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Abstract. This paper deals with approximation algorithms for the prize
collecting generalized Steiner forest problem, defined as follows. The in-
put is an undirected graph G = (V, E), a collection T' = {T1,..., T},
each a subset of V of size at least 2, a weight function w : E — RT,
and a penalty function p : T — RT. The goal is to find a forest F' that
minimizes the cost of the edges of F' plus the penalties paid for subsets
T; whose vertices are not all connected by F'.

Our main result is a combinatorial (3 — %)—approximation for the prize
collecting generalized Steiner forest problem, where n > 2 is the number
of vertices in the graph. This obviously implies the same approximation
for the special case called the prize collecting Steiner forest problem (all
subsets T; are of size 2).

The approximation ratio we achieve is better than that of the best
known combinatorial algorithm for this problem, which is the 3-approx-
imation of Sharma, Swamy, and Williamson [13|. Furthermore, our algo-
rithm is obtained using an elegant application of the local ratio method
and is much simpler and practical, since unlike the algorithm of Sharma
et al., it does not use submodular function minimization.

Our approach gives a (2 — ﬁ)—approximation for the prize collect-
ing Steiner tree problem (all subsets T; are of size 2 and there is some root
vertex r that belongs to all of them). This latter algorithm is in fact the lo-
cal ratio version of the primal-dual algorithm of Goemans and Williamson
[7]. Another special case of our main algorithm is Bar-Yehuda’s local ratio
(2 — 2)-approximation for the generalized Steiner forest problem (all the
penalties are infinity) [3]. Thus, an important contribution of this paper is
in providing a natural generalization of the framework presented by Goe-
mans and Williamson, and later by Bar-Yehuda.

Keywords: Approximation algorithms, prize collecting Steiner tree
problem, local ratio, primal-dual.

1 Introduction

There is substantial literature dealing with approximation algorithms for prize
collecting Steiner tree problems. The purpose of this paper is to present el-
egant combinatorial algorithms for these problems. The local ratio technique
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[203]4] that we employ enables us to present simple algorithms together with a
straightforward analysis.

The main focus of the paper in on the prize collecting generalized Steiner
forest (PCGSF) problem, defined as follows. The input is an undirected graph
G = (V,E), a collection T' = {T1, ..., T}, each a subset of V of size at least 2,
a weight function w : E — R™, and a penalty function p : T' — R™, where RT
denotes the set of positive real numbers. The objective is to compute a forest F’
that minimizes the cost of the edges of F' and the sum of the penalties of the
subsets T; whose vertices are not all connected by F. Thus, all the vertices of
a subset T; must be in the same connected component of F' in order to avoid
the penalty. Note that we intentionally define costs and penalties to be positive,
as this will turn out to be convenient later. During intermediate stages of the
algorithm, zero cost edges are contracted, whereas zero penalties can be ignored.

Previous Results. The special case of the PCGSF problem called the prize
collecting Steiner forest problem (all subsets T; are of size 2) has received con-
siderable attention lately. A modification of the LP rounding algorithm in [6] im-
plies a 3-approximation for this problem. This was improved in [9] to give an LP
based 2.54-approximation for the problem as well as a primal-dual combinatorial
(3— 2)-approximation using Farkas’ Lemma. The authors of [§] give a 3-budget-
balanced and group-strategyproof mechanism for the game-theoretic version of
the prize collecting Steiner forest problem, which is an extension of the method
presented in [I2]. Their result also provides a primal-dual 3-approximation al-
gorithm for this problem.

A generalized framework of the prize collecting problems with an arbitrary
0 — 1 connectivity requirement function and a submodular penalty function is
studied by Sharma, Swamy, and Williamson in [I3]. Their model captures both
the PCGSF problem defined in this paper as well as the problems of [I0J9]. The
authors give a complicated primal-dual 3-approximation algorithm together with
an LP rounding algorithm with a performance ratio of 2.54.

Two classical primal-dual algorithms, relevant to this paper, are due to Goe-
mans and Williamson [7]. They give a (2 — —L<)-approximation for the prize
collecting Steiner tree problem (all subsets T; are of size 2 and there is some
root vertex r that belongs to all of them) as well as a (2 — 2)-approximation
for the generalized Steiner forest problem (all the penalties are infinity) that
simulates an algorithm of Agrawal, Klein, and Ravi [I]. For the latter problem,
a simple (2 — %)-approximation based on the local ratio technique is presented
by Bar-Yehuda in [3].

Our Results. The main result is a local ratio (3 — %)-approximation for the
prize collecting generalized Steiner forest problem, where n > 2 is the number
of vertices in the graph. This obviously implies the same approximation for the
special case of the prize collecting Steiner forest problem, which was previously
studied in [918].

The approximation ratio of our algorithm is slightly better than that of the
3-approximation of Sharma et al. [I3], which is the best known combinatorial
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approximation algorithm for the problem. The algorithm we present makes an el-
egant use of the local ratio method and therefore, unlike the algorithm of Sharma
et al., does not use submodular function minimization. This makes our approach
much simpler and practical. We also note that the main algorithm presented in
this paper is not the local ratio version of the primal-dual 3-approximation al-
gorithm from [I3] and cannot be obtained from it using the equivalence between
the primal-dual schema and the local ratio technique [5].

There are two interesting special cases of our main algorithm. We present a
(2— ﬁ)—approximation for the prize collecting Steiner tree problem (all subsets
T; are of size 2 and there is some root vertex r that belongs to all of them). This
latter algorithm is in fact the local ratio version of the primal-dual algorithm
of Goemans and Williamson [7]. Another special case of our main algorithm is
Bar-Yehuda’s local ratio (2 — %)-approximation for the generalized Steiner forest
problem (all the penalties are infinity) [3]. Thus, an important contribution of
this paper is in providing a natural generalization of the framework presented
by Goemans and Williamson, and later by Bar-Yehuda.

2 The Prize Collecting Generalized Steiner Forest
Problem

In this section we present the algorithm for the PCGSF problem. The following
are some definitions that are needed for presenting the algorithm.

Definition 1. Given an instance (G, T = {Ti,...,Tx},w,p) of the PCGSF
problem, a vertex is said to be an active vertex if it belongs to at least one
of the subsets Tj;.

Definition 2. A solution F' to the PCGSF problem is a minimal solution if
every leaf (a vertex of degree 1) of the forest F is an active vertex.

Definition 3. Suppose G = (V, E) is an undirected graph and T = {Ty,..., Ty}
is a collection of subsets of V' of size at least 2. For every active vertez v, let t(v)
be some arbitrary subset T; for which v € T;. The degree-weighted instance
corresponding to G, T, and t is the quadruple (G,T,w,p), defined as follows.

— For each e € E, w(e) is the number of its endpoints that are active vertices.
— For each T; € T, p(T;) = |{v € Ti|t(v) = T;}|.

Note that in the previous definition, the weight of an edge w(e) can take a value
of 0, 1, or 2, whereas the penalty of a subset T; satisfies 0 < p(T;) < |T;|. The
following definition describes the important and natural operation of an edge
contraction.

Definition 4. Let (G,T,w,p) denote an instance of the PCGSF problem. The
contraction of an edge {u,v} into a new vertex x results in a new instance

(G", T w',p'), defined as follows.
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— For a vertex y, if y is adjacent in G to both w and v, then it is adjacent to
x in G and w' ({y,2}) = min{w(y,u), w(y,v)}. We say that the edge {y,x}
of the graph G’ corresponds to the original edge in the graph G for which
the minimum is attained.

— For any subset T; € T, if T;N{u,v} # 0, then define T} = (T; U{xz}) —{u, v}.
In case T; # {u,v}, it follows that |T!| > 2 and the new subset T} is added
to T'. During this process, there could be two subsets T; and Tj for which
T, = T;. Obuviously, the two subsets can be joined and their new penalty in
p’ is defined to be p(T;) + p(Tj).

The following two lemmas establish the important property of minimal solutions
to degree-weighted instances.

Lemma 1. FEvery solution to a degree-weighted instance of the PCGSF problem
has a total cost of at least n, where n > 2 is the number of active vertices.

Proof. Consider some specific active vertex v. There is some subset T; € T
for which t(v) = T;. In case the vertex v is not connected in the solution to all
the other vertices of T}, then we pay a penalty of 1 because of v. Otherwise, the
solution must contain at least one edge incident with v. This means that the
solution pays a cost of 1 for this edge due to vertex v. Every active vertex incurs
a cost or penalty of at least 1, and therefore the total cost of the solution is at
least n. a

Lemma 2. FEvery minimal solution to a degree-weighted instance of the PCGSF
problem has a total cost of at most 3n — 4, where n > 2 is the number of active
vertices.

Proof. Examine some specific connected component of the solution that contains
q active vertices. Since this is a minimal solution, all of its leaves are active
vertices. We prove by induction on g that the cost of the edges in this connected
component is at most 2(¢ — 1). For ¢ = 1, the connected component is a vertex
with no edges, so this is obviously true. For ¢ = 2, the connected component
must be a path, whose two endpoints are active vertices, and the claim holds.

Suppose that ¢ > 2. Take some leaf v, which by our assumption must be an
active vertex. Now examine the path that starts from v and continues until the
first time that either a vertex of degree at least 3 or another active vertex is
reached. The cost of the edges in this path is at most 2. After removing this
path from the solution, we are left with a connected component with ¢—1 active
vertices whose leaves are all active vertices. The result now follows from the
induction hypothesis.

For proving the lemma, we distinguish between two cases. If all the active
vertices are in one connected component of the solution, then the solution is ac-
tually a tree and no penalties are paid. The cost of the edges in the solution is at
most 2(n — 1). The total cost, including the penalties, is also 2(n — 1) < 3n —4,
since n > 2. Otherwise, there are at least two connected components in the
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solution. The cost of the edges in all the components can be at most 2(n — 2).
Note that the sum of all penalties in the instance is exactly n. The solution pays
at most n for penalties, so the total cost is at most 2(n —2) +n=3n—4. O

The last two lemmas determine the approximation ratio of the algorithm. The
purpose of the next lemma is to show that the analysis is indeed tight.

Lemma 3. For every n > 2, there exists a degree-weighted instance of the
PCGSF problem on a graph with n vertices for which the optimal solution has
total cost n whereas some minimal solution has a total cost of 3n — 4.

Proof. Consider the following instance with vertices vq,...,v,, which are all
active. Between every two vertices there is an edge of cost 2. Define p({v1,v2}) =
2 and p({v1,v;}) = 1 for every 3 < i < n. All other penalties are zero.

The optimal solution has no edges. The cost of the edges is zero and the sum
of penalties paid is n for a total cost of n. A possible minimal solution is the path
V2,V3,...,Un. The cost of the edges is 2(n — 2) and the payment of penalties is
still n for a total cost of 3n — 4. O

We now present the main algorithm of the paper.

Algorithm 1. PCGSF(G,T,w,p)

Input: Graph G = (V, E), collection T'= {T4, ..., Tk}, each a subset of V of size
at least 2, weight function w : E — R, penalty function p: T — R™
Output: A forest F C E

if T =0 then
L return 0
else

The set of active vertices is defined as Active «— {v € V|3i v € T;}
For every edge e € E, let d(e) be the number of its active endpoints
For every active vertex v, let ¢t(v) be an arbitrary subset T; for which v € T
For every T; € T, define d(T;) = |[{v € T;|t(v) = T;}|
e — min({u(e)/d(e)|e € E d(e) # 0} U {p(Ty)/d(T)|T: € T,d(T3) # 0})
Define a weight function w’ as follows: w’(e) = w(e) —d(e) - € for all e € E
Define a penalty function p’ as follows: p'(T;) = p(T;) — d(T;) - e for all T; € T
Let Z be the set of all edges e € F for which w’(e) = 0 and let Z’ be a
spanning forest of (V, Z)
Let (G',{TY,...,T;},w"”,p") be obtained from (G, T, w’,p") by contracting
the edges in Z’
Let T' be the collection of subsets T; of size at least 2 for which p”(T}) > 0
F' — PCGSF(G', T, w",p")
Let F” be the forest obtained from the edges in G corresponding to those in
F’ together with Z’
while there is a leaf in " which is not an active vertex do

| Remove from F” the edge incident with that leaf

L return F”
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Theorem 1. There is a local ratio (3 — %)—appmxz’mation algorithm for the

PCGSF problem, where n > 2 is the number of vertices in the graph.

Proof. The pseudocode of algorithm PCGSF(G,T,w,p) that solves this prob-
lem appears above. The proof is by induction on |E| + k. Given an instance
(G,T,w,p) of the problem, the functions w and p are decomposed by the algo-
rithm, so that w = w’ + ¢ and p = p’ 4+ v, where the quadruple (G, T, d,7) is a
constant multiple of a degree-weighted instance. It follows from Lemmas [Il and
that the solution F”' computed by the algorithm is a (3 — %)—approximation
for the instance (G, T, d,7).

Before the next recursive call, the algorithm either contracts an edge or re-
duced some penalty to zero. By the induction hypothesis, the recursive call to
PCGSF(G',T',w",p") returns a solution F’ which is a (3 — 2 )-approximation.
Adding edges of cost zero to F’ does not change the cost of the solution. Re-
moving leaves that are not active vertices can only reduce the cost. Thus, it is
easy to verify that the solution F” computed by the algorithm is also a (3 — 2)-
approximation for the instance (G, T,w’,p’). It follows from the basic local ratio
decomposition observation that F” is a (3 — %)—approximation for the instance
(G, T,w + 0,p" + ), as needed.

As for the time complexity of the algorithm, the argument above shows that
the algorithm performs at most |E| + k recursive calls, and thus runs in polyno-
mial time. a

3 The Prize Collecting Steiner Tree Problem

This section introduces the algorithm for the prize collecting Steiner tree (PCST)
problem. An instance of this problem consists of a graph G = (V, E), a root
vertex r € V, a subset U C V — {r} of active vertices, a weight function w :
E — R*, and a penalty function p: U — R*. Given an instance (G, r, U, w, p),
the goal is to compute a tree rooted at r that minimizes the cost of the edges
of the tree plus the penalties paid for vertices not in the tree. An active vertex
is simply a vertex with positive penalty (the root vertex is not active). The set
of active vertices is denoted by U in the problem instance. A minimal solution
is a tree rooted at r whose leaves are active vertices (and possibly also r). In a
degree-weighted instance corresponding to a graph G = (V, E), a root r and a
subset U C V — {r} of active vertices, the weight function w(e) is equal to the
number of active endpoints of the edge e, whereas the penalty function satisfies
p(v) = 1 for every v € U and p(v) = 0 otherwise. When the edge {u,v} is
contracted, the penalty of the new vertex created is p(u) 4+ p(v). This is except
for when an edge {r,v} incident with the root is contracted. In this case, the
new vertex created is also called r and it still has zero penalty.

Lemma 4. FEvery solution to a degree-weighted instance of the PCST problem
has a total cost of at least n, where n is the number of active vertices.

Proof. Let g be the number of active vertices connected to r in the solution. Each
such vertex must have some edge incident with it in the solution and therefore
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a cost of at least 1 is paid for this vertex. For each of the n — ¢ active vertices
that are not connected to 7, a penalty of 1 is paid. O

Lemma 5. Every minimal solution to a degree-weighted instance of the PCST
problem has a total cost of at most 2n — 1, where n is the number of active
vertices.

Proof. Let g be the number of active vertices connected to r in the solution. An
argument similar to the one used in the proof of Lemma [2] gives that the cost of
the edges in a minimal solution is at most 2¢ — 1. The penalty paid is n — ¢ for
atotal costof 2¢—1+n—g=n+q—1<2n—1, since ¢ < n. O

The last two lemmas determine the approximation ratio of the algorithm. The
purpose of the next lemma is to show that the analysis is indeed tight.

Lemma 6. For everyn > 1, there exists a degree-weighted instance of the PCST
problem on a graph with n active vertices for which the optimal solution has total
cost n whereas some minimal solution has a total cost of 2n — 1.

Proof. Consider the following instance with a root vertex r together with the
vertices vy, ..., v,. For every 1 < i < n, the vertex v; is active and has a penalty
of 1. Between every two vertices there is an edge of cost 2, except for edges
between the root r and a vertex v; that have a cost of 1.

The optimal solution has no edges. The cost of the edges is zero and the sum
of penalties paid is n for a total cost of n. A possible minimal solution is the
path r,v1,v9,...,v,. The cost of the edges is 1 + 2(n — 1) and the payment of
penalties is zero for a total cost of 2n — 1. ]

Theorem 2. There is a local ratio (2 — ﬁ)-appromimation algorithm for the
PCST problem, where n > 2 is the number of vertices in the graph.

Proof. The pseudocode of algorithm PCST(G,r,U,w,p) that solves this prob-
lem appears below. The proof is analogues to that of Theorem [I] using Lemmas
[ and [l instead of Lemmas [Il and 21 Note that since the root is not an active
vertex, the maximum number of active vertices is n — 1. ]

4 Concluding Remarks

— The integral solution computed by our algorithm for the prize collecting
generalized Steiner forest problem can be compared with the optimal solution
of the natural LP for this problem. It can be verified that the algorithm is
still a (3 — %)—approximation7 even with respect to this optimal fractional
solution. This is also implied by the equivalence between the local ratio
method and the primal-dual schema.

— The algorithms presented in this paper use the local ratio method which
seems like the most natural, simple and time-efficient framework for address-
ing prize collecting Steiner tree problems. This should be further explored to
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Algorithm 2. PCST(G,r,U,w,p)

Input: Graph G = (V, E), root vertex r € V, subset U C V — {r} of active
vertices, weight function w : E — R™, penalty function p : U — R™
Output: A tree T' C F rooted at r

if U = () then
L return 0
else

For every edge e € E, let d(e) be the number of its active endpoints
e — min({u(e)/d(e)|e € E,d(e) £ 0} U {p()lo € U})
Define a weight function w’ as follows: w’(e) = w(e) — d(e) - € for every e € E
Define a penalty function p’ as follows: p'(v) = p(v) — € for every v € U
Let Z be the set of all edges e € F for which w’(e) = 0 and let Z’ be a
spanning forest of (V, Z)
Let (G',r,U’,w",p") be obtained from (G,r,U,w’,p’) by contracting the
edges in Z’
T «— PCST(G',r,U",w",p")
Let the tree 7" be the connected component of r in the union of the edges in
G corresponding to those in T" together with Z’
while there is a leaf in T" which is not an active vertex (or the root r) do

| Remove from T" the edge incident with that leaf

return 7"

determine whether this approach has applications for facility location prob-
lems and for the multicommodity rent-or-buy (MRoB) problem. The tech-
niques presented in [I1] might be helpful in enhancing the time performance
of our algorithms.

— An interesting open problem is to decide whether there is a combinatorial
algorithm for the prize collecting Steiner forest problem with an approxima-
tion factor better than 3. Improving upon the performance guarantee of the
LP rounding 2.54-approximation algorithm is another intriguing challenge.
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