states
in γ{S} is unbounded and potentially infinite. The main idea is to define a relation
focus[st] whose image is a bounded set of states and if(S, S′) ∈ focus[st] there is
a representative stateC ∈ γ{S} s.t.β{st(S′)} = β{st(C)} and vice versa. Thus, we
define the abstract transformer to best]

def= β ◦ st ◦ focus[st]. Note that the transformer
defined in the concrete semantics can be applied to abstract states as well.

The focus operation is similar to the one defined in [22], i.e., it is a partial concretiza-
tion intended to restore enough information to compute the transformer precisely. Let
D(st, C) def= distinct(C) ∪ distinct(st(C)). We define focus to be:

Definition 1. focus[st] def=
{
(S,B(C,D(st, C)))

∣∣ C ∈ γ{S}}

Focus takes all the states inγ{S} and keeps both the distinct nodes of the state and the
nodes that will become distinct after the statement is executed. In Sect. 4.2 we define
an algorithm that computes the image of focus.

Lem. 3 gives some important properties for the interaction ofβ andst. Note that
the existence of commutative diagrams is not true in general shape abstraction. Thm. 2
uses Lem. 3 to prove thatst] is the best abstract transformer.

Lemma 3. For every(S, C) ∈ γ, let D = D(st, C) andS′ = B(C, D). Then:
Idempotence β{S′} = β{S},
Commutative Diagrams B(st(C), D) = B(st(S′), D), and
Equivalence underβ (β ◦ st){C} = (β ◦ st){S′}
Proof: (sketch)
Idempotence It can be shown that contraction induces a confluent derivation relation

commutative in the choice ofD. SinceB can be seen as the fixed-point of that
relation, the statement follows.

Commutative Diagrams This can be verified by checking the algebraic operations
defining the transformer, for each operation in Fig. 4.

Equivalence underβ By commutative diagrams we haveB(st(C), D) = B(st(S′), D).
By Idempotence we haveβ{B(st(C), D)} = β{st(C)} andβ{B(st(S′), D)} =
β{st(S′)}. Thus,β{st(C)} = β{st(S′)}.

2
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Theorem 2. st] is the best abstract transformer, i.e.,st] = stbest.

Proof: Let (S, S]) ∈ st]. There isS′ s.t. (S, S′) ∈ focus[st] and (S′, S]) ∈ β ◦
st. By Def. 1 there is a concrete and admissible stateC s.t. (S, C) ∈ γ andS′ =
B(C, D(st, C)), and by Lem. 3(C, S]) ∈ (β ◦ st) thus(S, S]) ∈ stbest.

Conversely, let(S, S]) ∈ stbest. There isC s.t.(S,C) ∈ γ and(C,S]) ∈ (β ◦ st).
Let S′ = B(C,D(st, C)). By Def. 1 we have(S, S′) ∈ focus[st], and by Lem. 3
(S′, S]) ∈ β ◦ st thus(S, S]) ∈ st]. 2

4.2 Algorithms

In order to compute the best abstract transformer,st], we must give efficient algorithms
for state equality, focus, andβ. The total complexity of computing the abstract trans-
former isO(NS ∗ V ∗ log V ) whereNS is the number of successor abstract states
(which may be exponential in the number of program variables).

Focus In Sect. 4.1, we defined focus non-constructively. We now present an algo-
rithm, Focus(S, st), that computesfocus[st]{S}. The first observation is that for all
statements,st, exceptx = y.f , focus[st] is the identity relation. This is clear for
x = malloc, and true for the rest becausedistinct(st(S)) ⊆ distinct(S),

For st
def= x = y.f , Focus(S, st) enumerates on all states that can be contracted to

S by a minimal number of contractions and still havedistinct(st(S)) ⊆ distinct(S)
as non-summary nodes. Letnf be the node pointed to byy.f in S. If it is a non-
summary nodeFocus(S, st) = {S}. Otherwise, letG be the self-loops ofnf in S.
Let (S, S′) ∈ focus[x = y.f ], S′ can be contracted intoS by at most one contraction
for each edge type inG. Let N ′

f be the subgraph ofS′ that was contracted intonf .
Since all edges are may-edges, the edges withinN ′

f are exactly the self-loops ofnf .
Furthermore, since all the edges between different nodes are unique may-edges, the
edges betweenN ′

f and the rest of the graph are exactly the edges betweennf and the
rest of the graph. Finally, sinceS′ is the result ofB on an admissible concrete state the
property that a node that has two outgoingg edges has a self-loop of different reference
field, is maintained. This gives us an enumeration algorithm to computeFocus(S, st).
Lem. 4 summarizes the properties ofFocus(S, st).

Lemma 4. focus[x = y.f ]{S} = Focus(S, x = y.f)

BetaTo compute the image ofβ we perform two tasks, 1) check that the state is admis-
sible and 2) return a state in which all the possible contractions have been made.

Admissibility Since an admissible state is one without garbage and with no undi-
rected cycles, the check is done by DFS from all nodes pointed to by variables to make
sure that there is no garbage. To compute undirected connectivity, we maintain a Union-
Find data structure during the DFS, thus detecting undirected cycles. We start with sin-
gleton groups for each node and for every edge we encounter we union the groups the
two incident nodes belong to. Thus the sets maintain weak reachability. If we find the
two incident nodes already belong to the same group we found an undirected cycle and
we abort. The complexity for this check isO(nα(n)), wheren is the size of the input
state andα is the inverse Ackerman function.

To computeβ{S} we observe that the edges contracted are exactly the edges be-
tween non-distinct nodes. Thus, the algorithm performs two DFS traversals. The first
computesdistinct(S) by marking nodes that are either pointed to by variables or have
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an in-degree greater than one (note that self-loops do not contribute to the in-degree).
The second traversal simply contracts every non self-loop edge s.t., both its incident
nodes are not distinct. The complexity of this algorithm isO(n).

State Equality We defined state equality as isomorphism between the states. We give
an algorithm that computes canonical names for each state. The canonical names of two
states are identical iff the two states are isomorphic.

Canonical names are given to nodes by traversing the graph in DFS from program
variables (in fixed order) traversing the reference fields in fixed order as well. The name
of a noden is composed of the names of the variables pointing ton, n’s self loops
and for each ofn’s parents, the parent name and the type of the edge leading from the
parent ton. To ensure the traversal order is unique, we only leave a node to its children
after all its parents have been visited. Hash-cons is used to store the canonical names,
allowing for O(1) amortized time equality checks. The name of a state is the hash-cons
of its set of nodes ordered by some fixed order (e.g. memory address of the hash-cons).
Thus, the total complexity of the algorithm isO(V log V ).

5 Evaluation

We use a subset of first-order logic with transitive closure as a query logic to extract
information from states. Let[[ϕ]]S denote the boolean value of formulaϕ in stateS.

Definition 2. (Sound)An evaluation function of a formula issoundiff for every feasi-
ble abstract stateS, ¬[[ϕ]]S ⇒ ∀C ∈ γ{S} .¬[[ϕ]]C

(Complete) An evaluation function of a formula iscompleteiff for every feasible
abstract stateS, ¬[[ϕ]]S ⇐⇒ ∀C ∈ γ{S} .¬[[ϕ]]C

To computeassert (ϕ, S), i.e., to verify that all the states inγ{S} satisfyϕ, we
will apply a sound evaluation function on¬ϕ and verify that the result is false.

5.1 Query Logic

The query logic is first order logic in Negation Normal Form (NNF) over the following
vocabulary:

– For everyx ∈ PVar a unary predicate symbol;x(n) iff x points ton
– For everyf ∈ PRef a binary predicate symbol;f(n1, n2) iff the f field of then1

points to then2

– Binary predicate symbolTC; TC(n1, n2) iff there is any non-empty path fromn1

to n2

– Equality;n1 = n2 iff n1 andn2 are the same heap node
Examples:

∀v . ∃w.x(w) ∧ (v = w ∨ TC(w, v)) (1)

∀v, w .¬y(w) ∨ ¬left(v, w) (2)

Formula (1) states that all the nodes in the heap are either pointed to byx or reachable
from the node pointed to byx. Formula (2) states that the any node pointed to byy has
no incomingleft edge.

We will restrict our attention to closed formulas (no free variables). We say that a
formula isguarded if every quantifier is of the form(∀v . x(v) ⇒ ψ) or (∃v . x(v)∧ψ)
wherex is some program variable.
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To evaluate formulaϕ in stateS we translateS to a standard logical structurêS and
ϕ to aFO formula,TR(ϕ), in the vocabulary of̂S. Let [[ϕ]]S def= [[TR(ϕ)]]Ŝ where the
right hand side is standardFO Tarskian semantics. Thm. 3 ensures the soundness of the
evaluation and guarantees completeness for the guarded fragment of the query logic.

Theorem 3. For every formulaϕ, λS.[[TR(ϕ)]]Ŝ is a sound evaluation function. Ifϕ is
guarded, it is also a complete evaluation function.

5.2 Translation

The universe of̂S is the universe ofS. The vocabulary and its interpretation are given
in Fig. 5(a). The translation defines for each edgef two predicates,f∀ and f∃. If
f∀(n1, n2) then there is anf must edge fromn1 to n2. If f∃(n1, n2) then there is
an f may edge fromn1 to n2. Similarly we useTC∀(n1, n2) to define a must path
from n1 to n2, andTC∃(n1, n2) to define a may path fromn1 to n2. The translation is
a formalization of Thm. 1. Fig. 5(b) gives the translation ofS2 defined in Fig. 3. The
translation rules for the literals in the query formula are given in Fig. 5(c).

Vocabulary Interpretation
x(n) (x, n) ∈ envS

f∃(n1, n2) (n1, n2) ∈ refS(f)
f∀(n1, n2) f∃(n1, n2) ∧ ¬sm(n1) ∧ ¬sm(n2)
TC∃(n1, n2) A (possibly empty) directed path

from n1 to n2

TC∀(n1, n2) TC∃(n1, n2), n1 6= n2 and the
path satisfies case 6 of Thm. 1

sm(n)
∨

f∈PRef (n, n) ∈ refS(f)

PredicateTuples
x 〈0〉
y 〈2〉
left∃ 〈0, 1〉, 〈1, 1〉, 〈1, 2〉
left∀

TC∃ 〈0, 1〉, 〈0, 2〉,
〈1, 1〉, 〈1, 2〉

TC∀ 〈0, 1〉, 〈0, 2〉, 〈1, 2〉
sm 〈1〉

(a) (b)
ϕ TR(ϕ) ϕ TR(ϕ)
x(v) x(v) TC(v1, v2) TC∃(v1, v2)
¬x(v) ¬x(v) ¬TC(v1, v2) ¬TC∀(v1, v2)
f(v1, v2) f∃(v1, v2) n1 = n2 n1 = n2

¬f(v1, v2) ¬f∀(v1, v2) ¬n1 = n2 ¬n1 = n2 ∨ sm(n1)
(c)

Fig. 5. (a) Translation of an abstract state to a logical structure. (b)Ŝ2 - the translation
of S2 from Fig. 3 (c) Rules for translating a query formula to the vocabulary ofŜ

Theorem 3. Proof: (sketch)
The evaluation ofTR(ϕ) on Ŝ simulates the evaluation of aϕ on any concrete state

C s.t.(S, C) ∈ γ. Assume an assignmentvi 7→ ni satisfies a literalL(v1, ..., vk) in S′,
we shall see thatvi 7→ M(ni) satisfiesTR(L)(v1, ..., vk). Most cases are immediate
from the definition of̂S and the properties of the abstraction (Sect. 3.2). The only case
requiring further explanation isL ≡ ¬v1 = v2. Here we may chosen1 6= n2 s.t.
M(n1) = M(n2), but in this casesm(M(n1)) thus TR(L)(v1, v2) still evaluates
to true. Since an NNF formula has no negation outside of literals this is enough for
soundness. 2

Examples: The translation of (1) is∀v.∃w.x(w)∧(v = w∨TC∃(w, v)) which eval-
uates to true in̂S2 as expected. The translation of (2) is∀v, w.¬y(w) ∨ ¬left∀(v, w)



11

unfortunately this formula also evaluates to true. In some cases, including this one,
we can overcome this imprecision by an improved formula translationTR′(ϕ), as de-
scribed in Appendix C.

6 Extensions
We have developed several extensions of the technique described here.

6.1 Loop Boundaries

Some programs temporarily violate the data structure invariants (including admissibil-
ity) and restore all within the boundary of a single loop iteration. We can handle such
programs with the same level of precision by only performingβ on loop boundaries.

6.2 Partial Join

Partial Join [17] replaces union as the join operator of the abstract domain with an
operator that merges matching states. We build a variant of the partial join operator
by ignoring the self-loops when giving canonical names to states. Matching states are
merged by performing union on the self-loops on nodes with the same canonical names.
The concretization function is modified to consider that some of the self-loops may not
represent concrete edges.

The focus operation needs to be updated according to the changes in the concretiza-
tion function. There are two changes in the algorithm: 1) There is no need to enumerate
the self-loops in the subgraph contracted to the summary node. 2) The case in which
the summary node represents a single node needs to be considered.

The experimental results (Sect. 7) show that Partial Join is important for perfor-
mance, while maintaining precision.

6.3 Cycles

The abstract domain can be extended to support cycles in the following limited way.
A directed cycle is admissible if there is a path from a variable that contains the entire
cycle and all the outgoing edges from all the nodes of this path are of the same edge type
(i.e. the cycle is a part of a singly-linked list). A state is admissible if all its undirected
cycles are actually admissible directed cycles. All the properties of the abstraction such
as the bounded abstract state size remain true for this extended class. Focus andβ can
be easily modified to support these cycles since an entire cycle can never be contracted
(since there has to be a node on each cycle that is either pointed to by a variable or
heap-shared). The subtleties come from two sources. One is the fact the a self loop can
now represent a concrete self-loop and not a summary node. This can be easily solved
by adding an extra bit per node indicating whether it is a summary node or not and
maintaining it in all the operations.

The second subtlety is in computation of canonical names, since without breaking
the cycles we may never be able to give a name to a node before traversing its children.
The solution is to mark the back-edges during the first DFS and ignore them in the
second DFS. At the end, we add their names to their incoming nodes.

6.4 Parent Pointers

The abstract domain can be extended to allow parent pointers (i.e., doubly linked lists
and trees with parent pointers) in the following limited way. Each node can use only a
single field as a parent pointer (specified by the user). Parent pointers are not considered
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for contraction, heap-sharing or garbage (thus every node has to be reachable using
non parent-pointer fields). This means that exactly the same nodes will be contracted
whether parent pointers exist or not. Either all the nodes contracted to a summary have
the same parent pointer (in this case we say that the summary node has that parent
pointer) or none of them have it. If two nodes are contracted, all the parent pointers
incoming or outgoing from these nodes have to be the inverse of “real” reference fields
and the two nodes and the edge between them have to agree on the parent pointer (either
none have parent pointers, or all of them have the same parent pointer).

These limitations still allow us to handle doubly-linked lists and trees with parent
pointers as long as every node is reachable using “real” reference fields (i.e. there is a
pointer from the head of the doubly linked list or from the root of the tree). Specifically
we can handle all the doubly-linked list examples of [22].

To support this extension we make the following changes:
FocusThe only problem in the current focus is the fact that we can now traverse a

parent pointer into a summary node and, in this case, it does not necessarily lead to the
root of the sub-graph contracted to the summary node. The parent pointers within the
sub-graph are easy to handle since they are either the inverse of all the reference fields
in the sub-graph or none of them.

Beta Since the contractions ignore the parent pointers we only need to make sure
that the state is admissible. We update the current admissibility check to consider the
parent pointer limitation described above.

Updating the canonical names algorithm is simple as well.

7 Implementation

We have implemented the abstract transformer detailed above including the extensions
of Sect. 6. Focus was implemented only for linked lists and binary trees (i.e., up to two
self-loops). The implementation is written in Java and is integrated with the Soot Java
Optimization Framework [21] as a front end. The empirical results of running our anal-
ysis on some examples are given in Fig. 6. In all cases the analysis also proved absence
of memory leaks, acyclicity (where applicable) and absence of null-dereferences. N/A
states that the information for the example is not available for that tool and O/S means
that it is out of scope for the tool. Max states is the maximum number of states in each
program point. The columns marked with ”[R]” use the relational join as described
in Sect. 4. The columns marked with ”[P]” use the partial join extension described in
Sect. 6. The TVLA times given for tree manipulating algorithms use partial join as well.
The tests were made on an Intel Pentium M, 1.6 GHz with 1.00 GB of RAM.

The programs are explained in Appendix B. The “bubbleSort” and “bubbleSort2”
are two variants of an in-place bubble sort for linked lists analyzed by TVLA and [2]
respectively.

We can see that our analysis is indeed fast and in some cases up to 100 times faster
than the other analyses depicted. We should point out that most examples are small,
thus the differences in running times can be partially attributed to engineering issues.
Checking the properties detailed above for these examples is done automatically by
the system. To check other properties we need a way to extract information from the
abstract states. This is done by formula evaluation and is detailed in Sect. 5.
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Programs Time[R] Max states[R]Time[P] Max states[P][2] TVLA [18]
deleteSortedTree2359.70 192355 3.22 520 O/S 47.48 O/S
insertSortedTree20.85 9365 0.55 264 O/S 1.8 O/S
lindstromScan 1459.63 79673 8.36 1337 O/S 65.86 O/S
insertRedBlack > 24 hours 38.15 4853 O/S N/A O/S
reverse 0.05 15 0.11 8 0.1 0.531 5
reverseCycle 0.24 159 0.26 62 0.1 N/A 2
merge 0.20 96 0.15 36 17.84.006 15
delete 0.02 20 0.01 12 0.9 1.242 7
bubbleSort 0.03 36 0.03 21 N/A 11.887N/A
bubbleSort2 0.08 76 0.08 33 11.4N/A N/A
insertSort 0.06 100 0.05 48 N/A 20.219N/A

Fig. 6. The empirical results from running the abstract transformer implementation

8 Related Work

Shape and heap analysis is a subject of active research with many interesting algo-
rithms including [10, 22, 13]. The TVLA system generalizes these algorithms and can
be utilized to implement our algorithm. Indeed, in this paper we followed the line of
research similar to the one in [8, 13, 12, 18] of developing a specialized shape analysis
for commonly used data structures. We are very pleased with the ability of our method
to compute the best transformers in an efficient way. In contrast, TVLA can spend a
lot of time in order to determine if an abstract state is feasible. Indeed it can spend an
exponential time even when there are no resultant abstract states. The abstraction in
this paper is tailored for an interesting set of properties. A mechanism to support other
properties (such as TVLA’s Instrumentation Predicates) remains an interesting open
problem.

Connection analysis [6] keeps reachability information between program variables.
Our work is more precise as it can perform strong updates for heap manipulation. Gram-
mar based abstraction [13] uses a restricted grammar to annotate summary nodes with
their possible shapes. The abstractions are incomparable since the grammar based ab-
straction can express invariants (such as binomial heap) that cannot be expressed in our
abstraction. On the other hand, the grammar based abstraction can deal with only a lim-
ited amount of sharing. For example, it cannot represent a tree with parent pointers and
a pointer arbitrarily deep into the tree.

The shape analysis of [5] is very similar to [18] both in the properties of the abstrac-
tion and in the programs handled.

Decision Procedures for Linked Data StructuresAn orthogonal line of research is
the development of decision procedures and theorem provers which support transitive
closure [1, 9, 14, 2]. Such techniques can be utilized with arbitrary abstractions.

In this paper, we developed direct methods for a specific abstraction. We are en-
couraged by the fact that our asymptotic complexity is lower than the above mentioned
procedures by orders of magnitudes. Moreover, our implementation is also faster by a
factor of 100 than the one reported in [2]3. The MONA System [11] can be used to
implement the operations in this paper. However, it has non-elementary complexity and
is in our experience infeasible for program with trees.

3 Our method also allows trees which are beyond the scope of [2].
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A Proofs

A.1 Abstraction

We denote the set of nodes that can be contracted byB(S,D) as

J(S, D) def= US − ((D − sm(S)) ∪ distinct(S))

This is an extension of the original definition to handle cases in which the original state
is not concrete. We now define a valid contraction:

contract(S1, S2, a, b, f, D) ⇐⇒ a ∈ J(S1, D) ∧ a 6= b ∧ b ∈ J(S1, D)

∧ (a, b) ∈ refS1(f) ∧ S2 = contract(S1, a, b)

We define a derivation relationS1 ↪→D S2 stating that a single contraction has been
made on an edge not incident to nodes inD

S1 ↪→D S2 ⇐⇒
∨

f∈PRef

∃a, b . contract(S1, S2, a, b, f, D)

Lemma 5. ↪→D is a reduction order:
(Local Confluent)S ↪→D1 S1 ∧S ↪→D2 S2 ⇒ S1 = S2 ∨∃S′ . S1 ↪→D2 S′ ∧S2 ↪→D1

S′

(Confluent)S ↪→∗
D1

S1 ∧ S ↪→∗
D2

S2 ⇒ ∃S′ . S1 ↪→∗
D2

S′ ∧ S2 ↪→∗
D1

S′

(Terminating)↪→D has no infinite chains
Proof:
(Local Confluent) LetS1 = contract(S, a1, b1) andS2 = contract(S, a2, b2). Thus,
a1, b1 ∈ J(S,D1) anda2, b2 ∈ J(S, D2). We consider the possible cases, depicted in
Fig. 7:

– (a) a1 = a2 ∧ b1 = b2: HereS1 = S2.
– (b) a1 = b2 ∧ b1 = a2: Here S1 and S2 are isomorphic as the only difference

between them is the name of the resulting nodea1 in S1 anda2 in S2. Thus,S1 =
S2.

– (c)a1, a2, b1, b2 are disjoint: It is easy to see thatcontract(S1, a2, b2) = contract(S2, a1, b1)
and thata1, b1 ∈ J(S2, D1) anda2, b2 ∈ J(S1, D2)

– (d) a1 = a2 ∧ b1 6= b2: Similar to (c)
– (e) b1 = b2 ∧ a1 6= a2: Here b1 = b2 ∈ distinct(S) which contradictsb1 ∈

J(S, D1)
– (f) b1 = a2∧a1 6= b2: The difficulty here is thata2 6∈ US1 . Still, contract(S1, a1, b2) =

contract(S2, a1, b1). To see thata1, b2 ∈ J(S1, D2) note that the one problem
arises whena1 ∈ D2 buta1 ∈ sm(S1) thusa1 ∈ J(S1, D2).

(Confluent) Simple extension of the Diamond Lemma [19].
(Terminating) By definition ofcontract the universe of the result is strictly smaller than
the universe of the input. 2

Since↪→D is a reduction order, each chain has a maximal element and we defineB
formally as,

B(S,D) = S′ ⇐⇒ S ↪→∗
D S′ ∧ ¬∃S′′ . S′ ↪→D S′′
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Fig. 7.Cases for proof of Lem. 5

Let MS,S′ denote the embedding function fromS to S′. For ease of presentation
we defineMS,S

def= id. Let sm(S, S′) def= {n | |M−1
S,S′(n)| > 1}, and self(S) def=

{n | (n, n) ∈ fldS}. Prop. 1 states some properties ofM and Prop. 2 state some
properties of the contraction.

Proposition 1. (Properties ofM )
1. If S′ = contract(S, a, b) thenMS,S′ = upb→a

2. If S ↪→∗
D S′ ∧ S′ ↪→∗

D S′′ thenMS,S′′ = MS′,S′′ ◦MS,S′

3. If S ↪→∗
D S′ ∧ S′ ↪→∗

D S′′ thensm(S, S′′) = MS′,S′′(sm(S, S′)) ∪ sm(S′, S′′)
Proof: Trivial. 2

Proposition 2. LetS ↪→D S′, the following statements hold:
1. (n′1, n

′
2) ∈ refS′(f) ⇔ ∃n1 ∈ M−1

S,S′(n
′
1), n2 ∈ M−1

S,S′(n
′
2) . (n1, n2) ∈ refS(f)

2. self(S′) = MS,S′(self(S)) ∪ sm(S, S′)
3. If S′ has no garbage, thenS has no garbage
Proof:
1. Trivial
2. Trivial
3. To see that↪→D preserves garbage note that the contraction is on an edge, thus any
path inS is also a path inS′, it can only be shorter. 2

Definition 3. n1, ..., nk is anundirected pathin a stateS if

∀1 ≤ i < k . (ni, ni+1) ∈ fldS ∨ (ni+1, ni) ∈ fldS

A simple undirected pathn1, ..., nk is anundirected cycleof lengthk in a stateS if
n1 = nk and one of the following conditions hold
1. (SelfLoop)k = 2
2. (Directed3Cycle)k = 3 and(n1, n2) ∈ fldS ∧ (n2, n1) ∈ fldS

3. (ParallelEdges)k = 3 and(n1, n2) ∈ refS(f1) ∧ (n1, n2) ∈ refS(f2) ∧ f1 6= f2

4. (Undirected4Cycle)k > 3

We say thatS is loop-free admissible if removing all self-loops fromS makes it
admissible.
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Lemma 6. LetS ↪→D S′ s.t.S is loop-free admissible andself(S)∩distinct(S) = ∅.
1. shared(S) = shared(S′)
2. distinct(S) = distinct(S′)
3. self(S′) ∩ distinct(S′) = ∅
4. S′ is loop-free admissible
5. If n1 6= n2 then

(n′1, n
′
2) ∈ refS′(f) ⇔ ∃!n1 ∈ M−1

S,S′(n
′
1), n2 ∈ M−1

S,S′(n
′
2) . (n1, n2) ∈ refS(f)

Proof: LetS′ = contract(S, a, b).
1. Letn ∈ shared(S). By definition, there aren1, n2 s.t.disj(n1, n2, n) and(n1, n) ∈
fldS , (n2, n) ∈ fldS . The interesting cases are whena = n1 and b = n or a = n1

and b = n2 (n1 and n2 are symmetrical). Case 1:a = n1 and b = n. However,
n ∈ shared(S) ⊆ distinct(S) which contradictsb ∈ J(S,D). Case 2:a = n1 and
b = n2, but thenn, n1, n2 form an undirected cycle inS. Contradiction.

Let n ∈ shared(S′). Thus, there aren1, n2 s.t. disj(n1, n2, n) and (n1, n) ∈
fldS′ , (n2, n) ∈ fldS′ . Here the interesting case is when there arev1, v2 in S s.t.
MS,S′(v1) = MS,S′(v2) = n and (n1, v2) ∈ fldS , (n2, v2) ∈ fldS . However by
Prop. 1 this means thatv1 = a and v2 = b (or the other way around). By defi-
nition (a, b) ∈ fldS thus b = v2 ∈ shared(S) ⊆ distinct(S) which contradicts
b ∈ J(S, D). Thusn ∈ shared(S).
2. Since we never contract a node pointed to by a variablevar(S′) = var(S) =
var(C). Thus,distinct(C) = distinct(S′).
3. Assumen ∈ self(S′)∩distinct(S′) = self(S′)∩distinct(S). Fromn ∈ distinct(S)
and the assumption, we haven 6∈ self(S). Sincea is the only new node with self-loop
added by the contraction, this meansn = a. However,n ∈ distinct(S) which contra-
dictsa ∈ J(S, D).
4. Prop. 2 shows the no garbage is introduced during contraction. To complete the
proof, we need to show that no new undirected cycles were added. Since contraction
has been made on an edge, it does not change the weak connectivity of the graph. Thus,
no new undirected cycles were introduced.
5. To complete the proof over Prop. 2, we need to show that we never merge two
non self-loop edges in the contraction. Thus, the interesting cases are when(a, n) ∈
fldS ∧ (b, n) ∈ fldS or (n, a) ∈ fldS ∧ (n, b) ∈ fldS . However, since by assump-
tion (a, b) ∈ fldS both cases create an undirected cycle inS and thus contradict the
assumption. 2

Lemma 7. Let C be an admissible concrete state, andC ↪→∗
D S

1. sm(C, S) = self(S)
2. For every summary noden in S, M−1

C,S(n) induces a rooted treeTn in C andn is its
root
Proof: We show that the properties are preserved by↪→D. AssumeS satisfies the prop-
erties. LetS′ be state s.t.S ↪→D S′, specificallyS′ = contract(S, a, b).
1. The base case is trivial assm(C, C) = ∅ = self(C). For the step case by Prop. 2(2),
self(S′) = MS,S′(self(S))∪sm(S, S′). By Prop. 1, we havesm(C, S′) = MS,S′(sm(C,S))∪
sm(S, S′) and by assumptionsm(C,S) = self(S) thussm(C,S′) = self(S′).
2. Since all contractions are made on edges,Tn is a weakly connected component. Since
shared nodes are distinct they cannot be contracted, thusTn has no sharing. SinceC
has no garbage, any cycle must either have a variable pointing to a node on it, or there
is a path from a variable to the cycle, thus one of its nodes is shared. In any case,
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an entire cycle cannot be contracted into a single node, thusTn is weakly connected,
has no sharing and no cycles, i.e. it is a tree. Since in contraction a node is always
contracted into its parent. The resulting node will be the root of the tree. 2

We mark↪→ def=↪→∅. β can be defined asβ
def= {(S, S′) | S′ = B(S, ∅)}.

Definition 4. (Viable) A stateS is viable (we writeviable(S)) iff the following proper-
ties hold:
1. A node that has two outgoingf edges has a self-loop of a different edge type
2. Deleting all self-loops fromS makes it admissible
3. Distinct nodes are never summary nodes

Lemma 8. LetC be an admissible concrete state. IfC ↪→∗
D S, thenviable(S)

Proof: By induction on the number of contractions. Since the edge relations of con-
crete states are partial functions and concrete states have no summary nodes, we have
viable(C). Assumeviable(S) and letS′ be a state s.t.S ↪→D S′ (SpecificallyS′ =
contract(S, a, b)). We showviable(S′) and complete the proof.
1. Letn be a node with two outgoingf edges. Ifn has no self-loops, it is not a sum-
mary node, thusn represents a single node in every state modeled. SincerefS(f) is
a partial function whenC is concrete,n can’t have two outgoingf edges. Ifn has a
singlef self-loop it embeds a singly linked list off edges, thus it can have only a single
outgoingf edge (from its tail).
2. Immediate from Lem. 6(4).
3. Immediate from Lem. 6(3) and Lem. 7(1). 2

Theorem 1.For every feasible abstract stateS the following hold:
1. Everyf edge inS is anf may edge
2. Every non self-loopf edge is anf unique may edge
3. Everyf edge between non-summary nodes is anf must edge
4. A node inS is a summary node iff it has self-loops
5. For every summary noden the subgraph induced byM−1(n) is a tree and has a
unique incoming edge which leads to its root.
6. Letn1 6= n2 wheren1 has no self-loops or a single self-loop of the same type as its
outgoing edge. A path fromn1 to n2 is a must path.
Proof:
1. Immediate from Prop. 2(1)
2. Immediate from Lem. 6(5)
3. If n is not a summary node|M−1(n)| = 1, thus the statement is immediate from
Prop. 2(1)
4. See Lem. 7(1)
5. See Lem. 7(2)
6. Since every summary node represents a tree and the first statement states that every
edge is a may-edge. Thus paths between non-summary nodes are must paths. Since a
summary node is a tree, all the nodes in it are reachable from the root and so if the
target node is a summary node it is still a must path. If the source node has a single
self-loop it is a singly linked list. The only outgoing edge from a single linked list of the
same type as the self-loop is from its last node, thus reachable from all nodes.2

Definition 5. (Expand)
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expand(S, S′, a, b, f) def=
1. b 6∈ US∧
2. (a, a) ∈ refS(f)∧
3. US′ = US ∪ {b}∧
4. out2({a, b}, S′) = out2({a}, S)∧
5. within({a, b}, S′) = within({a}, S)∧
6.

∧
g∈PRef succ(US − {a}, refS′(g)) = succ(US − {a}, refS(g))∧

7. |out1({a, b}, S′)| = |out1({a}, S)|∧
8. pred({b}, refS′(f)) = {(a, b)}∧
9.

∧
g∈PRef−{f} pred({b}, refS′(g)) = ∅∧

10.
∧

g∈PRef pred({a}, refS′(g)) ⊆ pred({a}, refS(g))∧
11.

∧
g∈PRef ∀n ∈ {a, b} . |out2({n}, S′){g}| > 1 ⇒

12. |within({n}, S′)− {g}| > 0
13. envS′ = envS

Let←↩D
def= {(S, S′) | expand(S, S′, a, b, f, D)}. Also,←↩

def=←↩∅.

Lemma 9. Let S be a state s.t. viable(S) and let

count(S, X) def= Σn∈X (if out2(S, {n}) = ∅ then
|within(S, {n})|

else
|out2(S, {n})|)

– a, b 6∈ D ⇒ (expand(S, S′, a, b, f) ⇐⇒ (contract(S′, S, a, b, f,D)∧viable(S′)))
– self(S) 6= ∅ ⇒ ∨

f∈PRef ∃S′, a, b.expand(S, S′, a, b, f)∧count(S′, self(S′)) <

count(S, self(S))
– If S has no edges between non-distinct nodes then,γ{S} = {C | S ←↩∗ C ∧

self(C) = ∅}
Proof:

– Assumeexpand(S, S′, a, b, f) holds. Line 4,6-10 ensure thatshared(S) = shared(S′)
and line 13 thatvar(S) = var(S′) thus distinct(S) = distinct(S′). Line 2
ensures thata ∈ sm(S) and by property 3 ofviable(S) this means thata 6∈
distinct(S), thusa 6∈ distinct(S′), sincea 6∈ D we havea ∈ J(S′, D). Lines
8-9 ensure thatb 6∈ distinct(S′) and sinceb 6∈ D we haveb ∈ J(S′, D). Line
8 also ensures that(a, b) ∈ refS′(f) and line 1 ensures thata 6= b. Thus all the
preconditions hold. Lines 1,3 ensure thatUS = US′ − {b}. Line 13 ensures that
envS′ = envS . Line 4-6 ensure thatcontract(S′, a, b) = S. Lines 5,6 ensure that
sm(S) − {a} = sm(S′) − {a, b}. We have seen thata, b 6∈ distinct(S′) and by
property 3distinct(S)∩sm(S) = ∅ thusdistinct(S′)∩sm(S′) = ∅ and property
3 holds forS′. Lines 11-12 ensure that property 1 holds forS′. All that remains is
to show thatS′ is loop-free admissible (property 2). To see that notice that lines
4,6-10 ensure that the only non self loop edge added is anf edge froma to b and
no edges were removed (some may have moved froma to b, but there is an edge
from a to b so the connectivity does not change). SinceS is loop-free admissible it
means thatS′ is loop-free admissible.
Assumecontract(S′, S, a, b, f, D) ∧ viable(S′) holds. Line 1, 3 hold sinceUS =
US′ − {b}. Line 2 holds since(a, b) ∈ refS′(f) and it has been contracted. Line
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4-6 hold from the definition ofcontract(S′, a, b). Line 7 holds sinceS′ is loop free
admissible thus contract can never merge edges (see also Lem. 6(5)). Line 8-9 hold
sinceb 6∈ distinct(S′) and(a, b) ∈ refS′(f). Line 10 holds from Lem. 6(5). Lines
11-12 hold because property 1 ofviable(S′). Line 13 hold by definition of contract.
2. Leta ∈ self(S). If a has two outgoingg edges, by property 2 it has a self-loop
of a different type (call itf ). Let b 6∈ US . Look at the state formed by addingb
to the universe giving it a single incoming edge (froma of typef ), moving all the
self-loops froma to b and moving all the outgoing edges froma to b (except oneg
edge that will remain in a). It is easy to see thatexpand(S, S′, a, b, f). Sincea 6∈
self(S′) and|out2(S′, {b})| = |out2(S, {a})|−1 we havecount(S′, self(S′)) <
count(S, self(S)).
Otherwise,a has at most one outgoingg edge for everyg, choose some self-loop
f of a, do the same as above except remove thef self-loop fromb (we do not need it
for the two outgoing edges limitation). It is easy to see the thatcount(S′, self(S′)) <
count(S, self(S)) here as well (b has no more outgoing edges thana had and has
one less self-loop).

– Let C ∈ γ{S}. By definitionC is an admissible concrete state andC ↪→∗ S. By
Lem. 8 and the first statement we haveS ←↩∗ C.
Let C be a state s.t.S ←↩∗ C ∧ self(C) = ∅. By the first statementviable(C)
andC ↪→∗ S. SinceC is viable and has no self-loops, it is concrete and admis-
sible. Furthermore, sinceS has no edges between non distinct nodes, no further
contractions are possible, thus(C,S) ∈ β. Thus,C ∈ γ{S}.

2

Lemma 1. (Feasibility) (restated) Abstract stateS is feasible iffviable(S) and there
are no edges between two different non-distinct nodes
Proof:

Lem. 8 shows that every feasible state is also viable. In addition, if there is an edge
between two different non-distinct nodes it can be contracted. Which contradicts thatS
is the image ofβ.

We now show the other direction. First notice that a viable state that has no self-
loops is an admissible concrete state. Lem. 9 shows that every stateS that satisfies the
above properties can be expanded to an admissible concrete state whose abstraction is
S. Thus,S is feasible. 2

A.2 Best Transformer

Lemma 10. LetS ↪→D S′. If there is an edge(n1, n2) ∈ refS(f) s.t.n1, n2 ∈ (D −
sm(S)) ∪ var(S) and the edge is on an undirected cycle, then there is an undirected
cycle containing(n1, n2) in S′ as well andn1, n2 ∈ (D − sm(S′)) ∪ var(S′).
Proof: First, it is easy to see that neithern1 nor n2 can be contracted (sincen1, n2 6∈
J(S,D)), thus they cannot become summary nodes. Furthermore,var(S) = var(S′),
thusn1, n2 ∈ (D − sm(S′)) ∪ var(S).

We will examine the cases in Def. 3.
– (SelfLoop)(n, n) ∈ fldS . This means thatn1 = n2 = n. Sincen cannot be

contracted and the cycle still exists inS′

– (Directed3Cycle)(n1, n2) ∈ fldS ∧ (n2, n1) ∈ fldS . Since neithern1 nor n2 can
be contracted and the cycle still exists inS′
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– (ParallelEdges)(n1, n2) ∈ refS(f1) ∧ (n1, n2) ∈ refS(f2) ∧ f1 6= f2. Since
neithern1 nor n2 can be contracted and the cycle still exists inS′

– (Undirected4Cycle)k > 3 ∧ n1 = nk. We can limit ourselves to chordless cycles
(if a cycle has a chord, the chord induces a smaller cycle). Thus, the contraction
has to be on one of the edges of the cycle. If the length of the cycle is greater than 4
the result will be a simple undirected cycle of size greater than 3, and since neither
n1 nor n2 can be contracted the edge is still on that cycle. Otherwise the cycle is of
length 4, i.e. contains 3 different nodes. Since 2 of them cannot be contracted, no
edge on the cycle can be contracted. Thus, the cycle still exists inS′.

2

Proposition 3. LetS ↪→D S′

1. envS{x} = envS′{x}
2. refS′(g) ◦ envS′ ⊆ refS(g) ◦ envS

Proof:
1. Immediate fromenvS = envS′ .
2. Let(x, n) ∈ envS′ ∧ (n, n′) ∈ selS

′
(g). By definition of contraction(x, n) ∈ envS .

Sincen ∈ distinct(S) we have(n, n′) ∈ refS(g) 2

Let contract(E, a, b) def= {(upb→a(n1), upb→a(n2) | (n1, n2) ∈ E}
Lemma 3.For every(S, C) ∈ γ, let D = D(st, C) andS′ = B(C, D). Then:

– β{S′} = β{S} (Idempotence),
– B(st(C), D) = B(st(S′), D) (Commutative Diagrams), and
– (β ◦ st){C} = (β ◦ st){S′} (Equivalence underβ)

Proof:
– We shall actually prove something stronger: For any stateS, β{B(S, D)} = β{S}.

Call B(S, D) = S′. By definition,S ↪→∗
D S′. Let β{S} = {S̃}. By definition,

S ↪→∗ S̃. By confluence there isS′′ s.t. S̃ ↪→∗
D S′′ and S′ ↪→∗ S′′. However,

S̃ ↪→∗
D S′′ impliesS̃ ↪→∗ S′′ and by definition ofβ this means that̃S = S′′. Thus,

S′ ↪→∗ S̃. SinceS̃ is the maximal element for↪→, we haveβ{S′} = {S̃}.
– We shall see thatviable(S1)∧S1 ↪→D S2 ⇒ st(S1) ↪→∗

D st(S2). Thusst(C) ↪→∗
D

st(S′) and so by the confluenceB(st(C), D) = B(st(S′), D).
Letcontract(S1, S2, a, b, f, D). We will show that the statement holds forx = y.h
and x.h = y, the rest are very similar. For each operation we need to show that
we can actually computest on S2 if we could compute it onS1, i.e., that if the
preconditions ofst hold forS1, they also hold forS2.
• x.h = y

Precondition
envS2{x} 6= ∅ ∧ refS2(h) ◦ envS2{x} = ∅ Immediate from Prop. 3.
Transformer
st(S1) = (US1 , envS1 ,

refS1 [h := refS1(h) ∪ {(nx, ny)|(x, nx) ∈ envS1 , (y, ny) ∈ envS1}])
st(S2) = (US2 , envS2 ,

refS2 [h := refS2(h) ∪ {(nx, ny)|(x, nx) ∈ envS2 , (y, ny) ∈ envS2}])
st(S2) = (US1 − {b}, envS1 , λg.

if g = h then
contract(refS1(h), a, b) ∪ {(nx, ny)|(x, nx) ∈ envS1 , (y, ny) ∈ envS1}
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else
contract(refS1(g), a, b))

In st(S1) we only added edges toS1, thus(a, b) ∈ refst(S1)(f). The only case
in whicha, b will be not be inJ(st(S1), D) is if one of them became shared,
but only edges to nodes pointed to by variables where added and none of them
are because they are not distinct. Thusa, b ∈ J(st(S1), D)
contract(st(S1), a, b) =

(Ust(S1) − {n2}, envst(S1), λg.contract(refst(S1)(g), a, b)) =
(US1−{b}, envS1 , λg.

if g = h then
contract(refS1(h) ∪ {(nx, ny)|(x, nx) ∈ envS1 , (y, ny) ∈ envS1}, a, b)

else
contract(refS1(g), a, b))

To complete the proof we show that
contract(refS1(h)∪{(nx, ny)|(x, nx) ∈ envS1∧(y, ny) ∈ envS1}), a, b) =
contract(refS1(h), a, b) ∪ {(nx, ny)|(x, nx) ∈ envS1 ∧ (y, ny) ∈ envS1})
However, sincea, b 6∈ envS1({x}) anda, b 6∈ envS1({y}) it is immediate.

• x = y.h
Precondition
envS2{x} = ∅ ∧ envS2{y} 6= ∅
Immediate from Prop. 3.
Transformer
st(S1) = (US1 , envS1 ∪ {(x, n)|(y, n) ∈ refS1(h) ◦ envS1}, refS1)
st(S2) = (US2 , envS2 ∪ {(x, n)|(y, n) ∈ refS2(h) ◦ envS2}, refS2)
st(S2) =(US1 − {b},

envS1 ∪ {(x, n)|(y, n) ∈ contract(refS1(h), a, b) ◦ envS1}, refS2)

Note that(a, b) ∈ refS1(f) = refst(S1)(f)
The only case in whicha, b will be not be inJ(st(S1), D) is if one of them
became pointed to by a variable. However, if this was the case that node would
also be indistinct(st(S1)) and thus inD, by Lem. 6 it is also inD− sm(S1)
and thus not inJ(S1, D) contradiction. Thusa, b ∈ J(st(S1), D).
contract(st(S1), a, b) =

(Ust(S1) − {b}, envst(S1), λg.contract(refst(S1)(g), a, b)) =
(US1 − {b}, envS1 ∪ {(x, n)|(y, n) ∈ refS1(h) ◦ envS1}, refS2)

All that remains is to prove that
refS1(h) ◦ envS1 = contract(refS1(h), a, b) ◦ envS1 , i.e.,
if (x, n) ∈ envS1 then

(n, n′) ∈ refS1(h) ↔ (n, n′) ∈ contract(refS1(h), a, b).
The only problem can happen ifn = b or n′ = b. However,n is distinct
(pointed to by variable) and thus cannot be equal tob, and if n′ = b it is
pointed to by a variable inS2 which we proved cannot happen.

– By commutative diagrams we haveB(st(C), D) = B(st(S′), D). By idempotence
we haveβ{B(st(C), D)} = β{st(C)}. By idempotence we haveβ{B(st(S′), D)} =
β{st(S′)}. Thus,β{st(C)} = β{st(S′)}.

2
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Lemma 11. LetC be an admissible concrete state andD = D(st, C). st(C) is admis-
sible iffviable(st(B(C, D))).
Proof: The only if direction is covered by Lem. 8. Assumest(C) is not admissible. By
Prop. 2 ifst(C) has garbage, so doesB(st(C), D), thus it is not loop-free admissible
and ¬viable(st(B(C, D))). If st(C) has an undirected cycle andC does not (it is
admissible), it means that we added an edge that closed a cycle. Thus, the operation
has to bex.h = y and bothx andy point to the new undirected cycle and there is an
f edge between them. By Lem. 10 it means thatB(st(C), D) also has an undirected
cycle. If the cycle is a self-loop than we have a distinct node (pointed to byx) that
has a self-loop, thus¬viable(st(B(C,D))). Otherwise,B(st(C), D) is not loop-free
admissible and again¬viable(st(B(C, D))). 2

Focus(S, x = y.f){
Ny = envS{y}
Nf = refS(f){Ny}
AllNewN = {(g, newNode()) | g ∈ within(S, Nf )}
return{S′ | S′ = (US ∪NewN{PRef }, envS , refS′),

NewN ⊆ AllNewN, N ′
f = Nf ∪NewN{PRef },

out2(N ′
f , S′) = out2(Nf , S),

|out1(N ′
f , S′)| = |out1(Nf , S)|,

(∀(g, ng) ∈ NewN . pred({ng}, refS′(g)) = {(nf , ng)}∧∧
g′∈PRef−{g} pred({ng}, refS′(g′)) = ∅),

within(N ′
f , S′) = within(Nf , S),∧

g∈PRef succ(US −Nf , refS′(g)) = succ(US −Nf , refS(g)),∧
g∈PRef ∀n ∈ N ′

f . |out2({n}, S′){g}| > 1 ⇒
|within({n}, S′)− {g}| > 0

}
}

Fig. 8. Pseudo code for image computation offocus[x = y.f ]

Lemma 4.focus[x = y.f ]{S} = Focus(S, x = y.f)
Proof: See Fig. 8 for pseudo code of the Focus algorithm. We use the following short-
hand:

out1(X,S) def= {(n, n′, g) | (n, n′) ∈ refS(g), n ∈ X, n′ 6∈ X}
(Outgoing edges fromX and their type)

out2(X, S) def= {(g, n′) | (n, n′, g) ∈ out1(S, X)}
(out1(X,S) omitting source nodes)

within(X,S) def= {g | (n, n′) ∈ refS(g), n ∈ X, n′ ∈ X}
(Edge types used withinX)

Let (S, S′) ∈ focus[x = y.f ] and (S,C) ∈ γ s.t. S′ = B(C,D(x = y.f, C)).
Observe thatD(x = y.f, C) = distinct(C)∪Nf thus the only contractions that have
been made inS and not inS′ are on edges going out ofNf . SinceNf ⊆ D(x = y.f, C),
S’ can have at most one extra node (call itng) for every self-loop of fieldg. SinceS
can be recovered fromS′ by contracting these extra edges (Idempotence) the algorithm
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simply enumerates only the subgraphs that can be embedded intoNf in S. In addition,
sinceS′ is the result ofB on an admissible concrete state the property that a node
that has two outgoingg edges has a self-loop of different reference field, is maintained.
Another way to understand focus is by noticing that it is equivalent to expanding all the
outgoing edges fromNf at once. 2

A.3 Evaluation
Theorem 3.For every formulaϕ, λS.[[TR(ϕ)]]Ŝ is a sound evaluation function. Ifϕ is
guarded, it is also a complete evaluation function.
Proof: The evaluation ofTR(ϕ) on Ŝ simulates the evaluation of aϕ on any concrete
stateC s.t.(S,C) ∈ γ. Assume an assignmentvi 7→ ni satisfies a literalL(v1, ..., vk)
in S′, we shall see thatvi 7→ M(ni) satisfiesTR(L)(v1, ..., vk). By Thm. 1 we have
that predicates of̂S capture exactly the may and must properties of the state. The last
case requires further explanationL ≡ ¬v1 = v2. Here we may chosen1 6= n2 s.t.
M(n1) = M(n2), but in this casesm(M(n1)) thus TR(L)(v1, v2) still evaluates
to true. Since an NNF formula has no negation outside of literals this is enough for
soundness.

For completeness notice that if all nodes involved in a property are non-summary
nodes then every may property is also a must property. The guarded formula makes
sure that any assignment that may satisfy the formula is to non-summary nodes (nodes
pointed to by variables in this case). Thus, any time a may property holds, the appropri-
ate must property hold, and every time a must property does not hold, the appropriate
may property does not hold as well.

2

B The Examples of Sect. 4
The “insertSortedTree” and “deleteSortedTree” programs insert and delete an element
in a sorted tree respectively. The “lindstromScan” program performs the Lindstrom
scan [16] of a binary tree. The “reverse” program reverses an acyclic singly linked list
and “reverseCycle” reverses a cyclic singly linked list. The “merge” program merges
two sorted singly linked lists. The “delete” program deletes an element from a sorted
singly linked list. The “insertSort” programs does in-place sort of singly linked lists.
The “bubbleSort” and “bubbleSort2” programs are two variants of in-place bubble sort
for singly linked lists analyzed by TVLA and [2] respectively.

C Improved Translation for Evaluation
To solve the imprecision presented in the end of Sect. 5, we present a more precise
formula translation (i.e., the evaluation function forϕ returns false for more statesS
in which ∀C ∈ γ{S} .¬[[ϕ]]C)). The improved translation is not compatible with the
partial join suggested. Thus, it can only be used if the relational join is in play.

We make the following observation: If(n,m) ∈ refS(f) andn is a summary node
(respectivelym) for everyC ∈ γ{S}, n is the contraction of at least two nodesn1, n2 in
C, (n1,m) ∈ refC(f), and(n2, m) 6∈ refC(f). Thus, ifv andw are universally quan-
tified variables we defineTR′(f(v, w)) def= f∀(v, w) andTR′(¬f(v, w)) def= ¬f∃(v, w).
The improved translation is more precise in significant cases in practice. For example,
the improved translation of formula 2 is∀v, w.¬y(w) ∨ ¬left∃(v, w) which evaluates
to false on̂S2 as expected. However, there is still a subtle issue we shall now resolve.
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PredicateTuples
x 0
left∀

left∃ (0,1), (1,1), (1,2)
right∀

right∃ (0,1), (1,1), (1,3)
TC∀ (0,1), (0,2), (0,3)
TC∃ (0,1), (0,2), (0,3),

(1,1), (1,2), (1,3)

(a) (b) (c)

Fig. 9. (a) Abstract stateS3, (b) a concrete stateC2 s.t.(S3, C2) ∈ γ that demonstrate
the problem with the improved translation (c)̂S3

Variable Aliasing Fig. 9 demonstrates a problem with the improved translation pro-
posed. Consider the evaluation of formula 3

∀v, v1, v2.¬left(v, v1) ∨ ¬right(v, v2) (3)

The improved translation will result in the following formula:∀v, v1, v2.¬left∃(v, v1)∨
¬right∃(v, v2) The evaluation function of the improved translation for formula 3 re-
turns false for̂S3 (consider the assignmentv 7→ 1, v1 7→ 2, v2 7→ 3), which is obviously
wrong (specifically, the concrete stateC2 ∈ γ{S3} for which the formula evaluates to
true). The problem comes from the fact that the improved translation forces us to choose
a concrete node in which both literal¬left(v, v1) and¬right(v, v2) are false, which is
impossible inS′2. To solve this problem, whenever we see∀v.ϕ(v) andv variable ap-
pears more than once inϕ, we translate the formula to∀v.sm(v) ∨ TR′(ϕ(v))). Thus,
if v is a summary node, we know nothing about it, otherwise, the improved translation
is used.

Note that this rule needs to be applied only when the improved translation is used,
variables that do not occur in literals that have gone through the improved translation
need not be touched. There are cases in which occurrences of a variablev do not count
for the application of this rule. These are:

– Occurrence ofv in equality (since equality already deals with the aliasing problem).
– Occurrence ofv in a unary predicate representing a program variable (since either

all the concrete nodes represented by an abstract node are pointed to by a variable,
or none do)


